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ABSTRACT. We develop a theory of Fourier coefficients for modular forms on the split ex-
ceptional group G2 over Q.

Introduction

One of the most surprising aspects in the classical theory of modular forms f on the group
SLy(Z) is the wealth of information carried by the Fourier coefficients an(f), for n > 0.
The Fourier coefficients of Eisenstein series were calculated by Hecke and Siegel, and are
instrumental in the study of zeta functions at negative integers. The Fourier coefficients of
theta series have been studied since Jacobi; they give many deep results on Euclidean lattices,
such as the unicity of the Leech lattice. Finally, the action of Hecke operators on Fourier
coefficients goes back to Mordell, and allows one to show that the Mellin transform of an
eigenform is an L-function with Euler product. For an introduction to these basic results,
the reader can consult [S] or [R].

Siegel developed a theory of Fourier coefficients ¢y (f) for holomorphic forms f on the
symplectic group Spyg(Z). Here the coefficients, for forms of even weight, are indexed by
positive semi-definite, integral even quadratic spaces N of rank g. There is an analogous
theory for holomorphic forms on tube domains, where the Fourier coefficients are indexed by
orbits on integral elements in the corresponding homogeneous cone.

On the other hand, one has a less refined notion of Fourier coefficients for a general auto-
morphic form f on a general reductive group G. Given any parabolic subgroup P = M - N
of G and a unitary character x of N(A) trivial on N(Q), the x-th Fourier coefficient of f is
the function on G(A) given by

[ fng)-xwdn

N(@\N(A)

This notion of Fourier coefficients is useful for many purposes, such as the definition of cusp
forms, but being functions rather than numbers, it is often difficult to extract arithmetic
information from the coefficients f,. For arithmetic applications, it is thus desirable to have
a refined theory of Fourier coefficients analogous to that for the holomorphic forms discussed
above.

In this paper, we develop such a theory of Fourier coefficients for certain modular forms
on the exceptional Chevalley group G2(Z). Here the symmetric space X = G2(R)/SO4 does
not have an invariant complex structure; there are thus no holomorphic modular forms. The
real components of the automorphic representations we will consider are in the quaternionic

discrete series [GW]. For forms of even weight, we will show that the Fourier coefficients
1
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ca(f) are indexed by totally real cubic rings A: commutative rings with unit, which are free
of rank 3 over Z and such that the R-algebra A ® R is isomorphic to R3.

The definition of the Fourier coeflicients requires some background on the Heisenberg
parabolic subgroup P C Go; this is provided in the first 3 sections. We then determine the
orbits of its Levi factor, which is isomorphic to GL2, on the space of binary cubic forms.
These orbits correspond to cubic rings, and the orbits of primitive forms (namely those for
which the ged of the coefficients is equal to 1) correspond to the Gorenstein cubic rings
over Z. We then combine our results on orbits with a recent result of Wallach [W], on the
uniqueness of certain linear forms on quaternionic discrete series representations of G2(R), to
give a definition of c4(f) in Section 8. Once the coefficients have been defined, it is natural
to ask if the Fourier coefficients c4(f) determine the form f. Unlike the case of modular
forms on SLy(Z), this is not automatic, but we show in Section 8 that it is the case if f is a
cusp form.

As an illustration of the theory, we calculate the Fourier coefficients for Eisenstein series
(Section 9) and analogs of theta series (Section 10). There is a natural family of Eisenstein
series Eoy, (of even weight 2k) which was first investigated by Jiang and Rallis [JR]. Assuming
an extension of their local results, we show that for a maximal cubic ring A, the A-th Fourier
coefficient of the Eisenstein series Fyy is the non-zero rational number (4(1—2k). The analogs
of theta series are construced via the dual pair correspondence arising from the restriction
of the minimal representation of the quaternionic form of the exceptional group Eg [Ga).
The A-th Fourier coefficients of the analogs of theta series count embeddings of the ring A
into integral exceptional Jordan algebras, just as the coefficients of Siegel theta series count
embeddings of quadratic spaces over Z.

The rest of the paper studies the action of spherical Hecke operators on Fourier coefficients.
We give some background on the general theory in Section 11 and then work out in Section 13
the relative Satake transform when G = G2 and L = G Ly is the Levi factor of the Heisenberg
parabolic subgroup P. Using this transform, we determine the action of the two generators of
the spherical Hecke algebra at p on the Fourier coefficients. This involves the determination
of single coset representatives for the double cosets corresponding to the two generators and
the computations are carried out in Section 14. The resulting formulas in Section 15 are
analogs of the well-known formula

an(Tplf) = anp(f) + 2 an p(f)
for the action of the Hecke operator T}, on the Fourier coefficients of a holomorphic modular
form f of weight 2k on SLy(Z). Finally, we show in the last section that if f is a Hecke
eigenform, then the primitive coefficients (i.e. those at Gorenstein cubic rings) and the Hecke
eigenvalues determine the rest of the coefficients and hence f (if f is a cusp form). This is the
analog of the classical result that if f is a holomorphic cuspidal Hecke eigenform on SLs(Z),
then f is determined by a1(f) and its Hecke eigenvalues.

We wish to thank Nolan Wallach for keeping us informed of his work.
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1. Maximal Parabolic Subgroups

We begin by reviewing some material on maximal parabolic subgroups in simple algebraic
groups (c.f. [Bo], [BoT] and [Sp]). Let G be a simple algebraic group of adjoint type over
an algebraically closed field k. Let g = Lie(G), and let T C B C G be a maximal torus,
contained in a Borel subgroup. Let A be the set of simple roots for T' determined by B.

The maximal parabolic subgroups P of G which contain B are associated to simple roots
a. If § = A — {a}, and Wy is the subgroup of the Weyl group of G generated by the simple
reflections in @, then P = Uw€W9 BwB. There is a unique Levi factor L of P which contains
T'; it has Lie algebra

Lie(L) =Lie(T)® | €D o
ma(ﬂ):o

where mq () is the multiplicity of « in the root 3, and gg is the one-dimensional root space
corresponding to 8. The unipotent radical U of P has Lie algebra

V=LieU)= @ g
mq(8)>0
The center of L, which is isomorphic to G, acts on V and gives a grading of k-vector spaces

(1.1) V=P,

n>1

Vn = @ 93-

ma(B)=n

Each subspace V, is a linear representation of L, and the following proposition describes its
structure.

Proposition 1.2. The representation V, of L is non-zero when 1 < n < the multiplicity of
a in the highest root By. In this case, the representation V, is indecomposable.
If the characteristic p of k is 2 or 3, and there are two roots 51 and B2 which satisfy

ma(ﬂl) = ma(BQ) =N
16111> = p- [B2]I?

then V,, has a unique irreducible L-submodule, generated by the short root spaces, and the
quotient module (which is generated by the long root spaces) is irreducible. In all other cases,
when V,, # 0, the representation Vy, of L is irreducible.

Proof. This is a consequence of the results of [ABS], which show that the restriction of V, to
the normalizer of a maximal torus in L has at most 2 irreducible constituents, corresponding
to te different lengths of roots S with m,(8) = n. The submodule is then determined using
a Chevalley basis of g. O

Now let By be the highest root. If G is not of type A, there is a unique simple root o with
(By,a) = 1. Furthermore, o has multiplicity 2 in By, and is a long root provided that G is
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not of type C'. The associated maximal parabolic subgroup P C G is called the Heisenberg
parabolic, and the Lie algebra V of U has a 2-step gradation:

V=hel,
V2 = ggo.
The Lie bracket gives an alternating form on V7, with values in V5, and hence gives an L-linear
map:
(1.4) NV — Vo
Proposition 1.5. If the characteristic p of k is 2 and G is of type C, then f = 0 and the
Lie algebra V is abelian. In aoll other cases, f # 0.
Assume that f # 0. If V1 is an irreducible L-module, then the alternating form f is

nondegenerate, and Va is the center of V. If V1 contains a non-trivial L-submodule tho’"t,
then this is the radical of the alternating form f, and V™ @ Va is the center of V.

(1.3)

Proof. When char(k) = 2 and G is of type C, all roots in V; are short, and the Chevalley
relations show that f = 0. In all other cases, a and o/ = 3y — a are long roots in V; with
f(a A Oé’) = [aaal] # 0.

If f # 0, the radical is an L-submodule of V;, and hence is zero when V; is irreducible.
When V; is reducible, we can use the bracket laws on a Chevalley basis to determine the
radical of f, and a direct computation proves the proposition. [l
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2. The Unipotent Radical

We now use some results of Demazure [D, Pg. 438-440| and Serre [S, Pg. 530-531] to
convert our knowledge of the Lie algebra V = Lie(U) = @®,>1V, to information on the
unipotent radical U of P.

The unipotent group U has a canonical filtration by L-stable, characteristic subgroups
U=U;DU2D...0U3 {1},

where U; is the product of all root subgroups Ug with m4(8) > i. Note that in [D], our
subgroup U; is denoted U;_1, so that U = Uy. We have:

Lie(Ui) = @nZiVn-

Demazure proved that the successive quotients U; /U; 11 are vector groups over k, and that the
L-action on then is k-linear. Finally he proved that these representations of L are isomorphic
to the representations of L on the k-vector spaces

Lie(U;/Uit1) = Vi.
Hence the results of the previous section show that they are indecomposable k[L]-modules.
The commutator gives a map
Ui x Uj = Uiyj.
Projecting to the quotient U;1;/Uitj+1, we get an L-bilinear form:
Ui/Uit1 x Uj/Uj1 = Uitj/Uisjt-

Results of Serre on the canonical exponential show that this form can be identified with the
Lie bracket V; x V; — V;1;. Indeed, if k has characteristic zero (or chartacteristic p > h, the
Coxeter number of G), there is an isomorphism of unipotent groups:

exp : Lie(U) — U,

where the group structure on V' = Lie(U) is given by the Campbell-Baker-Hausdorff formula
[B, Ch. II, §6]:
b= v w oo, wl + o, o0l + o, [w,0]] +
vigw=vtwt g wl+ Sl fow 1o [ws [w, o]l + ...

The identity of the group Lie(U) is v = 0, and the inverse of v is —v. The isomorphism exp is
characterized by the fact that its derivative is the identity map on Lie(U). Moreover, exp is
L-equivariant, and the above shows that it can be defined over Q. The exponential induces
an isomorphism of subgroups Lie(U;) — U;, and the isomorphism

exp : V; — Ui/Ui—l—l

over (Q has no denominators. It thus gives an isomorphism of these vector groups over Z, and
hence a canonical L-isomorphism in all characteristics. Further, since

v+pgw+m (—v) +m (—w) = [v,w] + .....
we see that the commutator map on the graded quotients is indeed the Lie bracket map:

Vi x Vj — Vigy.
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In the case of the Heisenberg parabolic P, we have filtration:
U=U; DU =Ug, D{1}.
Translating the results of Proposition 1.5, we have:
Corollary 2.1. If char(k) = 2 and G is of type Cp11, then L = GSpay, and U is abelian of

dimension 2n+1. In all other cases, the commutator subgroup of U is Ua, and U = U/(U,U)

is isomorphic to Vi as an L-module. When this L-module is irreducible (for example, when
char(k) # 2,3), the center of U is isomorphic to Us.
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3. The Heisenberg Parabolic in G,

We specialize the results of the preceding two sections to the group G = (G35 and the
Heisenberg parabolic P. If the simple roots of G are A = {a,a’} with a long, then P is
associated to a and the Levi factor L of P is simorphic to G Ls, with simple root o/. We have
4 root spaces contributing to V7:

{a,a+d,a+2d,a+3a'},

and a single root space
Bo = 2a + 3’
contributing to V5.

The pairing
fiAV = Vs
is nondegenerate and V; is irreducible, provided char(k) # 3. If the characteristic of & is 3,
then the L-submodule V'™ is spanned by the 2 root spaces:

{a+d,a+2a'}

and this submodule is the radical of the non-zero pairing f. In all cases, U%® = V; is a
4-dimensional representation of L.

Proposition 3.1. The representation L on the space Hom(U, G, ) is isomorphic to the twisted
representation of GLy on the space of binary cubic forms

p(z,y) = az® + ba’y + czy® + dy®
A B
’7=<C D)EGLQ

- p(Az + Cy, Bx + Dy).

over k, where

acts by the formula:

Y p(xay) - det('y)
Proof. Since Hom(U, G,) = Hom(U, G, ), the representation of L on the character group is
isomorphic to V;*. This is indecomposable, and irreducible if char(k) # 3. Our identification
of the unique submodule shows that Hom(U, G,) = S3(k?) as representations of L™ = SL,.
Since the center of L acts by a fundamental character on V;, and hence on V", we may choose
an isomorphism L = GGLgy so that the central element

A 0
0 A
acts by multiplication by A. This gives the result. O

Remark: (i) The twisted representation of GL9 on the space of binary cubic forms is faithful,
whereas the usual action has kernel us.

(ii) Under the choice of the isomorphism L 2 GLg in the above proof, the modulus char-
acter dp of P is given by:
6p(g) = det(g)™3, forge L.
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Here is another way to see that linear forms on Vj correspond to binary cubic forms p(z, y).
Define the cubic mapping 6 : k> — Vi ® det by the formula

(3'2) 9(.1:, y) = msea + nyea-i—a’ + xZJ?ea—l—Qa’ + y3ea+3a’-
Here (eq, €atals €at2al, €atsa’) s a Chevalley basis, normalized by:
[ea’, €a] = €ataly
[ea/, 6a+al] = 26a+2al,
[€a’) €at2a’] = 3€at3al-

A short computation shows that one can choose an isomorphism L = GLy so that @ is

L-equivariant. Hence, linear forms p on V; give cubic forms p o 6(z,y) on k2.

