Unramified reciprocal polynomials and Coxeter decompositions

Benedict H. Gross

Let f(z) be a monic, integral polynomial of degree 2n, which is irreducible over
Q. We say f(z) is reciprocal provided z?"f(1/z) = f(z), and unramified provided
f(—1)- f(1) = (—=1)™. In an earlier paper [G-M], we realized such unramified, reciprocal,
irreducible polynomials as the characteristic polynomials of automorphisms ¢ of certain
even, unimodular lattices L of rank 2n.

A natural question which then arises is to classify the pairs (L, t) with characteristic
polynomial f(z), up to isomorphism. One invariant of an even, unimodular L is its signa-
ture (p, q) over the reals; here we will assume that (p — ¢) is maximal, equal to the number
of complex roots of f(x) which lie on the unit circle. An invariant of the pair (L, t) is the
ring of endomorphism of the abelian group L which commute with ¢. This is an order A in
the number field K = Q[z]/f(z) which contains the order Z[x]/f(z), and we will classify
those pairs where A is equal to the full ring of integers Ax of K. In particular, we show
that the number of equivalence classes with this property is equal to a power of 2 times
the minus class number of K; a precise statement is given in Proposition 1.7.

We then turn to the classification of those pairs (L, t) where ¢ is conjugate to ! in the
orthogonal group O(L). This is a natural condition to impose, as it is true in the orthogonal
group over Q. To this end, we develop the notion of a Coxeter decomposition of L over
Z. A Coxeter decomposition is, among other things, a pair (L1, L2) of positive definite
scaled unimodular sublattices of L, such that L = L; + L, as an abelian group. From
this decomposition, we obtain two involutions o7 and o2 in O(L), whose —1 eigenspaces
are L, and Ly, and we require that the product o102 = t has characteristic polynomial
f(z). Such decompositions occur in the theory of simply-laced Coxeter groups, when the
Coxeter graph can be 2-colored. There t is a Coxeter element, and each o; is the product

of simple reflections.



We end with some examples of Coxeter decompositions, for unramified cyclotomic
and Salem polynomials. Here the lattices constructed are positive definite and hyperbolic
respectively. Our hope is that by attaching a rich algebraic stucture, such as an even, uni-
modular lattice L with a Coxeter decomposition, to an unramified, reciprocal polynomial
f(z), we will obtain a new tool to investigate some of the deeper questions (like the Lehmer
conjecture for Salem numbers) on the location of the real roots of f(z). As a by-product,
we also get candiates for the ”Coxeter element” of lattices L (such as the Leech lattice)
which have no simple reflections in their orthogonal group.

It is a pleasure to thank Daniel Allcock, Curt McMullen, and William Stein for their

help.
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1. A classification (cf. [G-M])
We fix an unramified, reciprocal, irreducible polynomial f(z), of degree 2n over Z.

Let K be the number field Q[z]/(f(x)), of degree 2n, and let k be the subfield fixed by
the involution « — @ of K, where 7 = z~ L.

We will assume that all of the complex roots A of f(z) lie on the union of the unit
circle and the positive real line. Then A\ + A~! is a real number greater than —2, and the

field k is totally real. We will further assume that the number s of roots A > 1 satisfies

the congruence

(1.1) s=n (mod 4).

This implies that the set T of real places of k which ramify in K satisfies
(1.2) #T =n—s=0 (mod 4).

Some examples of polynomials f(x) which satisfy our hypotheses are unramified cy-
clotomic polynomials (when s = 0) of degree 8k = 8,16,24,... and unramified Salem
polynomials (when s = 1) of degree 8k + 2 = 10, 18,26, .... As specific examples, there is

the cyclotomic polynomial

(1.3) flx)=ab+2" —a® —a* —2® +2+1,
satisfied by the primitive 30-th roots of 1, and the Salem polynomial
(1.4) flx) =20 +2% — 2" — 2% — 25 —2* — 234 +1,

satisfied by Lehmer’s number A = 1.17628. ..

Given such a polynomial f(z), we wish to classify the even, unimodular lattices L
of signature (2n — s, s), together with the isometries ¢t : L — L which have characteristic
polynomial f(x). We consider the pairs (L, t) and (L', t’) equivalent if there is an isometry

1: L — L' such that t' o =1 o0t.



