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1 Introduction

Manjul Bhargava and | have recently proved a result on theagecorder of th@-Selmer groups of

the Jacobians of hyperelliptic curves of a fixed genus 1 over@Q, with a rational Weierstrass point

[2, Thm 1]. A surprising fact which emerges is that the averagkeroof this finite group is equal to

3, independent of the genus This gives us a uniform upper bound g)bn the average rank of the
Mordell-Weil groups of their Jacobians ov@r As a consequence, we can use Chabauty’s method to
obtain a uniform bound on the number of points on a majorittheke curves, when the genus is at
least2.

We will state these results more precisely below, after sgereral material on hyperelliptic curves
with a rational Weierstrass point. We end with a short dismrs of hyperelliptic curves with two
rational points at infinity. | want to thank Manjul Bhargawgd Bao Clau, Brian Conrad, and Jerry
Wang for their comments.

2 Hyperdliptic curveswith a marked Welerstrass point

For another treatment of this basic material, S§e Chevalley considers the more general case of a
double cover of a curve of gendsn [3, Ch IV,§9].

Let £ be afield and le€” be a complete, smooth, connected curve éavefgenus: > 1. LetO be ak-
rational point ofC, and let/ = C' — {O} be the corresponding affine curve. Thelgebrat’ (U, o)

of functions onC' which are regular outside @f is a Dedekind domain with unit groug. The subset
L(mO) of functions with a pole of ordeK m at O and regular elsewhere is a finite-dimensional
k-vector space.

We henceforth assume that the vector spA¢20) has dimension equal ®. There cannot be a
function having a simple pole @ and regular elsewhere, as that would give an isomorphisai of
with P! (and we have assumed that the genug’dé greater tham). HenceL(20) is spanned by

the constant function and a functionz with a double pole a®. We normalize the function by



fixing a non-zero tangent vectorto C' at the pointO and choosing a uniformizing parameteiin
the completion of the function field & with the property thatc% (r) = 1. We then scale: so that
x = 72+ --- in the completion. This depends only on the choice of tangentorv, not on the
choice of uniformizing parameter adapted ta. The other functions irL(20) with this property all
have the formr + ¢, wherec is a constant irk. If we replace the tangent vectorby v* = uwv with
u € k*, thenz* = vz + c.

It follows that the spacé ((2n — 1)O) contains the vector§l, z, 2%, ... 2"~ '}. Since these functions
have different orders of poles & they are linearly independent. But the dimensiod.gf2n — 1)O)

is equal(2n — 1) + (1 — n) = n by the theorem of Riemann-Roch. Hence these poweisgiie a
basis forL((2n —1)O). Since they all lie in the subspaéé(2n —2)0), they give a basis for that space
too. Hence the dimension &f((2n — 2)O) is equal to the genus. It follows from the Riemann-Roch
theorem that the divisaRn — 2)O is canonical.

The Riemann-Roch theorem also shows that the dimensidri(@h)O) is equal ton + 1, so a basis
is given by the vector§l, z, z%, ..., z"}. Similarly, the dimension of.((2n + 1)O) is equal ton + 2.
Hence there is a functiop with a pole of exact ordef2n + 1) at O, which cannot be equal to a
polynomial inz. We use the uniformizing parameterto normalize the functiony by insisting that
y = 7~ 4 ... in the completion. Again, this depends only on the tangeantore.. The other
functions inL((2n+1)O) with this property all have the form+g,, (x), whereg, (x) is a polynomial of
degree< n with coefficients ink. If we replacev by v* = uv with u € k*, theny* = u?" "y +q, (u?x).

It is then easy to show that the algeli#d(U, 0;) is generated ovek by the two functions: andy,
and that they satisfy a single polynomial relati@tz, y) = 0 of the form

Y2+ pu(@)y = 2*"T + po(2) = F(x),

wherep,, andp,,, are polynomials in: of degree< n and< 2n respectively. Indeed, th&n + 4)
vectors{y?, z"y, 2" 1y, ..., xy,y, 2?2?21} alllie in the vector spacé((4n+2)0), which
has dimension + 3. Hence they are linearly dependent. Since there are na lie&sions in the
spaces with poles of lesser order, this relation must irvalwon-zero multiple of? and a non-zero
multiple of "+, By our normalization, we can scale the relation so that tb#ipte is 1. Hence the
k-algebraH®(U, 0y;) is a quotient of the ring |z, y]/(G(z,y) = 0). Since thek-algebrak|z] + yk[z]
gives the correct dimensions @&fmO) for all m > 0, there are no further relations, and the affine
curveU = C — {O} is defined by an equation of this form. The affine cutvés non-singular if and
only if a certain universal polynomial\ in the coefficients op, () andp,(x) takes a non-zero value
in k& [5, Thm 1.7]. Of course, changing the choice of the functieasidy in L(20) andL((2n+ 1)O)
changes the equation of the affine curve.