A Borel subgroup of L stabilizes a unique complete flag
0CW1CW2CW3CW4=V1

with dim W; = i. It also stabilizes a unique line [ in the standard representation k2. The line
W is equal to 6(1); more generally, we have the following:

Proposition 3.3. A linear form p vanishes on the subspace W; if and only if the correspond-
ing cubic form po 6 on k? vanishes to order > i on the line l.

Proof. It suffices to check this for the Borel subgroup B of upper triangular matrices which
stabilizes the line [ = ((z,0)), since all the Borel subgroups are conjugate. The complete flag
in V* stabilized by B is given by:

3

0 C (23) C (23, 2%y) C («®, 2%y, zy?) C V}.

Hence the linear forms p vanishing on Wj are those of the form ax® + ba?y + cxy?, which
vanishes to order > 1 on I. The p vanishing on Wy are those of the form az3 + bz?y, and
these cubic forms vanish to order > 2 on [. Finally, the p vanishing on W3 have the form
ax®, and vanish to order > 3 on [. O

We now consider G = G as a Chevalley group over Z, with Heisenberg parabolic P = L-U.
The Levi factor is now isomorphic to the group scheme GLs over Z, and V; and V5 are free
Z-modules (of ranks 4 and 1) on which L acts. By our results over fields, the bracket
f: A?Vi = Vs is surjective, [U, U] & Ug,, and Hom(U, G,) is isomorphic to the free Z-module
Hom(Vi,G,) = Hom(U(Z),Z). We have shown the following (c.f. [Sp, Pg. 160-161]):

Proposition 3.4. The representation of L(Z) on the module Hom(U(Z),Z) is isomorphic to
the twisted representation of GLa(Z) on the space of binary cubic forms over Z.

Thus, the set of L(Z)-orbits on Hom(U(Z),Z) is in canonical bijection with the set of
GL2(Z)-orbits on the space of binary cubic forms. In the next section, we identify these
orbits with the isomorphism classes of rings A of rank 3 over Z.
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4. Binary Cubic Forms and Cubic Rings
We recall that the twisted action of

A B
v = < C D ) GGLQ(Z)
on the element
p(z,y) = az® + bz’y + czy® + dy®
in the space of binary cubic forms with integer coefficients is given by:

1
(4.1) v-p(z,y) = det(r) -p(Az + Cy, Bz + Dy).

As remarked earlier, this twisted action is faithful. In this section, we will parametrize the
G L2 (Z)-orbits.

We say that a commutative, associative ring A (with unit 1) is a cubic ring if A is a free
Z-module of rank 3.

Proposition 4.2. There is a bijection, to be given below, between the set of GLo(Z)-orbits
on the space of binary cubic forms with integer coefficients and the set of isomorphism classes
of cubic rings A.

Proof. If A is a cubic ring, choose a basis A=7Z-1+7Z-a+Z- 3 over Z. By adding integers
to a and B, we may arrange that the product

af=n

lies in Z. Call this a good basis for A (c.f. [DF, Pg. 103-105]). We will first establish a
bijection between cubic rings with a good basis and binary cubic forms.

A cubic ring with a good basis is determined up to isomorphism by the products:
af=n
(4.3) a?=m+ba—apB
f2=14+da—cB

with a,b,¢,d,l,m,n in Z. Since A is associative,we have

o?-f=aaf,
a-p*=afB-p.
Writing these out, we find that:
n = —ad
(4.4) m= —ac
= —bd,

but that the integers (a, b, ¢, d) are arbitrary. To A with the good basis (1, «, 3), we associate
the binary cubic form p(z,y) = az® + bz?y + cxy? + dy?, and to the form p, we associate the
cubic ring with multiplication given by (4.3) and (4.4). This is the first bijection.
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Now consider the operation where a good basis (1, a, ) of A is replaced by another good
basis (1,a/,5"). Write

1 0 O 1 1
v A B a | =]
v C D B B

with

and u and v integers determined by v (and the fact that /3’ = n’ is an integer). After some
calculation, best suppressed here, we find that the form
p'(z,y) = d'z® + Vzy + oy + d'yB

associated to (1,a’,3') is equal to 7 - p. This completes the proof of the Proposition. O

As an example, the orbit of p = (0,0,0,0) gives the cubic ring

A =Z]a, Bl/(?, 82, aB),
and the orbit of p = (1,0,0,0) gives the cubic ring

A =7[a)/(a3).

Remarks: Deligne has observed that the bijection of orbits and rings established in Propo-
sition 4.2 holds over any base scheme S. There is an equivalence of categories between the
following two kinds of objects, with morphisms being the isomorphisms:

a) A vector bundle V of rank 2, with p in Sym?(V) @ A2(V)~1;
b) A vector bundle A of rank 3, with a (commutative) algebra structure.

The key point is that we are not looking at the action of GL(V) on binary cubic forms
(ie. on elements of Sym3(V)) where the subgroup p3 in the center acts trivially, but at the
twisted action on Sym3(V) ® A%2(V) ™1, which is faithful.

The invariants and covariants of the form p(z,y), studied in the XIX-th century by Eisen-
stein, Hermite and others [DF, Pg. 167], can all be given in terms of the cubic ring A (see
the recent article [HM]). For example, the discriminant A of p(z,y), defined by

(4.5) A = b2c? 4 18abed — 4ac® — 4db® — 27a%d?,
is equal to the discriminant of A over Z. Indeed, if Tr : A — Z is the trace form, we have:

Tr(1) Tr(a) Tr(f)
disc(A)7Z) = det | Tr(a) Tr(a?) Tr(aB)
Tr(8) Tr(aB) Tr(5?)
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for any Z-basis (1,c, ) of A. Using a good basis, we find

Tr(1) =
Tr(a) =b
) () =
Tr(a?) = b% — 2ac
Tr(5?%) = ¢* — 2bd
| Tr(af) = —3ad

From this, we obtain the identity disc(4/Z) = A.
Eisenstein defined a quadratic covariant of p(z,y):

(4.6) q(z,y) = (b? = 3ac)z? + (bc — 9ad)zy + (¢? — 3bd)y>.
We have

disc(q) = —3A,
and q is positive-definite when A > 0. If p(z, y) is associated to A with a good basis (1, a, 3),
and we write

Tr(y)

y=zatyf=—"+%

with 79 € % - A of trace zero, then we have:
7 <3

(4.7) q(z,y) = gﬁ(vg)-

Similarly, Hermite defined a cubic covariant of p(z,y):
(4.8) n(z,y) = (2b° — 9abc + 27a%d) x>
+ (3b%c — 9ac® + 27abd)z?y

+ (—3bc? + 18b%d — 27acd)zy?
+ (=2¢% 4 9bed — 27ad?)y?,
with
A(n) =35 A3,
With the above notation, we have the formula
(4.9) n(z,y) = 27-N(0).

The relation between the covariants (of degree 6):
n(z,y)” +27- A p(x,y)* =4 g(2,y)°,

follows from the formula for the discriminant of g in terms of the coefficients of its charac-
teristic polynomial.
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5. Primitivity and Gorenstein Cubic Rings

One invariant of the GLa(Z)-orbit of p(z,y) is the content e > 0 of the form p, defined
as the non-negative generator of the ideal Za + Zb + Zc + Zd of Z. We say that p(z,y) is
primitive if e = 1. Every non-zero form p may be written uniquely as
(51) b =¢€-po,
with e > 1 the content of p, and py primitive. If the cubic ring A corresponds to the G Lo (Z)-
orbit of p(z,y), then we also say that A has content e.

We say the cubic ring is Gorenstein if the A-module Hom(A4, Z) is projective. For example,
if A = 7Z[~] is generated by a single element, it is Gorenstein. Indeed, Hom(A,Z) = A - f is
free, with basis given by the map:

Proposition 5.2. The form p(x,y) is primitive if and only if the associated cubic ring A is
Gorenstein. If p=-e-pg, withe > 1, then A = Z + eAg.

Before proving this result, we give a useful description of the function |p(zx,y)|, using the
rank 2 Z-module A/Z.

Lemma 5.3. The element v = ma + nf(mod Z) in AJ7Z generates a subring of finite index
in A if and only if p(m,n) # 0. In this case, |p(m,n)| is the index of Z[~y] in A.

Proof. Since
72 = m?a? + 2mnaf + n?B% + k(ma + np) + 1,
where k and [ are integers, we have
7% = (bm? 4 dn? 4+ km)a + (—am? — en® + kn)B
in A/Z.
The index of Z[y] in A is finite if and only if the matrix
v ™ bm? + dn? + km
“\n —am®—cn®+kn

has non-zero determinant, in which case the index is |det(M)|. Since det(M) = —p(m,n),
the lemma is proved. O

We now give the proof of Proposition 5.2. Let [ be a prime number, and put 4; = AQ 7.
We will show that p(z,y) # 0(mod [) is equivalent to the fact that Hom(A4;,7;) is a free
Aj-module.

If p(z,y) = 0(mod I), then the ring
ANIA = Z)1Z]e, B/ (0, B2, o)

is not Gorenstein over Z/IZ. Indeed, it is a local ring with maximal ideal m = («, 8). Since
m? = 0, the kernel of m on A/IA has dimension 2, but A/m has dimension 1.
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Now assume that p(z,y) # 0(mod ). Since p has at most 3 distinct roots (mod 1), we
can find (m,n) € Z2 such that p(m,n) is a unit in Z;, unless I = 2 and p(z,y) is equivalent
to the form x?y — zy? over Zy. In the latter case, A = Z3, and Hom(As,Zy) = As by the
trace form. So we may assume that p(m,n) is a unit in Z;. By Lemma 5.3, A; = Z;[y] with
v = ma + nf. Hence Hom(A4;,Z;) is a free module, by the remarks preceding Proposition
5.2. This proves the first assertion in Proposition 5.2.

If (1, ap, Bo) is a good basis for Ay, with form py(x,y), then (1,a = eap, 8 = efp) is a good
basis for A = Z+eAp. The associated form is p = e pg, by the formulas in (4.3). This proves
the second asssertion of Proposition 5.2.

For our calculations with Hecke operators in §15, we will need a local variant of the content
e. We say that the p-depth of A is n, if e is divisible by p™ and not by p"t!. Assume, for
the rest of the section, that the p-depth of A is zero. Let A, = Z + p™ A which has p-depth
n, and let ¢(z,y) be a binary cubic form in the orbit corresponding to A. For all n > 0, the
abelian group A, /A1 is isomorphic to (Z/pZ)?, so there are (p + 1) free abelian groups B
with A,+1 C B C A,,. How many of these lattices are cubic rings?

Proposition 5.4. There is one-to-one correspondence between the solutions of q(x,y) =
0 (mod p) and the cubic rings B with Ay C B C A.
If n > 1, any lattice B with An,+1 C B C A, is a cubic ring.

Proof. Let (1,a,3) be the good basis for A corresponding to the cubic form ¢(z,y). Any
lattice B between A; and A is spanned by 1, pa, pf, and an additional element ac + b3 for
some integers a and b (which are well-defined (mod p)). One checks that B is a ring if and
only if ¢(a,b) = 0 (mod p). The statement for n > 1 is clear. O

Proposition 5.5. Let B be a ring such that A,+1 C B C A,. Then the p-depth of B lies
between n — 1 and n + 2. If the p-depth of B is n — 1+ 1, then q(x,y) (mod p) has a zero of
order t.

Proof. We can find a good basis (1, a, 3) of A such that (1,p"a,p"*13) is a good basis of B.
If g(z,y) = ax® + bx?y + cxy® + dy? is the cubic form associated to the above good basis for
A, the cubic form associated to the above good basis for B is

ap™1zd + bp"ay + ep" ey + dpn R
The first assertion now follows from the fact that A has p-depth 0. Moreover, if the form
attached to B is divisible by p"~1*¢ then (1,0) is a zero of ¢(z,y) (mod p) of order 5. O

Corollary 5.6. If A/pA is a cubic field and B is a cubic ring such that A,+1 C B C Ay,
then the p-depth of B isn — 1.

Fix an arbitrary cubic ring A’ (not necessarily of p-depth zero), and a binary cubic form
¢ (z,y) in the GLy(Z)-orbit corresponding to A’. We conclude this section by describing
another way of parametrizing the cubic rings B which contain or are contained in A’ with
index p.

By base extension, the action of GLy(Z) on the binary cubic forms over Z gives rise to a
rational representation of GL2(Q) on the Q-vector space of binary cubic forms over Q. Now
we have:
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Proposition 5.7.
(i) Let Si be the set of left cosets GLy(Z)y contained in GLo(Z) < P 1 ) GL+(Z), for

which v-¢'(z,y) has integer coefficients. Then there is a bijection between Sy and the
set of cubic rings B such that B C, A'.

(ii) Let S2 be the set of left cosets GLa(Z)vy contained in GLo(Z) ( L ol ) GL1(Z),
for which v-¢'(z,y) has integer coefficients. Then there is a bijection between So and
the set of cubic rings B such that A’ C, B.

Proof. (i) We associate to a left coset GL2(Z)y in S the cubic ring B corresponding to the
orbit of v - ¢’(x,y). The resulting map of sets is injective. Indeed, if GL2(Z)7' is another
coset mapping to B, then v-¢' and +' - ¢’ are in the same GL2(Z)-orbit, and thus GLo(Z)y =
GLy(Z)y'. The proof of the surjectivity is similar to the proof of Proposition 5.5.

