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1 Abstract

In this expository paper, we review the formula of Chowla and Selberg for the periods of elliptic curves
with complex multiplication, and discuss two methods of proof. One uses Kronecker’s limit formula
and the other uses the geometry of a family of abelian varieties. We discuss a generalization of this
formula, which was proposed by Colmez, as well as some explicit Hodge cycles which appear in the
geometric proof.
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2 Looking for a thesis

In my third year of graduate school at Harvard I was still looking for a thesis topic. John Tate had
suggested a problem on p-adic Galois representations, but I couldn’t see how to make any progress
on it. Fortunately for me, Neal Koblitz and David Rohrlich had arrived at Cambridge as BP assistant
professors, and I started to talk to them about their work. Rohrlich showed me how the periods of
eigen-differentials on the Fermat curve F (d) of exponent d could be explicitly calculated, using the
values of Euler’s gamma function at rational arguments with denominator d. At the time, I was reading
André Weil’s book “Elliptic Functions according to Eisenstein and Kronecker” [22]. Weil ended with
a proof of the Chowla-Selberg formula, which yields an expression, using the values of the gamma
function at rational arguments with denominator d, for the periods of an elliptic curve with complex
multiplication by an order in the imaginary quadratic field of discriminant −d.

The similarity of these two expressions led me to wonder if there was any connection between them. In
this direction, I was able to identify some products of gamma values at rational arguments a/d, which
were the periods of certain differential forms of degree n = φ(d)/2 on a factor J of the Jacobian of
the Fermat curve F (d), and could also be viewed (via the Chowla-Selberg formula) as the periods of
forms of the same degree on the product abelian varietyAn, whereAwas an elliptic curve with complex
multiplication by the imaginary quadratic field of discriminant−d. If I could relate the periods of these
forms on the two abelian varieties geometrically, it would give an independent proof of the implication
of the Chowla-Selberg formula for elliptic periods. (Their original proof used techniques from analytic
number theory, including Kronecker’s limit formula.) At the time I didn’t see how this identification
of periods could be made, but thought it might be a good topic to investigate further.

After I found the relation between the periods of higher degree forms, I came across a paper [23] that
Weil had recently written, which indicated that he was thinking about similar questions (and was way
ahead of me). Since I heard that he was coming to Harvard to speak at Lars Ahlfors 70th birthday
conference, I wrote Weil a note asking if we could get together. He suggested that I meet him at the
University guest house, and we ended up taking a long walk through the back streets of Cambridge.
Weil described his own years as a graduate student in Rome, where had spoken with Vito Volterra
about period integrals.

In fact, periods were the subject of Weil’s talk at the Ahlfors conference the next day. He remained
skeptical of William V.D. Hodge’s famous conjecture describing the cohomology classes of algebraic
cycles, and suggested that it might be time to search for a counter-example. David Mumford had found
some interesting candidates in the Hodge ring of abelian varieties with complex multiplication, and
Weil observed that these Hodge classes actually existed on a continuous family of abelian varieties,
whose members had endomorphisms by an order in an imaginary quadratic field [24].

About half-way into this talk, with the single-minded focus that only a graduate student could possess,
I realized that the techniques Weil was using could be modified slightly to give a geometric proof of
the Chowla-Selberg formula for elliptic integrals. The continuous family of abelian varieties he high-
lighted (over a base which would now be called a Shimura variety associated to a group of unitary
similitudes) had one fiber isomorphic to the factor J of the Fermat Jacobian and another fiber isomor-
phic to the product An of elliptic curves with complex multiplication. I could guess that the integrals
of a differential form of higher degree on this family were constant (the form was horizontal for the
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Gauss-Manin connection), and that would give a geometric proof of the period identity.

I spent the next few weeks learning the algebraic geometry that was necessary to write this all up, and
sent the first draft of my argument in a letter to Weil (which eventually became the paper [9]). He
responded with a letter of encouragement, containing some suggestions for further work. The summer
after Weil’s lecture at Harvard, I attended a conference on automorphic forms and L-functions held in
Corvallis, Oregon. All of the experts in the field had gathered there, and once they realized this, quite
sensibly decided to lecture to each other. We graduate students present were frequently lost, and turned
to Jean-Pierre Serre for help. After one of our remedial sessions, Serre mentioned that he had heard
from Weil about my work on periods. He asked if I would like to meet Pierre Deligne, who was also
thinking about these questions. After a quick introduction, the three of us sat down to talk.