Since t satisfies its own characteristic polynomial in End(L), L is a Z[z]/ f(z)-module.
Let Ag be in integral closure of Z[z]/f(z) in the field K. We will classify those lattices
which are full Ax-modules.

Let Ex = A} be the unit group of K, and let Cx = Pic(Axk) be the ideal class group.

The norm from K to k induces homomorphisms

(1.5) N:Ex = Ef;

(1.6) N:Cx — Cy .

Here Elj,T is the subgroup of the units of £ which are positive at the real places in T', and
C,‘: o is the quotient of the ideal group of k by the principal ideals which have a positive

generator at 7.

Proposition 1.7. The set of equivalence classes of even, unimodular, Ak -lattices of

signature (2n — s, s) is finite and non-empty, of cardinality

# coker (EK E) EZT) - # ker <C’K E) C’,:F,T) .

Proof. Let A}, be the dual module of Ax with respect to the trace form. In [G-M]
we show that the even, unimodular, Ag-lattices of signature (2n — s, s) are all given by
pairs (L, c), where L is a fractional ideal of K, c is an element of k* which is positive at

the real places of T, and the pair satisfies the ideal equation
(1.8) L-L-(c)=AY.
The pairing on L is given by the formula

(1.9) (@, B) = Tr(caB).
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In [G-M] we also show such pairs exist. Here we need the hypothesis that s = n(mod4),
so that the signature (p, q) of L has difference p — g = 2n — 2s divisible by 8.

The pair (L, c) is equivalent to the pair (L', ) if there is an element v in K* with
L'=()-L
(1.10)
¢ =c/77.
The group of pairs (I, a), where I-T = (a) and a > 0 at T, acts simply-transitively on the so-
lutions of (1.8) by the formula (L, ¢) — (I-L,c/a). The quotient group {(I,a)}/{((7),77)}
acts simply-transitively on the equivalence classes of lattices.
This quotient group maps surjectively to the group ker(N : Cx — C,j, r) by the map

(I,a) — class of I in Ck.

The kernel of this map is isomorphic to the group coker(N : Ex — E,:T) via the map

((v),a) = 7v7/a  (mod NE).

This completes the proof of Proposition 1.7.

To calculate the number of equivalence classes, let hx and hy denote the class numbers

of K and k. Then
#Chp = by, - 27 [#(Ex/ Byl 1)
By class-field theory, the cokernel of N : Cx — C,j, 7 is isomorphic to Gal(K/k), so has

order 2. Hence
#ker(N : Cx — Cif 1) = 22V . (B /Ef 1) - (hi/P)
#coker(N : Ex — Ejf ;) = #(Ej ;/NEK)
and the total cardinality is
25H1=" . #(Ey /NEK) - (hx /hu)-
Since #(Ey/E}:) = 2" by the unit theorem, this cardinality is also given by the formula:

25t hy /#(NEg : E}) - hy.



2. When is ¢t conjugate to ¢t~1?

To motivate the theory of Coxeter decompositions, we will consider the following
problem, in the notation of §1. Let (L, c) be a solution of the ideal equation (1.8), giving
us an Ax-even, unimodular lattice. Then (L, c) is another solution. When are these two
solutions equivalent?

An equivalence is given by an element v in K*, with L = (y)L and vy = 1. Writing

v = 3/ by Hilbert’s Theorem 90, and putting M = (8)L = (8)L and cy; = ¢/, we find

an Ag-even unimodular lattice (M, cps) in the same equivalence class with
(2.1) M =M.

Then the map « — @ gives an involution ¢ in O(M), which satisfies

(2.2) oto™t =t

Hence ¢ is conjugate to t~1 in O(M).
There is a non-trivial condition which is necessary for such lattices to exist. Since

M = M and the extension K/k is unramified at all finite primes [GM,$§3], we have
(2.3) M= M; ® Ak

with M} a fractional ideal of k. Similarly,

(2.4) AY, = Al ® Ag.

The ideal equation M - M - (car) = AY, in K then yields the ideal equation

(2.5) M2 - (car) = AY

in k.
Since cpr > 0 at all real places T which ramify in K/k, we deduce from (2.5) that

the class of A in C:T is a square. This is a nontrivial condition, which is equivalent
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to the hypothesis that for every quadratic extension of k& which is unramified outside of
T, the number of real places which ramify is divisible by 4 (cf. [G]). Conversely, if it is
satisfied, we let My be a solution of (2.5) and M = M}, ® Ag. Then (M,cyr) gives an
even, unimodular Ag-lattice, and ¢ is conjugate to t~! in O(M).

