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1 Introduction

Let & be a field, letG be a reductive algebraic group ovier and letl” be a linear representation
of G. Geometric invariant theory involves the study of thalgebra ofG-invariant polynomials o,
and the relation between these invariants and@bherbits onV/, usually under the hypothesis that
the base field: is algebraically closed. In favorable cases, one can deterthe geometric quotient
V)G = Spec(Sym* (V")) and can identify certain fibers of the morphism— V /G with certain
G-orbits onV'.

As an example, consider the three-dimensional adjointesspitation ofG = SL, given by
conjugation on the spadé of 2 x 2 matricesv = (“ b ) of trace zero. This is irreducible when
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the characteristic of is not equal t®, which we assume here. It has the quadratic invakjémt =

—det(v) = bc + a?, which generates the full ring of polynomial invariants.ndeV /G is isomorphic
to the affinelineand : V. — V//G = G,. If v andw are two vectors iV’ with ¢(v) = ¢(w) # 0, then
they lie in the samé&-orbit provided that the field is separably closed.

For general fields the situation is more complicated. In san®ple, letd be a non-zero element
of k and letK be theétale quadratic algebidz]/(x? — d). Then theG(k)-orbits on the set of vectors
v € V with ¢(v) = d # 0 can be identified with elements in tBegroupk* /N K*. (See§2.)

The additional complexity in the orbit picture, whéns not separably closed, is what we refer
to as arithmetic invariant theory. It can be reformulateidgison-abelian Galois cohomology, but that
does not give a complete resolution of the problem. Inde&eénvthe stabilizet7, of v is smooth, we
will see that there is a bijection between the different tsrbverk which lie in the orbit ofv over the
separable closure and the elements in the kernel of the m@plois cohomology, : H'(k,G,) —
H'(k, Q). Sincey is only a map of pointed sets, the computation of this keraellwe non-trivial.

In this paper, we will illustrate some of the issues which agmby considering theegular
semi-simpleorbits—i.e., the closed orbits whose stabilizers have mahidimension—in three rep-
resentations of the split odd special orthogonal gréug- SO, .1 = SO(W) over a fieldk whose
characteristic is not equal ftb Namely, we will study:

¢ the standard representatioh= 1,
e the adjoint representatidri = so(WW) = A?(W); and
e the symmetric square representation= Sym? ().

In the first case, the mapis an injection and the arithmetic invariant theory is coetgly determined
by the geometric invariant theory. In the second case, #igliger is a maximal torus and the arithmetic
invariant theory is the Lie algebra version of stable coapygclasses of regular semi-simple elements.
The theory of stable conjugacy classes, introduced by leavug [L3]-[14] and developed further by
Shelstad 23] and Kottwitz [10], forms one of the key tools in the study of endoscopy and rtheet
formula. Here there are the analogous problems, involMiregGalois cohomology of tori, for the
adjoint representations of general reductive groups.drhid case, there astableorbits in the sense
of Mumford’s geometric invariant theoni7], i.e., closed orbits whose stabilizers are finite. Such
representations arise more generally in Vinberg’s invdribeory (cf. 0], [18]), where the torsion
automorphism corresponds to a regular elliptic class iretttended Weyl group. In this case, we can
use the geometry of pencils of quadrics to describe an stiagesubgroup of classes in the kernetof

Although we have focused here primarily on the case of oduts a general field, a complete
arithmetic invariant theory would also consider the orbita reductive group over more general rings
such as the integers. We end with some remarks on integriégd éobthe three representations we have
discussed.

We would like to thank Brian Conrad, for his help wiétale and flat cohomology, and Mark
Reeder and Jiu-Kang Yu for introducing us to Vinberg’s tlyeowe would also like to thank Bill
Casselman, Wei Ho, Alison Miller, Jean-Pierre Serre, amdahonymous referee for a number of
very useful comments on an earlier draft of this paper. Itpde@sure to dedicate this paper to Nolan
Wallach, who introduced one of us (BHG) to the beauties ddiiiant theory.



2 Galois cohomology

Let k£ be a field, letk® be a separable closure bf and letk* denote an algebraic closure containing
k*. LetI be the (profinite) Galois group @ overk. Let G be a reductive group ovérandV an
algebraic representation 6f on a finite-dimensionakt-vector space. The problem of classifying the
G(k)-orbits onV (k) which lie in a fixedG(k*)-orbit can be translated (following Serr2] §1.5]) into
the language of Galois cohomology.
Letv € V (k) be a fixed vector in this orbit, and I&t, be the stabilizer ob. We assume that,
is a smooth algebraic group over If w € V (k) is another vector in the sani&k*)-orbit asv, then
we may writew = g(v) with g € G(k*) well-defined up to right multiplication by, (k*). For every
o € I', we havey’ = ga, with a, € G,(k*). The maps — a, is a continuoud-cocycle onl" with
values inG,(k*), whose class in the first cohomology $&t(T", G, (k*)) is independent of the choice
of g. Sincea, = g~ '¢7, this class is trivial when mapped to the cohomologyZétl’, G(k*)). We
will use the notatior*(k, G,,) and H'(k, G) to denote these Galois cohomology sets in this paper.
Reversing the argument, one can show similarly that an elemethe kernel of the map of
pointed setd7'(k, G,) — H'(k, G) gives rise to &(k)-orbit onV (k) in the G(k*)-orbit of v. Hence
we obtain the following.

Proposition 1 There is a bijection between the set&(fk)-orbits on the vectors in V (k) that lie in
the same?(k*)-orbit asv and the kernel of the map

v HYk,Gy) — H'(k,G) (1)
in Galois cohomology.

When the stabilizefr, is smooth ovek;, the set of all vectors) € V' (k) lying in the same (k*)-
orbit asv can be identified with thé-points of the quotient variet§ /G, and the central problem of
arithmetic invariant theory in this case is to understaredkigrnel of the map in Galois cohomology.
This is particularly interesting wheh is a finite, local, or global field, when the cohomology of the
two groupsz, andG can frequently be computed.

In the example of the introduction with = SL, andV the adjoint representation (again assum-
ing chafk) # 2), letv be a vector in/ (k) with ¢(v) = d # 0. Then the stabilize€, is a maximal
torus inSL, which is split by thettale quadratic algebi&. The pointed seti!(k, G) = H'(k, SLo)
is trivial, so all classes in the abelian grofip (k, G,) = k* /N K* lie in the kernel ofy. These classes
index the orbits oBL, (k) on the setS of non-zero vectors with g(w) = ¢(v), since this is precisely
the setS of vectorsw € V(k) which lie in the same&L,(k®)-orbit asv. (This illustrates the point
that one first has to solve the orbit problem over the sepadbsure:®, before using Propositiohto
descend to orbits ovetr.)