(ii) The proof is similar to that for (i); we omit the details. O
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6. Quaternionic Discrete Series

We now consider the restriction of certain discrete series representation of the real Lie group
G2(R) to the Heisenberg parabolic subgroup. Wallach has recently studied this situation in
a more general setting [W], and we simply state his results for G5 here.

The discrete series 7, we will consider here were discussed in [GW]. They are parametrized
by integers k > 2, and have infinitesimal character p + (k — 2)8p, with Sy the highest root. In
this paper, 7, will denote the Casselman-Wallach globalization, which is a smooth Fréchet
representation of moderate growth (c.f. [C], [W2] and [W3]). The maximal compact subgroup
K of G2(R) is SUs = (SUz x SUz)/(£1), with the long root SU; as the first factor. The
representation 7 is admissible for the long root SUs;, and its underlying Harish-Chandra
module decomposes as a K-module:

(7Tk)K ~ @S2k+n((c2) ® Sn(53(c2)

n>0
The minimal K-type is the representation
S%k @80, of (SUy x SUs)/(%1),

of dimension 2k + 1. Finally the subgroup Ko = Uz = (U; x SU;)/(£1) of K has highest
weight (det)* on the minimal K-type. Moreover, the representations ;, are non-generic: they
have Gelfand-Kirillov dimension 5.

We also have the continuation of quaternionic discrete series mg and 71 constructed in [GW].
They have the same properties as the representations m; above, although the infinitesimal
characters p — Bp and p — 28y are no longer regular. The representation 7y is a limit discrete
series , and 7y has a trivial minimal K-type. Both are unipotent in the sense of Vogan [V].

Following the techniques in [GW, §6], one can show that 7, is a submodule of a degenerate

C*°-principal series representation Indga%{) Ak, with A; a 1-dimensional representation of

P(R)/U(R) = GL2(R). Indeed, we have:
A = (sign)® - |det| 771,

where (sign) is the unique quadratic character of GLa(R). Here, we recall that we have chosen
an isomorphism L = G Ly so that the modulus character of P is §p = det™3.

The real vector space Hom(U (R), R) is isomorphic to the group of characters Hom(U (R), S1)
under the map taking f to x = €*™*/. This isomorphism takes the lattice Hom(U(Z),Z) to
the subgroup of characters x which are trivial on U(Z). This subgroup is a representation
of L(Z), isomorphic to the action of GLy(Z) on the space of binary cubic forms with integer
coefficients.

The full character group is a representation of L(R) = GL2(R), isomorphic to the repre-
sentation on the space of binary cubic forms with real coefficients. We say a character x of
U(R) is generic when the cubic form p(z,y) associated to x has discriminant A # 0. The
generic characters break up into two L(R)-orbits: those with A > 0, corresponding to the
real cubic algebra R3, and those with A < 0, corresponding to the cubic algebra R x C. A
representative x for the orbit with A > 0 is given by x = €>™, where f : U(R) — R is
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non-zero on the two short root spaces g, with mqs(y) = 1, and zero on the two long root
spaces with mq(y) = 1.

Here is Wallach’s result for Gs.

Proposition 6.1. Let x be a generic character of U(R), and let k > 0.

If A(x) < 0, then the complex vector space of continuous linear maps Homy ) (7x, C(x))
18 zero.

If A(x) > 0, then the complex vector space of continuous linear maps Homy gy (mk, C(x))

is 1-dimensional, and it affords the representation (sign)* for X3 = Stab(x) C GLa(R).
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7. Modular Forms on G2 of weight &

We fix a quaternionic discrete series representation 7 of G2(R), with k£ > 2, or a continu-
ation with £ = 0 or 1. Let A be the space of automorphic forms on G3. More precisely, A is
the space of smooth functions ¢ on the adelic group

G2(A) = Ga(R) x G2(Q)
which satisfy the following conditions:
(i) ¢ is left invariant under G2(Q);
(ii) ¢ is right invariant under some open compact subgroup Ky of Gg(@);

(iii) ¢ is annihilated by an ideal J of finite codimension in Z(g), the center of the universal
enveloping algebra of the Lie algebra g of G2(R);

(iv) ¢ is of moderate growth on G3(R) (c.f. [BoJ] and [W2, Pg. 252]).

Note that this definition of A differs from that in much of the literature, since we are
not assuming that ¢ is K-finite; instead, we will let Ax be the subspace of A consisting of
K-finite functions. As a result, A is a representation of the adelic group G2(A). For fixed Ky
and J, let A(J, K¢) be the subspace of A consisting of those functions ¢ for which conditions
(ii) and (iii) are satisfied with respect to the given J and K;. By a fundamental theorem
of Harish-Chandra (c.f. [BoJ]), its underlying (g, K)-module A(J, Kf)k is admissible and
finitely generated; further, A(J, K¢) is the Casselman-Wallach globalization of A(J, K¢)k.
Let Ag C A be the subspace of cusp forms. We now make the following definition.

Definition: The space of modular forms of weight k£ and level 1 for G5 is the complex vector
space

(7.1) My, = Homg, ). 6, ) (7, ® C, A).
The subspace of cusp forms is:
(7.2) M = Homg, ) .q, (Z)(T('k ® C, Ap).

By the fundamental theorem of Harish-Chandra alluded to above, Mj, is finite-dimensional.
Moreover, it affords a representation of the spherical Hecke algebra

H(G2(Q)//Ga(Z)) = ®%G2 )| G2(Z)).

In Sections 9 and 10, we shall give someAexamples of elements of My, and in Section 15, we
shall study the action of #(G2(Q)//G2(Z)) on My, in greater detail.
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8. Fourier Coefficients

In this section, we are going to define, for any f € My, a collection of Fourier coefficients
ca(f) € C. The coefficients are indexed by those cubic rings A with A® R = R?, and depend
linearly on f.

For vectors v € m, we may view f(v) as a function on the double coset space

G2(Q)\G2(A)/Ga(Z),

which is identified with the single coset space

G2(Z)\G2(R)

by the strong approximation theorem: G2(Q) = G2(Q)- G2(Z). Let x be a character of U(R)
which is trivial on U(Z), and define a continuous linear form on 7 by the integral:

(8.1) Iy (v) = / £(0) () x(w) s
U(Z)\U(R)

Here du is a Haar measure on the unipotent group U(R), and the quotient U(Z)\U(R) is
compact.

Proposition 8.2. The linear form ly lies in the complez vector space Homy (g) (7, C(x)). If
X' = x with y in L(Z), then L,y =7 - 1.

Proof. For g € U(R), we must show that I, (gv) = x(g)lx(v). But f(gv) is the function on
G2(Z)\G2(R) defined by:

f(gv)(h) = f(v)(hg).
Hence,

v)(u)x(uw)du
U(@Z\U (R)

=],
/ Z)\U(IR) )(ug)x(w)du
-/,
=X

f)(W)x('gHdu', o =ug, du =du
U(Z)\U(R)

(9)lx (v),

as required. Now assume that x' = v - x, with v in L(Z), so that

X' (v) = x(v 1 (w) = x(v'wy).
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Then

o (v) = /U oy [N
- [ £ () (w)x (v Tur)du
U(Z)\U(R)

= / f)(yu'y Hx(Wde!, o =~ tuy, du' = du
U(Z)\U(R)

= / FOy o) () x (W) du
U(Z)\U(R)

=lL(v'v) =7 Uy(v)

O

If A(x) <0, L, =0 by Proposition 6.1. If A(x) > 0, I, lies in the 1-dimensional spacecom-
plex vector space Homyy(g) (7x, C(x)). Fix a character xo with A(xo) > 0, and a basis vector
lo of Homyy(g) (7%, C(x0)). Since x is in the L(R)-orbit of xo, we may write x = g - xo, with
g € L(R) well-defined up to right mulitplication by 33 = Stab(xo). If k is even, this finite
group fixes lo. If k is odd, X3 acts on Homyg) (7%, C(x0)) by the sign character. In any case,
the linear form Ax(g) - (g lo) gives a well-defined basis element of Homy(g) (7, C(x)). Hence
we may write

(8.3) Iy = cx(f) - Mlg) - (9- o),

for some constant ¢, (f).

If the weight k is even, it follows by Proposition 8.2 that ¢, (f) depends only on the L(Z)-
orbit of the character x. We have seen in Propositions 3.4 and 4.2 that the L(Z)-orbits of
such x’s are indexed canonically by the cubic rings A with disc(4) > 0, so that A ® R = R3.
Hence, if the orbit of x corresponds to A, we write c4(f) for the constants c,(f) in this orbit,
and call c4(f) the A-th Fourier coefficient of f.

When k is odd, it is no longer the case that the constant c,(f) depends only on the
L(Z)-orbit of x. Indeed, if X' = v - x, where v € L(Z), an easy calculation shows that
ey (f) = det(y) - ex(f). As a consequence, c,(f) depends not only on the cubic ring A
(which index the orbit of x), but also on an orientation of A, i.e. the choice of a basis
element e of A3A. Hence, when k is odd, we denote the Fourier coefficients of f by ca(f).
Since ca,—e(f) = —ca,(f), we shall abuse notation and write c4(f) for the pair of numbers
+cae(f). It is interesting to note that a similar complication arises for the Siegel modular
forms of odd weight.

If we replace the basis [y by the basis I = alp, then

ca(f) = acy(f)
for all A. Also, it follows from definition that

calaf + Bg) = aca(f) + Becalg)-
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When k is odd, we have ca(f) = 0 whenever the stabilizer of x in GL2(Z) contains an
involution; for example, when A = Z + B, with B an order in a quadratic field.

Having defined the Fourier coefficients c4(f) for modular forms f € My, we can ask
a number of natural questions. The first question which suggests itself is whether f is
determined by its Fourier coefficients. We can show this is true for cusp froms.

Proposition 8.4. If f € M) is a cusp form and ca(f) =0 for all A, then f = 0.

The proof of this proposition makes use of the other standard maximal parabolic subgroup
Q = M - N of G over Z. Hence we begin by describing the structure of Q) briefly. Its Levi
factor M is isomorphic to GL9, and its unipotent radical N is a 3-step nilpotent group over
Z:
N=N13N23N3D{1}.
This filtration is the one introduced in §2 for a general maximal parabolic subgroup. The
center N3 of N is 2-dimensional, and one can choose an isomorphism M = G Ly so that the
action of M on Hom(N3, G,) is the standard representation of G La twisted by the determinant
character. Similarly, W; 2 N;/N3 is also 2-dimensional, and the action of M on Hom (W1, Z)
is the standard representation of GLs. Note that U N N is the 4-dimensional commutator
subgroup of the unipotent radical of the Borel subgroup B = P N Q. Moreover, we have the
inclusions
Uy C N3,
Ny CcUNN,
where we recall from §2 that Uy = [U, U] is the center of the unipotent radical U of P.
We now begin the proof of the proposition. Take any non-zero v € 7, and let ¢ = f(v) €
Ayp. Using strong approximation, we shall regard ¢ as a function on G2(Z)\G2(R). Note that

 is a non-generic cusp form, and we need to show that ¢ = 0. We first note the following
lemma:

Lemma 8.5. The automorphic form ¢ vanishes if and only if its constant term along Us
oui(0) = [ plug)du, g€ Ca(R),
U2(Z)\U2(R)

vanishes as a function on G(R).

Proof. Clearly, if ¢ vanishes, so does ¢y,. To prove the converse, consider the Fourier ex-
pansion of ¢ along the compact abelian group N3(Z)\N3(R):

0(g) = wy(9)
"

where the sum extends over the characters ¢ € Hom(N3(Z)\N3(R), S'), and

oy(g) = o(ng) - ¥(n)dn.

/Ns(Z)\Ns(R)

If y, = 0, then ¢y = 0 for any ¢ which restricts to the trivial character on the subgroup
Uz2(R). But any other character of N3(Z)\N3(R) is conjugate under M (Z) to a 1 of the above
type. Hence ¢y = 0 for all 4, and the lemma is proved. O
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To prove Proposition 8.4, it remains to show that ¢y, = 0. For any g € G(R), the function
u s oy, (ug), for u € U(R)

descends to a function on V;(R), where V3 = U/U,. Considering the Fourier expansion of
¢u, along the compact abelian group Vi(Z)\Vi(R), we have

0u(9) =D ox(9)

where the sum is over the characters x € Hom(V(Z)\V1(R), S'), and

ox(9) = / v, (vg) - x(v)dv.
V1(Z)\V1(R)

Proposition 6.1 implies that ¢, = 0 for all x satisfying A(x) < 0, and by assumption, ¢, =0
for those x such that A(x) > 0. Hence, to show that ¢y, vanishes, it remains to see that
¢y = 0 for degenerate x;, i.e. those for which A(x) =0.

We have yet to use the fact that ¢ is a non-generic cusp form. This is equivalent to the
assertion that the constant term @ynn of ¢ along U N N vanishes identically. To see this,
consider the Fourier expansion of pyny along U%L = (UNN)\Up, where Ug is the unipotent
radical of the Borel subgroup B. We deduce that ¢ is cuspidal if and only if (¢ynn)y =0
for any degenerate character ¢ of UR(Z)\U#(R) (i.e. those 3 which restrict to the trivial
character of the root subgroup corresponding to one of the two simple roots). On the other
hand, ¢ is non-generic if and only if (¢ynn)y = 0 for any nondegenerate character 1. Hence
1 is a non-generic cusp form if and only if (¢)ynny = 0.

