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1 Introduction

Let k be a field, letG be a reductive algebraic group overk, and letV be a linear representation
of G. Geometric invariant theory involves the study of thek-algebra ofG-invariant polynomials onV ,
and the relation between these invariants and theG-orbits onV , usually under the hypothesis that
the base fieldk is algebraically closed. In favorable cases, one can determine the geometric quotient
V//G = Spec(Sym∗(V ∨))G and can identify certain fibers of the morphismV → V//G with certain
G-orbits onV .

As an example, consider the three-dimensional adjoint representation ofG = SL2 given by
conjugation on the spaceV of 2 × 2 matricesv =

(

a b
c −a

)

of trace zero. This is irreducible when
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the characteristic ofk is not equal to2, which we assume here. It has the quadratic invariantq(v) =
− det(v) = bc + a2, which generates the full ring of polynomial invariants. HenceV//G is isomorphic
to the affine line andq : V → V//G = Ga. If v andw are two vectors inV with q(v) = q(w) 6= 0, then
they lie in the sameG-orbit provided that the fieldk is separably closed.

For general fields the situation is more complicated. In our example, letd be a non-zero element
of k and letK be theétale quadratic algebrak[x]/(x2 − d). Then theG(k)-orbits on the set of vectors
v ∈ V with q(v) = d 6= 0 can be identified with elements in the2-groupk∗/NK∗. (See§2.)

The additional complexity in the orbit picture, whenk is not separably closed, is what we refer
to as arithmetic invariant theory. It can be reformulated using non-abelian Galois cohomology, but that
does not give a complete resolution of the problem. Indeed, when the stabilizerGv of v is smooth, we
will see that there is a bijection between the different orbits overk which lie in the orbit ofv over the
separable closure and the elements in the kernel of the map inGalois cohomologyγ : H1(k,Gv) →
H1(k,G). Sinceγ is only a map of pointed sets, the computation of this kernel can be non-trivial.

In this paper, we will illustrate some of the issues which remain by considering theregular
semi-simpleorbits—i.e., the closed orbits whose stabilizers have minimal dimension—in three rep-
resentations of the split odd special orthogonal groupG = SO2n+1 = SO(W ) over a fieldk whose
characteristic is not equal to2. Namely, we will study:

• the standard representationV = W ;

• the adjoint representationV = so(W ) = ∧2(W ); and

• the symmetric square representationV = Sym2(W ).

In the first case, the mapγ is an injection and the arithmetic invariant theory is completely determined
by the geometric invariant theory. In the second case, the stabilizer is a maximal torus and the arithmetic
invariant theory is the Lie algebra version of stable conjugacy classes of regular semi-simple elements.
The theory of stable conjugacy classes, introduced by Langlands [13]–[14] and developed further by
Shelstad [23] and Kottwitz [10], forms one of the key tools in the study of endoscopy and the trace
formula. Here there are the analogous problems, involving the Galois cohomology of tori, for the
adjoint representations of general reductive groups. In the third case, there arestableorbits in the sense
of Mumford’s geometric invariant theory [17], i.e., closed orbits whose stabilizers are finite. Such
representations arise more generally in Vinberg’s invariant theory (cf. [20], [18]), where the torsion
automorphism corresponds to a regular elliptic class in theextended Weyl group. In this case, we can
use the geometry of pencils of quadrics to describe an interesting subgroup of classes in the kernel ofγ.

Although we have focused here primarily on the case of orbitsover a general field, a complete
arithmetic invariant theory would also consider the orbitsof a reductive group over more general rings
such as the integers. We end with some remarks on integral orbits for the three representations we have
discussed.

We would like to thank Brian Conrad, for his help withétale and flat cohomology, and Mark
Reeder and Jiu-Kang Yu for introducing us to Vinberg’s theory. We would also like to thank Bill
Casselman, Wei Ho, Alison Miller, Jean-Pierre Serre, and the anonymous referee for a number of
very useful comments on an earlier draft of this paper. It is apleasure to dedicate this paper to Nolan
Wallach, who introduced one of us (BHG) to the beauties of invariant theory.
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2 Galois cohomology

Let k be a field, letks be a separable closure ofk, and letka denote an algebraic closure containing
ks. Let Γ be the (profinite) Galois group ofks overk. Let G be a reductive group overk andV an
algebraic representation ofG on a finite-dimensionalk-vector space. The problem of classifying the
G(k)-orbits onV (k) which lie in a fixedG(ks)-orbit can be translated (following Serre [21, §I.5]) into
the language of Galois cohomology.

Let v ∈ V (k) be a fixed vector in this orbit, and letGv be the stabilizer ofv. We assume thatGv

is a smooth algebraic group overk. If w ∈ V (k) is another vector in the sameG(ks)-orbit asv, then
we may writew = g(v) with g ∈ G(ks) well-defined up to right multiplication byGv(k

s). For every
σ ∈ Γ, we havegσ = gaσ with aσ ∈ Gv(k

s). The mapσ → aσ is a continuous1-cocycle onΓ with
values inGv(k

s), whose class in the first cohomology setH1(Γ, Gv(k
s)) is independent of the choice

of g. Sinceaσ = g−1gσ, this class is trivial when mapped to the cohomology setH1(Γ, G(ks)). We
will use the notationH1(k,Gv) andH1(k,G) to denote these Galois cohomology sets in this paper.

Reversing the argument, one can show similarly that an element in the kernel of the map of
pointed setsH1(k,Gv) → H1(k,G) gives rise to aG(k)-orbit onV (k) in theG(ks)-orbit of v. Hence
we obtain the following.

Proposition 1 There is a bijection between the set ofG(k)-orbits on the vectorsw in V (k) that lie in
the sameG(ks)-orbit asv and the kernel of the map

γ : H1(k,Gv) → H1(k,G) (1)

in Galois cohomology.

When the stabilizerGv is smooth overk, the set of all vectorsw ∈ V (k) lying in the sameG(ks)-
orbit asv can be identified with thek-points of the quotient varietyG/Gv, and the central problem of
arithmetic invariant theory in this case is to understand the kernel of the mapγ in Galois cohomology.
This is particularly interesting whenk is a finite, local, or global field, when the cohomology of the
two groupsGv andG can frequently be computed.

In the example of the introduction withG = SL2 andV the adjoint representation (again assum-
ing char(k) 6= 2), let v be a vector inV (k) with q(v) = d 6= 0. Then the stabilizerGv is a maximal
torus inSL2 which is split by théetale quadratic algebraK. The pointed setH1(k,G) = H1(k, SL2)
is trivial, so all classes in the abelian groupH1(k,Gv) = k∗/NK∗ lie in the kernel ofγ. These classes
index the orbits ofSL2(k) on the setS of non-zero vectorsw with q(w) = q(v), since this is precisely
the setS of vectorsw ∈ V (k) which lie in the sameSL2(k

s)-orbit asv. (This illustrates the point
that one first has to solve the orbit problem over the separable closureks, before using Proposition1 to
descend to orbits overk.)

