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1 Introduction

This is an expository paper on the structure of parahorigsaups. We will also treat the simpler case
of parabolic subgroups to motivate the exposition. All c# thifficult results on the determination of
these subgroups up to conjugacy are stated without proatdill Aréatment can be found in the papers
of Chevalley p], Borel and Tits B], and Bruhat and Tits4]. We will be concerned with the internal
structure of these subgroups, once representatives faighiect conjugacy classes have been chosen.

Let A be a complete discrete valuation ring with quotient field.et = be a uniformizing parameter in
A, and assume that the residue figld A/ A is finite of characteristip. Let G be a split reductive
group of rank? over A, which is absolutely simple and simply-connected. Thetaddgroup ofk has

a locally compact topology coming from the valuation, anelghoupG (k) inherits a locally compact



topology for which the subgrou@(A) is compact. In factG(A) is a maximal compact subgroup of
G(k).

Unlike the case of real Lie groups, the maximal compact sulygg of G(%) do not lie in a single
conjugacy class. There afdéurther conjugacy classes of maximal compact subgroups fetinaining
maximal parahoric subgroups 6f(k). Following Bruhat and Tits4], we construct representatives
for the conjugacy classes which stabilize the 1 distinct vertices in an alcove of the building Gf
overk. Taking the intersections of these maximal compact sulpgone obtain representatives of the
2+1 _ 1 conjugacy classes of general parahoric subgroups, whadtilize the distinct facets of this
alcove.

Bruhat and Tits have shown that each parahoric subgibcgn be identified with thel-valued points
of a smooth group schen@, over A with general fiberG over k [4]. HenceP has a descending
filtration P> P, > P> - - whereP,, is the subgroup which is the kernel of the reduction régg A) —
Gp(A/m™A). Moy and Prasadl?] have defined a refinement of this filtration

P PgbPyg>---.

The integerd > 1 is the denominator of the coordinates of the barycentef the facet fixed byP,
andd = 1 for P = G(A). The quotien{ P/ P, ,4) = L(f) is the group of points of a split reductive
groupL of rank ¢ over the residue fiel§, and fora > 1 the quotients?,,;/ P.11),a = V.(f) are the
group of points of unipotent vector group$s overf. These afford algebraic linear representations of
L over{ which are periodic with period: V, = V,.,4. In the notation of Moy and Prasad, we have

Pa/d - G(k)x,a/d-

By the internal structure o we mean the structure of the reductive quotierdver{ and the alge-
braic representation, of L. which arise from the subquotients of the Moy-Prasad filbratiReeder
and Yu have recently elucidated this structure using Vigkeheory of torsion automorphismsg].
As a result, when the residual characterigtiof { is a good prime foiG which does not dividel,
they determine the parahori¢s whereV, has semi-stable orbits for the actionlof in the sense of
geometric invariant theory, as well as the parahorics wtierelual representationf* has stable orbits.
The existence of stable orbits &ff allows them to construct interesting families of superaesigep-
resentation€x(k), which are compactly induced from complex characterg,of which are trivial on
Pg/d.

We begin this paper with a review of roots and affine ro@{<Jh VI]. We then review what is known
aboutZ andZ/dZ gradings of the Lie algebrgof G. Most of this theory is due to Richardsobg
Vinberg [23]. After this preparation, we define representatives of thgugacy classes of of parabolic
and parahoric subgroups, and discuss their internal steictvhen the simple groug is split over
k. In the last three sections, we use results of Kneser andiffaBalois cohomology to classify
the isomorphism classes of simple, simply connected gr@umgich are split by a tamely ramified
extension oft. Following Bruhat and Tits4] we then associate to each such group dven affine
diagram°Z with an automorphisn#’, from which the internal structure of the parahoric subgsoof

G (k) can be determined. We end with a tabulation of the possilite (f&Z, F') and the simple groups
G to which they are associated.

| want to thank Mark Reeder and Jiu-Kang Yu for teaching me thaterial. | also want to thank JK
for preparing the Dynkin diagrams in this paper.
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2 Roots and affine roots

In this section, we will review the theory of root systems aifine root systems as presented in
Bourbaki R, Ch VI], giving the relation with the simply-connected, ahgely simple, split groug
overA.

Let S be a maximal split torus iz, let X = Hom(G,,, S) be the cocharacter group 6fand let
Y = Hom(S, G,,) be its character group. There is a non-degenerate pairing

(x,y) : X xY — Hom(G,,,, G,,) = Z

Let R be the set of roots d&. This is the finite subset of non-zero elemenis Y which occur in the
representation d8 on the Lie algebrg of G. We have the Cartan decomposition of the Lie algebra
(cf. [7]), as a representation of the torfis

925@2904

where the Lie algebra of S gives/ copies of the trivial character, and each root spgcés one
dimensional, just as in the complex ca%é§][

LetZ(G) C S be the center ofx andS* = S/Z(G) be the corresponding maximal torus in the adjoint
groupG* = G/Z(G). The character group™* of S* is theZ-submodule ofy” spanned by the roots,
and the cocharacter group* of S* is the subgroup ofy in X ® Q which take integral values oR.
The quotient groupy’/Y* is the Cartier dual of the cent@(G), which is of multiplicative type, and
we have a duality of finite abelian groups

X*/X xY/Y* = Q/Z.

