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1 Introduction

Manjul Bhargava and I have recently proved a result on the average order of the2-Selmer groups of
the Jacobians of hyperelliptic curves of a fixed genusn ≥ 1 overQ, with a rational Weierstrass point
[2, Thm 1]. A surprising fact which emerges is that the average order of this finite group is equal to
3, independent of the genusn. This gives us a uniform upper bound of3

2
on the average rank of the

Mordell-Weil groups of their Jacobians overQ. As a consequence, we can use Chabauty’s method to
obtain a uniform bound on the number of points on a majority ofthese curves, when the genus is at
least2.

We will state these results more precisely below, after somegeneral material on hyperelliptic curves
with a rational Weierstrass point. We end with a short discussion of hyperelliptic curves with two
rational points at infinity. I want to thank Manjul Bhargava,Ngô Báo Cĥau, Brian Conrad, and Jerry
Wang for their comments.

2 Hyperelliptic curves with a marked Weierstrass point

For another treatment of this basic material, see [5]. Chevalley considers the more general case of a
double cover of a curve of genus0 in [3, Ch IV,§9].

Let k be a field and letC be a complete, smooth, connected curve overk of genusn ≥ 1. LetO be ak-
rational point ofC, and letU = C −{O} be the corresponding affine curve. Thek-algebraH0(U,OU)
of functions onC which are regular outside ofO is a Dedekind domain with unit groupk∗. The subset
L(mO) of functions with a pole of order≤ m at O and regular elsewhere is a finite-dimensional
k-vector space.

We henceforth assume that the vector spaceL(2O) has dimension equal to2. There cannot be a
function having a simple pole atO and regular elsewhere, as that would give an isomorphism ofC
with P1 (and we have assumed that the genus ofC is greater than0). HenceL(2O) is spanned by
the constant function1 and a functionx with a double pole atO. We normalize the functionx by
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fixing a non-zero tangent vectorv to C at the pointO and choosing a uniformizing parameterπ in
the completion of the function field atO with the property thatd

dv
(π) = 1. We then scalex so that

x = π−2 + · · · in the completion. This depends only on the choice of tangentvectorv, not on the
choice of uniformizing parameterπ adapted tov. The other functions inL(2O) with this property all
have the formx + c, wherec is a constant ink. If we replace the tangent vectorv by v∗ = uv with
u ∈ k∗, thenx∗ = u2x + c.

It follows that the spaceL((2n − 1)O) contains the vectors{1, x, x2, . . . xn−1}. Since these functions
have different orders of poles atO, they are linearly independent. But the dimension ofL((2n − 1)O)
is equal(2n − 1) + (1 − n) = n by the theorem of Riemann-Roch. Hence these powers ofx give a
basis forL((2n−1)O). Since they all lie in the subspaceL((2n−2)O), they give a basis for that space
too. Hence the dimension ofL((2n− 2)O) is equal to the genusn. It follows from the Riemann-Roch
theorem that the divisor(2n − 2)O is canonical.

The Riemann-Roch theorem also shows that the dimension ofL((2n)O) is equal ton + 1, so a basis
is given by the vectors{1, x, x2, . . . , xn}. Similarly, the dimension ofL((2n + 1)O) is equal ton + 2.
Hence there is a functiony with a pole of exact order(2n + 1) at O, which cannot be equal to a
polynomial inx. We use the uniformizing parameterπ to normalize the functiony by insisting that
y = π−(2n+1) + · · · in the completion. Again, this depends only on the tangent vector v. The other
functions inL((2n+1)O) with this property all have the formy+qn(x), whereqn(x) is a polynomial of
degree≤ n with coefficients ink. If we replacev by v∗ = uv with u ∈ k∗, theny∗ = u2n+1y+qn(u2x).