I began by saying that I had found a new proof of the period implication of the Chowla-Selberg formula,
using some techniques from algebraic geometry. Deligne immediately asked, in all seriousness, if I had
proved the Hodge conjecture. I replied that I would be delighted to hear that I had done so, as I was still
looking for a thesis topic (and felt that a proof of the Hodge conjecture would probably be sufficient).
He then asked me to explain what I had actually done. After about fifteen minutes I had gone through
the argument above, and we all agreed that I hadn’t proved the Hodge conjecture. But Deligne thought
that my argument could be extended to yield something in that direction. A few weeks later, he sent me
a handwritten note of three pages outlining his proof of a fundamental theorem: that all Hodge cycles
on abelian varieties are absolutely Hodge [5]. So that was what I had been doing! (For an illuminating
general discussion of the Hodge conjecture, see [6].)

About the same time, Serre asked me a question about Hecke characters for imaginary quadratic fields,
and referred me to his paper with Tate [21], which gives an elegant treatment of the algebraic Hecke
characters associated to abelian varieties with complex multiplication. I started to talk with Tate about
it, and one thing led to another. So I ended up writing my thesis on the arithmetic of elliptic curves
with complex multiplication [10], rather than on their periods.

In this expository paper, I will try to pull the two topics together. I will begin by reviewing the original
analytic proof of the Chowla-Selberg formula. I will then introduce the elliptic curves A = A(p) in
my thesis, with complex multiplication by the integers of k = Q(

√
−p). These curves are defined over

the Hilbert class field H of k, and are isogenous over H to all of their Galois conjugates [10]. I will
show how the Chowla-Selberg formula gives information on the periods of A at the complex places
of H , and will reinterpret that result in terms of the Faltings height of A [7]. I will then describe a
beautiful conjecture of Pierre Colmez [4], which gives a formula for the Faltings height of a general
abelian variety with complex multiplication by the ring of integers of a CM field in terms of logarithmic
derivatives of Artin L-functions at s = 0, and will summarize the recent progress that has been made
in that direction.

I will end by explaining Deligne’s construction of a motive of rank 2 and weight n with complex multi-
plication by an imaginary quadratic field k from an abelian variety of dimension nwith endomorphisms
by k (which is an abstraction of the geometric argument in my Chowla-Selberg paper). I will work this
construction out for the abelian variety B = B(p) = ResH/k A(p) of dimension h(−p) as well as for
a factor C of the Jacobian of the Fermat curve of exponent p, which has dimension (p − 1)/2. The
comparison of these two motives (they differ only by a Tate twist) yields a Hodge class in the middle
cohomology of the product varietyB×C. In the simplest non-trivial case, when p = 7,B is the elliptic
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curve A(7) = X0(49) with affine equation

y2 + xy = x3 − x2 − 2x− 1

and C is the Jacobian of the hyperelliptic curve of genus 3 with affine equation

z2 − z = t7.

In this case, the abelian variety B ×C has dimension 4 and has a Hodge class of type (2, 2). Is there a
codimension 2 cycle on B × C which is defined over Q and has this class in cohomology?

3 The Chowla-Selberg formula

Let k be an imaginary quadratic field with discriminant−d, ring of integers O , class number h, and unit
group of order w. Let ai be ideals of O which represent the distinct ideal classes. We fix an embedding
of k into C, so the ideals ai give lattices and the quotients C/ai correspond to the h distinct complex
elliptic curves with complex multiplication by O . Let ∆ be the function on lattices in C corresponding
the the usual cusp form of weight 12, and let Γ(x) be Euler’s Gamma function. Then the Chowla-
Selberg formula is the equality [3]∏

∆(ai)∆(a−1
i ) = (2π/d)12h

∏
Γ(a/d)6wε(a)

where the first product is taken over the distinct ideal classes (the product ∆(a)∆(a−1) depends only on
the ideal class of a) and the second product is taken over the elements 0 < a < d which are relatively
prime to d. Finally

ε : (Z/dZ)∗ → {±1}

is the quadratic character which describes the splitting of primes in k, by quadratic reciprocity.

The analytic proof involves the computation of the logarithmic derivative of the zeta function of k at
the point s = 0 in two different ways. Recall that the zeta function of k is the Dirichlet series given by
the sum over all non-zero ideals a of the ring O of integers of k

ζk(s) =
∑

(Na)−s

where the normNa of an ideal is equal to its index in the ring O . This series converges in the half-plane
where the real part of s is greater than one. It has a meromorphic continuation to the entire complex
plane, with a simple pole at s = 1 and no other singularities.