The vanishing ofif!(k, G) occurs wheneve€ = GL,, or G = SL, or G = Sp,,, and gives
an elegant solution to many orbit problems. For example,nnthe characteristic of is not equal
to 2, the classification of the non-degenerate orbitSlof = SL(1/) on the symmetric square repre-
sentationV = Sym?(W") shows that the isomorphism classes of non-degenerategoriabspaces
W of dimensionn over k with a fixed determinant irk* /k*? correspond bijectively to classes in
HY(k,G,) = H'(k,SO(W)) (cf. [11, Ch VII, §29], [21, Ch lll, Appendix 2,§4]). In general, both
H'(k,G,) andH'(k, G) are non-trivial, and the determination of the kernel @&mains a challenging
problem.



Remark 2 In those cases where the stabiliZer is not smooth, it is at least flat of finite type over

so one can replace the mapn Galois gtale) conomology with one in flat (fppf) cohomology. Indeed

the k-valued points of7/G, can always be identified with the possibly larger Sebf vectorsw’ in

V' (k) which lie in the samé&-/(k*)-orbit asv, wherek® is an algebraic closure @f. As an example,

the groupG,, acts onV' = G, by the formula\(v) = A - v. The stabilizer ob» = 1 is the subgroup

wy, andG /G, = G,,/n, = G,,. The stabilizeis, is smooth if the characteristic &fis not equal tg,

in which case the set consists of the non-zero elements of the fielénd theG(k)-orbits onsS form

a principal homogeneous space for the gréiigk, u,,) = k*/k*?. If the characteristic of is equal to

p, the stabilizen, is not smooth ovek. In this case the s&t consists of the'™" powers ink*. The set

S’ is equal to the full group of non-zero elementscinwhich is strictly larger thay when the fieldk:

is imperfect. In the general case one can show thatie orbits onS’ = (G/G,)(k) are in bijection

with the kernel of the map; : H}(k,G,) — H}(k,G) in flat (fopf) cohomology. In our example, we

get a bijection of these orbits with the flat cohomology grdﬂ}p{k, py) = k* kP, asH}(k;, Gn) = 1.
The semi-simple orbits in the three representations thatiwstudy in this paper all have smooth

stabilizersz,,. Hence we only consider the mapn Galois cohomology.

3 Some representations of the split odd special orthogonal gup

Let k& be a field, with chaik) # 2. Letn > 1 and leti be a fixed non-degenerate, split orthogonal
space ovet;, of dimensior2n + 1 > 3 and determinant—1)" in £*/k*2. Such an orthogonal space is
unique up to isomorphism. Ifv, w) is the bilinear form ori//, then we may choose an ordered basis
{e1,e9, ... en,u, fn, ..., f2, 1} OF W overk with inner products given by

<ei7€j> - <fzaf]> - <€i’u> - <flau> =0,
(ei, f5) = dij, (2)
(u,u) = 1.

The Gram matrix of the bilinear form with respect to this kgsvhich we will callthe standard bas)s
is an anti-diagonal matrix. (A good general reference onagonal spaces, which gives proofs of these
results, is 16].)
LetT : W — W be ak-linear transformation. We define tlagljoint transformatiori’™ by the
formula
(Tv,w) = (v, T"w).

The matrix of 7% in our standard basis is obtained from the matrix/oby reflection around the
anti-diagonal. In particular, we have the identityt(7') = det(7*). We say a linear transformation
g : W — W is orthogonalif (gv, gw) = (v, w). Theng is invertible, withg~! = ¢*, anddet(g) = +1

in £*. We define thespecial orthogonal groupO(1/) of W by

SO(W) :={g € GL(W) : 9" = g"g = 1, det(g) = 1}. 3)
We are going to consider the arithmetic invariant theorytfoee representatiorid of the reductive
groupG = SO(W) overk.

The first is the standard representation= W, which is irreducible and symmetrically self-dual
(isomorphic to its dual by a symmetric bilinear pairing) ainénsion2n + 1. Here we will see that
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the invariant polynomiads(v) := (v, v) generates the ring of polynomial invariants and separates t
non-zero orbits ovek.

The second is the adjoint representation= so(17), which is irreducible and symmetrically
self-dual of dimension? + n. This representation is isomorphic to the exterior squa(él’) of W/,
and can be realized as the space of skew self-adjoint opgrato

V=NW)={T:W—->W:T=-T"}, (4)

whereg € G acts by conjugationi” — ¢gT'g~! = ¢gT'g*. The Lie bracket oiV is given by the formula
(T, T5] = ThT, — 15T and the duality by(7;, T5) = Trace(T17T3). Here the theory of7(k)-orbits in
a fixedG(k®)-orbit is the Lie algebra version of stable conjugacy clageethe grougs = SO(W).

The third is a representatidn which arises in Vinberg’s theory, from an outer involutibof the
groupGL(W). It is isomorphic to the symmetric squasem?* (1) of W, and can be realized as the
space of self-adjoint operators:

V=Sym*(W)={T W —W . T =T"}, (5)

where agairG = SO(W) acts by conjugation. This representation has dimer&idn- 3n + 1 and is
symmetrically self-dual by the pairing?, T>) = Trace(T17,). We will see that there are stable orbits,
and that the arithmetic invariant theory of the stable srinitvolves the arithmetic of hyperelliptic
curves of genus overk, with a k-rational Weierstrass point.

We note that the third representatidhis not irreducible, as it contains the trivial subspace
spanned by the identity matrix, and has a non-trivial irasariinear form given by the trace. When
the characteristic of does not dividen + 1 = dim(W), the representatiol is the direct sum of the
trivial subspace and the kernel of the trace map, and thex latirreducible and symmetrically self-dual
of dimension2n? + 3n. When the characteristic @fdivides2n + 1 the trivial subspace is contained
in the kernel of the trace. In this cagehas two trivial factors and an irreducible factor of dimemsi
2n? + 3n — 1 in its composition series.

4 Invariant polynomials and the discriminant

In the standard representatibn= W of G = SO(W), the quadratic invariant(v) = (v, v) generates
the ring of invariant polynomials. We defie = ¢, in this case. Whet\ (v) # 0, the stabilizeiGG,, is
the reductive subgroupO (U ), whereU is the hyperplane ifl” of vectors orthogonal to.

In the second and third representations, the gi¥fi1") acts by conjugation on the subspace
of End (V). Hence the characteristic polynomial of an operdtas an invariant of the7(%)-orbit.