The vanishing ofH1(k,G) occurs wheneverG = GLn or G = SLn or G = Sp2n, and gives
an elegant solution to many orbit problems. For example, when the characteristic ofk is not equal
to 2, the classification of the non-degenerate orbits ofSLn = SL(W ) on the symmetric square repre-
sentationV = Sym2(W∨) shows that the isomorphism classes of non-degenerate orthogonal spaces
W of dimensionn over k with a fixed determinant ink∗/k∗2 correspond bijectively to classes in
H1(k,Gv) = H1(k, SO(W )) (cf. [11, Ch VII, §29], [21, Ch III, Appendix 2,§4]). In general, both
H1(k,Gv) andH1(k,G) are non-trivial, and the determination of the kernel ofγ remains a challenging
problem.
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Remark 2 In those cases where the stabilizerGv is not smooth, it is at least flat of finite type overk,
so one can replace the mapγ in Galois (́etale) cohomology with one in flat (fppf) cohomology. Indeed,
thek-valued points ofG/Gv can always be identified with the possibly larger setS ′ of vectorsw′ in
V (k) which lie in the sameG(ka)-orbit asv, whereka is an algebraic closure ofks. As an example,
the groupGm acts onV = Ga by the formulaλ(v) = λp · v. The stabilizer ofv = 1 is the subgroup
µp, andG/Gv = Gm/µp = Gm. The stabilizerGv is smooth if the characteristic ofk is not equal top,
in which case the setS consists of the non-zero elements of the fieldk, and theG(k)-orbits onS form
a principal homogeneous space for the groupH1(k, µp) = k∗/k∗p. If the characteristic ofk is equal to
p, the stabilizerµp is not smooth overk. In this case the setS consists of thepth powers ink∗. The set
S ′ is equal to the full group of non-zero elements ink, which is strictly larger thanS when the fieldk
is imperfect. In the general case one can show that theG(k) orbits onS ′ = (G/Gv)(k) are in bijection
with the kernel of the mapγf : H1

f (k,Gv) → H1
f (k,G) in flat (fppf) cohomology. In our example, we

get a bijection of these orbits with the flat cohomology groupH1
f (k, µp) = k∗/k∗p, asH1

f (k, Gm) = 1.
The semi-simple orbits in the three representations that wewill study in this paper all have smooth

stabilizersGv. Hence we only consider the mapγ in Galois cohomology.

3 Some representations of the split odd special orthogonal group

Let k be a field, with char(k) 6= 2. Let n ≥ 1 and letW be a fixed non-degenerate, split orthogonal
space overk, of dimension2n + 1 ≥ 3 and determinant(−1)n in k∗/k∗2. Such an orthogonal space is
unique up to isomorphism. If〈v, w〉 is the bilinear form onW , then we may choose an ordered basis
{e1, e2, . . . , en, u, fn, . . . , f2, f1} of W overk with inner products given by

〈ei, ej〉 = 〈fi, fj〉 = 〈ei, u〉 = 〈fi, u〉 = 0,

〈ei, fj〉 = δij,

〈u, u〉 = 1.

(2)

The Gram matrix of the bilinear form with respect to this basis (which we will callthe standard basis)
is an anti-diagonal matrix. (A good general reference on orthogonal spaces, which gives proofs of these
results, is [16].)

Let T : W → W be ak-linear transformation. We define theadjoint transformationT ∗ by the
formula

〈Tv,w〉 = 〈v, T ∗w〉.
The matrix ofT ∗ in our standard basis is obtained from the matrix ofT by reflection around the
anti-diagonal. In particular, we have the identitydet(T ) = det(T ∗). We say a linear transformation
g : W → W is orthogonalif 〈gv, gw〉 = 〈v, w〉. Theng is invertible, withg−1 = g∗, anddet(g) = ±1
in k∗. We define thespecial orthogonal groupSO(W ) of W by

SO(W ) := {g ∈ GL(W ) : gg∗ = g∗g = 1, det(g) = 1}. (3)

We are going to consider the arithmetic invariant theory forthree representationsV of the reductive
groupG = SO(W ) overk.

The first is the standard representationV = W , which is irreducible and symmetrically self-dual
(isomorphic to its dual by a symmetric bilinear pairing) of dimension2n + 1. Here we will see that
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the invariant polynomialq2(v) := 〈v, v〉 generates the ring of polynomial invariants and separates the
non-zero orbits overk.

The second is the adjoint representationV = so(W ), which is irreducible and symmetrically
self-dual of dimension2n2 + n. This representation is isomorphic to the exterior square∧2(W ) of W ,
and can be realized as the space of skew self-adjoint operators:

V = ∧2(W ) = {T : W → W : T = −T ∗}, (4)

whereg ∈ G acts by conjugation:T 7→ gTg−1 = gTg∗. The Lie bracket onV is given by the formula
[T1, T2] = T1T2 − T2T1 and the duality by〈T1, T2〉 = Trace(T1T2). Here the theory ofG(k)-orbits in
a fixedG(ks)-orbit is the Lie algebra version of stable conjugacy classes for the groupG = SO(W ).

The third is a representationV which arises in Vinberg’s theory, from an outer involutionθ of the
groupGL(W ). It is isomorphic to the symmetric squareSym2(W ) of W , and can be realized as the
space of self-adjoint operators:

V = Sym2(W ) = {T : W → W : T = T ∗}, (5)

where againG = SO(W ) acts by conjugation. This representation has dimension2n2 + 3n + 1 and is
symmetrically self-dual by the pairing〈T1, T2〉 = Trace(T1T2). We will see that there are stable orbits,
and that the arithmetic invariant theory of the stable orbits involves the arithmetic of hyperelliptic
curves of genusn overk, with ak-rational Weierstrass point.

We note that the third representationV is not irreducible, as it contains the trivial subspace
spanned by the identity matrix, and has a non-trivial invariant linear form given by the trace. When
the characteristic ofk does not divide2n + 1 = dim(W ), the representationV is the direct sum of the
trivial subspace and the kernel of the trace map, and the latter is irreducible and symmetrically self-dual
of dimension2n2 + 3n. When the characteristic ofk divides2n + 1 the trivial subspace is contained
in the kernel of the trace. In this caseV has two trivial factors and an irreducible factor of dimension
2n2 + 3n − 1 in its composition series.

4 Invariant polynomials and the discriminant

In the standard representationV = W of G = SO(W ), the quadratic invariantq2(v) = 〈v, v〉 generates
the ring of invariant polynomials. We define∆ = q2 in this case. When∆(v) 6= 0, the stabilizerGv is
the reductive subgroupSO(U), whereU is the hyperplane inW of vectors orthogonal tov.

In the second and third representations, the groupSO(W ) acts by conjugation on the subspaceV
of End(W ). Hence the characteristic polynomial of an operatorT is an invariant of theG(k)-orbit.