The theory of Coxeter decompositions will give this conjugacy, and a bit more. We

digress for a section, to review the general theory of Coxeter groups.



3. The Coxeter element (cf. [B, Ch. IV])

Let (W, S) be a Coxeter group, with finite set S of generating reflections s. For s # s’
in S, let m(s,s’) =2,3,...,00 be the order of the product ss’ in W. Since s's = (ss’)71,
we have m(s,s’) = m(s’,s). We let V be the real vector space with basis e; indexed by S,

and define a symmetric, bilinear form on V by:

(€5, €5) =2

s# g,

51€s7) = —2
(es,€s7) cos (5.5

Then —2 < (es, es) < 0, whenever s # s’. The group W acts faithfully on V', preserving
the bilinear form, via the reflections sv = v — (v, e;) - €s.

The Coxeter graph of (W, S) has vertices indexed by the elements of S. Two vertices
are connected by an edge if (es,es) < 0, in which case the edge is labelled by the integer

m(s,s’) > 3. When the Coxeter graph is a tree, the element

(3.1) t=]]s
S

is well-defined up to conjugacy in W, independent of the order of the product. This is
the Coxeter conjugacy class. Let f(x) be its characteristic polynomial. Since (tv,tw) =
(v,w) and det(t/V) = (=1)#% = (=1)4™ V the polynomial f(z) is reciprocal: f(z) =
zdim V. £(1/z).

More generally, when the Coxeter graph is bipartite, with opposing sets of vertices Sy

and S3, we define the following elements in W':

(0'1 :HS
(3'2) S O'QZHS

Sa

\ t=0102

Since 07 and oy are products of commuting simple reflections, they have order 2 in W, and

(3.3) t™1 = g90q = 0'2t0'2_1 = altal_l.
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Let V7 and V; be the —1 eigenspaces of o1 and o2 on V. Each V; is a Euclidean space, with
basis the orthogonal roots e, s € S;, and V = V; + V5 as a real vector space (although
the direct sum is not orthogonal). Both ¢ and ¢! represent the Coxeter class, when that

class is well-defined.

Proposition 3.4. In the bipartite case, the complex roots of the characteristic poly-
nomial f(z) of t = o109 lie on the union of the unit circle and the positive real line.

The bilinear form on V is non-degenerate if and only if f(1) # 0. In this case, V has
signature (n — s,s), where n = dim V and s is the number of real roots A of f(x) with

A> 1.

This result is due to A’Campo [A] and Berman-Lee-Moody [B-L-M]. We sketch the

argument. The Gram matrix of the bilinear form (,) on V' = V; 4 V5, with respect to the

2l B
1= (% o)

Similarly, the involutions o7 and o2 have matrices

basis of simple roots, is

with respect to the root bases. Hence

0 -B
01+ 02 = ot B 0 .
The latter operator is self-adjoint, with respect to the inner product on V where the basic
roots have length 2 and are all orthogonal. Hence its eigenvalues x are all real numbers.

They are stable under the involution k +— —k, for if v = v; + vy is an eigenvector with

eigenvalue k # 0, then v; and vy are nonzero, and v/ = v; — v2 has eigenvalue —«k.
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We have the identity
(o1 +02)>=2+t+t"t in End(V).

Hence the eigenvalues of 2 4+ ¢ 4+ ¢~! are nonnegative real numbers, and the eigenvalues A
of t satisfy A + A~! > —2. This implies that they lie on the union of the unit circle and
the positive real line.

The eigenvalues p of the matrix
A=2I—(O’1+O'2)

are of the form p = 2 — k, so are stable under the involution p +— 4 — . The bilinear form
is degenerate if 4 = 0 occurs as an eigenvalue of A, so kK = 2 occurs as an eigenvalue of
01 + 02, so k2 = 4 occurs as an eigenvalue of ¢ +¢t~! + 2. This occurs when f(1) = 0. If
f(1) # 0, the number s of negative eigenvalues for A is equal to the number of kK > 2, so

k2 >4 and A+ A~! > 2. This is equal to the number s of roots A of f(z) with A > 1.
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4. Coxeter decompositions
We now return to the situation in §1. Let L be even, unimodular of signature (2n—s, s),
and let ¢ : L — L be an orthogonal transformation with characteristic polynomial f(z).
A Coxeter decomposition for (L,t) is a decomposition of L as the direct sum of two

abelian groups (not necessarily orthogonal)
(4.1) L =1L+ Lo.