For the adjoint representation, the operdtos skew self-adjoint and its characteristic polynomial
has the form

flz) =det(x] = T) = 2®" 4 co2® ' + 42”2 + -+ + o = 29(2?).

with coefficientse,,, € k. The coefficients:,, are polynomial invariants of the representation, with
deg(ca) = 2m. These polynomials are algebraically independent andrgenthe full ring of poly-
nomial invariants o’V = so(1V) overk [3, Ch 8,§8.3,§13.2, VI].. An important polynomial invariant,
of degree2n(2n + 1), is the discriminant\ of the characteristic polynomial af:

A = Alcg, ey, ..., o) = disc f(x).
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This is non-zero ik precisely when the polynomidl(z) is separable, so has + 1 distinct roots in
the separable closutké of k. The conditionA(T") # 0 defines the regular semi-simple orbits in the Lie
algebra. For such an orbit, we will see that the stabilZers a maximal torus irtz, of dimension
overk.

For the third representatiori on self-adjoint operators, the characteristic polynoryial) of 7’
can be any monic polynomial of degrge + 1; we write

fz) =det(xl = T) = 22 2?4 o + Conga

with coefficientsc,, € k. Again thec,, give algebraically independent polynomial invariantsthwi
deg(c,,) = m, which generate the full ring of polynomial invariants Brover k. The discriminant

A = Aley, ey, Conyp) = dise f(x)

is defined as before, and is non-zero wtfén) is separable. We will see that the conditid7") # 0
defines the stable orbits 6f on V. For such an orbit, we will see that the stabilizer is a finite
commutative group scheme of ord&¥ over k, which embeds as a Jordan subgroup schem@ of
(see L2, Ch 3)).

5 The orbits with non-zero discriminant

In this section, for each of the three representatignsve exhibit an orbit forG where the invariant
polynomials described above take arbitrary values,isubject to the single restriction that +# 0.
We calculate the stabilize®, and its cohomology?!(k, G,) in terms of the values of the invariant
polynomials onv. We also give an explicit description of the map H'(k,G,) — H'(k,G). We
note that all three representations arise naturally in &igis invariant theory, and the representative
orbits that we will construct are in the Kostant section [&8]).

WhenV = IV is the standard representation,ddie an element of*. The vectonw = e; + df;
hasg.(v) = A(v) = d. The stabilizetG, acts on the orthogonal compleméntof the non-degnerate
line kv in W, which is a quasi-split orthogonal space of dimensterand discriminantl in k*/k*2.
(Thediscriminantof an orthogonal space of dimensi?n is defined ag—1)" times its determinant.)
This gives an identificatioty, = SO(U ), where the special orthogonal grosp (U) is quasi-split over
k and split byk(v/d). Witt’s extension theorenip, Ch 1] shows that all vectors with ¢, (w) = d lie in
the G(k)-orbit of v, so the invariant polynomials separate the orbits éweith non-zero discriminant.
One can also show that there is a single non-zero orbit with) = 0, represented by the vector
v=-e =e +0f.

The cohomology seti!(k,SO(U)) classifies non-degenerate orthogonal spdfesf dimen-
sion2n and discriminant/ over k, and the cohomology séf*(k, SO(TV)) classifies non-degenerate
orthogonal spaced”’ of dimensior2n + 1 and determinant—1)" over k, with the trivial class corre-
sponding to the split spad®. The map

v: HY(k,G,) = H' (k,SO(U)) — H(k,G) = H'(k,SO(W))

is given explicitly by mapping the spa€@to the spacél’’ = U’'+(d). Witt's cancellation theorenif]
shows that the map is an injection of sets in this case, so the arithmetic irmrdrtheory for the
standard representation of any odd orthogonal group isatime |s its geometric invariant theory.
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For the second representatigh= so(1V) = A?(W), let
f(ﬂ?) —_ x2n+1 _'_C2I2n—1 4 C4.Z'2n_3 4 o

be a polynomial irk[z] with non-zero discriminant. We will construct a skew selfeint operatorT’
on W with characteristic polynomiaf(z). Sincef(z) = zh(x) = xg(z?*), we have

disc f(z) = c3, disc h(z) = (—4)"c3, disc g(x)>.

Let K = k[x]/(g(z)), E = k[z]/(h(x)), andL = k[z]/(f(x)). By our assumption thak # 0, these
areétalek-algebras of ranks, 2n, and2n + 1 respectively. We havé = E @ k. Furthermore the
mapx — —x induces an involutionr of the algebragy and of L, with fixed algebrads and K & k
respectively.

Let 5 be the image ok in L = k[z|/(f(x)), so f(#) = 0in L and f'(() is a unitin L*, We
define a symmetric bilinear form, ) on thek-vector spacd. = k + k3 + k3% + - - - + k3°" by taking

(\, 1) := the coefficient of3*" in the producf—1)"\u". (6)

This is non-degenerate, of determinantl )", and the map(\) = ) is skew self-adjoint, with char-
acteristic polynomiaf (x). Finally, the subspackl = k+kS+---+kB" ! is isotropic of dimension,

so the orthogonal spadeis split and isomorphic té/ over k. Choosing an isometr§ : L. — W we
obtain a skew self-adjoint operatdr= 60t~ on W with the desired separable characteristic polyno-
mial. Since the isometr§ is unique up to composition with an orthogonal transfororatf 11/, the
orbit of T is well-defined. The stabilizer af in O(W) hask-points{\ € L* : \!*™ = 1}. The sub-
groupGy which fixesT' is a maximal torus i = SO(W), isomorphic to the toruResy /. U1 (E/K)

of dimensiom: overk.

Over the separable closuké of £, any skew self-adjoint operatér with (separable) character-
istic polynomialf(x) is in the same orbit of". Indeed, sincg (z) is separable, it is also the minimal
polynomial of 7" and.S, so we can find an elemegtn GL(W) with S = ¢gT'¢g!. Since both operators
are skew self-adjoint, the produgty is in the centralizer off" in GL(W). The centralizer off" in
End(W) is the algebra|T"] = L. Sinceg*g is self-adjoint inL*, and its determinant is a squarekih
we see thay*g is an element of the subgroup* x k*2. Over the separable closure, every element of
K* x k*? is a norm fromL*: g*g = h'*7. Thengh~! is an orthogonal transformation &f over k*
mapping?’ to S. HenceS is in theSO(V)(k*)-orbit of T'.

To understand the orbits with a fixed separable charadtepstynomial overk, we need an
explicit form of the mapy in Galois cohomology. Since the stabilizer’Bfis abelian, the pointed set
H'(k,G7) is an abelian group, which is isomorphickd /N E* by Hilbert's Theorend0. The map

v: K*/NE* = H'(k,Gr) — H'(k,G) = H'(k,SO(W))

is given explicitly as follows. We first associate to an eletme € K* the elementx = (k, 1) in
(L™)* = K* x k*, with square norm froni.* to k*. We then associate to the vector spacé with
symmetric bilinear form

(), 1) := the coefficient of3*" in the product{—1)"au". (7)

This orthogonal spacl/,, has dimensio2n + 1 and determinan—1)" over k, and its isomorphism
class depends only on the class«dh the quotient grougs* /N E* = H'(k, Gr).
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Lemma 3 The orthogonal spac#’, represents the clasgx) in H'(k, SO(W)).