We now claim that in fact ¢y, is already identically zero. To see this, we consider its
Fourier expansion along W1 (Z)\W1(R), where Wy = N; /Na:

ony(9) = Y _(oN,)e(9)-
p

The fact that pynny = 0 implies that (¢n,)s = 0 for any ¢ which restricts to the trivial
character on the subgroup U(R) N N(R). But any other character is conjugate under M (Z)
to a ¢ of the above type. Hence we conclude that ¢x, = 0. In particular, this implies that
¢y = 0 for any character x € Hom(V;(Z)\V4 (R), S') which restricts to the trivial character
of N3(R) C U(R).

Finally, we observe that any degenerate character x is conjugate under L(Z) to a character
which is trivial on Na(R), and hence ¢, = 0 for all x. Proposition 8.4 is proved completely.

We conclude this section with another question: are there bounds for the Fourier coef-
ficients of f in terms of the discriminants of the cubic rings? Recall that the discriminant
disc(A) of a cubic ring A was defined in Section 4. The following Proposition gives the analog
of the Hecke bound for cusp forms:

Proposition 8.6. Let f € M ,8 be a cusp form. Then for any totally real cubic ring A,
k+1

lea(f)l < Cf - [disc(A)] =

for some constant C; depending only on f.



FOURIER COEFFICIENTS OF MODULAR FORMS ON G2 23

Proof. Recall that the Fourier coefficient c4(f) is defined by the equation (8.3):

Iy = ca(f) - Me(g) - (9 lo)
where x = g- xo is a character in the G Ly(Z)-orbit corresponding to A. Assume without loss
of generality that A(xo) =1 (here, A(xo) was defined in (4.5)). Then we see that

|disc(A)| = |det(g)|2.

Pick any vg € 7 such that ly(vg) = 1. Evaluating the above equation at the vector g - v, we
obtain -
lea(f)l = llx(g - vo)| - |disc(A)| =
On the other hand, as f is cuspidal, f(vp) is bounded as a function on G2(Z)\G2(R). Since

(g v0) = / £ (v0) (ug) - x(w)du,
U(Z)\U(R)

we conclude that |/, (g-vo)| is bounded above by a constant independent of A. The proposition
is proved. [l
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9. Eisenstein Series of weight 2k > 4

To show that the theory of Fourier coeflicients developed above is non-empty, we give some
examples of modular forms of weight k& and study their Fourier coefficients. In this section,
we consider a natural family of Eisenstein series Fop of even weight 2k > 4, and show under
some hypothesis that their Fourier coeflicients are given by:

ca(Eax) = Ca(l — 2k)
for maximal cubic rings A.

As we mentioned before, there is an embedding

1 Mo — Indlcja%@ )\2k7

which is well-defined up to scaling. The character Aoy is the archimedean component of a
global character
Xk : P(A) — C¥,
which is unramified at every finite place; indeed one has
Xk = |det| 721,
We can thus consider the global induced representation:

I(k) =Tnd e (Y xk = oL (k).

For a finite prime [, let T'x; be the unique vector in I;(k) which is fixed by G2(%;), and which
satisfies 'y ;(1) = 1. For ¢ € my, set

¢ = i(p) Q) (@iTk,) € I(k),

and form the Eisenstein series

(9.1) E@@,9)= Y, ¢(9)

1€P(Q\G2(Q)

for g € G2(R). This converges absolutely when 2k > 2, and defines an element of .A. Thus
the map

EQk P E((ﬁvg)
defines a non-zero element of My

We now consider the Fourier coefficients of FEoi. Much computation has been done by
Jiang and Rallis [JR] in the adelic setting, and we begin by recalling their results. Let x
be a character of U(R) which is trivial on U(Z). By strong approximation, we can regard x
as a character of U(A) which is trivial on U(Q) and U(Z). Consider the automorphic form
E(g) = E(¢, g) defined by (9.1), for ¢ € I(k). We then compute [, (¢) following the approach

of [JR]:



FOURIER COEFFICIENTS OF MODULAR FORMS ON G2 25

Mm=é@(mew@w

= 5(vu) | - x(u)du
/U PR Yoo gy | - x(w)

YEP(Q\G2(Q)
Now the double coset space P(Q)\G2(Q)/P(Q) has 4 representatives, say wo, w1, w2, w3, with

P(QuoP(Q) = P(QuoU(Q)
the open P-orbit. Hence,

3
I(p) = ; /U ( > ¢(yu) | - x(u)du.

O\U(A) \ yep(Q)\P@Qw; P(Q

Jiang and Rallis showed that the only non-zero term in the sum over w; is the term corre-
sponding to wy. Hence

M@ZLwﬂmww@M

= (/[;(R) p(wou) - X(U)du> . (1;[ /[;(Qp) Lp(wouyp) - X(Up)dup>

an absolutely convergent Euler product. Now we have [JR, Thm. 2J:

Proposition 9.2. Assume that x corresponds to a mazimal cubic ring A. If A ® Q, is one
of the following:

Qp X Qp X Qp§
Qp X K, where K is the unramified quadratic extension of Qp and p # 2;
the unramified cubic extension of Q,, with Q, containing all cube Toots of unity,

then
[ Talwots) - XCup)duy = e Casz, (26),
U(Qy)

where ¢, is an explicit universal constant independent of A.

For the rest of the section, we assume that the formula in Proposition 9.2 holds for all
finite primes and use this to compute the Fourier coefficients c4(Fa) of Eg for maximal A.
Hence, after a rescaling, we have:

(o) = Ca(2h) - [ plunu) - X(idu,

U(R)

and it remains to examine the archimedean factor. The archimedean integral converges for
k > 1 and the linear form

(9.3) o e(wou) - x(u)du
U(R)
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defines a non-zero element of Homyg) (I (k), C(x)). We expect but do not know that its
restriction to the submodule 7y is non-zero. However, it is not difficult to see that the
vanishing of this restriction for one such x with A(x) > 0 implies the vanishing of the
restriction for all x’s with A(x) > 0, in which case c4(FEag) is zero for all A. Since we do not
expect this to be the case, we make the further assumption that the archimedean integral is
non-zero when restricted to o, for some (and hence all) x with A(x) > 0.

To compute Fourier coefficient, we now fix a xo with A(xg) > 0, and a non-zero [y €
Homyg) (mak, C(x0)). We pick xo to be the character corresponding to po = (0,1,1,0), and
let Iy be the linear form

(9.4) lo(p) = /U(R) e(wou) - xo(u)du.

By our assumption, this defines a non-zero element of Homgg)(72x, C(x0)). Now take any
g € GLa(R) such that g - xo = x. We have:

(g-10)(0) = /U o Pl ol

- / ( )w(wog_IU') -Xxo(g 1'g) - 6p(g)~'du' with u' = gug™!
U(R

= Sp(g)"- /U 1 PLwog™ w0y )i

=8p(g)~" - p(9) I Ca(2k) - 1y ()
Here the last equality follows because wog ™ wo € GL2(R), and §p(wog~two) = 5p(g).
Now the Fourier coefficient ¢, is defined by the equality:

by = ¢ 5§92k+1)/3(g) (g - lo).

By the above computation, we see that:
cx = Ca(2k) - 5p(g) - 6p(g) 2FF T/ = (4 (2k) - | det(g)[*!

since §p = | det |73. On the other hand,

| det(g)|* = A(x) = disc(4),
Hence,

cx = Ca(2k) - disc(A)#*—1)/2
which by the functional equation gives (4(1 —2k) up to a universal scalar. Concluding, under
various local assumptions, we have seen that up to a universal scalar

(9.5) ca(Ear) = Ca(1 — 2k).
Hence, the Eisenstein series Fsy, are analogs of Cohen’s Eisenstein series of half-integral weight

[Co]. Observe that since (4(2k) is about the size of 1, c4(Ear) grows like |disc(A) |2k_% , which
violates the bound in Proposition 8.6 satisfied by cusp forms.

Remarks: When 2k = 2, the series (9.1) may not converge. However, by the theory of
Langlands, the Eisenstein series can be meromorphically continued in the parameter k to
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the whole complex plane, provided ¢ is K-finite. If ¢ is spherical, the Eisenstein series does
have a pole, and the residue at £ = 1 is a constant function. However, for ¢ € o, the
corresponding Eisenstein series is holomorphic at £ = 1. This gives an embedding of vector
spaces E3 : m3 — A(G). However, the map Es is not G2(A)-equivariant. This is the analog
of the fact that the classical Eisenstein series Ey for SLp(Z) is non-holomorphic.
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10. Exceptional Theta Series of weight 4

In this section, we give examples of theta series of weight 4 on G3. Recall that if (A, q) is
an even unimodular lattice of rank 8k over Z, and if we set

an(q) = #{z € A : q(z) = 2n},
then the function .
f(Z) — Z an(q)e27rmz
n>0

is a modular form on SLy(7Z) of weight 4k. In the same token, by a theta series on G2, we shall
mean a modular form f whose Fourier coefficients c4(f) count the number of embeddings of
A into certain cubic structures over Z. This is an embedding problem studied in [GG], and
we begin by describing it in greater detail.

Let R be Coxeter’s order in the Q-algebra of Cayley’s octonions, and let J be the set of
3 x 3 Hermitian matrices with coefficients in R. Then J is a free Z-module of rank 27, and the
determinant map provides a natural cubic form Ny : J — Z. Let X € J be an element in the
cone of positive definite matrices, which satisfies Nj(X) = 1. Then the triple (J, Ny, X) is a
pointed cubic space over Z. An example of such an X is the identity matric I. It was shown
in [Gr] that on varying X € J, one gets precisely two isomorphism classes of pointed cubic
spaces. Suppose that the two classes are represented by J; = (J, Ns,I) and Jg = (J, Ny, E);
we refer the reader to [Gr] for the definition of the element E. These two spaces are isomorphic
over Q and Z, for all p, but are globally inequivalent. The automorphism groups Gr and Gg
of Jr and Jg are groups over Z in the sense of [Gr]. They have isomorphic generic fibers G,
which are split of type Fy over (Q, and are anisotropic over R.

Similarly, a cubic ring A gives rise to a pointed cubic space (A, Na,1) where Ny is the
norm map of A. The counting problem studied in [GG] is that of computing the number

N(A)=91-N(A,I)+600- N(A, E),

where

N(AE) =#{A— Jg}.
We shall see that these numbers occur as the Fourier coefficients of modular forms of weight
4 on Gz.

The construction of these exceptional theta series exploits the fact that Gy x G is a dual
reductive pair in the quaternionic form H of Eg over (. The group H has Q-rank 4 and is
split over Q, for all p. Indeed, there exists integral models H; and Hfr of H such that the
embedding G2 x G — H extends to embeddings

{G2 x G — Hj,

{N(A,I) = #{A— J1}

G2XGE‘—>HE.

of group schemes over Z. The models H; and Hg are also groups over Z, and in particular,

A A A

K1 = H;(Z) and K = Hg(Z) are hyperspecial maximal compact subgroups of H(Q).

Let II = ®,II, be the global minimal representation of H(A). The local minimal repre-
sentation I, of H(Q,) is unramified. Let T'; (respectively I'g) be a non-zero vector of ®,I1,,
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fixed by the maximal compact subgroup K7 (respectively Kg); these are unique up to scaling.
On the other hand, the representation Il of the real Lie group H(R) has minimal K-type
Sym®(C?) ® C, where the maximal compact subgroup of H(R) is K = (SUz x E7)/(£1). In
[HPS], the restriction of Il to the dual pair G2(R) x G(R) was competely determined. In
particular, it was shown that

HOGO(R) =y

as a representation of G2(R). Hence we have a G2(R)-equivariant embedding
Ly — I,
well-defined up to scaling.
In [Ga], an embedding
©:11 — A(H)
of II into the space of automorphic forms on H was constructed. Now we can construct two
modular forms 67 and 0 of weight 4 as follows. For v € w4, we set
{01(0) = the restriction of O(¢(v) ® I'1) to G,
0r(v) = the restriction of ©(:(v) ® I'g) to Ga.

The following result shows that 8; and 0 are exceptional theta series:

Proposition 10.1. For any Gorenstein A,

ca(br) =N(A,Jr),
CA(GE) = N(A, JE)

Proof. In [Ga2, Thm. 11.3], it was shown that there exists an integer e > 1 such that the
Fourier coefficients c4(0r) and ca(fr) are zero unless A has content divisible by e; further, if
A =7 + eAy has content precisely equal to e (so that Ay is Gorenstein), then

CA(QI) = N(A07 JI)a
CA(QE) = N(A07 JE)-

Hence, it remains to show that e is equal to 1.

Consider the modular form
0 =91-0; +600-0g.

If A =7+ eAp, then ca(d) = N(Ap) and it was shown in [GG, Thm. 3] that N(4y) =
¢ - €a,(—3) for a non-zero constant ¢ independent of Ag. In particular, c4(f) # 0. To show
that e = 1, it suffices to show that for some Gorenstein cubic ring A, the Fourier coefficient
of 0 at A is non-zero. It was shown in [Ga2, Thm. 15.5] that (after a suitable scaling)

0=E;,

which is the analog of the classical Siegel-Weil formula. This implies that 6 is a Hecke
eigenform with some non-zero Fourier coefficients. On the other hand, Theorem 16.12 (which
is proved at the end of the present paper) shows that a Hecke eigenform with a non-zero
Fourier coefficient must have a non-zero Gorenstein coefficient. The proposition is proved. O
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Remark: The proof of the proposition, together with [GG, Thm. 3], implies that the Fourier
coefficient c4(E4) is equal to (4(—3) for maximal A, i.e. that (9.5) holds unconditionally when
k=2.

The examples of modular forms we’ve given in this and the previous section are non-
cuspidal. The cuspidal support of E, and 6 is the Borel subgroup, whereas that of 8/ = 6;—0g
should be the Heisenberg parabolic P. It will be nice to construct some cusp forms and
compute their Fourier coefficients. In particular, we conclude this section with the following
question.