There is also a set of coroofg’ inside of X, defined using the theory &fi.,, which is in bijection
with the set of roots. Each roetgives a simple reflections, of X and a simple reflection,v of Y,
defined by

sa(v) =2 — (e, 2)a”  sav(y) =y — (a”,y)a
These reflections preserve the sets of co-roots and rogisatdgely. The Weyl groupl’ = W (R) is
the subgroup oA ut(R) that they generate. The pairidgx Y — Zis W-invariant, and by inspection
the grouplV acts trivially on the quotient&™* /X andY/Y™.

In Bourbaki, root systems are discussed independent dbdgegroups. Their notation is a bit differ-
ent than ours. Here is the translation (&, Ch VI 1.9]):

QR)=Y* P(R)=Y Q(RY)=X P(RY)=X".

Hence
P/Q=Y/Y* PY/QY=X"/X.

Since our groupG is assumed to be absolutely simple and sgtitis an irreducible (reduced) root
systemoftyped, n>1,B,n>2,C,n>3,D,n >4,Gy, Fy, Fg, E7, orEs.



Let B be a fixed Borel subgroup @ containingS. ThenB determines a subset of positive roéts.
The positive roots are those which occur in the represemtaif S on the Lie algebra of B. The
choice of B also determines a root basts = {«1, s, ..., o}, and every positive root has a basis
expansiony = > m;(«).a; with all coefficientsm; > 0. The Weyl group is a finite Coxeter group,
generated by the simple reflections.

The finite groupAut(R)/W(R) = Aut(R,A) is isomorphic to the group of automorphisms of the
Dynkin diagram ofR, which is a symmetric groug, S,, Ss, with the latter case occurring only when
R is of type D,. This group acts faithfully on the finite abelian quotienbgpsX*/X andY/Y™*, and
the natural pairing{*/ X x Y/Y* — Q/Z is non-degenerate addit( R, A)-invariant. The full group
Aut(R) is isomorphic to the semi-direct produidt. Aut(R,A), and the choice of a Borel gives the
splitting.

The rootsa give linear functionals on the real vector spafex R. A fundamental domain for the
action of i on X ® R is given by the closed Weyl chamber whergz) > 0 fori =1,2,... /. We
equipX ® R with the sup normz| = Max{|a;(z)|} and letC' be the compact spherical alcove which
is the intersection of the closed Weyl chamber with the upfitese{x : || = 1}. A facetF of C
consists of the pointgs where a fixed proper subset of thevanish, and the remaining subsétake
positive values. The barycenterof F' is the point where the remaining subaebf the basic roots
all satisfya;(z) = 1. Since all roots take integral values on the barycentés,a cocharacter of the
adjoint torusS*, and gives a homomorphism

r=n:G, — S — G — Aut(G).

For example, ifr is the barycenter of the interior of the alcat/e thena;(x) = 1 for all simple roots,
andz = n is the co-charactes¥ of S* given by half the sum of the positive co-roots.

B = Zmiai

be the highest root. This is by definition the highest weigints in the adjoint representation 6.
The multiplicitiesm; = m; (/) in the basis expansion satisfy; > 1 for all i, and}_ m; = h — 1,
whereh is the Coxeter number d&. These integers, which are critical in what follows, areutated
for the different root systems ir2]. If « is any positive root, then the multiplicity:;(«) of «; in the
basis expansion ef satisfied) < m;(a) < m;(5).

Let

We now define the affine root system associated to the splipgth Consider the set of affine linear
functionalsy = ¥ (a,n) = a+nonX ® R, with « in R andn in Z. We say thatv is the gradient
of the affine root)(«, n). The affine roots); = ¥ («;,0) = «; together withyyy = ¥(—5,1) =1 -
form a basis for the affine root system, and the reflectionlseri & 1 affine hyperplanes wherg = 0
generate an affine Coxeter group. Putting= 1, we have the relation

Zmﬂm =1

The (closure of the) fundamental alcoveXn® R is the compact regio@’ where thel + 1 basic affine
roots satisfy;(x) > 0. Since the basic roots; = 1; take non-negative values @rn the same is true
for all of the positive roots. Since the highest rasgatisfiesl — () = ¢y(z) > 0 onC, all positive

roots take value8 < o(z) < 1onC.



A facet I of C' consists of the points where a proper subset of the basi@atffiots take the value
and the non-empty complementary subset of basic affine takésnon-zero values. The barycenter
x of the facetF is the point of " where the remaining basic affine roots in the complementanget

Y of {0,1,...,¢} take the same (rational) value. This value is completelgmened by the relation
> muap; = 1. Itis equal tol /d with d = d(F") is the sum of the multiplicities:; over the subsex.

For example, if the complemet consists of a single affine roat;, then the facet is a vertex of
C andi;(z) = 1/m;. At the other extreme, if the facét is the interior ofC,, so the complemeri
contains of all the basic affine roots, then the common valge) at the barycenter is equal tgh. In
general, we havé < d < h.

For a general barycentet the elementl.z of X ® R takes integral values on all of the roots, so is a
cocharacter of the adjoint torus and gives a homomorphism

dz=mn:G, —S" — G — Aut(G).

3 ZandZ/dZ-gradings

In this section, we consider the gradings of the Lie algelreclware induced by a homomorphism
n:G,—S" — G — Aut(G)

as well as by the restriction @fto the subgroup, of d-torsion inG,,,.
The G,, action gives &-grading of the Lie algebra
g=> g(a),
a€Z

whereg(a) is the subspace whetén G,, acts by multiplication by®. The reductive subgrou@(0)
of G which is fixed byG,,, containsS as a maximal split torus. It acts linearly on each subspéce
For exampleg(a) = g(0) is the adjoint representation &f(0).