Proof: We first recall the recipe for associating to a cocygleon the Galois group with values in
SO(W)(k*) a new orthogonal spad&” over k. We use the inclusioSO(W) — GL(W) and the
triviality of H'(k, GL(W)) to write g, = h~'h° for an element: € GL(W)(k*). We then define a
new non-degenerate symmetric bilinear forml@rby the formula

(v, w)* = (h~ v, k" w). (8)

This takes values ik and defines the spaé€’, which has dimensiodn + 1 and determinant—1)".
The isomorphism class di”" over £ depends only on the cohomology class of the cocyglén
H'(k,SO(W)).

In our case, the cocyclkg, representingy(x) comes from a cocycle with values in the stabilizer
G,. This is a maximal torus O (W), which is a subgroup of the maximal tortisy,/;, G,,, of
GL(W). This torus already has trivial Galois cohomology, so we waite g, = h’/h with h €
(L ® k*)* satisfyingh!™™ = «. Substituting this particulay into formula @) for the new inner product
on W completes the proof.]

We note that the class above will be in the kernel of precisely when the quadratic spdd€
with bilinear form( , ), is split. Such classes give additional orbitsSe¥ (W) onso(W) = A?(W)
overk with characteristic polynomiaf (z).

The analysis for the third representatign= Sym? (V) is similar. Here we start with an arbitrary
monic separable polynomigl(x) = 22" + ¢;2*" + - - - + ¢y, and wish to construct a self-adjoint
operator?’ on W with characteristic polynomiaf(z). We let L = k[z]/(f(x)), which is anétale
k-algebra of ranRn + 1, and let3 be the image of in L. We define a symmetric bilinear for(, 1)
onL = k+kB+---+ kB* by taking the coefficient 08" in the product\x. This is non-degenerate
of determinant—1)", and the mag(\) = S\ is self-adjoint, with characteristic polynomiglx).
Finally, the subspac&l = k + k3 + - -- + k3" ! is isotropic of dimensiom, so the orthogonal space
L is split and isomorphic téV" over k. Choosing an isometr§ : L — W, we obtain a self-adjoint
operatorl’ = 9tf~! on W with the desired separable characteristic polynomialc&the isometry is
unique up to composition with an orthogonal transformatb#l’, the orbit of7" is well-defined. The
stabilizer of 7" in O( W) hask-points{\ € L* : \* = 1}. The subgrougr in SO(W) which fixesT
is the finiteétale group schemé of order2*", which is the kernel of the norm mages;, /i, (p2) — po.

Over the separable closuké of k, any self-adjoint operata$ with (separable) characteristic
polynomial f(x) is in the same orbit ag'. Indeed, sincef(z) is separable, it is also the minimal
polynomial of 7" andS, so we can find an elemegte GL(W) with S = ¢gT'¢g~*. Since both operators
are self-adjoint, the produgt ¢ is in the centralizer of" in GL(1/). The centralizer of" in End(WW)
is the algebra|T] = L, sog*g is an element of.*. Over the separable closure, every element‘of
a squarey*g = h%. Thengh~! is an orthogonal transformation &f overk* mapping?” to S. Hence
S is in theSO(W)(k*)-orbit of T'.

We now consider the orbits with a fixed separable charatitepslynomial overk. Since the
stabilizer ofT" is again abelian, the pointed s&t (k, G7) is an abelian group which is isomorphic to
(L*/L**)n=1 by Kummer theory. The map

v:H'(k,Gr) = (L*/L*)xo1 — H'(k,G) = H' (k,SO(W))



is given explicitly as follows. We associate to an elemeri (L*)y—; the orthogonal spacé with
bilinear form (\, 1), given by the coefficient of*" in the producta\u. This orthogonal space has
dimension2n + 1 and determinant—1)" over k. Its isomorphism class ovér depends only on the
image ofa in the quotient grougL*/L*?)y—, = H'(k,Gr). This orthogonal space represents the
classy(a) in H'(k,SO(W)). The proof is the same as that of Lem®BiaWe first observe that the
map taking the cocyclg, from G to SO(W') to GL(W) can also be obtained by mappitg- to the
maximal toruResy, ;. G, in GL(WW). This torus has trivial cohomology, so= h? with h € (L®k*)*,
and this choice of. gives the inner produgt\, 11),,. The classy will be in the kernel ofy precisely
when the quadratic spade with bilinear form ( , ), is split; such classes give additional orbits of
SO(W) onSym? (W) overk with characteristic polynomigf(x).

We summarize what we have established for the represemséfie= so(17) andV = Sym?(W).

Proposition 4 For each monic separable polynomiflx) of degree2n + 1 overk of the formf (z) =
zg(x?) there is a distinguishe8O (W) (k)-orbit of skew self-adjoint operators on W with char-
acteristic polynomialf(z). All other orbits onA?(1¥) with this characteristic polynomial lie in
the SO(W)(k*)-orbit of T, and correspond bijectively to the non-identity classeshia kernel of
v: K*/NE* — H'Y(k,SO(W)), whereK = k[z]/(g(z)) and E = k[z]/(g(x?)).

For each monic separable polynomi#(z) of degree2n + 1 over k there is a distinguished
SO(W)(k)-orbit of self-adjoint operatorg’ on W with characteristic polynomiaf (). All other orbits
on Sym?(W) with this characteristic polynomial lie in theO(1/)(k*)-orbit of 7', and correspond
bijectively to the non-identity classes in the kernehof (L*/L*?)y—; — H'(k,SO(W)), where

L = kfz]/(f(x))-

6 Stable orbits and hyperelliptic curves

For both representationls = A?2(W) andV = Sym*(W) of G = SO(W) we associated to the
distinguished orbif” with separable characteristic polynomfdk:) and any clasa in the cohomology
group H'(k,G7) a symmetric bilinear form\, 1), on thek-vector spacd. = k[z]/(f(z)). The
classa is in the kernel of the map : H'(k,Gr) — H'(k, Q) precisely when this quadratic space is
split overk. However, exhibiting specific classes# 1 where this space is split is a difficult general
problem, so it is difficult to exhibit other orbits with thiiaracteristic polynomial.

In the case of the third representatih= Sym?(W), the orbitsT" with A(T) # 0 are stable;
namely, they are closed (defined by the values of the invigpialgnomials over the separable closure)
and have finite stabilizer (the commutative group scheime Resy, /i (jt2) =1 Of order2?"). In this
case, we will use some results in algebraic geometry, onrbiljmic curves with a Weierstrass point
and the Fano variety of the complete intersection of two guaéhP(L @ k), to produce certain classes
in the kernel of the map : H'(k, A) — H'(k,SO(W)).