First, we may write the zeta function of k as a sum of h partial zeta funtions ζk(ai, s), which are defined
by taking the partial sum over the ideals a of O in the same class as ai. Kronecker’s limit formula [22,
pg 73] gives the first two terms in the Taylor expansion of ζk(ai, s) at the point s = 0

ζk(ai, s) = − 1

w
− 1

12w
log(∆(ai)∆(a−1

i ))s+O(s2)
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Hence
ζk(s) = − h

w
− 1

12w

∑
log(∆(ai)∆(a−1

i ))s+O(s2)

and
d log ζk(s)|s=0 =

1

12h

∑
log(∆(ai)∆(a−1

i )).

On the other hand, we may also write the zeta function of k as the product of the Riemann zeta function
ζ(s) =

∑
n−s and the Dirichlet L function L(ε, s) =

∑
ε(n)n−s associated the the character ε:

ζk(s) = ζ(s)L(ε, s).

This identity was obtained by Dirichlet when the real part of s is greater than 1, by identifying the
terms in the Euler product, using quadratic reciprocity. It then holds for all s by analytic continuation.

From the product, it follows that

d log ζk(s) = d log ζ(s) + d logL(ε, s).

These logarithmic derivatives at s = 0 can be calculated from Lerch’s expansion of the Hurwitz zeta
function (with 0 < x ≤ 1) [22, pg 59-60]:

H(x, s) =
∞∑
n=0

1

(n+ x)s
= (1/2− x) + log(Γ(x)/

√
2π)s+O(s2).

Taking x = 1, we find that ζ(0) = −1/2 and d log ζ(s)|s=0 = log(2π). On the other hand, summing
over 0 < a < d with a prime to d we find

L(ε, s) = d−s
∑

ε(a)H(a/d, s).

Since
∑
ε(a) = 0, we find L(ε, 0) = −

∑
ε(a)(a/d) and ζk(0) = 1/2

∑
ε(a)(a/d)). Comparing the

last formula with the formula for ζk(0) obtained by summing the partial zeta functions gives Dirichlet’s
famous class number formula

h = −(w/2)
∑

0<a<d

ε(a)(a/d).

We also obtain the following formula for the logarithmic derivative

d logL(ε, s)|s=0 = (w/2h)
∑

0<a<d

ε(a) log Γ(a/d)− log d.

Adding this to the logarithmic derivative of ζ(s) at s = 0, we get a second expression for the logarith-
mic derivative of ζk(s):

d log ζk(s)|s=0 = log(2π)− log d+ (w/2h)
∑

0<a<d

ε(a) log Γ(a/d).

Comparing this with the one obtained via Kronecker’s limit formula, multiplying both sides by 12h,
and exponentiating gives the Chowla-Selberg formula:∏

∆(ai)∆(a−1
i ) = (2π/d)12h

∏
Γ(a/d)6wε(a)
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4 Elliptic periods

In this section, I will describe what the Chowla-Selberg formula yields on the periods of elliptic curves
with complex multiplication in the simplest case, when the discriminant d of the imaginary quadratic
field is a prime. Let p be a prime number with p ≡ 3 (mod 4). Let k = Q(

√
−p) be the imaginary

quadratic field of discriminant −p and let O be the ring of integers of k. We will also assume that
p > 3, so that the group of units O∗ = 〈±1〉 and w = 2.

In this simple case, the character ε(a) = (a|p) is just the quadratic residue symbol and the Chowla-
Selberg formula states:

h∏
i=1

∆(ai)∆(a−1
i ) = (2π/p)12h

p−1∏
a=1

Γ(a/p)12ε(a).

To interpret this as a result on elliptic periods, we will introduce the elliptic curves A(p). Let H be the
Hilbert class field of the imaginary quadratic field k, which is an abelian extension of k with Galois
group isomorphic to the ideal class group of O . Elliptic curves A with complex multiplication by O
over H are determined up to isomorphism by two invariants [10, §9]: an algebraic Hecke character

χA : I∗H → k∗

on the idèles of H whose restriction to the principal idèles H∗ is given by the norm, and the modular
invariant j(A) = j(τ) ∈ H . Here τ is a point in the upper half-plane which is a root of an integral
quadratic polynomial ax2 + bx+ c with discriminant b2− 4ac = −p. The character χA determines the
isogeny class of A over H and the invariant j(A) determines the isomorphism class of A over Q.