It is then easy to show that the algebraH0(U,OU) is generated overk by the two functionsx andy,
and that they satisfy a single polynomial relationG(x, y) = 0 of the form

y2 + pn(x)y = x2n+1 + p2n(x) = F (x),

wherepn andp2n are polynomials inx of degree≤ n and≤ 2n respectively. Indeed, the(3n + 4)
vectors{y2, xny, xn−1y, . . . , xy, y, x2n+1, x2n, . . . , x, 1} all lie in the vector spaceL((4n+2)O), which
has dimension3n + 3. Hence they are linearly dependent. Since there are no linear relations in the
spaces with poles of lesser order, this relation must involve a non-zero multiple ofy2 and a non-zero
multiple ofx2n+1. By our normalization, we can scale the relation so that the multiple is 1. Hence the
k-algebraH0(U,OU) is a quotient of the ringk[x, y]/(G(x, y) = 0). Since thek-algebrak[x] + yk[x]
gives the correct dimensions ofL(mO) for all m ≥ 0, there are no further relations, and the affine
curveU = C − {O} is defined by an equation of this form. The affine curveU is non-singular if and
only if a certain universal polynomial∆ in the coefficients ofpn(x) andp2n(x) takes a non-zero value
in k [5, Thm 1.7]. Of course, changing the choice of the functionsx andy in L(2O) andL((2n+1)O)
changes the equation of the affine curve.

In the case when the genus ofC is equal to1, the pair(C,O) defines an elliptic curve over the fieldk.
The polynomial relation above is Tate’s affine equation forU (see [8, §2])

y2 + a1xy + a3y = x3 + a2x
2 + a4x + a6,

and the condition for smoothness is the non-vanishing of thediscriminant∆(a1, a2, a3, a4, a6). The
closure of this affine curve defines a smooth cubic inP2. Forn ≥ 2, the closure of the affine equation
of degree2n+1 in P2 is not smooth, but one has a smooth model forC defined by gluing [6, Ch II, Ex
2.14].
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All of this works over a general fieldk, but there are some important simplifications when the charac-
teristic ofk does not divide2(2n+1). First, if the characteristic ofk is not equal to2, we can uniquely
choosey∗ = y − pn(x)/2 to complete the square of the above equation and obtain one ofthe simpler
form

y2 = x2n+1 + c1x
2n + c2x

2n−1 + · · · + c2nx + c2n+1 = F (x).

The automorphismι of C defined byι(x, y) = (x,−y) is the unique involution which fixes the ra-
tional pointO, andy is the unique normalized element inL((2n + 1)O) which is taken to its nega-
tive. The automorphismι acts as−1 on the space of holomorphic differentials, which is spannedby
{dx/2y, xdx/2y, . . . , xn−1dx/2y}. The differentialdx/2y has divisor(2n − 2)O and the differential
−xn−1dx/2y is dual to the tangent vectorv at O. In this case, the fact thatU is smooth is equivalent
to the non-vanishing of the discriminant of the polynomialF (x), and the polynomial∆ is given by the
formula∆ = 42n disc(F ) (see [5, 1.6]).

Next, when the characteristic ofk does not divide2n + 1, we can replacex by x − c1/(2n + 1) to
obtain an equation of the form

y2 = x2n+1 + c2x
2n−1 + · · · + c2nx + c2n+1 = F (x).

This equation is uniquely determined by the triple(C,O, v), wherev is a non-zero tangent vector
at the pointO. In particular, the moduli problem of triples(C,O, v) is rigid, and represented by
the complement of the discriminant hypersurface(∆ = 0) in affine space of dimension2n. The
automorphismι of (C,O) defines an isomorphism from(C,O, v) to (C,O,−v). If we replacev∗ = uv
with u ∈ k∗, thenx∗ = u2x andy∗ = u2n+1y. The coefficientscm in the polynomialF (x) are scaled
by the factoru2m, and the discriminant∆ of the model is scaled by the factoru2(2n+1)(2n) in k∗.