Let C be the smooth projective hyperelliptic curve of gemusver k with affine equation,? =
f(z) andk-rational Weierstrass poirt abover = co. The functions orC' which are regular outside
of P form an integral domain:

HY(C = P,Oc-p) = klz,y)/(y* = f(z)) = K[z, v/ f(2)].

The complete curvé' is covered by this affine open subgét, together with the affine open
subsetl/, associated to the equatias? = 2" f(1/v) and containing the poinP = (0,0). The
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gluing of U; andUs is by (v, w) = (1/z,y/z") and(x,y) = (1/v,w/v"™) wherever these maps
are defined. Ley denote the Jacobian 6f overk and let./J[2] the kernel of multiplication by on .J.
This is a finiteétale group scheme of ordet" overk.

Lemma 5 The group schemég|2] of 2-torsion on the Jacobian af' is canonically isomorphic to the
stabilizerA = Resy, /i (j12) n—1 Of the orbitZ" in SO(W).

Proof: Write L = k[z]/(f(z)) = k+ kB + - - - + k3", wheref () = 0. The other Weierstrass points
P, = (n(B),0) of C(k*) correspond bijectively to algebra embeddingsL — £°. Associated to such
a point we have the divisat, = (P,) — (P) of degree zero. The divisor classdflies in the2-torsion
subgroup/[2|(k*) of the Jacobian, as

2d, = div(z — n(B)).

The Riemann-Roch theorem shows that the clagsegenerate the finite group[2](£*), and satisfy

the single relation
Z(dn> = div(y).

Since the Galois group df° acts on these classes by permutation of the embeddings have an
isomorphism of group schemes[2] = Resy,/x(u2)/ 2. This quotient oRes;, /. (112) is isomorphic to
the subgroup schemé = Resy i (112) v—1, @s the degree df overk is odd. This completes the proof.
[

The exact sequence of Galois modules,
0— J2J(k*) — J(k*) — J(k*) — 0,
gives an exact descent sequence
0— J(k)/2J(k) — H"(k, J[2]) — H'(k,J)[2] — 0

in Galois cohomology. By Lemm&, the middle term in this sequence can be identified with toegr
H'(k,A) = H'(k, Gr), and our main result in this section is the following.

Proposition 6 The subgroup/(k)/2J(k) of H'(k, A) = H'(k,Gr) lies in the kernel of the map
v: HY (k,Gr) — H'(k,G).

Proof: We first make the descent map fraiit (k, A) to H'(k, J)[2] more explicit. That is, we need to
associate to a classin the group

HY(k,A) = (L*/L*)ny

a principal homogeneous spagg of order2 for the Jacobian/ over k. The classy will be in the
subgroup/(k)/2J (k) precisely when the homogeneous spagédas ak-rational point.

We have previously associated to the clasie orthogonal spackwith symmetric bilinear form
(\, 1) := the coefficient of3*" in the productx\i.. We also defined a self-adjoint operator given by
multiplication by on L, and that gives a second symmetric bilinear formionds\, ). = (A, B1) -
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Let M = L @ k, which has dimensio2n + 2 overk, and consider the two quadrics 0 given
by

QA a) = (AN
Q' (N a) = (BN N)g +ad’

The pencilu@ — vQ’ is non-degenerate and contains exa2tly- 2 singular elements ovér, namely,
the quadric) atv = 0 and the2n + 1 quadricsn(3)Q — @ at the points wheref(n(3)) = 0.
Hence the base locus is non-singulai®ifi\/) and the Fano variety,, of this complete intersection,
consisting of then-dimensional subspacés of M which are isotropic for all of the quadrics in the
pencil, is a principal homogeneous space of ot the Jacobiawy (c.f. [7]). More precisely, there
is a commutative algebraic group with 2 components ovek, having identity componeni and
non-identity component,,.

Since the discriminant of the quadii€ — vQ’ in the pencil is equal to?" 2 f (z) with z = u /v,
a pointc = (z,y) on the hyperelliptic curvg? = f(x) determines both a quadrig, = zQ — @’ in the
pencil together with auling of @, i.e., a component of the variety @i+ 1)-dimensionat) .-isotropic
subspaces in/. Each point gives an involution of the corresponding Fanewad(c) : F,, — F, with
22" fixed points over a separable closureof k. The involutiond(c) is defined as follows. A point of
F,, consist of a common isotropic subspdtef dimension in M ® k*. The pointc gives a maximal
isotropic subspac¥ for the quadria), which containsZ. If we restrict any non-singular quadric in
the pencil (other tha®,.) to Y, we get a reducible quadric which is the sum of two hypera#eand
another common isotropic subspace This defines the involutiond(c)(Z) = Z’. In the algebraic
group!,, we have thaZ + Z' is the class of the divisdi:) — (P) of degree zero iy.

Now assume that the claasds in the subgroup/(k)/2.J(k). Then its image irif ! (k, J) is trivial,
and the homogenous spagg has ak-rational point. Hence there iskasubspaceZ of M = L & k
which is isotropic for both) and(@’. Since it is isotropic for)’, the subspac& does not contain the
line 0 @ k, so its projection to the subspagéehas dimensiom and is isotropic for). This implies
that the orthogonal spadewith bilinear form(\, v), is split, so the class is in the kernel of the map
v HY(k, A) — H'(k,SO(W)). O

Note that when: = P, the Weierstrass point over = oo, the involutiond(P) is induced by
the linear involution(\,a) — (A, —a) of M = L @& k. The fixed points are just the-dimensional
subspaceX’ overk*® which are isotropic for both quadrics

Q()‘) = </\7)‘>a7
q(N) = (BA A

on the spacd. of dimensior2n + 1 over k. There are2?" such isotropic subspaces over and they
form a principal homogeneous space f62]. The varietyF,, has ak-rational point when lies in the
subgroup/(k)/2.J(k), but only has &-rational point fixed by the involutiofi( P) whena is the trivial
class inH*(k, J[2]).

Remark 7 The finite group schemd = .J[2| does not determine the hyperelliptic curt/eover k.

Indeed, for any clasd € k*/k*?, the hyperelliptic curve’; with affine equationdy?> = f(z) has
the same2-torsion subgroup of its Jacobian. This Jacobigrof C; acts on the Fano variety of the
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complete intersection of the two quadrics given by

QN a) = (N Na,
Q' (N a) = (BANg +dd®.

Indeed, the discriminant of the quadfi® — vQ’ in the pencil is equal tdv*" "2 f (), wherex = u/v.
A similar argument then shows that the subgroufk:)/2.J,(k) is also contained in the kernel of the
map~y on H'(k, A).

7 Arithmetic fields

In this section, we describe the orbits in our three repiasiens wherk is a finite, local, or global
field.