Both of the sublattices L; and Ly of L are required to be positive-definite, with dual

lattices satisfying:
(4.2) 2. L) = L.

In other words, the bilinear form (,) should take even values on each L;, and 3 (,) should
be a unimodular pairing on each L;.
Let pr; : L — %Li be the projection operator, taking A in L to the unique element \;

in %Li which satisfies

for all m; in L;. From the projections pr;, we obtain two involutions in O(L):

01 ()\) =)\ — 2p’r‘1()\)
(4.4)
03(A) = A — 2pra(N)

The —1 eigenspace of o; on L is L;, and the final requirement on the Coxeter decomposition

is that
(4.5) t = 0102 in O(L).

Then t~! = 0,0, is conjugate to t, so we are in the situation of §2 (with the additional

hypothesis that the —1 eigenspaces are positive definite).
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If we have a Coxeter decomposition L = L; + Lo, then extending scalars to R, we may
choose orthogonal root bases for V3 = L; ® R and V2 = Ly ® R. In O(V), the involutions
are the product of simple reflections, as for a Coxeter group. However, it may not be
possible to choose the root bases e, so that every inner product (es, es) lies in the interval
[—2,0].

We consider two Coxeter decompositions equivalent if there is an isometry ¢ : L — L’
mapping L; to L} and Ly to L,. Theniooy =0ojociandiooy =0hoi,soiot =101

and the pairs (L,t) and (L’,t') are equivalent in the sense of §1.

Proposition 4.5. There is a Coxeter decomposition L = L1 + Lo, with L an Ag-
module and t = o104 having characteristic polynomial f(x), if and only if AY is a square
mn C,j, the strict class group of k.

If such a Coxeter decomposition exists, the equivalence classes of Cozeter decomposi-
tions form a principal homogeneous space for the finite 2-group ki@)/ k*z, where ki(z) 18

the subgroup of k* consisting of totally positive o with (o)) = I?, as ideals of k.
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5. A proof of Proposition 4.5
Before giving the proof, we identify some units of Ax. Since f(x) is unramified and

reciprocal, we have

o) =1
-1 =1
F(1)=(-1)"

Lemma 5.1. The elements z, § = (z —z~ 1), y= (1+27 1), and p = (1 — 2z 1) are

all units of Ax. They satisfy:

5/6 =—1

V==

B/p=—z
0 = xyp.

Ify=xz+z ' ink, then
T+HY=77=y+2

1s a totally positive unit, and the units

are positive at T', and negative at the real places which split in K/k.

Proof. This follows from: N(y) = f(—1) and N(u) = f(1), and the fact that f(z) is

unramified.

Now assume that Ax—module L has a Coxeter decomposition L = Ly + Lo, with
0102 = t. The bilinear form on L has the form (o, 3) = Tr(ca3), with ¢ > 0 at the places
inT,and L-L- (c) = A).
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ViewV = L®Q = K as a k = Q(t + t~!) module of rank 2, with bilinear form
{a, B} = c(aB + Ba). Since t +t~! = (01 + 02)? — 2 preserves the spaces Vi = L1 ® Q
and Vo = Ly ® Q, they are both k-modules of rank 1. Moreover, the involutions ¢y and
o9 commute with ¢ +¢~1, so give reflections in O(V/k) = O(K/k), with —1 eigenspaces V3
and V5.

All reflections in O(K/k) have the form o(a) = e - @ with e in K* satisfying ee = 1.
Write e = 3/3 by Hilbert’s theorem 90. Then the —1 eigenspace for o is positive definite
if and only if d = ec/Bp is totally positive in k. Recall that the unit ¢ = 6§ is positive
precisely at the places in 7.

But o = o0y stabilizes L, so L = (e)L = (8/B)L. Then M = (B)L is stable under

conjugation in K. The pair (M, d) satisfies the ideal equation
M- (d) = A

in K, so the underlying ideal M}, of k satisfies

(5.2) M2 - (d) = A).