The elliptic curve A = A(p) has invariant j(A) = j((1 +
√
−p)/2), which generates the subfield

F = H ∩ R, and character χA of conductor (
√
−p). On idèles b = (bv) where the local components

at places v dividing p are units which are congruent to 1, let b be the corresponding fractional ideal of
H , and let a = NH/k(b). Then a is principal, and χA(b) is the unique generator of a which is a square
modulo

√
−p. Since the character χA is equivariant for the action of Gal(H/Q) on both IH and k∗,

the curve A = A(p) is isogenous to all of its conjugates over H [10, §11]. The curve A descends to its
field of moduli F = Q(j(A)), where it defines an isogeny class containing two isomorphism classes.
We specify an isomorphism class by insisting that A has a minimal Weierstrass model over the ring of
integers of F with discriminant ∆ = −p3 [11]. The Néron differential ω determined by this model is
well-defined up to sign, and the Chowla-Selberg formula gives a formula for the product of its periods
over the complex places of H:

∏
v|∞

∫
Av(Hv)

|ωv ∧ ωv| = (2π/p)h
p−1∏
a=1

Γ(a/p)ε(a).

Taking logarithms of both sides and dividing by h, we find the equivalent formula

1

h
log (

∏
v|∞

∫
Av(Hv)

|ωv ∧ ωv|) = log 2π − log p+
1

h

∑
χ(a) log Γ(a/p) = d log ζk(s)|s=0.
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We now derive the formula for the product of periods from the Chowla-Selberg formula. Since H =
Q(
√
−p, j(A)), we have a unique embedding v1 : H → C which maps

√
−p to a complex number with

positive imaginary part, and j(A) to the real number j((1 +
√
−p)/2). For each class a let σa be the

corresponding element in the Galois group ofH/k, using the Artin reciprocity law, and let va : H → C
be the embedding defined by va = v1 ◦σ−1

a . Then the complex period lattice of ωva has the form Ωa · a,
for a non-zero complex number Ωa. The period integral at the place v = va is then given by∫

Av(Hv)

|ωv ∧ ωv| = Ωa · Ωa ·N(a)
√
p.

On the other hand, since ∆ is a modular form of weight 12, we have ∆(Ωa · a) = Ω−12
a ∆(a), and the

value of ∆ on the period lattice of ωva is given by σ−1
a (∆(ω)) = σ−1

a (−p3) = −p3. This gives the
formula −p3 · Ω12

a = ∆(a). Since ∆(a) = ∆(a) = N(a)−12∆(a−1) we conclude that

Ω12
a · Ωa

12 ·N(a)12 · p6 = ∆(a)∆(a−1)

Now take the product over all embeddings and use the formula for
∏

∆(a)∆(a−1) given by Chowla
and Selberg. We find that∏

v|∞

∫
Av(Hv)

|ωv ∧ ωv|12 = (2π/p)12h

p−1∏
a=1

Γ(a/p)12ε(a).

Since both sides are positive real numbers, we may take the 12th roots to obtain the stated formula
on elliptic periods. For generalizations to elliptic curves with complex multiplication by non-maximal
orders, see [13], [17].

We will need another result on the periods of regular differentials ω on A over H , when integrated over
rational 1-cycles on the curve at the completions Hv [10, Thm 21.2.2]. Define an equivalence relation
a ∼ b on non-zero complex numbers if the ratio a/b lies in k∗. Then we have∏

v|∞

∫
γv

ωv ∼ (2πi)−m
∏

ε(a)=+1

Γ(a/p)

where γv is any non-trivial 1-cycle in the rational homology of A over the complex completion Hv and

m =
∑

ε(a)=+1

a/p =
p− 1

4
− h

2

The product of Γ values and the above sum is taken over the quadratic residues in (Z/pZ)∗, and a is
the unique representative of the class which lies between 1 and p.

LetB = B(p) = ResF/QA(p). ThenB is an abelian variety of dimension h over Q which has complex
multiplication over k by a CM field E which contains k [10, §15]. The field E is generated over k by
certain hth roots of ideals which are hth powers. Let ωB be a non-zero regular differential of degree h
on B over k. Then ωB is unique up to scaling by k∗ and it follows from the above that the non-zero
periods are given up to equivalence by∫

γB

ωB ∼ (2πi)−m
∏

ε(a)=+1

Γ(a/p)

where γB is any h-cycle in the rational homology of B.
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5 Colmez’s conjecture for the Faltings height

The formula we obtained for the product of the periods of (1, 1) forms
∫
Av(Hv)

|ωv∧ωv|, using the values
of the Gamma function at rational numbers with denominator p, can be used to compute the Faltings
height of the abelian variety A = A(p) over Q. To define this height, we let α =

√
−p in H and pass

to the quadratic extension K = H(
√
α) where the elliptic curve A has good reduction everywhere. Let

A be the Néron model of A over K and let Ω(A ) be the projective OK-module of Néron differentials.
In this special case, the projective module Ω(A ) is free, and generated by ω′ =

√
α · ω. The Faltings

height h(A) of A over Q is then defined as

h(A) =
−1

[K : Q]

∑
w

log

∫
Aw(C)

|ω′w ∧ ω′w|

where the sum is taken over the complex places w of K.