3 The height of the pair (C, O)

We first assume thatk = Q is the field of rational numbers. To each pair(C,O) we will associate a
positive real numberH(C,O), its height. Choose a non-zero tangent vectorv at the pointO so that
the coefficientscm of the corresponding equation of(C,O, v) are all integers with the property that no
primep has the property thatp2m dividescm for all m. We call such an equation minimal. Thenv is
unique up to sign, and the integerscm which appear in this minimal equation are uniquely determined
by the pair(C,O). We then define

H(C,O) = Max{|cm|
(2n+1)(2n)/m}.

The factor(2n+1)(2n) is added in the exponent so that the heightH(C,O) and the discriminant∆ have
the same homogeneous degree. Clearly there are only finitelymany pairs(C,O) with H(C,O) < X
for any positive real numberX, so the height gives a convenient way to enumerate hyperelliptic curves
overQ of a fixed genusn with a rational Weierstrass point. The number of pairs withH(C,O) < X
grows like a constant timesX(2n+3)/(4n+2).

In the case when the genus ofC is equal to1, the minimal equation has the form

y2 = x3 + c2x + c3
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with c2 andc3 both integers, not respectively divisible byp4 andp6 for any primep. We note that
this is not necessarily a global minimal model at the primesp = 2 andp = 3 (cf. [6, Ch VII]). The
discriminant is given by the formula∆ = 24(−4c3

2 − 27c2
3) and the height is given by the formula

H(C,O) = Max{|c2|
3, |c3|

2}. The number of elliptic curves with height less thanX grows like a
constant timesX5/6.

More generally, suppose thatk is a number field, and that(C,O) is a pair overk. Choose a non-zero
tangent vectorv so that the equation determined by the triple(C,O, v)

y2 = x2n+1 + c2x
2n−1 + · · · + c2n+1

has coefficients in the ringA of integers ofk. We define the heightH(C,O) by modifying the naive
height of the point(c2, c3, . . . , c2n+1) in weighted projective space, using the notion of “size” defined
in [4]. Namely, define the fractional ideal

I = {α ∈ k : α4c2, α
6c3, . . . , α

4n+2c2n+1 ∈ A}.

ThenI containsA andI = A if and only if the coefficientscm are not all divisible byP 2m, for every
non-zero prime idealP of A. We define the height of the pair by

H(C,O) = (N(I))(2n+1)(2n)
∏

v|∞
Max{|cm|

(2n+1)(2n)/m
v },

where the product is taken over all infinite placesv of k. The product formula shows that this definition
is independent of the choice of non-zero tangent vectorv. Whenk = Q, the choice of a minimal
integral equation givesN(I) = 1 and we are reduced to the previous definition. In general, thenumber
of pairs withH(C,O) < X is finite, and again grows like a constant (depending on the arithmetic of
k) timesX(2n+3)/(4n+2) (cf. [4, Thm A]).

Let S be a real-valued function on pairs(C,O) overk. We say that the average value ofS is equal to
L if the ratios

(
∑

H(C,O)<X

S(C,O))/(
∑

H(C,O)<X

1)

tend to the limiting valueL asX → ∞. If R is a property of pairs(C,O) over Q, we define the
functionSR on pairs bySR(C,O) = 1 if the pair satisfies propertyR andSR(C,O) = 0 otherwise.
We say that the proportion of pairs satisfying propertyR is equal tor if the ratios

(
∑

H(C,O)<X

SR(C,O))/(
∑

H(C,O)<X

1)

tend to the limiting valuer asX → ∞. If this limit exists, then clearly0 ≤ r ≤ 1. If the liminf is
greater thanr, we say the proportion is greater thanr.

For example, letR be the property thatO is theonlyk-rational point of the curveC. When the genus
of C satisfiesn ≥ 2 we suspect that the proportion of pairs(C,O) with this property is equal to1.
When the genus ofC is equal to1, we suspect that this proportion is equal to1

2
.
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4 The 2-torsion subgroup and the 2-descent

Let (C,O) be a pair as above, defined over a fieldk whose characteristic is not equal to2. Let

y2 = F (x) = x2n+1 + c1x
2n + · · · .

be an affine equation forU = C − {O}. In this section we will use the separable polynomialF (x) to
describe the2-torsion subgroupJ [2] of the JacobianJ of C as a finite group scheme overk. We will
then explicitly calculate the map in Galois cohomology involved in the2-descent. For more details,
see [7].