For the adjoint representation, the operatorT is skew self-adjoint and its characteristic polynomial
has the form

f(x) = det(xI − T ) = x2n+1 + c2x
2n−1 + c4x

2n−3 + · · · + c2nx = xg(x2).

with coefficientsc2m ∈ k. The coefficientsc2m are polynomial invariants of the representation, with
deg(c2m) = 2m. These polynomials are algebraically independent and generate the full ring of poly-
nomial invariants onV = so(W ) overk [3, Ch 8,§8.3,§13.2, VI].. An important polynomial invariant,
of degree2n(2n + 1), is the discriminant∆ of the characteristic polynomial ofT :

∆ = ∆(c2, c4, . . . , c2n) = disc f(x).
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This is non-zero ink precisely when the polynomialf(x) is separable, so has2n + 1 distinct roots in
the separable closureks of k. The condition∆(T ) 6= 0 defines the regular semi-simple orbits in the Lie
algebra. For such an orbit, we will see that the stabilizerGT is a maximal torus inG, of dimensionn
overk.

For the third representationV on self-adjoint operators, the characteristic polynomialf(x) of T
can be any monic polynomial of degree2n + 1; we write

f(x) = det(xI − T ) = x2n+1 + c1x
2n + c2x

2n−1 + · · · + c2nx + c2n+1

with coefficientscm ∈ k. Again thecm give algebraically independent polynomial invariants, with
deg(cm) = m, which generate the full ring of polynomial invariants onV overk. The discriminant

∆ = ∆(c1, c2, . . . , c2n+1) = disc f(x)

is defined as before, and is non-zero whenf(x) is separable. We will see that the condition∆(T ) 6= 0
defines the stable orbits ofG on V . For such an orbit, we will see that the stabilizerGT is a finite
commutative group scheme of order22n over k, which embeds as a Jordan subgroup scheme ofG
(see [12, Ch 3]).

5 The orbits with non-zero discriminant

In this section, for each of the three representationsV , we exhibit an orbit forG where the invariant
polynomials described above take arbitrary values ink, subject to the single restriction that∆ 6= 0.
We calculate the stabilizerGv and its cohomologyH1(k,Gv) in terms of the values of the invariant
polynomials onv. We also give an explicit description of the mapγ : H1(k,Gv) → H1(k,G). We
note that all three representations arise naturally in Vinberg’s invariant theory, and the representative
orbits that we will construct are in the Kostant section (cf.[18]).

WhenV = W is the standard representation, letd be an element ofk∗. The vectorv = e1 + df1

hasq2(v) = ∆(v) = d. The stabilizerGv acts on the orthogonal complementU of the non-degnerate
line kv in W , which is a quasi-split orthogonal space of dimension2n and discriminantd in k∗/k∗2.
(Thediscriminantof an orthogonal space of dimension2n is defined as(−1)n times its determinant.)
This gives an identificationGv = SO(U), where the special orthogonal groupSO(U) is quasi-split over
k and split byk(

√
d). Witt’s extension theorem [16, Ch 1] shows that all vectorsw with q2(w) = d lie in

theG(k)-orbit of v, so the invariant polynomials separate the orbits overk with non-zero discriminant.
One can also show that there is a single non-zero orbit withq2(v) = 0, represented by the vector
v = e1 = e1 + 0f1.

The cohomology setH1(k, SO(U)) classifies non-degenerate orthogonal spacesU ′ of dimen-
sion2n and discriminantd overk, and the cohomology setH1(k, SO(W )) classifies non-degenerate
orthogonal spacesW ′ of dimension2n + 1 and determinant(−1)n overk, with the trivial class corre-
sponding to the split spaceW . The map

γ : H1(k,Gv) = H1(k, SO(U)) −→ H1(k,G) = H1(k, SO(W ))

is given explicitly by mapping the spaceU ′ to the spaceW ′ = U ′+〈d〉. Witt’s cancellation theorem [16]
shows that the mapγ is an injection of sets in this case, so the arithmetic invariant theory for the
standard representation of any odd orthogonal group is the same as its geometric invariant theory.
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For the second representationV = so(W ) = ∧2(W ), let

f(x) = x2n+1 + c2x
2n−1 + c4x

2n−3 + · · · + c2nx

be a polynomial ink[x] with non-zero discriminant. We will construct a skew self-adjoint operatorT
onW with characteristic polynomialf(x). Sincef(x) = xh(x) = xg(x2), we have

disc f(x) = c2
2n disc h(x) = (−4)nc3

2n disc g(x)2.

Let K = k[x]/(g(x)), E = k[x]/(h(x)), andL = k[x]/(f(x)). By our assumption that∆ 6= 0, these
areétalek-algebras of ranksn, 2n, and2n + 1 respectively. We haveL = E ⊕ k. Furthermore the
mapx → −x induces an involutionτ of the algebrasE and ofL, with fixed algebrasK andK ⊕ k
respectively.

Let β be the image ofx in L = k[x]/(f(x)), sof(β) = 0 in L andf ′(β) is a unit inL∗, We
define a symmetric bilinear form〈 , 〉 on thek-vector spaceL = k + kβ + kβ2 + · · ·+ kβ2n by taking

〈λ, µ〉 := the coefficient ofβ2n in the product(−1)nλµτ . (6)

This is non-degenerate, of determinant(−1)n, and the mapt(λ) = βλ is skew self-adjoint, with char-
acteristic polynomialf(x). Finally, the subspaceM = k+kβ+· · ·+kβn−1 is isotropic of dimensionn,
so the orthogonal spaceL is split and isomorphic toW overk. Choosing an isometryθ : L → W we
obtain a skew self-adjoint operatorT = θtθ−1 onW with the desired separable characteristic polyno-
mial. Since the isometryθ is unique up to composition with an orthogonal transformation of W , the
orbit of T is well-defined. The stabilizer ofT in O(W ) hask-points{λ ∈ L∗ : λ1+τ = 1}. The sub-
groupGT which fixesT is a maximal torus inG = SO(W ), isomorphic to the torusResK/k U1(E/K)
of dimensionn overk.

Over the separable closureks of k, any skew self-adjoint operatorS with (separable) character-
istic polynomialf(x) is in the same orbit ofT . Indeed, sincef(x) is separable, it is also the minimal
polynomial ofT andS, so we can find an elementg in GL(W ) with S = gTg−1. Since both operators
are skew self-adjoint, the productg∗g is in the centralizer ofT in GL(W ). The centralizer ofT in
End(W ) is the algebrak[T ] = L. Sinceg∗g is self-adjoint inL∗, and its determinant is a square ink∗,
we see thatg∗g is an element of the subgroupK∗ × k∗2. Over the separable closure, every element of
K∗ × k∗2 is a norm fromL∗: g∗g = h1+τ . Thengh−1 is an orthogonal transformation ofW overks

mappingT to S. HenceS is in theSO(W )(ks)-orbit of T .
To understand the orbits with a fixed separable characteristic polynomial overk, we need an

explicit form of the mapγ in Galois cohomology. Since the stabilizer ofT is abelian, the pointed set
H1(k,GT ) is an abelian group, which is isomorphic toK∗/NE∗ by Hilbert’s Theorem90. The map

γ : K∗/NE∗ = H1(k,GT ) −→ H1(k,G) = H1(k, SO(W ))

is given explicitly as follows. We first associate to an element κ ∈ K∗ the elementα = (κ, 1) in
(Lτ )∗ = K∗ × k∗, with square norm fromL∗ to k∗. We then associate toα the vector spaceL with
symmetric bilinear form

〈λ, µ〉α := the coefficient ofβ2n in the product(−1)nαλµτ . (7)

This orthogonal spaceWκ has dimension2n + 1 and determinant(−1)n overk, and its isomorphism
class depends only on the class ofκ in the quotient groupK∗/NE∗ = H1(k,GT ).
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Lemma 3 The orthogonal spaceWκ represents the classγ(κ) in H1(k, SO(W )).