Since there are two complex places w of K above each complex place v of H , and∫
Aw(C)

|ω′w ∧ ω′w| =
√
p

∫
Av(C)

|ωv ∧ ωv|

we obtain the formula

h(A) =
−1

2h

∑
v

log

∫
Av(C)

|ωv ∧ ωv| −
1

4
log p

Combining this with the Chowla-Selberg formula for A(p), we find that

h(A) = −1

2
d log ζk(s)|s=0 −

1

4
log p = −1

2
d logL(ε, s)s=0 −

1

4
log p− 1

2
log(2π).

While looking for a product formula for periods, analogous to the classical product formula for alge-
braic numbers, Pierre Colmez was led to a beautiful generalization of the above result. He conjectures
a precise formula, expressing the Faltings height of an abelian variety with complex multiplication in
terms of the logarithmic derivatives of Artin L-functions at s = 0 [4]. The amazing idea of relating the
periods of abelian varieties with complex multiplication by an abelian field to the logarithmic deriva-
tives of Dirichlet L-functions at s = 0 is due to Anderson [1]. Colmez was able to extend this work and
establish his product formula in the abelian case (with an assist from Obus [18] at the prime 2). Sub-
stantial progress on the general Colmez conjecture was recently made by Andreatta, Goren, Howard,
and Madapusi-Pera [2], and by Yuan and Zhang [26]. These authors establish an average version of
the conjectural formula, which I will describe below.

Let E be a CM field of degree 2g, with ring of integers OE and totally real subfield E+. Let B be an
abelian variety of dimension g with complex multiplication by OE , defined over Q. Then B is defined
over a finite extension K of Q, which is contained in Q. We will assume that K is large enough so
that all endomorphisms of B are defined over K, K contains the normal closure of E, and the abelian
variety B has everywhere good reduction over K (cf. [21]). The CM type Φ of B is defined as the set
of embeddings E → K which result from the diagonalization of the action of OE on the g dimensional
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tangent space Lie(B/K). If c is complex conjugation on E, then the union Φ ∪ Φ ◦ c is the set of all
embeddings of E into K. Hence there are 2g possible CM types Φ, for each CM field E of degree
2g. The automorphism group of the normal closure of E acts on the finite set of CM types for E by
composition.

Let B be the Néron model of B over the ring of integers OK of K, and let Ω = det(Lie(B)∨) be the
projective OK module (of rank 1) of Néron differentials. Choose a non-zero element ω ∈ Ω, and define
the Faltings height h(B) of B by the fomula

[K : Q] · h(B) = −
∑
v

log

∫
Bv(C)

|ωv ∧ ωv|+ log #(Ω/OKω)

where the sum is taken over the complex places v of K. Faltings shows that the height is independent
of the choice of differential ω and the field of definition K of B, and Colmez shows that it depends
only on the CM type Φ of B (in fact, it depends only on the Galois orbit of the CM type), so we can
denote it h(E,Φ). His conjecture gives a precise formula for the height h(E,Φ) in terms of logarithmic
derivatives of Artin L-series at s = 0. For g = 1 this is what we obtained from the Chowla-Selberg
formula, and Tonghai Yang [25] has resolved the case when g = 2. The average version of the Colmez
conjecture, which was recently proved, is the simpler statement that

1

2g

∑
Φ

h(E,Φ) = −1

2
d logL(V, s)s=0 −

1

4
log f(V )− g

2
log 2π

where the sum is taken over all the possible CM types for E, V is the g dimensional representation of
the Galois group of Q induced from the non-trivial quadratic character of E/E+, L(V, s) is its Artin
L-function, and f(V ) = (−1)g discE/ discE+ is its conductor.

A generalization of Colmez’s conjecture to the logarithmic derivatives of Artin L-functions at all neg-
ative integers was proposed by Maillot and Roessler [15]. There has also been recent progress on the
conjecture that I made with Deligne in [9], giving the periods of varieties acted on by automorphisms
of finite order in terms of rational values of the Γ function [8] [16].

6 Deligne’s motive

In this section, we recall Deligne’s construction of a motive of rank 2 and weight n from an abelian
variety A of dimension n with complex multiplication by an imaginary quadratic field k. This con-
struction uses two facts. First, the higher de Rham, Betti, and étale cohomology groups of an abelian
variety A are given by the exterior powers of the first cohomology: Hn(A) = ∧nH1(A). Second, the
exterior powers of a k vector space V embed in a natural way as direct factors of its exterior powers
over Q.