Question: What is the smallest k£ for which M, ,? is non-zero?
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11. Unramified Hecke Algebra and Satake Isomorphism

The remainder of the paper is devoted to the study of the action of Hecke operators on
M. We begin with some background on the spherical Hecke algebra, and for the next few
sections, the setting will be entirely local. Let G be a simple split algebraic group of adjoint
type over the ring of integers O of a local field F. We fix the uniformizing element w. Let
T C B C G be a maximal torus, contained in a Borel subgroup, defined over . Define the
characters and co-characters of T by

X*(T) =Hom(T, Gy,)
X.(T) = Hom(G,,,T)
These are free abelian of rank | = dim(7T'), and have pairing into Hom(Gy,,, Gy, ) = Z. The

choice of B determines a set of positive roots ®* C X*(T'), and this determines a positive
Weyl chamber P* in X,(T') by

Pt ={\e X.(T)|{\,a) >0, for all « € ®}.

Let G be the complex dual group of G. This is a simply connected reductive group over
C whose root system is dual to G. If we fix a maximal torus T ¢ B c @ then we have

isomorphisms
{ X*(T) = X.(T)
X.(T) = X*(T)
which take the positive roots (coroots) corresponding to B to the positive coroots (roots)
corresponding to B. Under these identifications the elements of PT index the irreducible
representations of G: A € P is the highest weight for B.

Let K = G(0O), which is a hyperspecial maximal compact subgroup of G = G(F') con-
taining T'(0). By definition, the Hecke algebra H = H(G, K) is the set of all compactly
supported, K-bi-invariant functions f : G — C, with multiplication defined by convolution
(using Haar measure on G giving K volume 1). For A in X,(T'), the double coset K\(w)K
does not depend on the choice of uniformizing element w of F. The Cartan decomposition
implies that the characteristic functions

cy = char(KA\(w)K) A€ Pt
give a basis of H over C. .

Let R(G) be the Grothendieck ring (over C) of finite dimensional representations of G.
The Satake transform gives an isomorphism of A and R(G). To describe it, we start with
the simplest case when G = T. Then X.(T) = T/T(0O), and the algebra Hr is simply the
group algebra of X,(T"). Since X, (T) is isomorphic to X*(7T'), we have

Hy = R(T).

In general, let N be the unipotent radical of B, defined over O. Let dn be the unique Haar
measure on N such that the volume of N(O) is one. Let § be the modular function on T, so
that

d(tnt™') = |6(t)] - dn.
For f in H = H(G, K), define the Satake transform

S =Sg/r:H— Hr
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by the integral
SUXﬂzw@wﬂ/ ﬂmmm
N

The image is precisely the ring of Weyl group invariants in the group algebra of X.(T") [Gr2,
Prop. 3.6]. Since the ring R(G) is isomorphic to C[X,(T)]", the Satake transform gives an
isomorphism of C-algebras

A

S:H=R(G).
Matrices for this isomorphism, using the standard bases c) of  and x of R(é) (the character

of the irreducible representation with highest weight A\) are described in [Gr2]; their entries
involve Kazhdan-Lusztig polynomials.

More generally, if P = LU is a parabolic subgroup of G with T' C L and B C P, we can
define a relative Satake transform
SG /L H—H L

by the integral
St(H)() = 15| /U f(lu)du
where |6p| : L — R} is the modular function for L. Via the Satake isomorphisms

H = R(G)
H1 = R(L)

the relative Satake transform Sg/;, corresponds to the restriction of representations from G
to L. In particular, it is injective and its image lies in the subalgebra of R(f/) consisting of
elements invariant under W 1= WeyL = Ng(L)/L. After reviewing the classical example

of G = G Lo in the next section, we will work out a less familiar example in Section 13, where
G = (Go, P is the Heisenberg parabolic, and L = GLs.
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12. The Hecke Algebra of GLy

In this section, let G = GL2. The Hecke algebra H of G over Q, is well-known. We review
the basic facts, in a manner suitable for later use in this paper. A good reference is [Se, Chap.
VIIJ.

The dual group ( is isomorphic to GLy(C). Let x be the character of the standard
representation, and let x* be the character of the dual representation. Let 7 = A%x be the
determinant character of x, and let 7* be the inverse of the determinant. Then we have an
isomorphism of C-algebras

R(G) = C[x,m,7*]/(m - 7" = 1).

X*=x-7

xX=x"-m.
The outer involution A — tA~! of GLy(C) induces an involution 7 of R(G), with 7(x) = x*
and 7(7) = 7.

Some further relations are:

In the Satake isomorphism S : # = R(G), we find the following formulas for the generators
[Gr2, §5]:

(

S(char k| P K — /2.

S P =

char K K|=n
p
p—l

S | char K _I)K):ﬂ'*.

{ p

Put ¢ = p!/2 . y so that

(e (7 ) ) =

Let o* = 7(p) = pl/2. x*. Since ¢p* = ¢ - 7*, we have

S(charK< L o1 )K) = .

Let £ be the set of all lattices in the standard representation Q?, of G = GLy(Qp). Since G
acts transitively on £, and K = GLy(Z,) is the stabilizer of the lattice Z2, we have £ = G/K.
The Hecke algebra acts on functions f : £ — C as follows [Se, Pg. 98]

pof(A)= ZpAcA’CA f(A)
p*o f(A) = ZAcA’c%A f(A’)
mo f(A) = f(pA)

™o f(A) = f(A).

(12.1)
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The first sum above is taken over the p + 1 lattices properly included in A and properly
containing pA, and the second sum is similarly defined. Finally, a short calculation gives the

formula,
(- )ofh)= > f(N)+p+1.
PACA'CIA

Here, the sum is taken over the p? + p lattices A’ between pA and %A, with A’/pA = Z/p?.
Indeed, we have:

S(charK(p - )K) =p-¢"—(p+1) € R(G).

To compute the action of Hecke operators on the Fourier coefficients a,(f) of a holo-
morphic form f of weight 2k for SL2(Z), we need the decomposition of the double coset

GLy(Zy) ( P 1 ) GL(Z,) into single cosets. An argument with elementary divisors [Se,
Pg. 99-100] gives

(122)  GLa,) (7 )Gra@) = (4 o ) GIa(z) JU (5 1) 6m@)

j=0
as a union of p + 1 right GLy(Zy)-cosets. From this, it follows that [Se, Pg. 100] that the
Fourier coefficients of Tp|f, with T, = p~l¢ are given by:

(12'3) an(Tplf) = anp(f) +p2k71an/p(f)

with a,/, = 0 unless n = 0(mod p).

n/p
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13. The Hecke Algebra of Ga

We now let G = G3. Let P be the Heisenberg parabolic subgroup, with Levi factor
L = GLs. The two root spaces in the Lie algebra of L correspond to the short roots {a/, —a'}
for G.

The dual group G is isomorphic to Go(C), and its representation ring R(G) is isomorphic to
the polynomial ring C[x1, x2], where x1 is the character of the 7-dimensional representation
and x2 is the character of the 14-dimensional adjoint representation. Some useful identities
in R(G) are [Gr2, Pg. 234]:

A%x1 = x1+ X2
Ny =x3 — x2
/\7an1 — /\nXI-

The highest weight A; of x; is identified with a dominant coroot for GG. Since \; is a short
coroot, Ay = BV, with 8 = 2a. + 3¢/ the (long) highest root. Similarly, the highest weight Ao
for 2 is a dominant long coroot, so Aa = 7" with v = o + 2a’. Here is a root diagram:

B= ]
a V:}\Vz
a/

4

The Levi factor L in the dual parabolic P is isomorphic to GLy(C). Its Lie algebra has
root spaces corresponding to the long coroots {o’ p— V}. Consulting the root diagram, and
using the notation of the previous section, we find the following restriction formulas from G
to L:

Res(x1) =7+ x+1+x*+7*
Res(x2) =Res(x1) +7-x+x-x*+7* - x*— 1.

The image of restriction lies in the subring of 7-invariants of R(L).

To study the Satake transform for G' over @, put

o1 =p3x1
2 = POx2
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in R(@). This is analogous to our normalization ¢ = p'/2y in the previous section. Then the
calculations in [Gr2, §5] give the formulas:

p1 = S(K)\l(p)K) +1
w2 — o1 = S(KX2(p)K) +p*
in R(G), where K = G(Z,) C G = G2(Q,).

We are now interested in obtaining the decomposition of K\;(p)K into single K-cosets
of the form ulK, with v in U = U(Q,), the unipotent radical of P, and ! in L = L(Q,) =

GL>(Qp) its Levi factor. This is analogous to the decomposition of GL3(Z,) ( P 1 ) GLy(Zy)

obtained in (12.2), and is needed for the computation of the action of Hecke operators on mod-
ular forms. To accomplish this, we will use the relative Satake transform, and the following
observation.

Proposition 13.1. Fizt in G andl in L. Let c[t] in H(G, K) be the characteristic function
of the double coset KtK. Then

Sa/p(clt])((l) = 16p(1)|"/? - #{distinct cosets of the form ulK in KtK with u € U}.

Proof. Since, by definition,
Sa/(elt) ) = 15[ - /U c[t](lu)du,

where fU(Z,,) du = 1, we have

Sg/L(c[t])(l)-|6p(l)|_1/2 = #{distinct cosets of the form lvU(Z,) in U N KtK, with v € U}.

Since U(Z,) = U N K, the right hand side is equal to #{cosets of the form [vK in KtK}.
Since L normalizes U, putting u = lvl~1, this is equal to #{cosets of the form ulK in KtK},
as required. O

Since we have a commutative diagram of C-algebra homomorphisms

H(@) 2 R(G)

Sa/L l lRes
H(L) — R(L)

we can compute Sg/1, from our results on Sg and S, and the restriction of representations
from G to L.

Consider first the double coset KA;(p)K. We have seen that Sg(c[A\1(p)]) = p3x1 — 1.
Hence,

Res(Sq(c]M(P)]) =¥ (r + x + x* + %) + (p* — 1)
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in R(L). But, by results in §12,

s (o7 ])
] gcl})plb
)

( —1

p° iflE(p )or(p _1);
D D
—0.52 se1—|( P 1

Sa/ulcli))() = {p°? ifl = L) er o1 )

pP—1 ifl=1,;

(0, otherwise.
Here, we have written | =t € GLo(Qp) to mean | € GLy(Zy) - t - GLa(Zy).

On the other hand, we have chosen the isomorphism L 2 GLs so that §p(l) = det(l) 3.
Hence,

(13.2)

A\

We conclude that

|5P(l)|1/2 — p%-ordp(det(l)).
From this, and our determination of Sg,(c[A1(p)]) above, we obtain the following

Corollary 13.3. In the decomposition of K\1(p)K, the number of distinct cosets of the form
ulK is given by
1 withi= P |
p
S B )
plp+1) withl= 1),

1
Spt(p+1) withlz( _1);

p
p!
P8 withlz( 1);
p

pP—1 withl=1;

L0 otherwise.

(

In particular, we see that the total number of distinct single K-cosets in KA;(p)K is
pS+p°+p*+p3+p?+p, in agreement with [Gr2, Pg. 235]. To obtain an explicit decomposition,
it remains to determine the elements u in ulK. This will be carried out in the next section.
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Remarks: For a fixed

= ( 1 ) ,  respectively [ = ( p! ) ,

Proposition 13.1 and the ensueing computations actually show that there are precisely p
(respectively p*) single cosets of the form ulK in K\1(p)K. Since each of the double cosets

61azy) (P ) ) GIa(z) and GLa@) (P ) GIa(z)

contains p + 1 single cosets, and ulK = «'I'K implies that IGLy(Z,) = I'GL2(Z,), this
explains the numbers obtained in the second and third cases of Corollary 13.3.

In the remainder of this section, we will determine the I’s which enter in the decomposition
of KX2(p)K into single K-cosets. Here we have [Gr2, Pg. 231]

Sa(ca(p)]) = p°x2 — p*x1 — p*

so that
Res(Sa(c[A2(p)])) = p°(m - x + (x - XMoo+ 7* - x*) + (0° = p*)(m + x + x* + 7*) + (p° — p°)

with (x - x*)o=x- X" — ’%1 in R(L). But by (13.2), as well as the formulas

enea(f” )
D
a7
P
plx - x*)o = 5L <[p D
L P

we obtain the following
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Corollary 13.4. In the decomposition of KXa(p) K, the number of distinct cosets of the form

ulK is given by
( p?
1-(p+1) withl= ;
p
pi(p? +p) withl = p ! );
Yp41) withi=| P :
P’(p with | = b )
(P —p)p+1) withl= (p . );

@ —pH(p+1) withl= < : o );

p® —p® withl =1,

L0 otherwise.

In particular, we obtain p'® + p° + p8 + p” + p® + p° single cosets in all.
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14. Single Cosets Decompositions

We now study the unipotent elements v which occur in the single cosets ulK C K\;(p)K.
Since ulK = lu'K with v = lu'l™!, and v is well-defined up to right multiplication by
KNU =U(Z,), we see that u is well-defined up to right multiplication by 1U(Z,)I!.

Recall that for each root v of T', we have the root group isomorphism z, : G, — U, over
Zy, as well as the coroot vV = hy : Gy, — T. Indeed, v determines an embedding SLy — G

over Zjy such that:
(
1 ¢
Ty () = < 0 1 >

-1 )

We will need to use the identity

(14.1) o (p)o— (vp)z (—1/p) € K
for any root v, where v and ¢ are p-adic integers with v¢ = 1(mod p). Indeed, in the associated
S Lo, this is the matrix product

p O 1 0 1 —% _(p —t
0 p! vp 1 0 1 “\w %
which lies in SLy(Zy,) C K.