Sincedisc(F ) 6= 0, the k-algebraL = k[x]/(F (x)) is étale. Letλ be the image ofx in L, so
L = k + kλ + · · · + kλ2n. Let ks denote a separable closure ofk and letG = Gal(ks/k). The
setHom(L, ks) of homomorphisms ofk-algebras has cardinality2n + 1 and has a left action ofG, so
defines a homomorphismG → S2n+1 up to conjugacy. We will see that the kernel of this homomor-
phism fixes the subfield ofks generated by the2-torsion points in the Jacobian.

SinceC(k) is non-empty, the points of the JacobianJ(K) over any extension fieldK of k are isomor-
phic to the quotient of the abelian group of divisors of degree zero onC which are rational overK by
the subgroup of principal divisorsdiv(f) with f in K(C)∗. For each rootβ of the polynomialF (x) in
ks, we define the pointPβ = (β, 0) onC and the divisordβ = (Pβ)− (O) of degree zero. The class of
dβ has order2 in the Jacobian, as2dβ = div(x − β). It follows from the Riemann-Roch theorem that
the2n + 1 classesdβ in J [2](ks) satisfy a single linear relation overZ/2Z:

∑

β

dβ = div(y).

They therefore span a finite subgroup of order22n. Since this is the order of the full groupJ [2](ks),
we have found a presentation of the2-torsion over the separable closure. The Galois group acts on
the2n + 1 classesdβ through the homomorphismG → S2n+1, so we have an isomorphism of group
schemes overk

J [2] ∼= ResL/k µ2/µ2
∼= (ResL/k Gm/Gm)[2],

whereRes denotes the restriction of scalars. Since2n + 1 is odd, we have a splitting

ResL/k µ2 = µ2 ⊕ (ResL/k µ2)N=1,

where the latter subgroup is the kernel of the norm mapN : ResL/k µ2 → µ2. HenceJ [2] ∼=
(ResL/k µ2)N=1. This splitting also allows us to compute the Galois cohomology groups

H0(k, J [2]) = J [2](k) = {α ∈ L∗ : α2 = N(α) = 1}

H1(k, J [2]) = (L∗/L∗2)N≡1,

where the subscriptN ≡ 1 means that the norm of a class in(L∗/L∗2) is a square ink∗.

The homomorphism2 : J → J is a separable isogeny, so is surjective on points overks. The kernel
is the group schemeJ [2], so taking the long exact sequence in Galois cohomology, we obtain a short
exact sequence

0 → J(k)/2J(k)
δ
−→ H1(k, J [2]) → H1(k, J)[2] → 0.
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If P = (a, b) is a k-rational point on the curveC with b 6= 0, andd = (P ) − (O) is the class
of the corresponding divisor of degree zero inJ(k), then the imageδ(d) is the class of(a − λ) in
H1(k, J [2]) = (L∗/L∗2)N≡1 [7, Thm 1.2]. Note that(a − λ) is an element ofL∗ with N(a − λ) = b2

in k∗.

We remark that the elementary nature of the2-torsion is almost a defining property of hyperelliptic
curves with a marked Weierstrass point. For a general curve of genusn ≥ 1 over the fieldk (of char-
acteristic6= 2), the2-torsion on the Jacobian is rational overks and generates a finite Galois extension
M = k(J [2](ks)) of k. The Galois group ofM/k actsZ/2Z-linearly onJ [2](ks) ∼= (Z/2Z)2n and
preserves the Weil pairing〈, 〉 : J [2] × J [2] → µ2, which is strictly alternating and non-degenerate.
Hence the groupGal(M/k) is isomorphic to a subgroup of the finite symplectic groupSp2n(2). When
the curve is hyperelliptic with ak-rational Weierstrass point, the Weil pairing is given on the generators
of J [2] by

〈dβ, dβ〉 = +1

〈dβ, dβ′〉 = −1,

and the Galois group ofM/k is isomorphic to the subgroup ofS2n+1 ⊂ Sp2n(2) which is determined
by theétale algebraL.