Let A be an abelian variety of dimension n over Q, which has endomorphisms by the imaginary
quadratic field k over the extension field k. By this we mean that there is a homomorphism

k → Endk(A)⊗Q.
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These endomorphisms act linearly on the k vector space Lie(A/k), which decomposes as u copies
of the identity embedding of k and v copies of the conjugate embedding, with u + v = n. Deligne
constructs a subspace of dimension 2 in the middle cohomology group Hn(A) of A, in all cohomology
theories (Betti, deRham, Hodge, and `-adic). This should be a motive M = M(A) in the sense of
Grothendieck; for us it will suffice that we can define its cohomological realizations. In that sense, the
definition of M is given by

M = ∧nkH1(A) ⊂ ∧nH1(A) = Hn(A).

For example, suppose V = H1
B(A) is Betti cohomology, which is a vector space of dimension 2n

over Q with an action of k. Then the exterior power ∧nkV = MB (which has dimension 1 over k and
dimension 2 over Q) embeds as a direct factor of the Q-vector space ∧nV = Hn

B(A): it is the subspace
of ∧nV on which elements α in the group k∗ act by the two characters αn and αn.

The motive M has weight n and rank 2 over Q and has complex multiplication by k over the extension
field k. The Hodge numbers of MB ⊗ C are (u, v) + (v, u). Indeed, the two characters αn and αnof
k∗ appear in bi-degrees (u, v) and (v, u) respectively. This shows that the Hodge decomposition is
algebraic, and occurs over k ⊂ C. The periods of M are the integrals of a deRham class ωM of type
(u, v) over k over rational classes in the dual of the one dimensional k-vector space MB. These define
an equivalence class in C∗/k∗, which determines the Hodge structure of M .

The `-adic realization M` of M is the induced representation of the character

ρM,` : Gal(k/k)→ (k ⊗Q`)
∗

which comes from the determinant of the Galois represention on the k ⊗ Q`-vector space H1
` (A). All

of these `-adic characters should come from a single algebraic Hecke character on the idèles Ik of k:

ψM : Ik → k∗

which is equivariant for complex conjugation and has algebraic part z → zuzv. The process of passing
from an algebraic Hecke character to a compatible family of `-adic characters is described below.

We will now work out the realizations of the motiveM for the abelian varietyB = B(p) = ResF/QA(p)
of dimension n = h(−p) over Q. In this case, the action on Lie(B/k) is by n copies of the standard
embedding of k, so the Hodge numbers of MB ⊗ C are (n, 0) + (0, n). The periods of MB are given
by the integrals of the non-zero regular differential ωB defined over k over classes γ in the rational
homology: ∫

γB

ωB ∼ (2πi)−m
∏

χ(a)=+1

Γ(a/p),

where m =
∑

ε(a)=+1〈a/p〉 = (p− 1)/4− h/2

We can determine the `-adic character ρM,` as follows. The abelian variety B has complex multipli-
cation over k by the CM field E of degree 2h [10, §15]. This determines an algebraic Hecke char-
acter ψM(B) : I∗k → E∗ whose algebraic part is the standard embedding of k∗ into E∗ [10, §8]. The
representation of Gal(Q/k) on H1

` (B) can be described as follows [21]. Let f` be the embedding
(k ⊗Q`)

∗ → (E ⊗Q`)
∗ and let

ψ` : Ik → (E ⊗Q`)
∗
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be defined by ψ`(a) = ψM(B)(a) · f`(a`)−1. Then ψ` is trivial on k∗. Since ψ` is continuous and its
image is totally disconnected, it is also trivial on the connected component of the idèle class group,
and the group of connected components of the idèle class group is isomorpic to the abelianized Galois
group of k (via the inverse of the Artin reciprocity law). This gives a homomorphism ψ` : Gal(k/k)→
(E ⊗Q`)

∗, and the representation of this Galois group on H1
` (B) decomposes as the direct sum of the

2h characters obtained by the different embeddings of (E ⊗ Q`) into Q`. Its determinant is therefore
given by the composition of ψ` with the norm N from (E ⊗Q`)

∗ to (k ⊗Q`)
∗.

It follows that the `-adic character ρM,` corresponds to the algebraic Hecke character

ψM = N ◦ ψB : Ik → k∗

which is equivariant for complex conjugation. The Hecke character ψM = N ◦ ψ has algebraic part
given by the map α → αh and conductor (

√
−p). For an ideal a which is prime to p, the value

ψM(a) = N ◦ ψB(a) is the unique generator β of the ideal (a)h in k which is congruent to a square
(mod

√
−p). This follows from the fact that ψB(a) is the unique hth root of β in the CM field E.