The coroots h., give us elements

hy(p) = ( v I )

in L & G Ly, which we can identify by
(7,8) = —a—b
(vV,a'y =a — b,
where o/ is the basic short root and 3 is the highest root. Here is a coroot diagram:

\

(a+al’) A7 (a+20)

=\t
(a+30)’
§

v

a

=
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We now begin by constructing the single cosets ulK in the double coset KA;1(p)K.
Proposition 14.2. If] lies in the double coset of either

(7o) () () (77 0)

in L 22 GLg, and u lies in U(Zy), then ulK is contained in the K-double coset of A\i(p) in
G. For each such l, the representatives u of the distinct right cosets of U(Z,) NIU(Zy)I™t in
U(Zy) give the distinct right cosets of the form ulK in K\i(p)K.

Proof. We have

P ’ =—3Y(p)
)=
<
1 nv
- ) = (a+3a")V(p)
-1
P o ) = 8Y(p) = M (p)

Since these co-characters are in the Weyl group orbit of A, and since representatives for the
Weyl group elements can be taken in Ng(T)(Z,) C K, we see that KIK = K\;(p)K for [
in the 4 double cosets of GLs listed in the proposition. Hence ulK is contained in K \j(p)K
for any u € U(Z,). Moreover, for v and v’ in U(Z,), ulK = ¥/lK if and only if w14/ lies in
U(Zp) N1U(Z,)l . The index of the latter subgroup in U(Z,) is

,

1ifr=( P

if | =
p1 1

1
ptifl= _1>
p

—1
pifl=| P 1).
p

By Corollary 13.3 and the remark following it, this is equal to the number of single cosets of the
form ulK contained in K A\;(p)K. Hence, by taking u to be distinct right coset representatives
of U(Zy) N1U(Zp)I~" in U(Z,), we obtain all such cosets, and the proposition is proved. O

\

Let U* D, U(Z,) be the group obtained from U(Z,) by adjoining the central elements
zg(t/p) in U with t € Z,.

Lemma 14.3. If u lies in U* N\ U(Z,), then uK is contained in K\ (p)K.
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Proof. We may assume that u = zg(t/p) with ¢ a unit in Z,. Find v in Z, such that
vt = 1(mod p). Then by (14.1), we see that u lies in the K-double coset of hg(p) = Ai(p), as
claimed. 0

In fact, we can improve the above result slightly and obtain all single cosets uK (i.e. with
[ =1) contained in KA1(p)K. Recall the filtration

U(Zp) 2 Ua(Zp) > {1}
of U(Z,) discussed in §1-2, with

Ua(Zp) = Up(Zp) = 7y
and

U(Zp)/U2(Zp) = Vi(Zp)
free of rank 4 over Z,. Let

mc %szp)/vl(Zp)

be a line stable under a Borel subgroup of L(Z/pZ) = GL2(Z/pZ); we call such a line m
a singular line. In the notations of §3, we have m = Wy = 6(l). Let Vi(m) be the
corresponding Z,-module between %Vl(Zp) and Vi(Zy), and let U(m) be the subgroup of U
with

(14.4) U(m) N Uz = ;Us(Z)
' U(m)/U(m) N Uz = Vi(m).

Then U(m) contains U(Z,) with index p?, and the p + 1 subgroups U(m) C U intersect in
the group U*.

Proposition 14.5. If u lies in U(m) \ U(Z,), then uK is contained in KX\i(p)K. The
representatives u of the p? — 1 non-trivial cosets of U(Z,) in U(m) give distinct single cosets
uK. As we vary the line m in %Vl (Zy)/V1(Zy), we obtain the p* — 1 distinct single cosets
with l = 1.

Proof. If u € U* \ U(Z,), we have seen in the previous lemma that uK C K\;(p)K. Hence
it remains to consider those u € U(m)~\ U*. We may assume, without loss of generality, that
m is given by %ea, where « is the long basic root. Indeed, this is the highest weight vector for
the Borel subgroup of L with root space —a/. Then U(m) is generated by U* and z4(t/p),
with ¢ in Z,. Since a" is Weyl group conjugate to ¥ = A1, the previous lemma shows that
zo(t/p) lies in KA1 (p)K, whenever t is a unit in Z,. A commutation calculation in U then
yields
U(Zp)aa(t/p)K = | @sa/p)zalt/pmK
a(mod p)

which completes the proof that «K lies in the double coset of A1(p) for all win U(m)\U(Z,).

Each of the p+ 1 lines m gives p? — 1 distinct single cosets, but the p — 1 single cosets with
u € U*\U(Z,) are obtained with multiplicity p+1. Hence there are (p+1)(p?—1)—p(p—1) =
p® — 1 distinct single cosets in all. Comparing with Corollary 13.3, we see that we have
obtained all the single cosets of the form uK in KA(p)K. O
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We now construct the single cosets ul/K contained in KX2(p)K.

Proposition 14.6. If [ lies in the double coset of either

(") () o (7 4e)

in L = GLo, and u lies in U(Zy,), then ulK is contained in KXo(p)K. For each such I, the
representatives u of the distinct right cosets of U(Z,) NIU(Z,)l™! in U(Z,) give the distinct
right cosets of the form ulK contained in KA2(p)K.

Proof. This is similar to Proposition 14.2. We have

( 2
g ) = ~(@+a)"()
p
0 ) =o' (p)
p
—1
g b2 ) = —(a+2d)"(p) = —X2(p)

Since these co-characters are in the same Weyl group orbit as Az, we have ulK contained in
KXo (p)K for all u € U(Zy).

Again, we compute the index of U(Z,) NIU(Z,)l"" in U(Z,) to be

( 2
1, if1= ("7
b
{pt, ifl= p 1)
p

—1
P iti= P )
L b

By Corollary 13.4, this is the total number of single cosets of the form ulK in KXo(p)K, and
thus the proposition is proved. O

Next, we shall determine the single cosets in K A2(p)K, with

=) ) ()

in L 2 GLsy. It is more involved and requires greater care. The following lemma will be the
main technical tool.

Lemma 14.7. Let v and ¥ be a pair of long roots forming a 60° angle. Let t be a unit in
Zy. Then

Kz, (t/p)hy (D) K = KXo (p)K = Ka(~t/p*)h_y (D) K.
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Proof. Let v be a unit in Z, such that v¢ = 1(mod p). Then
Ko (t/p)hoy (D) K = Kot /) hoy ()2 —(~p*0) K =

= Kzy(t/p)x—(—pv)hy (p) K = Khy(p)hy (p) K

where the last equality follows by the formula (14.1). Since v and 4’ form a 60° angle,
§ = £(y+7') is a short root. Since hy(p)h(p) = hs(p), and §" is conjugated to A2, the first
identity holds. To prove the second identity, note that inverse mapping preserves K-double
cosets. Thus,

(24(t/D)hy (p)) ™" = By (D)2, (~t/D) = 2 (~t/D*)h_ (D)
is in KAa(p)K. The lemma is proved. O

The following lemma can easily be checked; we omit the proof.
Lemma 14.8. Let | = h,(p) where v is a long root different from o and —c.. Let t be a unit

in Ly, and set

{ U—fva(t/P) if (a,7Y) =1
u—:ca(t/p) if (a,7V) = —1.

Then the index of U(Z,) N ulU(7Z, in U(Zy) is
f
1ifl= —BY(p
pifl= % —(a+3a")"(p)
S
ptifl = 4 (a+3d)(p)
b
-1
Pai=( " ) = B"(p)-
L b

To describe the single cosets we shall use the exponential map in a special case. A non-zero
element w in Vi is called singular if the line through w is singular. Assume now that w is
singular, contained in Vi(Z,), but not contained in pV;(Z,). Using the cubic map 6 one can
check that each such w is conjugated under L(Z,) =2 GL2(7Z,) to eq. In particular, since it is
true for e,

{ adyy(8(Zp)) C 2 - 8(Zp)
ad> =0

where ad,, denotes the adjoint action on the Lie algebra g. Thus, the exponential map
pady,

2
is defined over Z,, and exp(tw) is in K if and only if ¢ is in Z,.

exp(tw) = 1 + tad,, + t*—=
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Proposition 14.9. Let w be a singular element in Vi(Z,), not contained in pVi(Zy).

If
-1
lE(p pl)

put u = exp(w/p). Then ulK is contained in KXo(p)K. The family U(Z,)ulK consists of
p8 disjoint single cosets.
l= ( p )
p

If
put u = exp(w/p®). Then ulK is contained in KXa(p)K. The family U(Zy)ulK = ulK
consists of one single coset.

Proof. Since w is L(Zy) = GLo(Zy,) conjugated to e,, we may assume that w = e, where o
is the long basic root. Then ulK is in KA2(p)K by Lemma 14.7, where we take

Y=o

v =B
Finally, the statements concerning the number of single cosets in U(Z,)ulK follow from
Lemma 14.8. O

In both cases the family U(Z,)ulK depends on the choice of w modulo pVi(Z,). Since
there are p + 1 singular lines in V;(IF,), each containing p — 1 non-trivial elements, we see
that the total number of single cosets of the form ulK given by Proposition 14.9 is

pP—1ifl= p
p
—1
ps—pﬁiflz<p _1).
p

By Corollary 13.4 this is equal to the number of single cosets of the form ulK contained in
KMX2(p)K. In particular we have obtained all such cosets.

Proposition 14.10. Let t be a unit in Zy.

If (")

put u = xg(t/p). Then ulK is contained in KXy(p)K. The family U(Zy)ulK consists of p

single cosets.
1
= _
< p~! )

If
put u = z5(t/p?). Then ulK is contained in KXo(p)K. The family U(Z,)ulK consists of p*
single cosets.
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y=5
v =a+ 3d

in Lemma 14.7, then we see immediately that ul/K is in KA2(p)K. Furthermore, since u
is in the center of U, the number of single K-cosets in U(Z,)ulK is equal to the index of
U(Z,) NIU(Zy)l~ ! in U(Z,) which is given in Proposition 14.2. O

In both cases the family U(Z,)ulK depends on the choice of ¢ modulo pZ,. As t runs
through the p — 1 non-trivial classes modulo pZ,, we see that the total number of single
cosets of the form ulK constructed in Proposition 14.10 is

2 _piti=| P

p-—pi1 < 1

p5—p4iflz<1 _1>.
p

This is not yet equal to the number of single cosets of the form ulK contained in K\(p)K,
which is p® — p and p® — p* respectively. The remaining single cosets will be constructed
in Proposition 14.12. To do so, we need the following lemma characterizing single L(Z,) =
GL(7Zp) cosets in terms of the action on Vj.

Lemma 14.11. (i) If

Proof. If we set

then there is unique singular line my in Vi(Fp,) such that

L-pVi(Zp) + Vi(Zp) = Vi(mu).
Furthermore, the set of all t = I such that t - pVi(Zy) + Vi(Zp) = Vi(my) is a single right
GLy(Zy)-coset.
1
I = _
< P )

(i) If
then there is unique singular line my in Vi(Fp) such that

L Vi(Zp) + Vi(Zp) =V (my).

Furthermore, the set of all t = | such that t - V1(Zy) + Vi(Zy) = Vi(my) is a single right
GLy(Zy)-coset.

Proposition 14.12. Let w be a singular element in Vi(Z,). Assume that the reduction of w
modulo p is not contained in m;.
_(r
=(" )

If
put u = exp(w/p). Then ulK is in KX2(p)K. The family U(Z,)ulK consists of p single
cosets.
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ZE<1p*)

put u = exp(w/p?). Then ulK is in KX\o(p)K. The family U(Zy)ulK consists of p* single
cosets.

If

Proof. Recall that GL2(Z,) acts transitively on the set of singular elements in Vi(Z,), with
non-trivial reduction modulo p. Thus, we may assume that w = e,. The stabilizer of w acts
transitively on singular lines in V;(Z,) not containing e,. In particular, we can assume that
my is given by ey 3. Putting

T=a

v =—-a-3d
in Lemma 14.7, we see immediately that ulK is contained in KA2(p)K. The number of single
cosets in U(Z,)ulK is p and p?* respectively, by Lemma 14.8. O

In both cases the family U(Z,)ulK depends on the choice of w modulo pVi(Z,). Since
there are p singular lines in V;(F,) different from my, and each contains p — 1 non-trivial
elements, we see that the total number of single cosets of the form ulK given by Proposition

14.12 is
p?—p?ifl= p 1)

1
pb —pdifl= 4 |-
p

These cosets, together with the cosets given in Proposition 14.10, give all single cosets of
the form ulK contained in K\y(p)K, by Corollary 13.4.

It remains to deal with [ = 1. We have two families of single cosets. The first one is
analogous to the family of single cosets constructed in Proposition 14.10 for the double coset
KX\ (p)K. Let

nc %Vl(zp)/m%)

be a plane stable under a Borel subgroup of L(Z/pZ) = GL2(Z/pZ); we call such a plane a
singular plane. Let V;(n) be the corresponding Z,-module between %Vl(Zp) and Vi(Z,), and
let U(n) be the subgroup of U with

' U(n)/U(n) N Uy = Vi(n).

Let m be the unique singular line contained in n. Then U(n) contains U(m) with index p.