We will see in the final section that the situation is similar (but a bit more complicated) for a hyperellip-
tic curve of genusn ≥ 2 with a pair ofk-rational points{O,O′} which are switched by the hyperelliptic
involution ι. In that case, the Galois group ofM/k is isomorphic to a subgroup ofS2n+2 ⊂ Sp2n(2).

5 The 2-Selmer group

We henceforth assume thatk = Q, although we expect that the results in this section will extend to
the case whenk is a number field [9]. Let (C,O) be a hyperelliptic curve of genusn ≥ 1 with a
Q-rational Weierstrass pointO. The groupH1(Q, J [2]) is infinite, but contains an important finite
subgroup, the2-Selmer groupSel(J, 2). This is the subgroup of cohomology classes whose restriction
to H1(Qv, J [2]) lies in the imageδ(J(Qv)/2J(Qv)) of the local descent map, for all placesv [8, §7].
The assertion that the subgroupSel(J, 2) defined in this manner isfinite is the first half of the Mordell-
Weil theorem; the proof uses the finiteness of the class groupand the finite generation of the unit group
for number fields. Since the2-Selmer group contains the image ofJ(Q)/2J(Q) under the inclusionδ,
an upper bound on its order gives an upper bound on the rank of the finitely generated groupJ(Q).

Here is a simple example, which illustrates the partial computation of a2-Selmer group. Suppose that
C is given by an integral equationy2 = F (x) = x2n+1 + · · · . Assume further that the polynomialF (x)
is irreducible and that the discriminant ofF (x) is square-free. Then the the algebraL = k[x]/(F (x))
is a number field with ring of integersAL = Z[x]/F (x). In this case, one can show that the local image
δ(J(Qp)/2J(Qp)) is contained in the unit subgroup of elements with even valuation in (L∗

p/L
∗2
p )N≡1

for all finite primesp. It is equal to the unit subgroup whenp is odd, and has index2n in the unit
subgroup whenp = 2. Hence the2-Selmer group is a subgroup of the finite group(L∗(2)/L∗2)N≡1

consisting of those elements in(L∗/L∗2)N≡1 which have even valuation at all finite primes. To see that
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this group is finite, note that we have an exact sequence

1 → (A∗
L/A∗2

L )N=1 → (L∗(2)/L∗2)N≡1 → Pic(AL)[2] → 1,

where the map toPic(AL)[2] takes the class ofα with (α) = a
2 to the class of the ideala. The2-Selmer

group is the subgroup of this finite group which is defined by the local descent conditions at the places
v = 2 andv = ∞. If we assume further thatF (x) has only one real root, so that(A∗

L/A∗2
L )N=1 has

order2n by the unit theorem, then the only local conditions remaining are at the placev = 2.

In general, the local conditions at a finite set of bad places for C, which always includev = 2 and
v = ∞, can be difficult to compute. It is therefore much easier to obtain an upper bound on the order
of the Selmer groupSel(J, 2) than it is to determine its exact order. For some explicit computations
with elliptic curves, see [6, Ch X]. The main result in [2, Th 1] gives the average order of this group,
when we considerall hyperelliptic curves with a marked Weierstrass point overQ.

Proposition 1 When the pairs(C,O) of a fixed genusn ≥ 1 are ordered by height, the average order
of the groupSel(J, 2) is equal to3.

Let m be the rank of the Mordell-Weil groupJ(Q). Since we have the inequalities2m ≤ 2m ≤
# Sel(J, 2) we obtain the following corollary.

Corollary 2 When the pairs(C,O) of a fixed genusn ≥ 1 are ordered by height, the average rank of
the Mordell-Weil groupJ(Q) is less than or equal to3

2
.