Proof: We first recall the recipe for associating to a cocyclegσ on the Galois group with values in
SO(W )(ks) a new orthogonal spaceW ′ over k. We use the inclusionSO(W ) → GL(W ) and the
triviality of H1(k, GL(W )) to write gσ = h−1hσ for an elementh ∈ GL(W )(ks). We then define a
new non-degenerate symmetric bilinear form onW by the formula

〈v, w〉∗ = 〈h−1v, h−1w〉. (8)

This takes values ink and defines the spaceW ′, which has dimension2n + 1 and determinant(−1)n.
The isomorphism class ofW ′ over k depends only on the cohomology class of the cocyclegσ in
H1(k, SO(W )).

In our case, the cocyclegσ representingγ(κ) comes from a cocycle with values in the stabilizer
Gv. This is a maximal torus inSO(W ), which is a subgroup of the maximal torusResL/k Gm of
GL(W ). This torus already has trivial Galois cohomology, so we canwrite gσ = hσ/h with h ∈
(L⊗ ks)∗ satisfyingh1+τ = α. Substituting this particularh into formula (8) for the new inner product
onW completes the proof.�

We note that the classκ above will be in the kernel ofγ precisely when the quadratic spaceW ′

with bilinear form〈 , 〉α is split. Such classes give additional orbits ofSO(W ) on so(W ) = ∧2(W )
overk with characteristic polynomialf(x).

The analysis for the third representationV = Sym2(W ) is similar. Here we start with an arbitrary
monic separable polynomialf(x) = x2n+1 + c1x

2n + · · · + c2n+1 and wish to construct a self-adjoint
operatorT on W with characteristic polynomialf(x). We let L = k[x]/(f(x)), which is anétale
k-algebra of rank2n + 1, and letβ be the image ofx in L. We define a symmetric bilinear form〈λ, µ〉
onL = k + kβ + · · ·+ kβ2n by taking the coefficient ofβ2n in the productλµ. This is non-degenerate
of determinant(−1)n, and the mapt(λ) = βλ is self-adjoint, with characteristic polynomialf(x).
Finally, the subspaceM = k + kβ + · · · + kβn−1 is isotropic of dimensionn, so the orthogonal space
L is split and isomorphic toW overk. Choosing an isometryθ : L → W , we obtain a self-adjoint
operatorT = θtθ−1 onW with the desired separable characteristic polynomial. Since the isometryθ is
unique up to composition with an orthogonal transformationof W , the orbit ofT is well-defined. The
stabilizer ofT in O(W ) hask-points{λ ∈ L∗ : λ2 = 1}. The subgroupGT in SO(W ) which fixesT
is the finiteétale group schemeA of order22n, which is the kernel of the norm mapResL/k(µ2) → µ2.

Over the separable closureks of k, any self-adjoint operatorS with (separable) characteristic
polynomialf(x) is in the same orbit asT . Indeed, sincef(x) is separable, it is also the minimal
polynomial ofT andS, so we can find an elementg ∈ GL(W ) with S = gTg−1. Since both operators
are self-adjoint, the productg∗g is in the centralizer ofT in GL(W ). The centralizer ofT in End(W )
is the algebrak[T ] = L, sog∗g is an element ofL∗. Over the separable closure, every element ofL∗ is
a square:g∗g = h2. Thengh−1 is an orthogonal transformation ofW overks mappingT to S. Hence
S is in theSO(W )(ks)-orbit of T .

We now consider the orbits with a fixed separable characteristic polynomial overk. Since the
stabilizer ofT is again abelian, the pointed setH1(k,GT ) is an abelian group which is isomorphic to
(L∗/L∗2)N=1 by Kummer theory. The map

γ : H1(k,GT ) = (L∗/L∗2)N=1 −→ H1(k,G) = H1(k, SO(W ))
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is given explicitly as follows. We associate to an elementα in (L∗)N=1 the orthogonal spaceL with
bilinear form〈λ, µ〉α given by the coefficient ofβ2n in the productαλµ. This orthogonal space has
dimension2n + 1 and determinant(−1)n overk. Its isomorphism class overk depends only on the
image ofα in the quotient group(L∗/L∗2)N=1 = H1(k,GT ). This orthogonal space represents the
classγ(α) in H1(k, SO(W )). The proof is the same as that of Lemma3. We first observe that the
map taking the cocyclegσ from GT to SO(W ) to GL(W ) can also be obtained by mappingGT to the
maximal torusResL/k Gm in GL(W ). This torus has trivial cohomology, soα = h2 with h ∈ (L⊗ks)∗,
and this choice ofh gives the inner product〈λ, µ〉α. The classα will be in the kernel ofγ precisely
when the quadratic spaceL with bilinear form 〈 , 〉α is split; such classes give additional orbits of
SO(W ) onSym2(W ) overk with characteristic polynomialf(x).

We summarize what we have established for the representationsV = so(W ) andV = Sym2(W ).

Proposition 4 For each monic separable polynomialf(x) of degree2n + 1 overk of the formf(x) =
xg(x2) there is a distinguishedSO(W )(k)-orbit of skew self-adjoint operatorsT on W with char-
acteristic polynomialf(x). All other orbits on∧2(W ) with this characteristic polynomial lie in
the SO(W )(ks)-orbit of T , and correspond bijectively to the non-identity classes inthe kernel of
γ : K∗/NE∗ → H1(k, SO(W )), whereK = k[x]/(g(x)) andE = k[x]/(g(x2)).

For each monic separable polynomialf(x) of degree2n + 1 over k there is a distinguished
SO(W )(k)-orbit of self-adjoint operatorsT onW with characteristic polynomialf(x). All other orbits
on Sym2(W ) with this characteristic polynomial lie in theSO(W )(ks)-orbit of T , and correspond
bijectively to the non-identity classes in the kernel ofγ : (L∗/L∗2)N=1 → H1(k, SO(W )), where
L = k[x]/(f(x)).

6 Stable orbits and hyperelliptic curves

For both representationsV = ∧2(W ) and V = Sym2(W ) of G = SO(W ) we associated to the
distinguished orbitT with separable characteristic polynomialf(x) and any classα in the cohomology
groupH1(k,GT ) a symmetric bilinear form〈λ, µ〉α on thek-vector spaceL = k[x]/(f(x)). The
classα is in the kernel of the mapγ : H1(k,GT ) → H1(k,G) precisely when this quadratic space is
split overk. However, exhibiting specific classesα 6= 1 where this space is split is a difficult general
problem, so it is difficult to exhibit other orbits with this characteristic polynomial.

In the case of the third representationV = Sym2(W ), the orbitsT with ∆(T ) 6= 0 are stable;
namely, they are closed (defined by the values of the invariant polynomials over the separable closure)
and have finite stabilizer (the commutative group schemeA = ResL/k(µ2)N=1 of order22n). In this
case, we will use some results in algebraic geometry, on hyperelliptic curves with a Weierstrass point
and the Fano variety of the complete intersection of two quadrics inP(L⊕k), to produce certain classes
in the kernel of the mapγ : H1(k,A) → H1(k, SO(W )).