Proposition 14.14. If u lies in U(n) ~ U(m), then uK is contained in KAi(p)K. The
representatives u of the p® — p? non-trivial cosets of U(Z,) in U(n) ~ U(m) give distinct
single cosets uK. As we vary the plane n in %Vl(Zp) /Vi(Zy), we obtain p* — p? distinct
single cosets with | = 1.
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Proof. We may assume, without loss of generality, that n is given by %ea—l—Qa’ and %ea+3a,.
Note that the unique singular line m in n is given by %ea+3a:. Thus, we can assume that

U = Ta+2a! (t/p)xa—i-f}a’ (G/P)$2a+3a' (b/p)
where ¢ is some unit in Z, and a and b are in Z,. Assume first that b = 0. Then, the formula
(14.1) implies that

KuK = Kha+2a’ (p)x—a—2a’ (Up)xa+3a’ (a/p)K

for some unit v in Z,. The Chevalley commutation relations show that the commutator of
T 20/ (vp) and o1 34/(a/p) is in K. Since z_, 24(vp) is also in K, we see that the above
double coset is in fact equal to

Kha+2a’ (p)xa—i—Sa’ (U«/p)K = K$a+3a’ (psa)h’a—{—Qa’ (P)K = Kha+2a’ (p)K

Since (a + 2a/)Y is Weyl group conjugate to A2, we have shown that u lies in KX2(p)K, if
b = 0. Next, assume that a is a unit and b any element in Z,. Then z,(b/a) is in K, and
the commutator with x4 34 (a/p) gives Togt3q/(b/p) (Or Zog1342(—b/p)). Note that the long
basic root « is perpendicular to the short root a+2a/. In particular, z,(b/a) commutes with
ZTat2q/(t/p). Thus, (ignoring the sign)

Ku4(b/a)tat20/(t/P)Tat30r (a/P)Ta(—b/a) K = Kiat20/(t/P)Tat30r (a/P) 20130 (b/P) K.

and we have shown that u lies in KA2(p)K if b = 0 or if a is a unit. Since the reflection
about « fixes a + 2/, and switches a + 3a’ and 2a + 3¢/, it follows that u is in K\a(p)K if
a =0 or if b is a unit, as well. Combining the two, we have completed the proof that uK lies
in the double coset of A2(p) for all w in U(n) \ U(m).

Each of the p + 1 singular planes n gives p3 — p? distinct single cosets. Hence there are
(p+1)(p® — p?) = p* — p? distinct single cosets in all. O

Proposition 14.15. Let (m,m') be an ordered pair of distinct singular lines in Vi(Qp),
such that m N Vi(Zy) and m' N Vi(Zy,) give distinct singular lines on reudction modulo p.
Let w and w' be in m NV1(Z,) and m' N Vi(Z,) respectively, but not in pVi(Z,). Let u =
exp(w/p) exp(w'/p). Then the family U(Zp)uK is in KXo(p)K, and consists of p single
cosets. The family U(Z,)uK depends on the choice of w and w' modulo pVi(Z,). As we vary
the p(p+1) ordered pairs of distinct singular lines in Vi (Fp), we have p° —p* —p3+p? distinct
single cosets in all.

Proof. Since L(Z,) = GLo(Z,) acts transitively on the set of ordered pairs of distinct singular
lines in V;(F,), we may assume that m is given by e, and m’ by eq13. Thus we may take
u = o(t/p)Tatsa (t'/p) where ¢ and t' are units in Z,. Note that o and a + 3o’ are long
roots. Let SLs C G2, be the Chevalley subgroup generated by the long root subgroups. Then
it is not difficult to check that

SL3(Zp)uSL3(Zy) = SL3(Zp)A2(p)SL3(Zy),

so that u lies in K A2(p)K. Finally, a commutation calculation in U gives

U(Zp)ea(t/p)tarsa (' /DK = ) ws(a/p)za(t/p)Carsa (t'/p)K,
a(mod p)
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a disjoint union of p single cosets.

Next, using the commutation relations in U, it is easy to see that these are disjoint families,
as we run through ordered pairs of distinct singular lines in V4(F,). As each line contains
p— 1 non-trivial elements, we see that we have constructed p(p+1)(p—1)%p = p° —p* —p3 +p?
single cosets of the form uK in all.

O

Combining the last two propositions, we see that we have constructed p® — p® single cosets.
By Corollary 13.4, these are all the single cosets of the form uK in K\y(p)K.
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15. Action of Hecke Operators on Fourier Coefficients

Now we return to the global situation, and let G be the Chevalley group of type Gs
over Z. Let t be an element of G(Qp) and let K = G(Z,). Once we have determined the
decomposition KtK = [J¢; K into right cosets, we can define a Hecke operator ¢ on the space
A(G)X of automorphic forms on G(A) fixed by K by the formula

t|F(g) = ZF gti).

Here the ¢; are viewed as elements of G(4A), Whlch are equal to 1 at all places v # p. This
action satisfies
(t1 - t2)|F = t1|(t2| F).

Using strong approximation, we may view an automorphic form F on G(A) fixed by G(Z)

as a function F, on G(Z)\G(R), given by

Foo(9oo) = F(9o, 1,1, ...).

In terms of the function F, the action of the Hecke operator ¢ looks a bit different. By
strong approximation again, we may find an element s in G(Q) which satisfy

{s, is in G(7,) if | # p;

(15.1) spK =tK in G(Qp).

Similarly, we can find elements s; which approximate ¢; in the above sense. The elements s
and s; are unique up to right multiplication by G(Z), and viewing them in G(R), we obtain
a decomposition

(15.2) G(7)sG(Z) =| | s:G(Z
We then have the formula

t) Foo ZF (5; 1900)

for the action of the Hecke operator ¢ on F, : G(Z)\G(R) — C. Indeed, there is no loss of
generality in taking ¢ and ¢; to be the p-adic components of s and s;. Then

t| Foo(9oo) = t|F (9o, 1,1, ....)

- Z F(gooy 1,1, ey (8i)py o-v)

= Z F(s;" - (9oor1,1,...,(8i)p,...)  (since F is left G(Q)-invariant)
= ZF “gooy 1,1,....)  (since s; € G(Z;) for all [ # p)

= Z Foo(sl_lgoo)

Now let f : m, ® C — A(G) be a modular form of weight k, so that the image of f is
contained in the subspace of A(G) fixed by G(Z). For v € my, let F = f(v) € A(G), which
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we shall henceforth regard as a function on G(Z)\G(R) by restriction. We can now define an
action of the Hecke operator t € G(Q,) on f by:

t|f)(v) =t|F: G(Z)\G(R) — C.

If x is a character of U(R) trivial on U(Z), then we have defined the Fourier coefficient
¢y (t|f). Our goal is to express ¢, (t|f) in terms of the Fourier coefficients of f.

Let s and s; € G(Q) be related to t and ¢; € G(Qp) as in (15.1), so that we have a
decomposition

G(Z)sG(Z) = U siG(Z).

It is now convenient to group the single G(Z)-cosets according to the U(Z)-orbits in which
they lie, where U(Z) acts by left multiplication on G(Z)sG(Z)/G(Z). Hence we first write

G(2)sG(2) = JU@p6(2) = O

where p; = u;l;, with u; € U(Q) and I; € L(Q). Each O; = U(Z)p;G(Z) can further be
decomposed into the union of Uy(Z)-orbits:

0i = a(2)pi;G(Z) = | 0;
J J
where p;; = v;p; with v; € U(Z). Finally, we write each O;; as single G(Z)-cosets:

0i; = | J 2rpi; G(D),
k
with 2z, € Ua(Z). Each O;;/G(Z) is thus a homogeneous space for Us(Z), and the stabilizer
of pi;G(Z) is Ua(Z) N ;Ux(Z)I; . In particular, the number
m; = #{single G(Z)-cosets in O;;} = #Us(Z)/Us(Z) N L;U(Z)l; "
depends only on ¢ and not on j.

We are now ready to compute the Fourier coefficient ¢, (t|f). Consider first the constant
term of ¢|F' along Us. For u € U(R), we have:

(tF)w, (u) = (t|F)(zu)dz

/U2(Z)\U2(R)
= Z/ Z F(pi_jlzk_lzu)dz
ig Y UA2)\U2(R)
=2 T
Y]
Consider the Fourier expansion of F' along Ua:

F(g) =) Fylg), g€GR),
3
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where 1 runs through the characters of Uz(R) trivial on U(Z) and

Then for fixed 1, j,

/(;. szj pl] ZPZJ)l/’(P” zk sz)Fd,(pw u)dz

(Z2\U2(R)

(pij - ¢)(z)F¢(Pfj1U) : (Z(pij : ¢)(zk)> dz.

/Uz(Z)\Uz (®) 7 k

Since
m;, if pi; - ¢ is trivial on Uz (Z);
Xk: pij - ¥)(2k) = {0, otherwise,
we deduce that
Lij = m; - Fu, (pj;'w),
and hence
(| F)y, (u Zmz Fy,( p”

We can now regard Fy, and (¢|F)y, as functions on L(R)-V;(R) & P(R)/Uz(R). Then we
have the Fourier expansion

FU2 g) ZFUzl/J gEL(R)Vl(R)7

where 1 runs through the characters of Vi(R) trivial on V;(Z). Hence

P = [ (HF)0, (v) - x(o)dv
V1(Z)\V1(R)
:zi:mi ‘/VI(Z)\VI(R)ZFUz U] RAEOL
= i ;- V) - N x()dv
LT W ») 3L 1)) Fo (o) X0

Vi(Z)\VA(R) j

= mi- / > Fuu; ) - (li-¥)(v) - x(v) - (Z(li : w)wﬁ)) dv.

S0 ) {#Vl( 2))(Vi(Z) N LVA(Z)ITYY, if 1 -4 is trivial on V4 (Z);

0, otherwise,

and
ni =m; - #V1(2)/(Vi(Z) N LA (D))
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is the number of single G(Z)—cosets in U(Z)p;G(Z), we deduce that

(15.3) (t|F)y an Foa (7 - x(w ),

where Fl;1X is equal to zero unless [; ' - y is trivial on U(Z).

To relate these computations to the notion of Fourier coefficients defined in Section 8, let
us fix a character xo of U(R) with A(xo) > 0, and a basis element lp in Hom; () (7%, C(x0))-
Choose any g € L(R) such that x = g - xo. If [s, denotes the linear functional on 7 defined
by:

iyt 0 f(0)x(1) = / F(0) () - X(@)du
U(Z)\U(R)
then recall from (8.3) that ¢, (f) is defined by:

lix = ex(f) - (Ak(g) - glo)-
Now consider the linear functional

Lito s f(0) (7,
whch is an element of Homg gy (7%, C(x)). A simple calculation shows that
(15.4) Li = c;1, () - Ae(l) - (Ae(9) - glo)-
From (15.3) and (15.4), we deduce that

by = <Z ng - )‘k(li)il : X(Ui)il : Clilx(f)) - Me(9) - glo,

and thus:

Proposition 15.5. Suppose that
G(7)sG(Z U U(Z)u;;G(Z

with u; € U(Q) and l; € L(Q). Then
tlf) an )\k (uz) ! cli—lx(f)v

where
n; = #{single G(Z)-cosets in U(Z)u;l;G(Z)},

and ¢ (f) is equal to zero unless I; Lx is trivial on U (Z).

Now fix a prime p, and consider the local Hecke algebra H, at p. As we mentioned before,

Hp = R(G) = Clxa, x2]

as C-algebras, with x; and xo the two fundamental representations of the complex Lie group
G =G, (C). In the remainder of this section, we shall use Proposition 15.5 and the results of
the previous section to obtain explicit formulas for the action of the Hecke operators x; and
x2 on the Fourier coefficients of modular forms in Mj.
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Let A be a cubic ring with p-depth 0, corresponding to a character x. Set A; = Z + pA,
V2
which has p-depth ¢, and corresponds to the character yx; = ( P b ) -x.- Let f be a

modular form of weight k, and ¢;(f) the Fourier coefficient of f corresponding to A;. To
avoid issues about orientation, we assume for simplicity that the weight k is even. Then we
have:

Proposition 15.6. Let f be a modular form of even weight k and A; the chain of cubic rings
as above. Ifi > 1 then

atalf) =p* e+ DY e +alN)+p DY es(f)+p" Fen(f).
AiCBCAi_l Ai+1CBCAi
where the inclusions of rings are proper. If i =0, then
cobalf) =" es(f)+p 'na—Deo(H)+p * D eslf)+p" *alf)
AC,B A1CBCA

where n 4 is the number of rings B such that A1 C B C A.

Proof. As we have noted before,

xalf = %(C[Al(p)]lf L.

In Propositions 14.2 and 14.5, we have determined the decomposition of G(Zy)A1(p)G(Zy)
into single G(Z,)-cosets. Since the single coset representatives obtained there lie in G(Z [%])

they serve as representatives for the single G(Z)-cosets in G(Z)A1(p)G(Z) in view of (15.1)
and (15.2). Moreover, the proofs of the propositions furnish us with a decomposition

G(Z)M (p)G(Z UU Yuil;G(Z

and provide us with the number n; of single G(Z)-cosets in each U(Z)u;l;G(Z). Indeed, the
representatives for the (U(Z), G(Z))-cosets in G(Z)A (p)G(Z) can be taken to be:

'<p p>;

e a set Sy of representatives for the p + 1 single cosets in GL2(Z) < P 1 ) GLy(Z);

a set S of representatives for the p + 1 single cosets in GLy(Z) ( 1 p-l ) GLy(Z);

( & p! );

a set S* of representatives for the p — 1 non-trivial cosets of U(Z) in U*;

for each of the p+ 1 singular lines m C %Vl(Z) /Vi(Z), a set Sy, of representatives for
the p — 1 non-trivial cosets of U* in U(m).