Hence A} is a square in the strict class group.
Conversely, assume we have a solution to (5.2) with d > 0, and put M = My ® Ax

and ¢ = d/e. Then (M, c) gives an even, unimodular Ag-lattice of signature (2n — s, s).

Let
(5.3) o) =@ in O(M)
(54) 09 — O'1t.

1

Then o3(a) = £~ @ is also in involution of M. We claim o; and oy give rise to a Coxeter

decomposition.
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To verify this, we let L; and Lo be the —1 eigenspace of 07 and o2. We find
Li=My;-§ with (md, m'§) = 2Tr(dmm')
Ly = My - p with (mu, m'p) = 2Tr(d*mm')

Both d = ce and d* = cup are totally positive, so Ly and Lo are positive definite. Since
(M)*(d) = (My)*(d*) = Ay,

they have dual lattices $L; and Lo, respectively. Finally, Ly + Lo is an Ag[z] = Ag-
submodule of L containing My = L; - 6. It must then equal L = Ax ® Mj.

The above argument shows that the Coxeter decompositions correspond to pairs
(Mg,d) with d > 0 and M? - (d) = A). The group ki(z) acts simply-transitively on

these pairs: if (o) = I? then
(Mg, d) = (M. - I,d/a).

The subgroup k*’ preserves the equivalence classes: if & = 2, then multiplication by
gives an isometry from M} to My(y), preserving the Coxeter decomposition. Hence the

equivalence classes form a principal homogeneous space for ki@) / k.
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6. Euclidean lattices

Some interesting invariants of a Coxeter decomposition are the classes of the unimod-
ular, Agx-Euclidean lattices Ly and L. Such lattices are given by pairs (M, d) satisfying
(5.2), with form (m,m') = Tr(dmm'). The group ki(z) /k*” permutes these classes simply-

transitively.

Proposition 6.1. The lattice Ly is the translate of L1 by the element vy =y + 2 in
By /B

This is clear, as both L; and Ly are based on the same ideal My, and ds = y7d;.

Proposition 6.2. The restriction of the operator 2pry : L — Ly to the subgroup Lo
is gwen by multiplication by the unit (1 + z) on L. It gives an isomorphism of abelian

groups Lo — L.

Proof. Since Ly = My, - u, we have
(1+z)Lo = Mi(1+2)(1—27")
= My(z —z™1)
=My -0 =Ls.
To see that this map is 2pry, let Ay = mé be in Ly and Ay = m’y be in Ly. Then
(M, (14 2)A2) = Tr(c-md - (1 + z)m/p)

= Tr(ecmdm/d)
= Tr(cemm/) €=60

Since %+%: % =1, we have

1
Tr(cemm') = 2Tr (cemm' : —)
Y
= 2Tr(c- md - m'f) €= 0vn

Hence (A1, (1 4+ z)A2) = 2(\1, \a).
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7. On the group (ki(z)/k*Q)
Let Ck 4+ — Cj be the usual surjection, and let D[2] be the image of the 2-torsion

subgroup Cj 4 [2] in C%. Then we have an exact sequence
(7.1) 1— B JE} = kX% k" S Dy[2] — 1

where g(a) is the class of the ideal I in Ck, I? = (a). If g(a) = 1, then (a) = (8?) and
€ = a/3? is totally positive in Ey.
Since the kernel of the map

Ck,_i_[Z] — Ck

has order 2" /#(Ey/E;"), we find
#Dx[2] = #C+[2] - #(Ex/ B} ) /2"

#(ED /") = $Cy, (2] - #(Er/E2) 2™

But (Ey/E?) ~ (Z/2)™ by the unit theorem, so we have:

Proposition 7.2. The group ki@)/k*z is isomorphic, as a finite 2-group, to Cy 4 /2Ck 1.

Indeed, both are killed by 2 and have the same order as Cy 1 [2].

Here is a useful criterion for the existence of a “unique” Coxeter decomposition for

/().

Proposition 7.3. The following two conditions are equivalent:
a) The strict class number hi of K is odd.
b) The strict class number hii of k is congruent to 2 (mod 4).
When a) and b) are satisfied, the class of A} is a square in C’,j, and a Cozeter
decomposition L = Ly 4+ Lo with characteristic polynomial f(z) exists and is unique, up to

a permutation of the Fuclidean lattices Ly and Ls.
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Proof. Class-field theory (cf. [GM, §5]) gives an exact sequence
(op P Cif — Gal(K/k) — 1.