7.1 Finite fields

First, we consider the case wheéis finite, of odd ordey. In this case/!(k,SO(W)) = 1 by Lang’s
theorem, aSO(1V) is connected. As a consequence, every quadratic space efsiom2» + 1 and
determinant—1)" is split, and all elements df*(k, Gr) lie in the kernel ofy.

In the standard representatibh= W the stabilizer of a vectar with ¢»(v) # 0 is the connected
orthogonal subgroupO(U), which also has trivial first cohomology. So for every nomezelement!
in k£*, there is a unique orbit of vectors with(v) = d. (We have already seen this for general fields
via Witt’s extension theorem.)

In the adjoint representatiovi = so(WW), the stabilizer of a vectol’ with A(7") # 0 is the
connected toruBesg;, U1 (E/K'), which also has trivial first conomology. So for each seplarabar-
acteristic polynomial of the fornf(z) = xg(z?) there is a unique orbit of skew self-adjoint operators
T with characteristic polynomiaf(z).

In the representatiolr = Sym?(1¥) the stabilizer ofI’ with characteristic polynomiaf (z)
satisfyingdisc(f) = A(T) # 0 is the finite group schemé = (Resy i p2)n=1. In this case
H'(k,A) = (L*/L**)y— is an elementary abeliatxgroup of order2™, wherem + 1 is the num-
ber of irreducible factors of (z) in k[z]. So2™ is the number of distinct orbits with characteristic
polynomial f(x). But this is also the order of the stabiliz&°(k, A) = A(k) = (L*[2])n—. of any
point in the orbit. Hence the number of self-adjoint operaiowith any fixed separable polynomial is
equal to the order of the finite groy® (W) (q). This is given by the formula

#SO(W)(q) = " (¢*" — (g™ 2= 1)+ (¢* - 1).

By Lang’s theorem, we also havé!(k, J) = 0, whereJ is the Jacobian of the smooth hyperel-
liptic curvey? = f(z) of genusn over k. Hence the homomorphism(k)/2J(k) — H'(k, A) is an
isomorphism and every orbit with characteristic polyndnfigc) comes from &-rational point on the
Jacobian.

7.2 Non-archimedean local fields

Next, we consider the case whims a non-archimedean local field, with ring of integérand finite
residue fieldD /7O of odd order. In this case, Kneser's theorem on the vanisbing' for simply-

12



connected groups (cf1p, Th. 6.4], R1]) gives an isomorphism

For the standard representatibh= W, we also have?'(k,G,) = H'(k,SO(U)) = (Z/27Z),
except in the case whehm (V') = 3 andg,(v) = 1, whenSO(U) is a split torus and{* (k, SO(U)) =
1. The mapy is a bijection except in the special case.

For the adjoint representation = so(1/), Kottwitz has shown in the local case that the map

v H'k,Gy) = (K*/NE*) — H'(k,G) = (Z/2Z)

is actually a homomorphism of groupsQ]. Let f(z) = zg(z?), sOK = k[z]/(g(x)) and E =
k[z]/(g(x?)). It follows from local class field theory that the grou{* /N E* is elementary abelian
of order2™, wherem is the number of irreducible factorg(x) of g(z) such thatg;(z?) remains
irreducible overk. Kottwitz also shows that that the mapis surjective whernm > 1. Hence the
number of orbits with separable characteristic polynoryiial) is 1 whenm = 0, and is2™~! when
m > 1.

For the third representatidri = Sym?(1/), the map

v HYk,A) = H'(k, J[2]) — H*(k, p2) = (Z)27)

is an even quadratic form. The associated bilinear forme<ttp product o/ * (%, J[2]) induced from
the Weil pairingJ[2] x J[2] — e, andJ(k)/2.J (k) is a maximal isotropic subspace on whigh= 0.
This allows us to count the number of stable orbits with a figledracteristic polynomial.

Letm + 1 be the number of irreducible factors ffz) in k[z], and letO,, be the integral closure
of the ringO in L. ThenH'(k, A) = (L*/L*?) -, has orde2?™ and the number of stable orbits with
characteristic polynomiaf(z) is equal™!(2™ + 1) = 2™~ +2m~1 The subgroup/(k)/2.J (k) has
order2™, which is also the order of the subgro(@; /O3;?) y—; of units. These two subgroups coincide
when the polynomiaf (z) has coefficients il and the quotient algebi@[z|/(f(z)) is maximal inL.

7.3 The local fieldR

We next consider the orbits in our representations whea R is the local field of real numbers.
Then the pointed st (k,G) = H'(k,SO(W)) hasn + 1 elements, corresponding to the quadratic
spacesiV’ of signature(p, q) satisfying: p + ¢ = 2n + 1 andg = n (mod 2). The pointed set
H'(k,G,) = H'(k,SO(U)) for the standard representation has- 1 elements when,(v) has sign
(—1)", and hash elements whem,(v) has sign—(—1)". The mapy is a bijection in the first case
and an injection in the second case, when the definite quagpcell’ does not have an orbit with
@2(w”) = q2(v).

In the second and third representatiods(k, Gr) is an elementary abeliangroup, and we will
consider the situations where it has maximal rank. For theirtdrepresentation’ = so(11), this
occurs when all of the nonzero roots of the characteristlgnmmial f(z) of the skew self-adjoint
transformation?” are purely imaginary. Thug(z) = zg(z?) whereg(z) factors completely over
the real numbers and all of its roots are strictly negative.this case, th&-group H'(k,Gr) =
K*/NE* = (R*)"/N(C*)" has rankn. The real orthogonal spad& decomposes inte orthogonal
T-stable planes and an orthogonal line on whitk- 0. The signatures of these planes determine the
real orbit of 7. Writing n = 2m orn = 2m + 1, we see that there al(éln) elements in the kernel of
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~. One can show that is surjective in this case, and calculate the order of eadr éib a binomial
coefficient(}).

For the symmetric square representation= Sym?*(1W), the 2-group H'(k, G) has maximal
rank when the characteristic polynomijélr) of the self-adjoint transformatioff factors completely
over the real numbers. In this cadé! (k, Gr) = ((R*)*"*!/(R*?)?"*1)y_; has rank2n. The real
orthogonal spacl” decomposes int®n + 1 orthogonal eigenspaces for and the signatures of these
lines determine the real orbit. Hence there (%“g”) elements in the kernel of. One can also show
that~ is surjective in this case, and calculate the order of eadn &b a binomial coefficier(tz’”‘,jl)
with £ = n (mod 2).

7.4 Global fields

Finally, we consider the representatiSpm?(1’) whenk is a global field. In this case, the group
H'(k, A) = H'(k, J[2]) is infinite. We will now prove that there are also infinitely nyaclasses in the
kernel ofv, so infinitely many orbits with characteristic polynomjdlz).