Here, the groups U* and U(m) over Z are defined analogously as the corresponding groups
over Z, introduced before Lemma 14.3 and in (14.4).
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From this, and Proposition 15.5, we deduce that for ¢ > 1,
ci(tlf) =p™* i (f) + 07! Z -1y, (F) +ei(f) +p7" Z -1y, () + 2 i (£).
leS2 leSy
It remains to see that there are bijections
{cubic rings A; C BC A;_1} +—{l€ Sy: I71y; is trivial on U(Z)},
and
{cubic rings A;11 C B C A;} «— {l € Sy : 1 1y, is trivial on U(Z)}.
In view of the correspondence between binary cubic forms over Z and the characters of U(R)
which are trivial on U(Z), the required bijections follow from Proposition 5.7.

When ¢ = 0, the only added subtlety is in the determination of the coefficient
1 *
L+ #S +pY Y x(w)
m u€ESm

of ca(f). Regarding x as a character on U(m)/U*, we see that

—1, if the restriction of x to U(m) is non-trivial;
> x(u) = .
p — 1, otherwise.

UESH

On the other hand, if m corresponds to the line | = (zo : yo) in P!(F,), and x to the
binary cubic form ¢(z,y), then the triviality of the restriction of x on U(m) is equivalent
to g(zo,y0) = 0(mod p). Hence by Proposition 5.4, the number of m for which y is trivial
on U(m) is equal to the number of rings B such that Ay C B C A, and the proposition is
proved. [l

Corollary 15.7. Assume that A/pA is a field. Then

1 _
calalf) = _BCA(f) +p' " ea, ().
Furthermore, for every cubic ring B, such that As C B C Aq,

CB (X1|f) = pkilcfh (f) + pikcAz (f) + p172k031 (f)

Proof. This follows from the previous proposition and Corollary 5.6. O

Similarly, using Propositions 14.6, 14.9, 14.10, 14.12, 14.14 and 14.15, we can compute
ci(xz2lf) in terms of the Fourier coefficients of f. We omit the proof and simply state the
result:

Proposition 15.8. Ifi > 2, then
alxelf) =atalf) +p*72 Y. e+t D) colh)+

Ai—lCBCAi—2 Ai+1CCCAi_1
pla(f)+pF Y es(f)
Aij2CBCA 41
Here each C is a ring such that C/A;11 = 7/p?Z.
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When 7 = 0 or 1, the formulas expressing ¢;(x2|f) in terms of the Fourier coefficients of f
are more complicated. We highlight only the case when A/pA is a field:

Corollary 15.9. Assume that A/pA a field. Then

co(xalf) = (5 + J)eo(f) = o~ e (f) + P 2% X4, cpea, eB(f)
ci(xalf) = =p*2co(f) + (1 + Hei(f) + 0" *ea(f) + X agcpca, ' Fen(f).

Proof. The formula for ¢;(x2|f) follows from Proposition 15.5 and the results of the previous
section, as soon as we show that there are no rings Ay C C C A such that C/As = Z/p*Z.
Let B=CnNA;. Then Ay C B C Aj and B is contained in C' with index p. By Corollary
5.6, C must be A;. This is a contradition. Similar, even easier, considerations can be used
to deal with c4(x2|f). The corollary is proved. O
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16. Gorenstein Coefficients

Let f € M} be a non-zero eigenform for the spherical Hecke algebra. In this section, we
show that the Fourier coefficient c4(f) is non-zero for some Gorenstein ring A. Together
with Proposition 8.4, this implies that if f is a non-zero cuspidal Hecke eigenform, then f is
completely determined by its Hecke eigenvalues and its Gorenstein coefficients. This is the
analog of the classical result that if f(2) = 3, < an(f)e*™* is a non-zero cuspidal Hecke
eigenform, then ai(f) # 0. The proof of this statement is based on the formulas for the
action of Hecke operators on a,(f). Indeed, the formula for each local operator T}, is

an(Tp|f) = an/p(f) +pikapn(f)

which shows that the coefficents a,, (f) can be recovered from a;(f) and the Hecke eigenvalues.
Our proof is based the same idea, exploiting the formulas for the Hecke operators x; and x2
obtained in the previous Section.

Let A be a totally real cubic ring so that the cubic algebra E = A ® Q is étale. For
every prime integer p, we define an equivalence relation between cubic rings in E as follows:
A ~p, B if the intersection of A and B is contained in both A and B with index a power of
p. This is equivalent to saying that A ® 7Z; = B ® Z; as subrings of E ® (Q for all [ # p.

Proposition 16.1. If the Fourier coefficients of f vanish for all rings of p-depth < 1 in a
~p equivalence class, then they vanish for all rings in the ~, equivalence class.

Proof. The proof is by induction on the depth. Assume that we have proved the vanishing
for all rings of p-depth < 4. Let A; 1 = Z + p**1 A be a ring of p-depth i + 1. Acting by the
Hecke operator x1 on cg,(f), and using the induction assumption, we obtain

0=p""1 Y )+ * D ) +p Pea, ()
A;CBCA;—1 A;i+1CBCA;

Thus, to show that ca,,,(f) = 0 we need to show that the first two summands on the right
hand side are 0. Vanishing of the first sum is proved in the following lemma.

Lemma 16.2. Assume that Fourier coefficents of f vanish for all rings of p-depth < i in the

~p class of A. Then
> es(f)=0
AiCBCAi,1

Proof. Since i > 1, the ring A;_1 exists. Acting by the Hecke operator 1 on cy
the assumption of the lemma, it follows that

o=p1 > e +pF D enf)

A; 1CBCA; 2 A;CBCA; 1

; 1, and using

By Proposition 5.5 the p-depth of each B in the first sum lies between 7 — 3 and ¢. In
particular, cg(f) = 0 by the assumption of the lemma. The lemma follows. O

It remains to show vanishing of the second sum. This is much harder, however, and is
accomplished in the following lemma.
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Lemma 16.3. Assume that Fourier coefficents of f vanish for all rings of p-depth < i in the

~yp class of A. Then
Y es(f)=0.
A;+1CBCA;

Proof. The idea this time is to use the operator x2 on c4, ,. After taking into account the
induction assumption, we obtain

0=p' D coN+P* D enlf),

AiCCCAi—Z Ai+1 CBCA,

where, as usual, the first sum is taken over all C' such that C/A; is cyclic of order p?.
Obviously, to prove the Lemma, we need to show that the first summand is 0. By intersecting
each C with A; 1, the first summand can be rewritten as

Z CB(f) = Z Z cc f) p+ 1)cAi71(f)'

A;CCCA;_o A;CBCA;_1 BCP

Moreover, ca,_,(f) = 0, by the induction assumption, so it remains to show that the double
sum on the right hand side is zero. By Proposition 5.5 the p-depth of each B between A;
and A;_1 lies between 7 — 2 and 7 + 1. Next assume that B has positive p-depth. Then, the
ring B_; such that B = Z + pB_; exists, and has p-depth at most i. Applying the Hecke
operator x1 to ¢g ,(f), and using the induction assumption, it follows that

0=p"" > colf)+p* Y colf) +p' " en(f)

371Cp0 CCpB,1

We claim that the first sum on the right hand side is zero. By Proposition 5.5, any ring
C containing B_; with index p has p depth less or equal to ¢ + 1. It can be ¢ + 1 only when
B_1 has p-depth i. In that case we can apply Lemma 16.2 to B_1 to show that the sum is
zero. Otherwise, each individual term co(f) is zero. In any case, the claim follows.

In the second sum we can replace C C, B_1 by B C, C since the rings C contained in B_;
with index p are precisely the rings containing B with index p. Summing the above equation
over all B between A; and A;_1 such that p-depth of B is positive, we obtain

0=p* Y Tl Y e,

A; CB+CA1 1 BCP AiCB+CAi_1

where the subscript + denotes that the sum is take over rings B with positive p-depth.
However if B has p-depth 0, and B C, C, then C has p-depth less then or equal to one. Thus
¢g(f) = cc(f) = 0 by the assumption of the proposition, and this implies that we can remove
the subscript + in the previous equation. Now, since the second sum is zero by Lemma 16.2,
the first sum has to be zero as well. The lemma, and Proposition 16.1 follow. O

O

We shall now show that the vanishing of the Fourier coefficents of f for all rings of p-depth
zero in a given ~, class implies vanishing of all Fourier coeflicents in the ~,, class. In view
of 16.1 it suffices to show that c4,(f) =. The idea is similar to the one used in the proof of
16.1. The nessecary modifications of the proof will be based on the following proposition.
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Proposition 16.4. FEach ~, equivalence class of cubic rings contains a unique mazimal
element Amax-

Proof. We will define Ay in A ® Q by specifying its localizations in A ® Q for all primes I.
For [ not equal to p, we insist that the localization is equal to A ® 7, for any ring A in the
equivalence class. For [ = p, we insist that the localization is equal to the integral closure of
Zp in A®Qp. Since A® Q, is étale over QQ,, the integral closure is free of rank 3 over Z, and
is maximal for this property. The above construction shows that Apnax is the unique ring in
the ~, equivalence class which minimizes the power of p in the discriminant and thus it is
the unique maximal element in he ~, equivalence class of A. [l

Let f € M; be a Hecke eigenform. We shall now show that the vanishing of the Fourier
coeflicients of f for all rings of p-depth 0 in a given equivalence class implies the vanishing of
all coefficients in the class. We first show the following:

Proposition 16.5. Let A be a p-depth 0 ring in the ~, equivalence class of Amax. If the
Fourier coefficients of f for all rings of p-depth 0 in the equivalence class of Amax vanish,
then ca,(f) =0 fori=1,2.

The idea is to prove this statement for A = A.x, and then use induction on the index
of A in Apax. Since arguments are repetitive, we will do the proof for A = Ap.x and the
induction step at the same time.

Lemma 16.6. Let B be a ring containing A with index p or contained in A with index p.
Then cg(f) = 0.

Proof. If A = Apmax, then there are no rings containing it, and every ring B between A and
A1 has depth 0. Otherwise B_; would exist and would contain Ap,.x with index p, which is
a contradiction.

(induction step) A ring B containing A with index p can have p-depth one. In that case,
B = Z+pBy where By has p-depth 0. Since the index of By in Amax is smaller then the index
of A, the induction hypothesis implies that ¢g(f) = 0. Similarly, any ring B between A; and
A has p-depth at most 2. Hence, either B has p-depth 0 and cp(f) = 0 by the assumption,
or B =7+ p'By for some 1 < i < 2 in which case cg(f) = 0 by the induction assumption
since the index of By in Amax is less then that of A. O

Now Proposition 15.6 (acting by the Hecke operator x1 on c4(f)) and Lemma 16.6 imply
that

(16.7) ca, (f) =0.

Lemma 16.8.
> colf)=0
AicC

where the sum is taken over all rings C such that C /Ay = Z./p*7.

Proof. Since A/A1 = (Z/pZ)?, C is not contained in A. Thus, if A = Amax, there are no such
rings C.
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(induction step) Let B = ANC. Then A; C B C A. By Proposition 5.5, the p-depth of B
is at most 2. Since B C, C, the p-depth of C' could be at most 3, which happens only if B
has p-depth 2. Thus, B has p-depth less then two, then C has p-depth less then 3, and the
induction hypothesis implies that cc(f) = 0, just as in Lemma 16.6. Now assume that B has
p-depth 2. Then the ring B_; exists, and we can apply the operator xi to cg_,(f). By the
induction hypothesis the formula reduces to

P Y o)+ ) colf).
B1C,C BC,C

The rings C in the first sum have p-depths less then 3. Therefore the coefficients c¢c( f) vanish
by the induction hypothesis, again just as in Lemma 16.6. The second sum therefore also

vanishes, and the lemma follows (the sum also includes the term c4(f) which is 0). O
Lemma 16.9.
Y. enlf)=0
A2CBCA;

Proof. Consider the action of the Hecke operator x2 on ca(f). Using the formula given
in Proposition 15.5, one obtains the desired result from (16.7), Lemma 16.6 and Lemma
16.8. U

Now Proposition 15.6 (acting by the Hecke operator x;1 on cy4, (f)) and Lemma 16.9 imply
that

(16.10) ca,(f) = 0.

In view of 16.7 and 16.10, Proposition 16.5 is proved completely. Moreover, Propositions
16.5 and 16.1 imply the following corollary.

Corollary 16.11. If the Fourier coefficents of f vanish for all rings of p-depth 0 in a ~p
equivalence class, then they vanish for all rings in the ~, equivalence class.

We are now ready to prove that cuspidal Hecke eigenforms are determined by their Goren-
stein coefficients and Hecke eigenvalues.

Theorem 16.12. Let f be a Hecke eigenform. If ca(f) = 0 for all Gorenstein rings A,
then all the Fourier coefficients of f vanish. In particular, if f is a non-zero cuspidal Hecke
eigenform, then f has a non-zero Gorenstein coefficient.

Proof. Suppose that there exists a totally real cubic ring A such that ca(f) # 0. Let E =
A ® Q which is a cubic étale algebra over Q.

Pick an ordering of primes p1, p2,... and let X be the set of cubic rings in E with trivial
pi-depth for all [ > k. Clearly, X is the set of all Gorenstein rings in E and every cubic ring
in E is contained in some X}, for a sufficiently large k. Furthermore, X} is a union of ~p,
conjugacy classes, and the set of all elements in X}, of pi-depth 0 is precisely X;_1. Using
induction on k, Corollary 16.11 implies that the Fourier coefficients of f vanish for all cubic
rings in £. This is a contradiction, and the first statement of the theorem is proved. The
second statement follows from this and Proposition 8.4. O
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