Whena is non-zero, the subspagé:) decomposes as a representatior afs the direct sum of one
dimensional root spaces:
g@)= > o
(n,a)=a

In particular, wheru # 0, the eigenspacg(a) consists entirely of nilpotent elements. When- 0,
and one must add thedimensional space

Proposition 3.1 If a # 0, then everyG(0) invariant polynomial org(a) is a constant.

This was proved by Richardsdif]] and VinbergR3]. It follows from the fact that over an algebraically
closed field G, has an open dense orbit gfu).



Now consider the restriction of the homomorphigno 1.,. This gives rise to & /dZ-grading ofg

g= > ala)

a€Z/dZ

whereg(a) is the subspace gfwhere( in .4 acts by multiplication by [17]. The reductive subgroup
G, of G which is fixed by, containsS as a maximal split torus and acts on each subspage For
exampleg(0) is the adjoint representation &f.

Whena is non-zero (moduld), the subspacg(a) decomposes as a representatiors @fs the direct
sum of one dimensional root spaces:
g(a) = Z Ja-

(ma)=a
Whena = 0, and one must add tedimensional space

These representations were studied gverC by Kostant and Rallis wheti = 2, [9], and by Vinberg

[23] and his school13] whend > 2. Levy [11] considered the general situation where the character-
istic of f is a good prime which does not divide Under these assumptions, one can use the existence
of Cartan subspaces and the theory of complex reflectiorpgrtmiprove the following generalization

of Chevalley’s theoremg] (which is the case = 1).

Proposition 3.2 TheGy-invariant polynomials o (a) form a polynomial ring, with-(a) independent
generators.

As a corollary, the geometric quotiegta)/Gy is affine space of dimensiatia) overf. The dimen-
sions0 < r(a) < ¢ are interesting invariants of the, action; we have-(a) > 0 if and only if g(a)
contains semi-simple elements.

4 The filtration of parabolics and parahorics (split case)

We first define the parabolic subgroups@f which are algebraic subgroufs over A with G/P
projective. More precisely, we define the— 1 parabolic subgroups which contain the fixed Bdsel
as these represent the distinct conjugacy classes. Thegspond bijectively to the barycenterof
facetsF of the compact spherical alcove. We recall that”' is the intersection of the closed Weyl
chamber defined by the inequalitiegz) > 0 with the unit spherdz : |z| = 1}, and a barycenter
satisfiesy;(z) = 1 for a non-empty subsét of A ando;(x) = 0 for the basic roots im\ — 3. Hence
all rootsa take integral values om andx = 7 is a cocharacter of the adjoint torus. Hengcgives a
homomorphism

r=n:G,; =S — G — Aut(G)
and by results of the previous section, an integral gragdirg) _,_, g(a).

For each rootr, we let U, be the corresponding root group (isomorphicGqQ) in G. Then the
parabolicP = P, is generated by the tori&and the root group¥,, for those rootsy which satisfy
(n,a) > 0. We define a terminating descending filtration

PP, oPy>---P,,>1
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where fora > 1, P, is the unipotent subgroup @& generated the root group$, with (n,«) > a.

The integerm = (n, ), whereg is the highest root. The subgrod}y is the unipotent radical dP,

and fora > 1 the quotient/, = P,/P,.; is a vector group, which is a direct sum of the root spaces
g, for those roots withn, o) = a. HenceV/, is isomorphic tay(a) as a representation 8t

The groupP /P, = L is the Levi quotient o, which is reductive of rank with maximal split torus

S. From the definition, it is easy to see that the element& ef X give a root basis fol.. HenceL
has the same root datum as the subgr@ypcoming from the grading, and the two reductive groups
are isomorphic. One can then use the exponential map/7¢to] prove the following

Proposition 4.1 The representatioi, of L is isomorphic to the representatigia) of Gy.

It follows that L. has no polynomial invariants owi,, other than constants. The open orbit over a
separably closed field shows that ed¢hs a prehomogeneous vector space. Since the weights of
are all roots ofG, the representations which occur are very restricted. ttiqodar, whenG is simply
laced, the abelianizatiov; of the unipotent radicdP; is the direct sum o> irreducible minuscule
representations di, with lowest weights the roots in and distinct central characterd.|

We now give the analogous definition and results for the maralsubgroups which contain a fixed
Iwahori (= the elements d&(A) which reduce to the fixed Borel & (f)). Equivalently, we will define
the parahorics subgroups which contain a fixed maximal psahgroup ofG (k) (= the elements of
G(A) which reduce to the unipotent radical of a fixed Borelditf)). Recall the closed alcow€ in
X ® R which is defined by the inequalities(x) > 0. Letx be the barycenter of a facétof C'. We
define the parahoric subgroup = P, fixing the facetF’, as well as the Moy-Prasad filtratid®, , 4
associated to the barycenteiof ' with denominatord, as follows. Fix a Chevalley structure @n
over A, consisting of the split maximal tor&and an isomorphism, : G, — U, over A for every
root o, whereU, is the corresponding root group. Associated to each affinewdy, n) we define
the subgrouf/,, = e, (1" A) of U, (k). ThenP = P, is the subgroup of(k) which is generated by
S(A) and the subgroups,, for the affine roots which satisty(xz) > 0.