Let C be the smooth projective hyperelliptic curve of genusn overk with affine equationy2 =
f(x) andk-rational Weierstrass pointP abovex = ∞. The functions onC which are regular outside
of P form an integral domain:

H0(C − P,OC−P ) = k[x, y]/(y2 = f(x)) = k[x,
√

f(x)].

The complete curveC is covered by this affine open subsetU1, together with the affine open
subsetU2 associated to the equationw2 = v2n+2f(1/v) and containing the pointP = (0, 0). The
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gluing of U1 andU2 is by (v, w) = (1/x, y/xn+1) and(x, y) = (1/v, w/vn+1) wherever these maps
are defined. LetJ denote the Jacobian ofC overk and letJ [2] the kernel of multiplication by2 onJ .
This is a finiteétale group scheme of order22n overk.

Lemma 5 The group schemeJ [2] of 2-torsion on the Jacobian ofC is canonically isomorphic to the
stabilizerA = ResL/k(µ2)N=1 of the orbitT in SO(W ).

Proof: Write L = k[x]/(f(x)) = k + kβ + · · · + kβ2n, wheref(β) = 0. The other Weierstrass points
Pη = (η(β), 0) of C(ks) correspond bijectively to algebra embeddingsη : L → ks. Associated to such
a point we have the divisordη = (Pη)− (P ) of degree zero. The divisor class ofdη lies in the2-torsion
subgroupJ [2](ks) of the Jacobian, as

2dη = div(x − η(β)).

The Riemann-Roch theorem shows that the classesdη generate the finite groupJ [2](ks), and satisfy
the single relation

∑

(dη) = div(y).

Since the Galois group ofks acts on these classes by permutation of the embeddingsη, we have an
isomorphism of group schemes:J [2] ∼= ResL/k(µ2)/µ2. This quotient ofResL/k(µ2) is isomorphic to
the subgroup schemeA = ResL/k(µ2)N=1, as the degree ofL overk is odd. This completes the proof.
�

The exact sequence of Galois modules,

0 → J [2](ks) → J(ks) → J(ks) → 0,

gives an exact descent sequence

0 → J(k)/2J(k) → H1(k, J [2]) → H1(k, J)[2] → 0

in Galois cohomology. By Lemma5, the middle term in this sequence can be identified with the group
H1(k,A) = H1(k,GT ), and our main result in this section is the following.

Proposition 6 The subgroupJ(k)/2J(k) of H1(k,A) = H1(k,GT ) lies in the kernel of the map
γ : H1(k,GT ) → H1(k,G).

Proof: We first make the descent map fromH1(k,A) to H1(k, J)[2] more explicit. That is, we need to
associate to a classα in the group

H1(k,A) = (L∗/L∗2)N=1

a principal homogeneous spaceFα of order2 for the JacobianJ over k. The classα will be in the
subgroupJ(k)/2J(k) precisely when the homogeneous spaceFα has ak-rational point.

We have previously associated to the classα the orthogonal spaceL with symmetric bilinear form
〈λ, µ〉α := the coefficient ofβ2n in the productαλµ. We also defined a self-adjoint operator given by
multiplication byβ onL, and that gives a second symmetric bilinear form onL: 〈βλ, µ〉α = 〈λ, βµ〉α.
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Let M = L ⊕ k, which has dimension2n + 2 overk, and consider the two quadrics onM given
by

Q(λ, a) = 〈λ, λ〉α
Q′(λ, a) = 〈βλ, λ〉α + a2.

The penciluQ− vQ′ is non-degenerate and contains exactly2n+2 singular elements overks, namely,
the quadricQ at v = 0 and the2n + 1 quadricsη(β)Q − Q′ at the points wheref(η(β)) = 0.
Hence the base locus is non-singular inP(M) and the Fano varietyFα of this complete intersection,
consisting of then-dimensional subspacesZ of M which are isotropic for all of the quadrics in the
pencil, is a principal homogeneous space of order2 for the JacobianJ (c.f. [7]). More precisely, there
is a commutative algebraic groupIα with 2 components overk, having identity componentJ and
non-identity componentFα.

Since the discriminant of the quadricuQ− vQ′ in the pencil is equal tov2n+2f(x) with x = u/v,
a pointc = (x, y) on the hyperelliptic curvey2 = f(x) determines both a quadricQx = xQ−Q′ in the
pencil together with aruling of Qx, i.e., a component of the variety of(n+1)-dimensionalQx-isotropic
subspaces inM . Each point gives an involution of the corresponding Fano variety θ(c) : Fα → Fα with
22n fixed points over a separable closureks of k. The involutionθ(c) is defined as follows. A point of
Fα consist of a common isotropic subspaceZ of dimensionn in M ⊗ ks. The pointc gives a maximal
isotropic subspaceY for the quadricQx which containsZ. If we restrict any non-singular quadric in
the pencil (other thanQx) to Y , we get a reducible quadric which is the sum of two hyperplanes: Z and
another common isotropic subspaceZ ′. This defines the involution:θ(c)(Z) = Z ′. In the algebraic
groupIα, we have thatZ + Z ′ is the class of the divisor(c) − (P ) of degree zero inJ .

Now assume that the classα is in the subgroupJ(k)/2J(k). Then its image inH1(k, J) is trivial,
and the homogenous spaceFα has ak-rational point. Hence there is ak-subspaceZ of M = L ⊕ k
which is isotropic for bothQ andQ′. Since it is isotropic forQ′, the subspaceZ does not contain the
line 0 ⊕ k, so its projection to the subspaceL has dimensionn and is isotropic forQ. This implies
that the orthogonal spaceL with bilinear form(λ, ν)α is split, so the classα is in the kernel of the map
γ : H1(k,A) → H1(k, SO(W )). �

Note that whenc = P , the Weierstrass point overx = ∞, the involutionθ(P ) is induced by
the linear involution(λ, a) → (λ,−a) of M = L ⊕ k. The fixed points are just then-dimensional
subspacesX overks which are isotropic for both quadrics

q(λ) = 〈λ, λ〉α ,

q′(λ) = 〈βλ, λ〉α

on the spaceL of dimension2n + 1 overk. There are22n such isotropic subspaces overks, and they
form a principal homogeneous space forJ [2]. The varietyFα has ak-rational point whenα lies in the
subgroupJ(k)/2J(k), but only has ak-rational point fixed by the involutionθ(P ) whenα is the trivial
class inH1(k, J [2]).

Remark 7 The finite group schemeA = J [2] does not determine the hyperelliptic curveC over k.
Indeed, for any classd ∈ k∗/k∗2, the hyperelliptic curveCd with affine equationdy2 = f(x) has
the same2-torsion subgroup of its Jacobian. This JacobianJd of Cd acts on the Fano variety of the
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complete intersection of the two quadrics given by

Q(λ, a) = 〈λ, λ〉α ,

Q′(λ, a) = 〈βλ, λ〉α + da2.