In the case when the genus@fis equal tol, the pair(C, O) defines an elliptic curve over the field
The polynomial relation above is Tate’s affine equationlfaisee B, §2])

y? + arry + asy = 2° + axx® + asx + ag,

and the condition for smoothness is the non-vanishing ofdteeriminantA(a,, as, as, a4, ag). The
closure of this affine curve defines a smooth cubiBinForn > 2, the closure of the affine equation
of degree2n + 1 in P? is not smooth, but one has a smooth modelfatefined by gluing, Ch Il, Ex
2.14].



All of this works over a general fielé, but there are some important simplifications when the chara
teristic ofk does not divid&(2n + 1). First, if the characteristic df is not equal t@, we can uniquely
choosey* = y — p,(x)/2 to complete the square of the above equation and obtain athe simpler
form

y? =P e o™ o+ Conyr = F(0).

The automorphism of C' defined by.(x,y) = (x,—y) is the unique involution which fixes the ra-
tional pointO, andy is the unique normalized element Ir{(2n + 1)O) which is taken to its nega-
tive. The automorphismacts as—1 on the space of holomorphic differentials, which is spanomed
{dx /2y, xdx /2y, ..., 2" 'dx/2y}. The differentialdz /2y has divisor(2n — 2)O and the differential
—a"1dz /2y is dual to the tangent vecterat O. In this case, the fact that is smooth is equivalent
to the non-vanishing of the discriminant of the polynonfidl:), and the polynomial is given by the
formulaA = 42" disc(F) (see b, 1.6]).

Next, when the characteristic éfdoes not dividen + 1, we can replace by = — ¢;/(2n + 1) to
obtain an equation of the form

y? = 22 el L ey + conp1 = F(2).

This equation is uniquely determined by the trigteé, O, v), wherev is a non-zero tangent vector
at the pointO. In particular, the moduli problem of triple&”, O,v) is rigid, and represented by
the complement of the discriminant hypersurfdce = 0) in affine space of dimensio2n. The
automorphism of (C, O) defines an isomorphism frof@', O, v) to (C, O, —v). If we replacev* = uv
with u € k*, thenz* = v?z andy* = u***'y. The coefficients;, in the polynomialF'(x) are scaled
by the factoru>”, and the discriminant of the model is scaled by the facte#>»+1(2) in k*,

3 Theheight of thepair (C, O)

We first assume that = Q is the field of rational numbers. To each pgit, O) we will associate a
positive real numbef (C, O), its height. Choose a non-zero tangent vectait the pointO so that
the coefficients:,, of the corresponding equation @f', O, v) are all integers with the property that no
prime p has the property that™ dividesc,, for all m. We call such an equation minimal. Theris
unique up to sign, and the integers which appear in this minimal equation are uniquely deteadin
by the pair(C, O). We then define

H(C,0) = Max{|cm|(2”+1)(2”)/m}.

The factor(2n+1)(2n) is added in the exponent so that the heilgli€’; O) and the discriminamh have
the same homogeneous degree. Clearly there are only finithy pairs(C, O) with H(C,0) < X
for any positive real numbex, so the height gives a convenient way to enumerate hypareldurves
overQ of a fixed genus: with a rational Weierstrass point. The number of pairs WitfC, O) < X
grows like a constant timeX (27+3)/(4n+2),

In the case when the genus@fis equal tol, the minimal equation has the form

y2:$3—0—62x+03
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with ¢, andc; both integers, not respectively divisible by and p® for any primep. We note that
this is not necessarily a global minimal model at the primes 2 andp = 3 (cf. [6, Ch VII]). The
discriminant is given by the formula = 2*(—4c3 — 27¢2) and the height is given by the formula
H(C,0) = Max{|cz|?, |e3]*}. The number of elliptic curves with height less thangrows like a
constant timesy ®/°.