For example, ifr is the vertex of”' wherey, = 1 — 3 takes the valué, thena(x) = 0 for all roots of
G, andP = G(A). Atthe other extreme, if is the barycenter of the interior 6f, then0 < «o(z) < 1
for all positive roots. Henc® is the subgroup o6& (A) generated by (A), U, (A) for positive roots,
andU, (7 A) for negative roots. This is just the Iwahori subgroup whietuces to the fixed Borel
subgroup ofG modulor. Finally, if z is a barycenter wherg,(z) = 1 — 3(z) = 0, then the parahoric
P, contains the unipotent subgrolip s(7—*A). In particular,P is not contained irfG(A).

To define the Moy-Prasad filtratiaR, ; = G(k),,.,a Whered is the denominator of, we letS,, be the
subgroup of the toruS(A) which is the kernel of the reduction m&gA) — S(A/7"A). ThenF,,,
is generated by, with n > a/d and the subgroups,, for the affine roots which satisty(x) > a/d.
The quotient, = P/ P 4 is reductive and contains the maximal toRisver A/7A = §. A basis for
its root system is given by the gradients of the basic affimésro; which vanish at:.

Whena > 1 is not divisible byd, the subquotient, = P, 4/ P4+1)/4 is the direct sum of one dimen-
sional root spaceg, overf wherea(z) +n = a/d for some integer.. This determines its structure as
a representation &, and constrains its structure as a representatidn ¥¥hena is divisible byd, so
a/d = nis an integer, one has to add thtivial root spaces coming from the Lie algebrabverf.
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Lemma 4.2 The root spaces which occur in the representatio oh the subquotient,, of P = P,
are precisely those which occur in the compongat) of theZ /dZ-grading ofg overf, which comes
from the restriction tqu, of the co-characten = d.z : G,, — S%. Hence these representationsof
are isomorphic.

To prove this, we first observe that= d.z is a co-character d§??, as it takes the value or 1 on
each basic roat;; and hence takes integral values on all the roots. To idetitéyroot spaces which
occur ing(a), we note that whenever the identityz) + n = a/d holds for some integen, then
a(d.z) = (n,a) = a modulod. Hence the root spacgg which lie inV, are precisely those which
contribute to the eigenspagéu), and thesé& modules are isomorphic over The coincidence of the
root spaces in the lemma led Reeder and M) fo a proof of the following stronger result.

Proposition 4.3 Let = be the barycenter of the facét of C fixed byP, so that the basic affine roots
take the valué or 1/d onz. Letn = d.z be the associated cocharacter 2. Then the subgroup
Gy of G over{ which is fixed by(u,) is isomorphic to the reductive quotiehtof P. Moreover, for
everya > 1 the subquotient,, = F,,4/P+1y,4 IS isomorphic as a representation bf= G, to the
submodulgy(a) in the associated./dZ- grading ofg overf.

Since the weights in the representatidfis= g(a) of L are all roots ofG, one can show that the
representations themselves are very restricted. For deaagsume thatx is simply laced and that

d > 1. Then the representatidri is the direct sum of#X irreducible minuscule representations of
L, which are distinguished by their central characters. dhest weights for these representations, as
characters 08, are the gradients of the simple affine root&in

We now sketch their proof of the proposition, in the simpleecahere the local fiel# contains the
d™ roots of unity. LetE be the totally ramified Galois extensidrll) of k, wherell¢ = 7. The
Galois groupGal(E/k) is then isomorphic tq.;(k) via its action onll. The barycenter becomes
hyperspecial in the building & over the extensioi’, where there are more affine roats= a+n/d
to consider. In particular, the latiggF)., ./ is the scalar multiplél®g(E), o and the reductive quotient
of G(E), ¢ is isomorphic toG overf. An argument of Serre and Tate(] shows that the Galois group
Gal(E/k) acts algebraically on the reductive quotient, and a sharpegation shows that this action
is the inverse of the adjoint action given By 1y — T — Aut(G).

Since the reductive quotient & overk is the subgroup of Galois invariants in the reductive qundtie
over E, this gives the isomorphisih = G, overf. Similarly, the quotienty, ./a/ gz at1)/q IS the
vector space of Galois invariants iffg(E), /11 g(E), . It then follows from our calculation of
the Galois action oy andII” that this quotient space is isomorphic to the represemtatio) in the
Z/dZ- grading ofg overf.

5 A cohomological classification

In the previous section, we considered the internal stractdi the parahoric subgroups of a split,
simply-connected, simple grou@ over a local fieldk with finite residue field. We now turn to the



general case of a simply-connected, simple grGugver k, assuming only that splits over a tamely
ramified extension of.

A remarkable fact, which was discovered by Bruhat and Hisi§ that the geometry of the alcove in
the building of G overk, as well as the internal structure of its parabolic subgspdppends only on
two invariants of a combinatorial nature. The first is a siengiffine diagrani#, which is a connected
affine Coxeter graph of the type listed in Bourbakj [Ch VI, Thm 4] together with an orientation
chosen for each multiple edge. The second is a conjugacy £las the finite groupAut(°#) of
automorphisms of this affine diagram. More precisely, thie@idiagrantZ determines the structure
of parahorics inG over the maximal unramified extensidn of k£, and the automorphism' of the
affine diagram determines the descent of this structuke ¥/e will show how one can compute the
affine invariantg°#, F') from the cohomological data describing the isomorphisme<tE#G overk,
and will describe which invariants occur for the differesdmorphism classes.