Proposition 8 Every classy in the 2-Selmer grougsel(J/k,2) of H!(k, J[2]) lies in the kernel of,
S0 corresponds to an orbit ovér

Proof: By definition, the elements of ttieSelmer grougsel(J/k, 2) correspond to classes ' (k, J[2])
whose restriction td7'(k,, J[2]) is in the image of/(k,)/2.J(k,) for every completiork,. Hence the
orthogonal spacé, associated to the clasgw,) in H'(k,,SO(V)) is split at every completiott,.
By the theorem of Hasse and Minkowski, a non-degenerategotial spacé&’ of dimensior2n + 1 is
split overk if and only if U, = U ® k, is split over every completiok,. Hence the orthogonal space
U associated tg(«) is split overk, anda lies in the kernel ofy. O

The same argument applies to the Selmer group of the Jacdpiahthe hyperelliptic curve
dy* = f(x), for any classl € k*/k*?. Since the2-Selmer groups of the twisted curves are known to
become arbitrarily large (cf5] for the case of genus = 1), the number of-rational orbits is infinite.

8 More general representations

The three representatiomSof SO (1) that we have studied illustrate various phenomena whichrocc
in many other cases. For the standard representation, veesemn that the invariant polynomial
distinguishes the orbits with # 0 over any fieldk. Here the arithmetic invariant theory is the same
as the geometric invariant theory.

This pleasant situation also occurs for orbits where thkilgtar GG, is trivial! An interesting
example for the odd orthogonal grog®) (V) is the reducible representatidn = W @& A%(W).
This occurs as the restriction of the adjoint represematibthe split even orthogonal group of the
spacellV @ (—1). In this representation, the vector= (w,T) is stable if and only if then + 1
vectors{w, T'(w), T*(w), ..., T*"(w)} form a basis ofV, or equivalently, if the invariant polynomial
A(v) = det({T"(w), T? (w))) is non-zero. In this casé, = 1.

One complication in this case is that theorbits do not cover thé-rational points of the cate-
gorical quotient: the map on points

V(k)/SOW)(k) — (V/SO(W))(k)
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is not surjective. This situation is far more typical in inzant theory than the surjectivity for the three
representations we studied. Another atypical properthetliree (faithful) representations we studied
was that a generic vector had a nontrivial stabilizer. Foemegicv in a typical faithful representation
V" of a reductive groug-, the stabilizelG,, is trivial. For G a torus andc complex,G, is always the
kernel of the representation; meanwhile, osimple, there are only finitely many exceptions (S&& [

p. 229-235]).

The adjoint representation$ = g of split reductive groups: generalize the second representa-
tion V. = A*(W) = so(WW). Here the invariant polynomials correspond to the invasidor the Weyl
group on a Cartan subalgebra, and generate a polynomiabfidgmension equal to the rank ¢f.
The orbits where the discriminadt is non-zero correspond to the regular semi-simple elemenis
and the stabilize¢z, of such an orbit is a maximal torus (A. As an example, one can take the adjoint
representatio’’ = Sym?(1V) of the adjoint formPGSp(WW) = PGSp,, of the symplectic group,
where the degrees of the invariants are, 6, ..., 2n. [3, Ch 8,§13.3, VI]. For some applications to
knot theory, seell5|.

The representations which occur in Vinberg’s theory fosimm automorphism$ generalize
the third representatiol’ = Sym?(1W). Here the invariants again form a polynomial ring. As an
example, one can take the reducible representatf¢i/) of the groupPGSp(WW) = PGSps,,,, which
corresponds to the pinned outer involutiérof PGL,,,. When@ lifts a regular elliptic class in the
Weyl group, the orbits where the discriminaktis non-zero are stable, and the stabilizgris a finite
commutative group scheme overSeveral examples of this type were discusse@]imfd [1].

9 Integral orbits

In order to develop a truly complete arithmetic invariargdty, we should consider orbits in repre-
sentations not just over a field, but ov&or a general ring. The descent from an algebraically closed
field to a general field that we have discussed in Sections &€8 gn indication of some of the issues
that arise over more general rings, and it serves as a usgtlé gpr the more general integral theory.
In particular, just as a single orbit over an algebraicalbsed field can split into several orbits over a
subfield, an orbit over say the fie(@ of rational numbers may then split into several orbits &er

Often some of the most interesting arithmetic occurs in #espge fron@) to Z. For example,
consider the classical representation given by the acfiSf.oon binary quadratic formSym,(2). As
we have already noted, an orbit ov@r(as over any field) is completely determined by the value ef th
discriminantd of the binary quadratic forms in that orbit. However, thedgbrimitive integral orbits
inside the rational orbit of discriminadtc Z does not necessarily consist of one element, but rather is
in bijection with the set of (oriented) ideal classes of thadyatic ordeZ[(d+ v/d) /2] in the quadratic
field Q(+v/d) (see, e.g. q]).

In general, to discuss integral orbits we must fix an integratiel of the representation being
considered. We give some canonical integral models fortfeetrepresentations we have studied. For
the first representation, we tak®& to be the odd unimodular lattice of signature+ 1,n) defined
by (2). Because this lattice is self-dual, we can define the ad@ian endomorphism dfi” overZ.
The groupG is then the subgroup &L (1) consisting of those transformatiopsuch thatyg* = 1
anddet(g) = 1. This defines a group that is smooth ov&i /2] but is not smooth over.,. For
the other representations @f we defineA, (W) as the lattice of skew self-adjoint endomorphisms of
W equipped with the action af by conjugation; we similarly defingym, (1/) to be the lattice of
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self-adjoint endomorphisms &F. Our objective is to describe the orbits@fon each of these three
G-modules, or at least those orbits where the discriminasiriant is nonzero.

For the standard representatidn, we have already seen that there is a unique orbit Qviar
each value of the discriminadte Q*. An invariant of aZ-orbit of a vectorw in the latticel’” with
(w,w) = d is the isomorphism class of the orthogonal compleniént (Zw)*, which is a lattice
of rank2n and discriminant/ overZ. AlthoughWW is an odd lattice, the latticE can be either even
or odd. For example, whem = 3, the orthogonal complement of a primitive vectorw is an even
bilinear space of rank and discriminant/ (so corresponds to an integral binary quadratic form of
discriminantd) if and only if the vectorw has the formw = ae + bv + ¢f with « andc even and
odd. In this casd = b + 2ac = 1 modulog, and the orbits o7(Z) on such vectors form a principal
homogeneous space for the ideal class group of the quadrdicZ|(d + v/d) /2] of discriminantd.
We note that these are precisely the quadratic orders whengrime2 is split. In this case the group
G(Z) is isomorphic to the normalize¥ (I'y(2)) of I'y(2) in PSLy(R), and the orbits described above
correspond to the Heegner points of odd discriminant on théutar curveX,(2)* [9, §1].