More generally, suppose thatis a number field, and that’, O) is a pair overk. Choose a non-zero
tangent vector so that the equation determined by the trifde O, v)

2 2n+1 on—1
Y= f a4 o

has coefficients in the ring of integers ofk. We define the height/ (C, O) by modifying the naive
height of the pointc,, c3, . .., can41) iN Weighted projective space, using the notion of “size” roledi
in [4]. Namely, define the fractional ideal

I={ack:a'c,a’e,...,a"" ey, € A}
Then! containsA and/ = A if and only if the coefficients,, are not all divisible byP?™, for every
non-zero prime ideaP of A. We define the height of the pair by

H(C,0) = (N(]))(Qn—i—l)(zn) H MaX{|Cm|£)2”+1)(2”)/m},

v|oo

where the product is taken over all infinite placesf k. The product formula shows that this definition
is independent of the choice of non-zero tangent vectowWhenk = @Q, the choice of a minimal
integral equation gived/(7) = 1 and we are reduced to the previous definition. In generahuineber
of pairs with H(C, O) < X is finite, and again grows like a constant (depending on titlenaetic of

k) times X (27+3)/(4n+2) (cf, [4, Thm A]).

Let S be a real-valued function on paif€’, O) overk. We say that the average value®fs equal to

L if the ratios
(Y. s@on/c Y. 1

H(C,0)<X H(C,0)<X
tend to the limiting value. as X — oo. If R is a property of pairgC, O) over Q, we define the

function Si on pairs bySz(C,0) = 1 if the pair satisfies propertig and Sz(C,0O) = 0 otherwise.
We say that the proportion of pairs satisfying propéttis equal tor if the ratios

(> secon/c Y.
H(C,0)<X H(C,0)<X

tend to the limiting value- as X — oo. If this limit exists, then clearly < » < 1. If the liminf is
greater tham, we say the proportion is greater than

For example, lef? be the property thab is theonly k-rational point of the curvé€’. When the genus
of C satisfiesn > 2 we suspect that the proportion of pails, O) with this property is equal ta.
When the genus af' is equal tol, we suspect that this proportion is equag—to



4 The2-torsion subgroup and the 2-descent

Let (C, O) be a pair as above, defined over a fielethose characteristic is not equal2oLet
y'=F(z) =2 4™ + -

be an affine equation far = C' — {O}. In this section we will use the separable polynonfigk) to
describe the@-torsion subgroup/[2] of the Jacobia of C' as a finite group scheme ovier We will
then explicitly calculate the map in Galois cohomology imeal in the2-descent. For more details,
see [7].

Sincedisc(F) # 0, the k-algebral = k[z]/(F(z)) is étale. Let\ be the image ofc in L, so

L = Fk+ kX+ -+ kX" Letk* denote a separable closurelofaind letG = Gal(k*/k). The
setHom(L, k%) of homomorphisms of-algebras has cardinalin + 1 and has a left action af, so
defines a homomorphistid — S,,,1 up to conjugacy. We will see that the kernel of this homomor-
phism fixes the subfield df* generated by the-torsion points in the Jacobian.

SinceC'(k) is non-empty, the points of the Jacobi#f¥) over any extension fiel&™ of & are isomor-
phic to the quotient of the abelian group of divisors of degrero onC' which are rational oveK by
the subgroup of principal divisoriv(f) with f in K (C)*. For each root of the polynomialF'(z) in

k*, we define the poinP; = (3,0) onC and the divisorl; = (P3) — (O) of degree zero. The class of
dg has order in the Jacobian, a&lz = div(x — 3). It follows from the Riemann-Roch theorem that
the2n + 1 classesis in J[2|(k®) satisfy a single linear relation ovér/27Z:

Z dg = div(y).
B

They therefore span a finite subgroup of ord&r. Since this is the order of the full groufj2](k*),

we have found a presentation of thdorsion over the separable closure. The Galois group acts o
the2n + 1 classesis through the homomorphisid — Ss,.1, SO we have an isomorphism of group
schemes overr

J(2] = Resp i pra/ 112 = (Resp e G /Gy (2],
whereRes denotes the restriction of scalars. Sikee+ 1 is odd, we have a splitting
Resp i p2 = pi2 © (Resp i pt2) n=1,

where the latter subgroup is the kernel of the norm map Resy /i, 1o — po. HenceJ[2] =
(Resr,k p2) v=1. This splitting also allows us to compute the Galois cohagglgroups

H(k, J[2]) = J[2](k) = {a € L* : o* = N(a) = 1}
H'(k, J[2]) = (L" /L") n=1,
where the subscrip¥ = 1 means that the norm of a class(ib*/L*?) is a square irt*.