In this section, we recall the cohomological classificatdithe simple, simply-connected grou@s
over k. Much of this theory works over a general field. The first imaat is the split groupgs, over
k which becomes isomorphic 1@ over the separable closuké. The simply-connected grou@, is
determined up to isomorphism by its root system. $gbe a maximal split torus ik, let X be the
cocharacter group &, andY be the character group. We recall that the set of rébts the finite
subset ofY” of the non-trivial characters &, which occur in the adjoint representation. Sirgg is
simple, the root system is reduced and irreducible of tfper > 1,B, n > 2,C, n > 3,D, n >
4, GQ, F4, E67 E7, O’f’Eg.

Fix an isomorphisny : Go — G over the separable closuké. For an element in the Galois group
of k° overk, we have’ f = f - a,, wherea,, is a one cocycle with values ilut(Gy)(k*). The class of
a, in the pointed cohomology sét' (&, Aut(Gy)) determines the isomorphism class®@fverk. We
break the description of this cohomology class into twogart

The first is the image, of a,, as a cocycle with values in the quotient grapt(Gy)(k*). If we

fix a pinning (By, Ty, { X;}) of G over k, the finite group of pinned automorphisms ovemaps
isomorphically onto the grouput(Gy)(k*). Since the group of pinned automorphisms is isomorphic
to the constangtale groupAut(R, A) the class of;, gives a homomorphism

q: Gal(k®/k) — Aut(R, A)

up to conjugation. When viewed as a map to the pinned autdmsms, it determines the quasi-split in-
ner formG, of G overk. SinceAut(Gy) is the semi-direct product of the adjoint quoti€ri/Z(Gy)
with the subgroup of pinned automorphisms, standard twgstrguments in nhon-commutative coho-
mology [19] show that the fibre over in the surjective magi (k, Aut(Gy)) — H'(k, Out(Gy)) can
be identified with theéOut(G,)(k) orbits on the set of classesn H'(k,G,/Z(G,)), whereZ(G,) is
the center of the quasi-split gro@p,. The orbit of the class is the second cohomological invariant.

All of this is true over an arbitrary field. In our case, whet is local andG splits over a tamely
ramified extension, the homomorphignms tamely ramified. Moreover, Kneser’s theorehd][shows
that the coboundary induces an isomorphism of pointed sets



H'(k, Gy/Z(Gy)) — H*(k, Z(Gy)).

Finally, we can compute the finite abelian gratip(k, Z(G,)) from the root systenk of G using Tate
duality [19]. Let M, be the Cartier dual dZ(G,), which is a finite, commutativestale group scheme
over k. Over the separable closut&,(k*) = P/ = Y/Y* is the quotient of the weight lattice by
the root lattice. The Galois group acts via the homomorphjsmith image.J, in Aut(R, A). Tate’s
theorem then gives canonical isomorphisms

H2(k, Z(G,)) = Hom(H"(k, M,), Q/Z) = Hom((Y/Y*)",Q/Z) = (X*/X),,

The groupOut(G,)(k) is isomorphic to the centralizer of, in Aut(R, A), and this centralizer acts
naturally on the classof G in (X*/X) ;.. Summarizing our results, we have proved the following.

Proposition 5.1 The isomorphism class of the tamely ramified gr@upver the local field: is com-
pletely determined by the following data:

e The irreducible root systeriR
e The tamely ramified homomorphigm Gal(k*/k) — Aut(R, A) with imageJ,
e The orbit of the cohomology classn the finite abelian group.X*/X) ;, under the action of the

centralizer ofJ, in Aut(R, A).

Since the groups\ut(R, A) and X*/X are so small, we can tabulate all of the possibilities which
occur. The image/ = J, of the homomorphism is a subgroup of}, S,, Ss, so is determined by its
order, which we tabulate g%.J.
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R | #J | (X7/X), Dynkin Diagram
A, 1 Z/nZ 0—O0—"ue0—0
/o_ ..._—o0
Agny1 | 2 Z/27 o\o_ | 1 .
oO—@tee—0—0
O— @t O0—0
Bn 1 Z/2Z O0—O0—0——.:.. —0=0
Cn 1 Z/2Z O—O0—O0— ... —0«L=0
Do | 1 | (/22 o
oO—O0—O0—- - _o_o<
Dapya | 1 Z/AZ o
(@)
I b‘/O\\
D4 37 6 1 Ofo\o :
G 1 1 0<«=0
Fy 1 1 0—0=0—0
o©—O0—0—0—-0
Es | 1| z/3Z |
O
/O—O
o—O0—0—0—0—20
B | 1| z)2z |
O
o©—O0—0——0—0—0—0
Eg 1 1 |
O

To illustrate, we will describe the tamely ramified simplypnected group& with root system of type
Es. There is the split groufx, of rank6, and for each quadratic field extensibrof £ which is either
unramified or tamely ramified there is the quasi-split gréypof rank4 which is split byL. Finally,
wheng is trivial, the groupG, has a inner fornGG of rank2, corresponding to a non-trivial clagsn
X*/X = Z/3Z. Both non-trivial classes it */ X lie in the sameAut(R, A) = Z/2Z orbit. (As a
consequence,whdd has rank, the mapAut(G)(k) — Out(G)(k) = Z/2Z is not surjective.)
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6 The affine diagram and its automorphism

We recall thatil is the maximal unramified extension/fLet £ be the unique cyclic, tamely ramified
extension ofK” which splits the grougx, and lete be the degree aF over K. SinceG is split overFE,

an alcove in the building otz over E is a simplex whose facets correspond to the non-empty sibset
of the nodes of the extended Dynkin diagra#massociated to the based root systgiA ).