Hence, if h}; is odd, h{ =2 (mod 4).

If conversely h;’ = 2 (mod 4), then K is the unique quadratic extension of k ramified
only at infinity. Since Ram(K/k) = T has cardinality divisible by 4, A} is a square in
Cif. If C§ had even order, then the Gal(K/k)-invariants in Cj; /2C3 would be nontrivial.
Hence there would be a quadratic extension L of K, ramified only at infinity, with L
Galois over k. Since Gal(L/k) has order 4, it would be abelian, and by class field theory
this would imply that A} =0 (mod 4). This contradiction shows that A}, is odd.

When a) and b) hold, the group
*(2 %2
k+( )/ kW = EI:_ / EI%

has order 2, and is represented by the positive unit vy = y + 2. This gives the unicity of

the Coxeter decomposition, up to permutation of the factors.

Note 7.4. When s < 1, conditions a) and b) of Proposition 7.3 are equivalent to the
simpler assertion that the class number hx of K is odd. Indeed,
when s = 0, K is totally complex and C} = Ck,

when s = 1, K has two real places, and there is an exact sequence

(+1)%/(signs of Ex) — Cf — Cx — 1.

1

Since the units (1, —1,z —z~!, z~! — ) exhaust the possible signs at real places, we again

find that C’;g =Ck.
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8. Examples

We end with six examples, to illustrate various aspects of Coxeter decompositions.
We will consider three cyclotomic polynomials, where s = 0, and three Salem polynomials,
where s = 1.

The three cyclotomic examples are the polynomials satisfied by the primitive 30-th,
24-th, and 84-th roots of 1. They are:

ottt

fao(z) =2 +2"—2° -z
foa(z) = 2B — zt+1

foa(z) =22 + 222 — 18 16 L g12 48 464 42 4

In all cyclotomic cases, Z[x]/f(z) is the full ring A of integers of K. In these three cases

hx = 1. So in each case, there is a unique Coxeter decomposition
L=1I1Ly+ Ly

with L even, unimodular of rank 2n = 8,8, and 24, and the sublattices L; scaled unimod-
ular lattices of rank n = 4,4, and 12.

For fs3o(z) and fa4(z), the even unimodular lattice L must be the Eg-lattice, and the
scaled unimodular sublattices L; must be Z*. In the first case, one can choose root bases

for the L; with inner products

-1 0 0 0
-1 -1 -1 0
0 0 -1 -1
0 0 0 -1

B =

The associated 8 simple reflections of L generate the Weyl group of Eg, with Coxeter

and t is the Coxeter element (of order 30) in this finite Coxeter group. In the second case,

diagram:
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one can choose root bases of the L; with inner product matrix

-1 0 0 0
-1 0 0 -1
0 0 -1 -1
0O -1 -1 +1

B =

The associated diagram looks like this:

where the dotted edge indicates that (es, es) = 1. Here t has order 24; it lies in the Coxeter
group of type Eg, but is not the Coxeter element.

In the final case, L is the Leech lattice, which is the only even unimodular lattice of
rank 24, having an automorphism of order 84. The sublattices L; are scaled D, lattices.

The three Salem polynomials we will consider, and their unique roots A > 1, are:
flx)=a+2% 2" — 2% — 25 —2* — 234 +1

A =1.17628...
flz) =2 —2% —2° —2* +1
A = 1.21639...
Fl@)=a'® — a7 4210 — g1 _g12 f g1 _ 10 4 09 8 L 0T 464342 44
A =1.18837...

In all three cases, Ax = Z[z]/f(z) and hx = 1. The Coxeter decomposition L = Lj + Lo
is unique. In the first two cases L =Ilg 1, and in the third, L = II;7 ;.

In the first case, L1 = Ly = Z% and the matrix of inner products has diagram
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In this case, t is the Coxeter element in the hyperbolic Coxeter group Eqg. In the

second case, L; = Ly = Z° and the matrix of inner products has diagram

- S

Here t lies in the Coxeter group FE7g, but is not the Coxeter element.
In the last case, L1 = Z° but Ly = Z + Eg. In this case one can show, ¢ does not lie

in the subgroup of O(Il;7,1) generated by reflections in the root vectors [M, Cor 7.11].
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