Indeed, the discriminant of the quadricuQ− vQ′ in the pencil is equal todv2n+2f(x), wherex = u/v.
A similar argument then shows that the subgroupJd(k)/2Jd(k) is also contained in the kernel of the
mapγ onH1(k,A).

7 Arithmetic fields

In this section, we describe the orbits in our three representations whenk is a finite, local, or global
field.

7.1 Finite fields

First, we consider the case whenk is finite, of odd orderq. In this case,H1(k, SO(W )) = 1 by Lang’s
theorem, asSO(W ) is connected. As a consequence, every quadratic space of dimension2n + 1 and
determinant(−1)n is split, and all elements ofH1(k,GT ) lie in the kernel ofγ.

In the standard representationV = W the stabilizer of a vectorv with q2(v) 6= 0 is the connected
orthogonal subgroupSO(U), which also has trivial first cohomology. So for every non-zero elementd
in k∗, there is a unique orbit of vectors withq2(v) = d. (We have already seen this for general fields
via Witt’s extension theorem.)

In the adjoint representationV = so(W ), the stabilizer of a vectorT with ∆(T ) 6= 0 is the
connected torusResK/k U1(E/K), which also has trivial first cohomology. So for each separable char-
acteristic polynomial of the formf(x) = xg(x2) there is a unique orbit of skew self-adjoint operators
T with characteristic polynomialf(x).

In the representationV = Sym2(W ) the stabilizer ofT with characteristic polynomialf(x)
satisfyingdisc(f) = ∆(T ) 6= 0 is the finite group schemeA = (ResL/k µ2)N=1. In this case
H1(k,A) = (L∗/L∗2)N=1 is an elementary abelian2-group of order2m, wherem + 1 is the num-
ber of irreducible factors off(x) in k[x]. So2m is the number of distinct orbits with characteristic
polynomialf(x). But this is also the order of the stabilizerH0(k,A) = A(k) = (L∗[2])N=1 of any
point in the orbit. Hence the number of self-adjoint operatorsT with any fixed separable polynomial is
equal to the order of the finite groupSO(W )(q). This is given by the formula

# SO(W )(q) = qn2

(q2n − 1)(q2n−2 − 1) · · · (q2 − 1).

By Lang’s theorem, we also haveH1(k, J) = 0, whereJ is the Jacobian of the smooth hyperel-
liptic curvey2 = f(x) of genusn overk. Hence the homomorphismJ(k)/2J(k) → H1(k,A) is an
isomorphism and every orbit with characteristic polynomial f(x) comes from ak-rational point on the
Jacobian.

7.2 Non-archimedean local fields

Next, we consider the case whenk is a non-archimedean local field, with ring of integersO and finite
residue fieldO/πO of odd order. In this case, Kneser’s theorem on the vanishingof H1 for simply-
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connected groups (cf. [19, Th. 6.4], [21]) gives an isomorphism

H1(k, SO(W )) ∼= H2(k, µ2) ∼= (Z/2Z).

For the standard representationV = W , we also haveH1(k,Gv) = H1(k, SO(U)) ∼= (Z/2Z),
except in the case whendim(V ) = 3 andq2(v) = 1, whenSO(U) is a split torus andH1(k, SO(U)) =
1. The mapγ is a bijection except in the special case.

For the adjoint representationV = so(W ), Kottwitz has shown in the local case that the map

γ : H1(k,Gv) = (K∗/NE∗) → H1(k,G) = (Z/2Z)

is actually a homomorphism of groups [10]. Let f(x) = xg(x2), so K = k[x]/(g(x)) and E =
k[x]/(g(x2)). It follows from local class field theory that the groupK∗/NE∗ is elementary abelian
of order 2m, wherem is the number of irreducible factorsgi(x) of g(x) such thatgi(x

2) remains
irreducible overk. Kottwitz also shows that that the mapγ is surjective whenm ≥ 1. Hence the
number of orbits with separable characteristic polynomialf(x) is 1 whenm = 0, and is2m−1 when
m ≥ 1.

For the third representationV = Sym2(W ), the map

γ : H1(k,A) = H1(k, J [2]) → H2(k, µ2) ∼= (Z/2Z)

is an even quadratic form. The associated bilinear form is the cup product onH1(k, J [2]) induced from
the Weil pairingJ [2] × J [2] → µ2, andJ(k)/2J(k) is a maximal isotropic subspace on whichγ = 0.
This allows us to count the number of stable orbits with a fixedcharacteristic polynomial.

Let m + 1 be the number of irreducible factors off(x) in k[x], and letOL be the integral closure
of the ringO in L. ThenH1(k,A) = (L∗/L∗2)N=1 has order22m and the number of stable orbits with
characteristic polynomialf(x) is equal2m−1(2m +1) = 22m−1 +2m−1. The subgroupJ(k)/2J(k) has
order2m, which is also the order of the subgroup(O∗

L/O∗2
L )N=1 of units. These two subgroups coincide

when the polynomialf(x) has coefficients inO and the quotient algebraO[x]/(f(x)) is maximal inL.

7.3 The local fieldR

We next consider the orbits in our representations whenk = R is the local field of real numbers.
Then the pointed setH1(k,G) = H1(k, SO(W )) hasn + 1 elements, corresponding to the quadratic
spacesW ′ of signature(p, q) satisfying: p + q = 2n + 1 and q ≡ n (mod 2). The pointed set
H1(k,Gv) = H1(k, SO(U)) for the standard representation hasn + 1 elements whenq2(v) has sign
(−1)n, and hasn elements whenq2(v) has sign−(−1)n. The mapγ is a bijection in the first case
and an injection in the second case, when the definite quadratic spaceW ′ does not have an orbit with
q2(w

∗) = q2(v).
In the second and third representations,H1(k,GT ) is an elementary abelian2-group, and we will

consider the situations where it has maximal rank. For the adjoint representationV = so(W ), this
occurs when all of the nonzero roots of the characteristic polynomial f(x) of the skew self-adjoint
transformationT are purely imaginary. Thusf(x) = xg(x2) whereg(x) factors completely over
the real numbers and all of its roots are strictly negative. In this case, the2-group H1(k,GT ) =
K∗/NE∗ = (R∗)n/N(C∗)n has rankn. The real orthogonal spaceW decomposes inton orthogonal
T -stable planes and an orthogonal line on whichT = 0. The signatures of these planes determine the
real orbit ofT . Writing n = 2m or n = 2m + 1, we see that there are

(

n
m

)

elements in the kernel of
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γ. One can show thatγ is surjective in this case, and calculate the order of each fiber as a binomial
coefficient

(

n
k

)

.
For the symmetric square representationV = Sym2(W ), the2-groupH1(k,GT ) has maximal

rank when the characteristic polynomialf(x) of the self-adjoint transformationT factors completely
over the real numbers. In this case,H1(k,GT ) = ((R∗)2n+1/(R∗2)2n+1)N=1 has rank2n. The real
orthogonal spaceW decomposes into2n+ 1 orthogonal eigenspaces forT , and the signatures of these
lines determine the real orbit. Hence there are

(

2n+1

n

)

elements in the kernel ofγ. One can also show
thatγ is surjective in this case, and calculate the order of each fiber as a binomial coefficient

(

2n+1

k

)

with k ≡ n (mod 2).