We can determine the structure of an alcove in the buildinG @iver K using the techniques of tame
descent. Since the cyclic groupl(FE/K) acts via an element of orderin the groupAut(R, A) of
pinned outer automorphisms 6f, the fixed affine root system has been computed 4 [The alcove
of G over K is again a simplex, whose facets correspond to the non-esapisets of the nodes of the
twisted affine diagram#%.

The affine diagrams which arise are tabulated below. Notethigaremoval of any non-empty subset
of nodes (with the edges attached to those nodes) resultsardanary Dynkin diagram. When= 1
the positive integers attached to the nodes give the migltipk of the simple roots; in the highest
root 5. Whene > 1, they givee times the multiplicities of the simple roots in the highdsbs root,

or twice the highest short root of the group fixed by the pinoetér automorphism. When= 1 we
write °Z simply asZ.

0—O0— ... 0=0
o 2 2 2 2
1
€, 0=0—0—+.+.—0—0&=0
1 2 2 2 2 1
o) o
D, 1\o_o_ R _o_o/1
o 2 2 2 2N\

1 1

o—0—0—0—0
1 2 ‘ 3 2 1

&
6 ‘ 9
O
1
0—0—0—0—0—0—20
1 2 3 4 3 2 1
& |
o
2
0—0—0—0—0—0—0—0
2 4 6 5 4 3 2 1
&3 |
o
3
Fy 00— 0=0_0
1 2 3 4 2
g2 0«&=0—0
3 2 1
O\
2% 2 O—O—+ . —0<&L=0
2n+1 0/4 4 4 2

2
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2 oty 0—0— 0O ... 0—0=20

2 4 4 4 4 4
29n 0«<—=0—0—...—0—0=>0
2 2 2 2 2 2
2 £6 0—0—0«&=0—0
2 4 6 4 2
3 94 0=>0—0
3 6 3

Finally, we obtain the alcove & overk by unramified descent, which gives a homomorphism

Gal(K/k) — Aut(‘%).

The imageF’ of Frobenius is a well-defined conjugacy class in the finirugrAut(°#). The facets of
the alcove ovek correspond to non-empty-stable subsets of the nodes°&f.

To enumerate the pairf$%, I') which occur, we need to know the structure of the finite grofip o
automorphisms for each affine diagram. When- 1 the groupAut(Z) is the semi-direct product
(X*/X) x Aut(R, A), and where > 1 the groupAut(°Z) is the abelian quotientX ™/ X)cae/ k-
These finite groups are tabulated below, where wéluséo denote the dihedral group of order and

S, to denote the symmetric group anletters. We give the semi-direct product decompositionrwhe
e = 1: the normal subgroug* /X acts simply-transitively on the nodes with multiplicityand the
canonical splitting is given by the subgroup fixing one sucten

13



‘K Aut(°Z) Affine Dynkin Diagram

21 Ty, = Z/nZ X Sy O/?Xo
o

B, Z/2Z O>o_o_ e o=s0
Gy Z/27 O=0—0— ... 00«0
Don1 | Ty = (Z/AZ) x Sy :>O—O—- . -—o_o<:
Don | Ty =(Z/2Z)* x S, :>O—o_. : ._o_o< :
Dy | Su=(Z/22)% x Sy :>o<:

o—0—0—0—0

S | S3=(Z/3Z) % S, i
o_o_o_g_o_o_o
& Z/2Z (|)
0—0—0—0—0—0—0—0
& 1 |
o)
4, 1 0«<=0—0
Fy 1 0—0—0=—0—20
o)
2%n+1 Z/2Z >o_o—- « o —0&=0
o
2 Aoy, 1 0—=0—0—. .. —0—0=>0
2@n Z/QZ 0«—0— 00—+ ..—0—0=—0
2 56 1 0—0—0&=0—0
3 94 1 0=0—0

7 From cohomological invariants to affine data

To identify the parahoric structure €, we need a recipe to pass from the cohomological invariants
(R, q,c) to the affine datd“#, F'). The recipe for the parahoric subgroups@fover k is then as
follows. Suppose that there afe- 1 orbits of the automorphismy’ on the nodes of the affine diagram
°Z% . Then the grougx has rank overk, and the parahoric subgroupf G (k) which contain a fixed
Iwahori correspond bijectively to the non-empfystable subsets of the nodes of%Z. The integer

d = d(P) in the Moy-Prasad filtration

P|>P1/dl>P2/dl>"'

is the sum, taken over the sub&ktof the integral labels of the respective nodes. The redeiqtiotient
L(f) = (P/P1,q) is quasi-split ovef. Over the separable closuie,contains the maximal split torus

14



S and its root basis is given by the complementioh the basic affine roots. The action Bfon this
complement determines the descenLdb f.

The affine diagramiZ is obtained from the root system and the restriction of the homomorphigm
to the inertia subgroup dkal(k®/k). If the imagel, of (tame) inertia inAut(R, A) is cyclic of order

e, then the affine diagram has typ&. Note that non-isomorphic quasi-split grou@s can have the
same affine diagram, as the latter only depends on the eaféhe tame inertia subgroup, whereas the
isomorphism class of the group depends on the tamely ranakthsion ofc which splitsG. Thus
non-isomorphic groups can have the same internal parastouvicture.

To determine the automorphiskof <, we first assume that= 1. Then the homomorphisgifactors
throughGal( K /k) and the image of Frobenius gives a conjugacy ctdaghe groupAut(R, A).