The homomorphism2 : J — J is a separable isogeny, so is surjective on points éveil he kernel
is the group schemé|2], so taking the long exact sequence in Galois cohomology,Meioa short
exact sequence

0— J(k)/2J(k) > H (k, J]2]) — H'(k, J)[2] — 0.

5



If P = (a,b) is ak-rational point on the curv€’ with b # 0, andd = (P) — (O) is the class
of the corresponding divisor of degree zero.ifk), then the imagé(d) is the class ofa — \) in
H'(k,J[2]) = (L*/L**)n=1 [7, Thm 1.2]. Note thata — )\) is an element of.* with N(a — \) = b?
in k*.

We remark that the elementary nature of fheorsion is almost a defining property of hyperelliptic
curves with a marked Weierstrass point. For a general curgermusn > 1 over the fieldk (of char-
acteristic# 2), the2-torsion on the Jacobian is rational ovérand generates a finite Galois extension
M = k(J[2](k*)) of k. The Galois group of\//k actsZ/2Z-linearly onJ[2|(k*) = (Z/2Z)*" and
preserves the Weil pairing ) : J[2] x J[2] — u2, which is strictly alternating and non-degenerate.
Hence the groufsal(M/k) is isomorphic to a subgroup of the finite symplectic gréwp,(2). When
the curve is hyperelliptic with &-rational Weierstrass point, the Weil pairing is given oa ¢fenerators
of J[2| by

(dg,dg) = +1

<dﬂ>dﬂ’> =—1,

and the Galois group aof//k is isomorphic to the subgroup 6%,,,1 C Sp,,(2) which is determined
by theétale algebrd..

We will see in the final section that the situation is similaut(a bit more complicated) for a hyperellip-
tic curve of genus > 2 with a pair ofk-rational point O, O’} which are switched by the hyperelliptic
involution .. In that case, the Galois group &f /& is isomorphic to a subgroup 66,5 C Sp,,,(2).

5 The2-Selmer group

We henceforth assume thiat= Q, although we expect that the results in this section wileagtto
the case wher is a number field9]. Let (C,0) be a hyperelliptic curve of genus > 1 with a
Q-rational Weierstrass poirt?. The groupH'(Q, J[2]) is infinite, but contains an important finite
subgroup, th@-Selmer grougel(.J, 2). This is the subgroup of cohomology classes whose resinicti
to H'(Q,, J[2]) lies in the image)(J(Q,)/2J(Q,)) of the local descent map, for all place$8, §7].
The assertion that the subgrosgd(./, 2) defined in this manner niteis the first half of the Mordell-
Weil theorem; the proof uses the finiteness of the class gradphe finite generation of the unit group
for number fields. Since th&Selmer group contains the image &fQ)/2.J(Q) under the inclusion,

an upper bound on its order gives an upper bound on the ramlediiitely generated group(Q).

Here is a simple example, which illustrates the partial cotation of a2-Selmer group. Suppose that
C'is given by an integral equatiof = F'(z) = 2***1 4. ... Assume further that the polynomial )

is irreducible and that the discriminant 61 x) is square-free. Then the the algelira= k[z|/(F(z))

is a number field with ring of integer$;, = Z[z|/F(z). In this case, one can show that the local image
0(J(Qp)/2J(Qp)) is contained in the unit subgroup of elements with even v&doan (L;/L;?) y=1

for all finite primesp. It is equal to the unit subgroup whenis odd, and has indeX" in the unit
subgroup whemp = 2. Hence the2-Selmer group is a subgroup of the finite group® /L*?) y=,
consisting of those elements(if*/L**) y=; which have even valuation at all finite primes. To see that



this group is finite, note that we have an exact sequence
1 — (A} AP ) n=1 — (" /L*?)n= — Pic(AL)2] — 1,

where the map t®ic(A;)[2] takes the class of with («) = a? to the class of the ideal The2-Selmer
group is the subgroup of this finite group which is defined leyltdtal descent conditions at the places
v = 2 andv = co. If we assume further thaf(z) has only one real root, so thatl; /A3*)y—; has
order2™ by the unit theorem, then the only local conditions remajrare at the place = 2.