7.4 Global fields

Finally, we consider the representationSym2(V ) when k is a global field. In this case, the group
H1(k,A) = H1(k, J [2]) is infinite. We will now prove that there are also infinitely many classes in the
kernel ofγ, so infinitely many orbits with characteristic polynomialf(x).

Proposition 8 Every classα in the2-Selmer groupSel(J/k, 2) of H1(k, J [2]) lies in the kernel ofγ,
so corresponds to an orbit overk.

Proof: By definition, the elements of the2-Selmer groupSel(J/k, 2) correspond to classes inH1(k, J [2])
whose restriction toH1(kv, J [2]) is in the image ofJ(kv)/2J(kv) for every completionkv. Hence the
orthogonal spaceUv associated to the classγ(αv) in H1(kv, SO(V )) is split at every completionkv.
By the theorem of Hasse and Minkowski, a non-degenerate orthogonal spaceU of dimension2n+1 is
split overk if and only if Uv = U ⊗ kv is split over every completionkv. Hence the orthogonal space
U associated toγ(α) is split overk, andα lies in the kernel ofγ. �

The same argument applies to the Selmer group of the JacobianJd of the hyperelliptic curve
dy2 = f(x), for any classd ∈ k∗/k∗2. Since the2-Selmer groups of the twisted curves are known to
become arbitrarily large (cf. [5] for the case of genusn = 1), the number ofk-rational orbits is infinite.

8 More general representations

The three representationsV of SO(W ) that we have studied illustrate various phenomena which occur
in many other cases. For the standard representation, we have seen that the invariant polynomialq2

distinguishes the orbits with∆ 6= 0 over any fieldk. Here the arithmetic invariant theory is the same
as the geometric invariant theory.

This pleasant situation also occurs for orbits where the stabilizer Gv is trivial! An interesting
example for the odd orthogonal groupSO(W ) is the reducible representationV = W ⊕ ∧2(W ).
This occurs as the restriction of the adjoint representation of the split even orthogonal group of the
spaceW ⊕ 〈−1〉. In this representation, the vectorv = (w, T ) is stable if and only if the2n + 1
vectors{w, T (w), T 2(w), . . . , T 2n(w)} form a basis ofW , or equivalently, if the invariant polynomial
∆(v) = det(〈T i(w), T j(w)〉) is non-zero. In this caseGv = 1.

One complication in this case is that thek-orbits do not cover thek-rational points of the cate-
gorical quotient: the map on points

V (k)/ SO(W )(k) → (V/ SO(W ))(k)

14



is not surjective. This situation is far more typical in invariant theory than the surjectivity for the three
representations we studied. Another atypical property of the three (faithful) representations we studied
was that a generic vector had a nontrivial stabilizer. For a genericv in a typical faithful representation
V of a reductive groupG, the stabilizerGv is trivial. ForG a torus andk complex,Gv is always the
kernel of the representation; meanwhile, forG simple, there are only finitely many exceptions (see [20,
p. 229–235]).

The adjoint representationsV = g of split reductive groupsG generalize the second representa-
tion V = ∧2(W ) = so(W ). Here the invariant polynomials correspond to the invariants for the Weyl
group on a Cartan subalgebra, and generate a polynomial ringof dimension equal to the rank ofG.
The orbits where the discriminant∆ is non-zero correspond to the regular semi-simple elementsin g,
and the stabilizerGv of such an orbit is a maximal torus inG. As an example, one can take the adjoint
representationV = Sym2(W ) of the adjoint formPGSp(W ) = PGSp2n of the symplectic group,
where the degrees of the invariants are2, 4, 6, . . . , 2n. [3, Ch 8,§13.3, VI]. For some applications to
knot theory, see [15].

The representations which occur in Vinberg’s theory for torsion automorphismsθ generalize
the third representationV = Sym2(W ). Here the invariants again form a polynomial ring. As an
example, one can take the reducible representation∧2(W ) of the groupPGSp(W ) = PGSp2n, which
corresponds to the pinned outer involutionθ of PGL2n. Whenθ lifts a regular elliptic class in the
Weyl group, the orbits where the discriminant∆ is non-zero are stable, and the stabilizerGv is a finite
commutative group scheme overk. Several examples of this type were discussed in [8] and [1].

9 Integral orbits

In order to develop a truly complete arithmetic invariant theory, we should consider orbits in repre-
sentations not just over a field, but overZ or a general ring. The descent from an algebraically closed
field to a general field that we have discussed in Sections 2–8 gives an indication of some of the issues
that arise over more general rings, and it serves as a useful guide for the more general integral theory.
In particular, just as a single orbit over an algebraically closed field can split into several orbits over a
subfield, an orbit over say the fieldQ of rational numbers may then split into several orbits overZ.

Often some of the most interesting arithmetic occurs in the passage fromQ to Z. For example,
consider the classical representation given by the action of SL2 on binary quadratic formsSym2(2). As
we have already noted, an orbit overQ (as over any field) is completely determined by the value of the
discriminantd of the binary quadratic forms in that orbit. However, the setof primitive integral orbits
inside the rational orbit of discriminantd ∈ Z does not necessarily consist of one element, but rather is
in bijection with the set of (oriented) ideal classes of the quadratic orderZ[(d+

√
d)/2] in the quadratic

field Q(
√

d) (see, e.g., [6]).
In general, to discuss integral orbits we must fix an integralmodel of the representation being

considered. We give some canonical integral models for the three representations we have studied. For
the first representation, we takeW to be the odd unimodular lattice of signature(n + 1, n) defined
by (2). Because this lattice is self-dual, we can define the adjoint of an endomorphism ofW overZ.
The groupG is then the subgroup ofGL(W ) consisting of those transformationsg such thatgg∗ = 1
anddet(g) = 1. This defines a group that is smooth overZ[1/2] but is not smooth overZ2. For
the other representations ofG, we define∧2(W ) as the lattice of skew self-adjoint endomorphisms of
W equipped with the action ofG by conjugation; we similarly defineSym2(W ) to be the lattice of
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self-adjoint endomorphisms ofW . Our objective is to describe the orbits ofG on each of these three
G-modules, or at least those orbits where the discriminant invariant is nonzero.

For the standard representationW , we have already seen that there is a unique orbit overQ for
each value of the discriminantd ∈ Q∗. An invariant of aZ-orbit of a vectorw in the latticeW with
〈w,w〉 = d is the isomorphism class of the orthogonal complementU = (Zw)⊥, which is a lattice
of rank2n and discriminantd overZ. AlthoughW is an odd lattice, the latticeU can be either even
or odd. For example, whenn = 3, the orthogonal complementU of a primitive vectorw is an even
bilinear space of rank2 and discriminantd (so corresponds to an integral binary quadratic form of
discriminantd) if and only if the vectorw has the formw = ae + bv + cf with a andc even andb
odd. In this cased = b2 + 2ac ≡ 1 modulo8, and the orbits ofG(Z) on such vectors form a principal
homogeneous space for the ideal class group of the quadraticorderZ[(d +

√
d)/2] of discriminantd.