If s = 1the isomorphism class &k is determined by théut(R, A) orbit of the cohomology class
in X*/X. This gives a well-defined conjugacy claBs= ¢ x 1 in the groupAut(#) = (X*/X) x
Aut(R, A).

If s # 1 the groupG is determined by the&s) orbit of the cohomology classin the quotient group
(X*/X) . If we lift ¢ to a classc* in X*/X, then the product” = c¢* x s gives a well-defined
conjugacy class ihut(Z%).

Whene > 1, F' is equal to the cohomology clag$n (X*/X); = (X*/X);, = Aut(°Z).

With this recipe, we can easily identify the different isaqplaism classes of groups associated to each
pair (‘Z, F'). We give the affine diagram with its automorphism markedn tescribe the simple
group overk to which it belongs. This description is also tabulated lfvaitoit more information) in the
survey article of Tits22]. When F' = 1, the reductive quotientks of the parahoric subgroups 6f are

all split over the residue fielfl Tits calls such a grou@: residually split.

o1

O 00
i—ita
1€EZ/NnZ On-1

/

On—2

The affine diagram is7, ;. This is ann-gon, andF’ is a rotation by+a units inTy,,. Writea/n = b/m
in lowest terms. There are orbits on the nodes, and the rank@foverk is m — 1.

Let D be the division algebra of degre€’ overk with invariantb/m. ThenG = SL,,;,,,(D). This is
the split formG, = SL,, whenF’ = 1 and hence: = 0.
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The affine diagram is7,_; with n = 2m + 1. This is ann-gon andF’ is a reflection fixing a vertex in
Ts,. There aren + 1 orbits on the nodes, and the rank@foverk is m.

Let L be the unramified quadratic extensionkoénd letll be a non-degenerate Hermitian space of
odd rankn = 2m + 1 over L. ThenG = SU(W). This is the unramified quasi-split forf,.

The affine diagram is7,, _; with n = 2m. This is ann-gon andF’ is a reflection fixing a vertex iy,
(hence fixing the opposite vertex). There are- 1 orbits on the nodes, and the rank@foverk is m.

Let L be the unramified quadratic extensionkofnd letll be a non-degenerate Hermitian space of
even rank: = 2m over L which contains an isotropic subspace of dimengionThenG = SU(W).
This is the unramified quasi-split for@,.

o—O0o—~?:..—0—20

o—O0—1?:..—0—0

The affine diagram isz,,_; with n = 2m. This is ann-gon andF’ is a reflection through the midpoint
of an edge irl5,,. There aren orbits on the nodes, and the rank@foverk ism — 1.

Let L be the unramified quadratic extension/ofind letl¥ be a non-degenerate Hermitian space
of even rankn = 2m over L which does not contain an isotropic subspace of dimensiorThen
G =SU(W).

(e]

N

O

o) O. c oo —0=0

The affine diagram is4,, and F' is trivial. There are: + 1 nodes and the rank @& overk is n.

Let W be a non-degenerate orthogonal space of odd dimension 1 over k (the bilinear pairing
is even and the associated quadratic f@pris non-singular) which contains an isotropic subspace of
dimensiom. ThenG = Spin(W). This is the split formGy,.
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(¢]
N
Io_o_ e Q=30
o

The affine diagram is4,, and F’ is the non-trivial involution. There are orbits on the nodes and the
rank of G overkisn — 1.

Let W be a non-degenerate orthogonal space of odd dimegsien1 over k (the bilinear pairing is
even and the associated quadratic féns non-singular) which does not contain an isotropic subspa
of dimensiom. ThenG = Spin(W).

0=>0— 00—+ .. 0—0&=0

The affine diagram i%,, and F' is trivial. There arex + 1 nodes and the rank &k overk is n.

Let W be a non-degenerate symplectic space of even dimesioxerk. ThenG = Sp(WW). This is
the split formGy.

O— ... —0&=0

N

O— ... —0&=0

The affine diagram i€, with n = 2m and F’ is the non-trivial involution. There are + 1 orbits of
the nodes and the rank 6f overk is m.

Let D be the quaternion division algebra oveand letlV be a non-degenerate Hermitian space over
D of dimensiom. ThenG = U(WV).

O— .. —0&=0

O— .+ —0&=0

The affine diagram i%,, with n = 2m + 1 and F' is the non-trivial involution. There ane + 1 orbits
of the nodes and the rank 6f overk is m.

Let D be the quaternion division algebra oveand letiV be a non-degenerate Hermitian space over
D of dimensiom:. ThenG = U(W).
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@) O

\O—O— oo —O—O/
O/ \O

The affine diagram i/, and F is trivial. There are: + 1 nodes and the rank @&k overk is n.

Let W be a non-degenerate orthogonal space of even dimesiohich contains a maximal isotropic
subspace of dimension ThenG = Spin(W) and the center of the Clifford algebra is the spliale
quadratic extensioh = k + k. This is the split formG.

The affine diagram i%/,, and F' is the central element of orderin Tz. There are: — 1 orbits on the
nodes and the rank & overk isn — 2.

Let W be a non-degenerate even orthogonal space of even dimehsiwhich does not contain an
isotropic subspace of dimensian— 1. ThenG = Spin(1¥) and the center of the Clifford algebra is
the splitétale quadratic extensidn= k + k.

0o A
o
)

S o
\J\o"

The affine diagram i%7,, with n = 2m + 1 and F' is an element of orderin Ts. There aren orbits on
the nodes and the rank 6f overk ism — 1.