In general, the local conditions at a finite set of bad place<f which always includer = 2 and

v = oo, can be difficult to compute. It is therefore much easier taimban upper bound on the order
of the Selmer grougel(J,2) than it is to determine its exact order. For some explicit potations
with elliptic curves, seed, Ch X]. The main result ing, Th 1] gives the average order of this group,
when we consideall hyperelliptic curves with a marked Weierstrass point dyer

Proposition 1 When the pair$C, O) of a fixed genus > 1 are ordered by height, the average order
of the groupSel(J, 2) is equal to3.

Let m be the rank of the Mordell-Weil groug(Q). Since we have the inequaliti®sn < 2™ <
# Sel(J, 2) we obtain the following corollary.

Corollary 2 When the pairgC, O) of a fixed genus > 1 are ordered by height, the average rank of
the Mordell-Weil group/(Q) is less than or equal t§.

More precisely, théimsupof the average rank is less than or equagicas we do not know that the
limit defining the average rank exists. We suspect that thi¢ oes exist, and is equal fo

The proof of Propositiorl has an algebraic and an analytic part. The algebraic patieoptoof
identifies the elements in tikeSelmer group of/, for any pair(C, O) of genusn overQ, with certain
orbits in a fixed linear representation of the split specidd @rthogonal grousO(IW) = SOs,+1
over Q. Specifically, we study the stable orbits ©O(11) on the highest weight submodulé =
Sym? (W), in the symmetric square of the standard representation.v@tters in this representation
can be identified with self-adjoint operatdfs: W — W of trace0, and a vector is stable if its
characteristic polynomial’(x) has a non-zero discriminant. Associated to a stable orleitpltain

a pencil of quadrics in projective space of dimensiar+- 1 with smooth base locus. The pencil is
spanned by the two quadrigéw, a) = (w,w) andq' (w,a) = (w, Tw) + a*> onW & Q, where(, ) is
the original bilinear form oV

The Fano variety?r of maximal linear subspaces of the base locus is smooth afrisiann over Q.

It forms a principal homogeneous space of orzifar the Jacobia of the hyperelliptic curve defined
by the equation? = Fr(z). The orbits which correspond to classes in the Selmer groaiphase
operatorsl’ where the Fano variety?r has points ovet), for all placesv; we call these orbits locally
solvable. Whem = 1, the representatioflym?(1¥), of SO; = PGL, is given by the action on the
space of binary quartic formgz, y), a vector is stable if the quartic form has a non-zero disowmt,
and the Fano variety is the curve of gedudefined by the equatior? = ¢(z,y).
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The involutionT(w, a) = (w, —a) of W & Q stabilizes the pencil spanned hyndq’ and acts on the
Fano varietyPr. The fixed pointsP-(7) form a finite scheme of ord&®", whose points correspond
to the maximal isotropic subspac&sin W over the algebraic closure with(W) c W+. The fixed
points form a principal homogeneous space for the subgszip as well as for the stabilize® of

T in G. Using the principal homogeneous spdg€ ), one can show that the two finite commutative
group schemeg|2| andG are canonically isomorphic.

Having identified classes in the Selmer group with locallivable orbits onl’, the analytic part of
the proof estimates the number of locally soluble integraits of height less thalX as X — oc.
The average value of the order of the Selmer group actuajheas as a su = 2 + 1, where2

is equal to the Tamagawa numberSi,,, ;. This aclic volume computation, together with some
delicate arguments from the geometry of numbers, gives tbeage number of non-distinguished
orbits (corresponding to the non-trivial classes in therfeelgroup). The distinguished orbits (which
all appear near a cusp of the fundamental domain) cannotibe¢sd by volume arguments. However,
since they correspond to the trivial class in each Selmargrhe average number of these orbits.is

Since the average rank d{Q) is less than or equal té, and this upper bound is less than the genus
n of the curveC oncen > 2, one can use the method of Chabauty (as refined by Colemam\ime
explicit bounds for the number of rational points on a mayofF a proportion greater tha@) of the
pairs(C, O). Here is a sample result, which is due to B. Poonen and M..$tdlightly weaker result

is obtained in2, Cor 4].