The induced 2-dimensional `-adic representationsM` of Gal(Q/Q) correspond to a holomorphic mod-
ular form of weight h+ 1 for the group Γ0(p2), which is a newform with integral Fourier coefficients.

7 A factor of the Fermat Jacobian

We will now compute Deligne’s motive M = M(J) for a factor C of the Jacobian of the Fermat curve
of exponent p. This factor is the Jacobian of the quotient curve X = X(r, s, t) with affine equation
[12]

yp = xr(1− x)s,

where (r, s, t) is a triple of integers with 0 < r, s, t < p and r + s + t = p. Like the Fermat curve, the
curve X is an abelian cover of P1, which is ramified only at {0, 1,∞}. The map from the Fermat curve
up + vp = 1 to the curve X is given by (u, v)→ (x, y) = (up, urvs).

For a rational number x with n ≤ x < n + 1 we let 〈x〉 = x − n, so 0 ≤ 〈x〉 < 1. The genus of X is
n = (p− 1)/2 and for a ∈ (Z/pZ)∗ the differentials

ωa = x〈ar/p〉−1(1− x)〈as/p〉−1dx

give a basis for the first de Rham cohomology over Q. The curve X has an automorphism of order p
over K = Q(µp), given by (x, y) → (x, ζ.y), where ζ is a primitive pth root of unity. The differential
ωa is an eigenvector with eigenvalue ζa. Moreover, ωa is of the first kind if and only if [9, §2] [22, pg
815]

〈ar/p〉+ 〈as/p〉+ 〈at/p〉 = 1.

The periods of ωa over any 1-cycle γ in the rational homology of X have the form [10, Appendix] [22,
pg 815] ∫

γ

ωa = I(γ)σaB(〈ar/p〉, 〈as/p〉)

11



where I(γ) is an element in K = Q(µp) which depends on the rational cycle γ and σa is the automor-
phism of K that maps ζ to ζa. Finally, B(u, v) is Euler’s beta function, defined by the integral

B(u, v) =

∫ 1

0

xu−1(1− x)v−1dx.

The differentials ωa correspond to eigenforms of degree one on the Jacobian C = C(r, s, t) of the
curve X . This abelian variety has dimension n = (p− 1)/2; over the extension field K = Q(µp) it has
complex multiplication by the ring Z[µp] of integers in K. The CM type of C consists of the elements

Φ = {a ∈ (Z/pZ)∗ : 〈ar/p〉+ 〈as/p〉+ 〈at/p〉 = 1}.

We will henceforth assume that p ≡ 3 (mod 4) and that p > 3, and will considerC as an abelian variety
of dimension n over Q which has endomorphisms by the imaginary quadratic field k = Q(

√
−p) over

k. Indeed, k is the unique quadratic subfield of K = Q(µp) in this case. The subgroup of the Galois
group (Z/pZ)∗ = Gal(K/Q) which fixes k consists of the squares

Gal(K/k) = {a ∈ (Z/pZ)∗ : ε(a) = +1}.

Our objective is to compute the various realizations of Deligne’s rank 2 motive M = M(C), and
compare them to the motive M(B) studied in the previous section. The Hodge numbers of MB ⊗ C
are (u, v) + (v, u), where

u = #{a ∈ Φ : ε(a) = +1}
v = #{a ∈ Φ : ε(a) = −1}

Indeed, the CM type Φ gives the action of K on Lie(C/K), so the action of the subfield k is by u
copies of the standard embedding and v copies of the conjugate embedding. Clearly, u + v = n.
Using Dirichlet’s class number formula, one can show [9, Lemma 4] that u − v = h.ε(r, s, t) with
ε(r, s, t) = ε(r) + ε(s) + ε(t).

In [9, Thm 2] I computed the periods of the form ωC of type (u, v) on C from the periods of the 1-forms
ωa. All the cycles of degree n = (p− 1)/2 come from products of 1-cycles, and∫

γ1.γ2...γn

ωC =
∏

ε(a)=+1

B(〈ar/p〉, 〈as/p〉) det((I(γi)
σa)).

The latter determinant lies in k, as applying an element of the Galois group of K/k to the determinant
permutes the columns. Since this Galois group is abelian of odd order, this permutation is even and the
determinant is unchanged. Hence∫

γ

ωC ∼
∏

ε(a)=+1

B(〈ar/p〉, 〈as/p〉).