More precisely, thelimsupof the average rank is less than or equal to3
2
, as we do not know that the

limit defining the average rank exists. We suspect that the limit does exist, and is equal to1
2
.

The proof of Proposition1 has an algebraic and an analytic part. The algebraic part of the proof
identifies the elements in the2-Selmer group ofJ , for any pair(C,O) of genusn overQ, with certain
orbits in a fixed linear representation of the split special odd orthogonal groupSO(W ) = SO2n+1

over Q. Specifically, we study the stable orbits ofSO(W ) on the highest weight submoduleV =
Sym2(W )0 in the symmetric square of the standard representation. Thevectors in this representation
can be identified with self-adjoint operatorsT : W → W of trace0, and a vector is stable if its
characteristic polynomialFT (x) has a non-zero discriminant. Associated to a stable orbit, we obtain
a pencil of quadrics in projective space of dimension2n + 1 with smooth base locus. The pencil is
spanned by the two quadricsq(w, a) = 〈w,w〉 andq′(w, a) = 〈w, Tw〉 + a2 on W ⊕ Q, where〈, 〉 is
the original bilinear form onW .

The Fano varietyPT of maximal linear subspaces of the base locus is smooth of dimensionn overQ.
It forms a principal homogeneous space of order2 for the JacobianJ of the hyperelliptic curve defined
by the equationy2 = FT (x). The orbits which correspond to classes in the Selmer group are those
operatorsT where the Fano varietyPT has points overQv for all placesv; we call these orbits locally
solvable. Whenn = 1, the representationSym2(W )0 of SO3 = PGL2 is given by the action on the
space of binary quartic formsq(x, y), a vector is stable if the quartic form has a non-zero discriminant,
and the Fano variety is the curve of genus1 defined by the equationz2 = q(x, y).

7



The involutionτ(w, a) = (w,−a) of W ⊕ Q stabilizes the pencil spanned byq andq′ and acts on the
Fano varietyPT . The fixed pointsPT (τ) form a finite scheme of order22n, whose points correspond
to the maximal isotropic subspacesX in W over the algebraic closure withT (W ) ⊂ W⊥. The fixed
points form a principal homogeneous space for the subgroupJ [2], as well as for the stabilizerGT of
T in G. Using the principal homogeneous spacePT (τ), one can show that the two finite commutative
group schemesJ [2] andGT are canonically isomorphic.

Having identified classes in the Selmer group with locally solvable orbits onV , the analytic part of
the proof estimates the number of locally soluble integral orbits of height less thanX asX → ∞.
The average value of the order of the Selmer group actually appears as a sum3 = 2 + 1, where2
is equal to the Tamagawa number ofSO2n+1. This ad̀elic volume computation, together with some
delicate arguments from the geometry of numbers, gives the average number of non-distinguished
orbits (corresponding to the non-trivial classes in the Selmer group). The distinguished orbits (which
all appear near a cusp of the fundamental domain) cannot be estimated by volume arguments. However,
since they correspond to the trivial class in each Selmer group, the average number of these orbits is1.

Since the average rank ofJ(Q) is less than or equal to3
2
, and this upper bound is less than the genus

n of the curveC oncen ≥ 2, one can use the method of Chabauty (as refined by Coleman) to provide
explicit bounds for the number of rational points on a majority (= a proportion greater than1

2
) of the

pairs(C,O). Here is a sample result, which is due to B. Poonen and M. Stoll. A slightly weaker result
is obtained in [2, Cor 4].

Corollary 3 If n ≥ 3, a majority of the pairs(C,O) have at most7 rational points, and a positive
proportion of the pairs have only one rational point – the Weierstrass pointO.

To be more precise, we do not yet know that the limits defining these proportions exist. What they
show is that theliminf of the ratios is> 1

2
in the first case, and is> 0 in the second.