Corollary 3 If n > 3, a majority of the pair§C, O) have at most rational points, and a positive
proportion of the pairs have only one rational point — the &¥irass poinD.

To be more precise, we do not yet know that the limits definiresé proportions exist. What they
show is that théiminf of the ratios is> % in the first case, and is 0 in the second.

6 Even hyperdliptic curves

The curves with a marked Weierstrass poitt are often referred to as odd hyperelliptic curves, as
(when the characteristic @fis not equal t@) they have an equation of the form

y2 _ F(m) — x2n+1 +C1$2n 4.

where the separable polynomi&l(z) has odd degree. We now make some general remarks on the
"even” case, which is not treated in our paper but for whichilsir results are expected to hold. For
more details, we refer the reader to the PhD thesis of X. Wahg [

Let k& be a field (not of characteristit) and letC' be a complete, smooth, connected curve dvef
genusn > 1. Let (O, 0’) be a pair of distinck-rational points orC' with L((O) + (0’)) of dimension
equal to2, and letU = C' — {O, O’} be the corresponding smooth affine curve. A similar analysis
the one we did above shows that thalgebraf’(U, 0y;) is generated by functions(with poles atO



andO’ of order1) andy (with poles atO andO’ of ordern + 1). These functions can be normalized
satisfy a single equation of the form

y2 — F(I) —_ $2n+2+01I2n+1 4. 7

whereF(x) has2n + 2 distinct roots ink®. The automorphismof C' defined by.(z,y) = (z, —y) is
the unique involution which switches the two rational psifttandO’.

The functiony is the unique normalized vector ib((n + 1)(O) + (O’)) which lies in the minus
eigenspace for. When the characteristic @& does not dividen + 2, we can modify the function

in L((0) + (O")) by a constant so that the the above equationchas 0. Then the equation depends
only on the datdC, (O, O")) and the choice of a non-zero tangent veetéo C' at O. If we replacev

by v* = uv with u € k*, the coefficients of the equation are scalef):= u™c,,. Whenk is a global
field we can define the height of a tripl€’, (O, O")) by considering the coefficien{s,, cs, . . . , cani2)

of this equation as a point in weighted projective space akidg its size as abovd]. Since there are
only finitely many triples of a fixed genus > 1 having height less than any real numbéywe can
define the average of a real-valued functton triples(C, (O, O’)) as before.

The 2-torsion subgroup/[2] of the Jacobian is a bit more complicated to describe. It iegeted by
the differences of theén + 2 Weierstrass points o6’ (hone of which may be rational ové). Let
L = k[z]/(F(z)), which is anétalek algebra of ranRn + 2. Then we have an isomorphism of finite
group schemes ovér

J[2] = ((Respy p2) n=1)/ 2.

The cohomology groups of[2] are also a bit more difficult to calculate. For example, theliah
group{a € L* : a* = N(«a) = 1}/{£1} maps intoH°(k, J[2]), but this map may not be surjective.
This complicates matters somewhat in thdescent.

The class of the divisal = (O) — (O') of degree zero is well-defined in(k)/2.J (k). It is usually a
non-trivial element in this quotient of the Mordell-Weilarp, although there are some triples where
d is divisible by2. When the class af is non-trivial inJ(k)/2.J(k), it gives rise to a non-trivial class
in the 2-Selmer group. We should mention that Abg] found a beautiful criterion, in terms of the
continued fraction of the square root B{x) in the completionk((1/z)), for the class ofl to be of
finite order in the Jacobias(k).

In the even case, we expect the average order oft8elmer group of the Jacobian to be equal to
6 = 4 + 2. The proof is similar in structure to the odd case. First tlasses in the Selmer group
are identified with the locally solvable orbits of the adjajuotientPSO,,,.» = PSO(WW) of the split
special even orthogonal gro),, .. over Q on the representatiol = Sym?(WW), [9]. Then the
average number of these orbits will be determined usingaegis from the geometry of numbers. The
contribution of4 should come from the Tamagawa numbeP80,,,, , overQ and the contribution of

2 from the distinguished classes in the Selmer group whosesdidnear the cusp. From the average
order of the2-Selmer group, one can deduce that the average rank of theéellveil group of the
Jacobian is bounded above py= 2 + 1.
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