We consider next the second representatios- A,(W). Here, we find that the integral orbits
of SO(M) on the self-adjoint transformatioris: M — M with (separable) characteristic polynomial
f(x) = xg(x?) € Z|x] correspond to data which generalize the notion of a “minealidlass” for the
ring R = Z[z|/(f(x)). More precisely, the ring? in L = Q|[z]/(f(x)) has an involutionr sending
(3 to — 3, where denotes the image of in R. Let us consider pair§l, «), where! is a fractional
ideal for R, the elementy is in theQ-subalgebraF’ of L fixed by 7, the product/ /™ is contained in
the principal ideal«), andN(I)N(I™) = N(«). Such a pai(/, «) gives! the structure of an integral
lattice having rankn + 1 and determinant—1)", where the symmetric bilinear form adnis defined
by

(z,y) := coefficient of 3" in (—1)"a lzy". 9)
The pair(I’, ') gives an isometric lattice if’ = ¢/ anda’ = cc"« for some element € L*. The
operatorS : I — I defined byS(z) = px is skew self-adjoint, and has characteristic polynomial
f(z). If the integral lattice determined by the péir, /) has signaturén + 1,n) overR, there is an
isometryd : I — M (cf. [22]), which is well-defined up to composition by an elementifi/). We
obtain anSO(M )-orbit of skew self-adjoint operators with characterigismdynomial f(z) by taking
T = 0S6~1. Conversely, since a skew self-adjoifit W — W givesW the structure of a torsion free
Z[T] = R-module of rank one, every integral orbit arises in this nenihus the equivalence classes
of pairs(/, «) for the ringR = Z[z]/(f(x)), as defined above, index the finite number of integral orbits
onV = Ao(WW) with characteristic polynomiaf(x).

Let us now consider the third representation= Sym,(W). Whendim (W) = 3, the kernel of
the trace map gives a lattice of rahlclosely related to the space of binary quartic form3*Gi.,. The
integral orbits in this case were studied 2 &nd [25]. In general, the integral orbits 60()/) on the
self-adjoint transformation$ : M — M with (separable) characteristic polynomfédl:) correspond
to data which generalize the notion of an ideal class of o2der the orderk = Z[z]/(f(z)) in the
Q-algebral = Q[z]/(f(x)). More precisely, we consider paifs, o), wherel is a fractional ideal for
R, the element lies in L*, the squard? of the ideall is contained in the principal ideé&), and the
square of the norm of satisfiesV(7)?> = N(«a). Then the latticd has the integral symmetric bilinear
form

(x,y) := coefficient of 3> in a~tay (10)

of determinant—1)", and self-adjoint operator given by multiplication By wheres again denotes
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the image ofr in R. The pair(I’,o’) gives an isometric lattice if’ = ¢I anda’ = c?« for some
elementc € L*. When this lattice has signatufe + 1, n) overR, it is isometric to)/ and we obtain
an integral orbit with characteristic polynomié{z). Conversely, since a self-adjoifit : W — W
givesW the structure of a torsion fré&{7| = R-module of rank one, every integral orbit arises in this
way. Thus pairs/, «) for the ringR = Z[z|/(f(x)), up to the equivalence relation defineddin L*,
index the finite number of integral orbits &h= Sym, (W) with characteristic polynomiaf(zx).

We summarize what we have established for the represemgétie= A\, (1V) andV = Sym, ().

Proposition 9 Let denote either the representation (1) or Sym,(W) of G. Let f(x) be a poly-
nomial of degre€n + 1 with coefficients irZ and non-zero discriminant iQ; if V' = Ay(W) we
further assume that(x) = xg(z?) for an integral polynomialy. Then the integral orbits off(Z) on
V(Z) with characteristic polynomiaf (x) are in bijection with the equivalence classes of pairsx)
for the orderR = Z[z]/(f(x)) defined above, with the property that the bilinear form) on I (given
by (9) or (10), respectively) is split.

In terms of Propositiod, the integral orbit corresponding to the péit «) maps to the rational
orbit of SO(W)(Q) on V(Q) corresponding to the class @f= a~!. Here we viewr as an element of
(K*/NE*)whenV = N\y(W),s0L = E+QandL” = K + Q. WhenV = Sym, (W), we viewa as
an element of L* / L*?) y;.

Finally, we remark that it would be interesting and usefutl&velop a theory of cohomology
that allows one to describe orbits over the integers as we imathe cases above. For example, let us
consider again the representatidrof the groupG = PGL, overQ given by conjugation on th2 x 2
matricesv of trace zero. Then this is the adjoint representation, siadsio the standard representation
of SO;3 = PGL,. The ring of invariant polynomials ol is generated by(v) := —det(v), and the
stabilizerGG,, of a vector withg(v) = d # 0 is isomorphic to the one-dimensional torus oewhich
is split by K = Q(+/d), and all vectorsy with ¢(w) = ¢(v) # 0 lie in the same> (Q)-orbit.

A natural integral model of this representation is given oy &ction of theZ-groupG = PGLs
on the finite freeZ-module of binary quadratic formsz? + bzy + cy?. This is equivalent to the
representation by conjugation on the matrices of trace iretbe subringZ + 2R of the ringR of
2 x 2 integral matrices. In this model, the invariant polynonisglst the discriminant = v*> — 4ac of
the binary form. The contert= gcd(a, b, ¢) is also an invariant of a non-zero integral orbit.

We may calculate thé/(Z)-orbits on the set of forms with discriminant/ € Z — {0} and
contente = 1 (so the binary quadratic form is primitive) via cohnomologyet O = O(d) be the
quadratic order of discriminamt Then the stabilize¢;,, of such an orbit ilPGL is a smooth group
scheme oveZ. which lies in an exact sequence (in t&tale topology)

1 — G,y — Resp;z Gy, — G, — 1.

Furthermore, th&-points of the quotient schent@/G, can be identified with the sét. Hence the
orbits in question are in bijection with the kernel of the mapH'(Z, G,) — H'(Z,PGL,) in étale
cohomology. Since?!(Z,PGL,) = 1, the orbits are in bijection with the elements &t (Z, G,).
SinceH'(Z,G,,) = H*(Z,G,,) = 1 the long exact sequence in cohomology gives

HY(Z,G,) = H'(Z,Reso/z G,,) = Pic(O).

Hence the orbits oPGL2(Z) on the setS of binary quadratic forms of discriminadt=# 0 and con-
tent1 form a principal homogeneous space for the finite grBugO(d)) of isomorphism classes of
projectiveO(d)-modules of rank one. Thus the number of primitive integrdits contained in the
rational orbit of discriminand is given by the class number 6f(d).
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