We note that these are precisely the quadratic orders where the prime2 is split. In this case the group
G(Z) is isomorphic to the normalizerN(Γ0(2)) of Γ0(2) in PSL2(R), and the orbits described above
correspond to the Heegner points of odd discriminant on the modular curveX0(2)+ [9, §1].

We consider next the second representationV = ∧2(W ). Here, we find that the integral orbits
of SO(M) on the self-adjoint transformationsT : M → M with (separable) characteristic polynomial
f(x) = xg(x2) ∈ Z[x] correspond to data which generalize the notion of a “minus ideal class” for the
ring R = Z[x]/(f(x)). More precisely, the ringR in L = Q[x]/(f(x)) has an involutionτ sending
β to −β, whereβ denotes the image ofx in R. Let us consider pairs(I, α), whereI is a fractional
ideal forR, the elementα is in theQ-subalgebraF of L fixed by τ , the productIIτ is contained in
the principal ideal(α), andN(I)N(Iτ ) = N(α). Such a pair(I, α) givesI the structure of an integral
lattice having rank2n + 1 and determinant(−1)n, where the symmetric bilinear form onI is defined
by

〈x, y〉 := coefficient ofβ2n in (−1)nα−1xyτ . (9)

The pair(I ′, α′) gives an isometric lattice ifI ′ = cI andα′ = ccτα for some elementc ∈ L∗. The
operatorS : I → I defined byS(x) = βx is skew self-adjoint, and has characteristic polynomial
f(x). If the integral lattice determined by the pair(I, α) has signature(n + 1, n) overR, there is an
isometryθ : I → M (cf. [22]), which is well-defined up to composition by an element inO(M). We
obtain anSO(M)-orbit of skew self-adjoint operators with characteristicpolynomialf(x) by taking
T = θSθ−1. Conversely, since a skew self-adjointT : W → W givesW the structure of a torsion free
Z[T ] = R-module of rank one, every integral orbit arises in this manner. Thus the equivalence classes
of pairs(I, α) for the ringR = Z[x]/(f(x)), as defined above, index the finite number of integral orbits
onV = ∧2(W ) with characteristic polynomialf(x).

Let us now consider the third representationV = Sym2(W ). Whendim(W ) = 3, the kernel of
the trace map gives a lattice of rank5, closely related to the space of binary quartic forms forPGL2. The
integral orbits in this case were studied in [2] and [25]. In general, the integral orbits ofSO(M) on the
self-adjoint transformationsT : M → M with (separable) characteristic polynomialf(x) correspond
to data which generalize the notion of an ideal class of order2 for the orderR = Z[x]/(f(x)) in the
Q-algebraL = Q[x]/(f(x)). More precisely, we consider pairs(I, α), whereI is a fractional ideal for
R, the elementα lies inL∗, the squareI2 of the idealI is contained in the principal ideal(α), and the
square of the norm ofI satisfiesN(I)2 = N(α). Then the latticeI has the integral symmetric bilinear
form

〈x, y〉 := coefficient ofβ2n in α−1xy (10)

of determinant(−1)n, and self-adjoint operator given by multiplication byβ, whereβ again denotes
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the image ofx in R. The pair(I ′, α′) gives an isometric lattice ifI ′ = cI andα′ = c2α for some
elementc ∈ L∗. When this lattice has signature(n + 1, n) overR, it is isometric toM and we obtain
an integral orbit with characteristic polynomialf(x). Conversely, since a self-adjointT : W → W
givesW the structure of a torsion freeZ[T ] = R-module of rank one, every integral orbit arises in this
way. Thus pairs(I, α) for the ringR = Z[x]/(f(x)), up to the equivalence relation defined byc in L∗,
index the finite number of integral orbits onV = Sym2(W ) with characteristic polynomialf(x).

We summarize what we have established for the representationsV = ∧2(W ) andV = Sym2(W ).

Proposition 9 Let V denote either the representation∧2(W ) or Sym2(W ) of G. Letf(x) be a poly-
nomial of degree2n + 1 with coefficients inZ and non-zero discriminant inQ; if V = ∧2(W ) we
further assume thatf(x) = xg(x2) for an integral polynomialg. Then the integral orbits ofG(Z) on
V (Z) with characteristic polynomialf(x) are in bijection with the equivalence classes of pairs(I, α)
for the orderR = Z[x]/(f(x)) defined above, with the property that the bilinear form〈 , 〉 onI (given
by (9) or (10), respectively) is split.

In terms of Proposition4, the integral orbit corresponding to the pair(I, α) maps to the rational
orbit of SO(W )(Q) onV (Q) corresponding to the class ofα ≡ α−1. Here we viewα as an element of
(K∗/NE∗) whenV = ∧2(W ), soL = E + Q andLτ = K + Q. WhenV = Sym2(W ), we viewα as
an element of(L∗/L∗2)N≡1.

Finally, we remark that it would be interesting and useful todevelop a theory of cohomology
that allows one to describe orbits over the integers as we have in the cases above. For example, let us
consider again the representationV of the groupG = PGL2 overQ given by conjugation on the2× 2
matricesv of trace zero. Then this is the adjoint representation, and is also the standard representation
of SO3

∼= PGL2. The ring of invariant polynomials onV is generated byq(v) := − det(v), and the
stabilizerGv of a vector withq(v) = d 6= 0 is isomorphic to the one-dimensional torus overQ which
is split byK = Q(

√
d), and all vectorsw with q(w) = q(v) 6= 0 lie in the sameG(Q)-orbit.

A natural integral model of this representation is given by the action of theZ-groupG = PGL2

on the finite freeZ-module of binary quadratic formsax2 + bxy + cy2. This is equivalent to the
representation by conjugation on the matrices of trace zeroin the subringZ + 2R of the ringR of
2× 2 integral matrices. In this model, the invariant polynomialis just the discriminantd = b2 − 4ac of
the binary form. The contente = gcd(a, b, c) is also an invariant of a non-zero integral orbit.

We may calculate theG(Z)-orbits on the setS of forms with discriminantd ∈ Z − {0} and
contente = 1 (so the binary quadratic form is primitive) via cohomology.Let O = O(d) be the
quadratic order of discriminantd. Then the stabilizerGv of such an orbit inPGL2 is a smooth group
scheme overZ which lies in an exact sequence (in theétale topology)

1 → Gm → ResO/Z Gm → Gv → 1.

Furthermore, theZ-points of the quotient schemeG/Gv can be identified with the setS. Hence the
orbits in question are in bijection with the kernel of the mapγ : H1(Z, Gv) → H1(Z,PGL2) in étale
cohomology. SinceH1(Z,PGL2) = 1, the orbits are in bijection with the elements ofH1(Z, Gv).
SinceH1(Z, Gm) = H2(Z, Gm) = 1 the long exact sequence in cohomology gives

H1(Z, Gv) = H1(Z,ResO/Z Gm) = Pic(O).

Hence the orbits ofPGL2(Z) on the setS of binary quadratic forms of discriminantd 6= 0 and con-
tent1 form a principal homogeneous space for the finite groupPic(O(d)) of isomorphism classes of
projectiveO(d)-modules of rank one. Thus the number of primitive integral orbits contained in the
rational orbit of discriminantd is given by the class number ofO(d).
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