Using Euler’s relation between the beta and gamma functions, and his functional equation for the
gamma function:

B(x, y) = Γ(x)Γ(y)/Γ(x+ y) Γ(x)Γ(1− x) = π/ sin(πx)
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we find after some calculation that this product of beta values is equivalent to

(2πi)−n
∏

ε(a)=+1

Γ(ar/p)Γ(as/p)Γ(at/p)

where we recall that n = (p− 1)/2.

If ε(r) = +1 we have ∏
ε(a)=+1

Γ(ar/p) ∼
∏

ε(a)=+1

Γ(a/p)

whereas if ε(r) = −1 we have∏
ε(a)=+1

Γ(ar/p) ∼ (2πi)n /
∏

ε(a)=+1

Γ(a/p).

Since the same holds for s and t, when ε(r, s, t) = +1 we find the simple formula∫
γ

ωC ∼
∏

ε(a)=+1

Γ(a/p).

This gives the periods ofM(C) when ε(r, s, t) = +1. In this case, u−v = h and u+v = n = (p−1)/2.
Hence v = (p− 1)/4− h/2 and ∫

γ

ωC ∼
∫
γ

ωB · (2πi)v

Hence the Betti, de Rham, and Hodge realizations of M(C) are Tate twists of the corresponding real-
izations of M(B).

Next, we compute the `-adic realization of M(C). The representation of Gal(Q/k) on H1
` (C/k) is

induced from an abelian representation of Gal(Q/K) corresponding to the Hecke character ψC =
ψ(r, s, t) given by Jacobi sums [12, §1 §3]. This algebraic Hecke character is an Galois equivariant
homorphism on the idèles of K

ψC : IK → K∗

whose algebraic part is the map of tori K∗ → K∗ determined by the CM type Φ(r, s, t) of C.

The determinant of the induced representation is then given by the transfer of the inducing character, as
the sign of the permutation representation of the odd abelian group Gal(K/k) is trivial. By class field
theory, the transfer of the inducing character is given by the restriction of the algebraic Hecke character
ψC to the idèles of the subfield k [20, Ch XIII]. This restriction gives a Galois equivariant homorphism

ψM(C) : Ik → k∗

whose algebraic part is the homomorphism z → zuzv. Since the conductor of the Jacobi sum Hecke
character ψC is either (1 − ζ) or (1 − ζ)2, its restriction ψM(C) to Ik has conductor dividing (

√
−p).

Since u+ v = (p− 1)/2 is odd, the conductor is equal to (
√
−p). A bit more analysis shows that when

ε(r, s, t) = +1, we have
ψM(C) = ψM(B) ·N v

in Hom(Ik, k
∗), where N is the idèlic norm. Since the 2-dimensional representation of Gal(Q/Q) on

H`(M(C)) is induced from this character of Gal(Q/K), we can also identify the `-adic realization of
M(C) with a Tate twist of the `-adic realization of M(B). Summing up, we have shown
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Proposition 1 Assume that ε(r, s, t) = ε(r) + ε(s) + ε(t) = +1. Then u − v = h and the Deligne
motives M(B) and M(C) of rank 2 associated to the abelian varieties B = B(p) and C = C(r, s, t)
differ by a Tate twist

M(C)(m) = M(B)

with m =
∑

ε(a)=+1〈a/p〉 = (p− 1)/4− h/2.

A similar analysis yields the identity M(C)(m) = M(B) when ε(r, s, t) = −1.

8 A Hodge class

In this section, we assume that ε(r, s, t) = ±1. We recall thatC = C(r, s, t) is the Jacobian of the curve
X(r, s, t) with equation yp = xr(1−x)s andB = ResF/QA(p). Let d = (p−1)/2+h = dim(B×C).
Note that d is even, as both (p− 1)/2 and h are odd.

The rank 4 motive M(B) ⊗M(C)(d/2), occurs as a submodule of Hd(B × C)(d/2) by the Kunneth
decomposition. It has Hodge numbers (h,−h) + ((0, 0) + (0, 0) + (−h, h). Since the rank 2 motives
M(B) and M(C) are both symplectic and differ by a Tate twist, it follows that the tensor product
(M(B)⊗M(C)(d/2) contains the rank 2 Artin motive Q + Q(ε). In particular, there is a Hodge class
in the middle cohomology of B × C which is defined over Q.

Are these Hodge classes algebraic, or do they give counter-examples to the Hodge conjecture? For
example, when p ≡ 7 (mod 8) the triple (r, s, t) = (1, 1, p − 2) has ε(r, s, t) = +1. In this case, the
curve X = X(r, s, t) is hyperelliptic, with affine equation

z2 − z = tp

Is there an algebraic cycle of codimension d/2 = (p − 1)/4 + h/2 which is defined over Q and gives
this Hodge class in the middle cohomology of the abelian variety B × C?
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