6 Even hyperelliptic curves

The curvesC with a marked Weierstrass pointO are often referred to as odd hyperelliptic curves, as
(when the characteristic ofk is not equal to2) they have an equation of the form

y2 = F (x) = x2n+1 + c1x
2n + · · ·

where the separable polynomialF (x) has odd degree. We now make some general remarks on the
”even” case, which is not treated in our paper but for which similar results are expected to hold. For
more details, we refer the reader to the PhD thesis of X. Wang [9].

Let k be a field (not of characteristic2) and letC be a complete, smooth, connected curve overk of
genusn ≥ 1. Let (O,O′) be a pair of distinctk-rational points onC with L((O) + (O′)) of dimension
equal to2, and letU = C − {O,O′} be the corresponding smooth affine curve. A similar analysisto
the one we did above shows that thek-algebraH0(U,OU) is generated by functionsx (with poles atO
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andO′ of order1) andy (with poles atO andO′ of ordern + 1). These functions can be normalized
satisfy a single equation of the form

y2 = F (x) = x2n+2 + c1x
2n+1 + · · · ,

whereF (x) has2n + 2 distinct roots inks. The automorphismι of C defined byι(x, y) = (x,−y) is
the unique involution which switches the two rational pointsO andO′.

The functiony is the unique normalized vector inL((n + 1)(O) + (O′)) which lies in the minus
eigenspace forι. When the characteristic ofk does not divide2n + 2, we can modify the functionx
in L((O) + (O′)) by a constant so that the the above equation hasc1 = 0. Then the equation depends
only on the data(C, (O,O′)) and the choice of a non-zero tangent vectorv to C at O. If we replacev
by v∗ = uv with u ∈ k∗, the coefficients of the equation are scaled:c∗m = umcm. Whenk is a global
field we can define the height of a triple(C, (O,O′)) by considering the coefficients(c2, c3, . . . , c2n+2)
of this equation as a point in weighted projective space and taking its size as above [4]. Since there are
only finitely many triples of a fixed genusn ≥ 1 having height less than any real numberX, we can
define the average of a real-valued functionS on triples(C, (O,O′)) as before.

The2-torsion subgroupJ [2] of the Jacobian is a bit more complicated to describe. It is generated by
the differences of the2n + 2 Weierstrass points onC (none of which may be rational overk). Let
L = k[x]/(F (x)), which is anétalek algebra of rank2n + 2. Then we have an isomorphism of finite
group schemes overk

J [2] ∼= ((ResL/k µ2)N=1)/µ2.

The cohomology groups ofJ [2] are also a bit more difficult to calculate. For example, the abelian
group{α ∈ L∗ : α2 = N(α) = 1}/{±1} maps intoH0(k, J [2]), but this map may not be surjective.
This complicates matters somewhat in the2-descent.

The class of the divisord = (O) − (O′) of degree zero is well-defined inJ(k)/2J(k). It is usually a
non-trivial element in this quotient of the Mordell-Weil group, although there are some triples where
d is divisible by2. When the class ofd is non-trivial inJ(k)/2J(k), it gives rise to a non-trivial class
in the 2-Selmer group. We should mention that Abel [1] found a beautiful criterion, in terms of the
continued fraction of the square root ofF (x) in the completionk((1/x)), for the class ofd to be of
finite order in the JacobianJ(k).

In the even case, we expect the average order of the2-Selmer group of the Jacobian to be equal to
6 = 4 + 2. The proof is similar in structure to the odd case. First the classes in the Selmer group
are identified with the locally solvable orbits of the adjoint quotientPSO2n+2 = PSO(W ) of the split
special even orthogonal groupSO2n+2 over Q on the representationV = Sym2(W )0 [9]. Then the
average number of these orbits will be determined using arguments from the geometry of numbers. The
contribution of4 should come from the Tamagawa number ofPSO2n+2 overQ and the contribution of
2 from the distinguished classes in the Selmer group whose orbits lie near the cusp. From the average
order of the2-Selmer group, one can deduce that the average rank of the Mordell-Weil group of the
Jacobian is bounded above by5

2
= 3

2
+ 1.
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