Let D be the quaternion division algebra oveand letiV be an anti-Hermitian space of dimension
over D, such that the center of the Clifford algebra (in the sensgtsf[21] and Jacobso#]) is the
split étale quadratic algebia= k + k. ThenG = U(W).

18



N e

— O I/
\o

The affine diagram i, with n = 2m andF’ is an element of order in P¥/Q" which is not central
in Ty. There aren + 1 orbits on the nodes and the rank@foverk is m.

Let D be the quaternion division algebra oveand letiV be an anti-Hermitian space of dimension
over D, such that the center of the Clifford algebra is the sgthite quadratic algebiia= k + k. Then
G=UW).

The affine diagram i¢7,, and F" has ordee in Aut(R, A). There are: orbits on the nodes and the rank
of G overkisn — 1.

Let W be a non-degenerate orthogonal space of even dimesiavhere the center of the Clifford
algebra is the unramified quadratic extensionf k. ThenG = Spin(W). This is the unramified
quasi-split formG,,.

O0rvi—o” X
o -
N
O}/
O ... _o/ ;
N

The affine diagram i%7,, with n = 2m + 1 and F' is the remaining class of ordérin 7;. There are
m + 1 orbits on the nodes and the rank@foverk is m.

Let D be the quaternion division algebra oveand leti/ be an anti-Hermitian space of dimension
over D, such that the center of the Clifford algebra is the unrachifjeadratic extensioh of k. Then
G=UW).
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The affine diagram i%/,, with n = 2m and F’ has ordew in Tg. There aren orbits on the nodes and
the rank ofG overk ism — 1.

Let D be the quaternion division algebra oveand leti/” be an anti-Hermitian space of dimension
over D, such that the center of the Clifford algebra is the unrawhijeadratic extensioh of k. Then
G=UW).

The affine diagram i&7, andF" has ordeB in S,. There are3 orbits on the nodes and the rankis

This is the unramified quasi-split inner for@,, split by a cubic extension.

o0—0—0—0—-0
O

@]

The affine diagram igs and F' is trivial. There aré&’ nodes and the rank &

This is the split formGy.

o}

o—

o—O0

The affine diagram igs and /" is a non-trivial involution inS3. There are orbits on the nodes and the
rank is4.

This is the unramified quasi-split for@,.
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o L o
Nt o
: :\O/-
20 -
L

o

The affine diagram ig and F' is an element of orded in S;. There are3 orbits on the nodes and the
rank is2.

The affine diagram ig> and F' is trivial. There are3 nodes and the rank i5

This is the split formGy.

O0—0—0
\O—O—O

The affine diagram ig and F' is the non-trivial involution. There arg orbits on the nodes and the
rank is4.

The affine diagram ig; and F' is trivial. There aré nodes and the rank &

This is the split formGy.

0— 00— 0=0_—0

The affine diagram is#, and F' is trivial. There areéb nodes and the rank is
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This is the split formGy.

0«=0—0

The affine diagram i%, and F is trivial. There are3 nodes and the rank i

This is the split formGy.

The affine diagram i$4%,,,, andF is trivial. There aren + 1 nodes and the rank & overk is m.

Let L be a tamely ramified quadratic extensiorkaind letlV be a non-degenerate Hermitian space of
even rank: = 2m over L which contains an isotropic subspace of dimensionThenG = SU(W).
This is a ramified quasi-split forréx,.

The affine diagram i$.#,,,, andF is the non-trivial involution. There an@ orbits on the nodes and
the rank ofG overk ism — 1.

Let L be a tamely ramified quadratic extensionkodnd letl} be a non-degenerate Hermitian space
of even rankn = 2m over L which does not contain an isotropic subspace of dimensiorThen
G =SU(W).

0=—0—0— .. —0—0=0

The affine diagram i4%,,, and I is trivial. There aren + 1 nodes and the rank & overk is m.

Let L be a tamely ramified quadratic extensiorkaind letl’ be a non-degenerate Hermitian space of
odd rankn = 2m + 1 over L. ThenG = SU(W). This is a ramified quasi-split forréx,.
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O&=0— 00—+ .. 0 0=50

The affine diagram i$2,, and F is trivial. There arex nodes and the rank & overk isn — 1.

Let W be a non-degenerate even orthogonal space of even dimenswhere the center of the Clif-
ford algebra is a tamely ramified quadratic extendioof k. ThenG = Spin(W). This is a ramified
quasi-split formG,,.

/

O— .. —0=0
O

O— .. —0=0

The affine diagram 8%, with n = 2m andF is the non-trivial involution. There an@ orbits on the
nodes and the rank @&k overk ism — 1

Let D be the quaternion division algebra oveand letl/’ be an anti-Hermitian space of dimension
n over D, such that the center of the Clifford algebra is a tamely fi@ohiquadratic extension of k.
ThenG = U(W)

O—-+.. . —0=0

O— .. —0=0

The affine diagram i$%,, with n = 2m + 1 and F" is the non-trivial involution. There an@ + 1 orbits
on the nodes and the rank Gf overk is m.

Let D be the quaternion division algebra oveand letiV be an anti-Hermitian space of dimension
n over D, such that the center of the Clifford algebra is a tamely fi@ohiquadratic extension of k.
ThenG = U(W).

0— 0 0&=0—0

The affine diagram i$5; and I is trivial. There areéb nodes and the rank is

This is a tamely ramified quasi-split for@,.
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0=0—0

The affine diagram i$2, and I’ is trivial. There ares nodes and the rank is

This is a tamely ramified quasi-split for@,.
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