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1 Introduction

Let g be the Lie algebra of a connected simple algebraic groupG of adjoint type over an algebraically
closed fieldk. A gradingong is a decomposition

g =
⊕

i∈Z/m

gi

wherem is an integer≥ 0 and[gi, gj ] ⊂ gi+j for all i, j. The summandg0 is a Lie subalgebra ofg and
we letG0 denote the corresponding connected subgroup ofG. The adjoint action ofG ong restricts to
an action ofG0 on each summandgi. We are interested in the invariant theory of this action, for which
there is no loss of generality if we assume thati = 1. This study was initiated by Vinberg [29], who
showed (fork of characteristic zero) that the invariant theory of theG0-action ong1 has remarkable
parallels with the adjoint representation ofG on g (which is the special case wherem = 1). In [18],
Vinberg’s theory was extended to fields of good odd positive characteristic not dividingm.

Some highlights of Vinberg theory are as follows. ACartan subspaceis a linear subspacec ⊂ g1

which is abelian as a Lie algebra, consists of semisimple elements, and is maximal with these two
properties. All Cartan subspaces are conjugate underG0. Hence the dimension ofc is an invariant of
the grading, called therank, which we denote in this introduction byr. The little Weyl groupis the
subgroupWc of GL(c) arising from the action of the normalizer ofc in G0. The groupWc is finite and
is generated by semisimple transformations ofc fixing a hyperplane and we have an isomorphism of
invariant polynomial rings

k[g1]
G0 ∼−→ k[c]Wc ,

given by restriction. Finallyk[g1]
G0 ≃ k[f1, . . . , fr] is a polynomial algebra generated byr alge-

braically independent polynomialsf1, . . . , fr whose degreesd1, . . . , dr are determined by the grading.
In particular the product of these degrees is the order ofWc.

We have a dichotomy: either the rankr = 0, in which caseg1 consists entirely of nilpotent elements
of g, or r > 0, in which casem > 0 andg1 contains semisimple elements ofg. A basic problem is
to classify all gradings of rankr > 0 and to compute the little Weyl groupsWc in each case. Another
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open question isPopov’s conjecture:g1 should contain aKostant section: an affine subspacev of g1

with dim v = r, such that the restriction mapk[g1]
G0 −→ k[v] is an isomorphism.

The classification of positive-rank gradings and their little Weyl groups, along with verification of
Popov’s conjecture was given in [18] and [19] for gradings of Lie algebras of classical type and those
of typesG2 andF4. In this paper we complete this work by proving analogous results for typesE6, E7

andE8, using new methods which apply to the Lie algebras of generalsimple algebraic groupsG.

The main idea is to compute Kac coordinates of lifts of automorphisms of the root systemR of g, as we
shall now explain. Choosing a base inR and a pinning ing, we may write the automorphism groups
Aut(R) andAut(g) as semidirect products:

Aut(R) = W ⋊ Θ, Aut(g) = G⋊ Θ,

whereW is the Weyl group ofR andΘ, the symmetry group of the Dynkin graphD(R) of R, is
identified with the group of automorphisms ofg fixing the chosen pinning. To eachϑ ∈ Θ one
can associate an affine root systemΨ = Ψ(R, ϑ) consisting of affine functions on an affine space
A of dimension equal to the number ofϑ-orbits on the nodes of the diagramD(R). Kac’ original
construction ofΨ uses infinite dimensional Lie algebras and works overC; our approach constructs
Ψ directly from the pair(R, ϑ) and works over any algebraically closed field in which the order e
of ϑ is nonzero. The choice of pinning ong determines a rational structure onA and a basepoint
x0 ∈ A. Following an idea of Serre [24], we associate to each rational pointx ∈ AQ an embedding
̺x : µm →֒ G of group schemes overk, wherem is the denominator ofx. If m is nonzero ink and
we choose a root of unityζ ∈ k× of orderm, thenx determines an actual automorphismθx ∈ Gϑ of
orderm. If x lies in the closureC of the fundamental alcove ofA then the affine coordinates ofx are
those defined by Kac (whenk = C andζ = e2πi/m); we call thesenormalized Kac coordinates, since
we also consider pointsx outsideC having some affine coordinates negative. Anyx ∈ AQ can be
moved intoC via operations of the affine Weyl groupW (Ψ), and this can be done effectively, using a
simple algorithm. See also [19], which gives a different way of extending Kac coordinates to positive
characteristic.

The half-sum of the positive co-roots is a vectorρ̌ belonging to the translation subgroup ofA. In the
principal segment[x0, x0 + ρ̌] ⊂ A we are especially interested in the points

xm := x0 + 1
m
ρ̌ ∈ AQ,

wherem is the order of an ellipticZ-regular automorphismσ ∈ Aut(R). Hereσ is elliptic if σ has no
nonzero fixed-points in the reflection representation, and we sayσ is Z-regular if the group generated
byσ acts freely onR. (This is almost equivalent to Springer’s notion of regularity, and for our purposes
it is the correct one. See section3.)

Now assume that the characteristic ofk is not a bad prime forg. Choose a Cartan subalgebrat of g, let
T be the maximal torus ofG centralizingt with normalizerN in G and letAut(g, t) be the subgroup
of Aut(g) preservingt. The groupsAut(R) andAut(g, t)/T are isomorphic and we may canonically
identifyW -conjugacy classes inAut(R) withN/T -conjugacy classes inAut(g, t)/T . Letσ ∈ Aut(R)
be an ellipticZ-regular automorphism whose orderm is nonzero ink. Writeσ = w ·ϑwith w ∈ W and
ϑ ∈ Θ. Then there is a uniqueG-conjugacy classCσ ⊂ Gϑ such thatCσ∩Aut(g, t) projects to the class
of σ in Aut(R). Using results of Panyushev in [21], we show thatCσ contains the automorphismθxm ,
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wherexm is the point on the principal segment defined above. The (un-normalized) Kac coordinates
of xm are all= 1 except one coordinate is1 + (m − hϑ)/e, wherehϑ is the twisted Coxeter number
of (R, ϑ). Translating by the affine Weyl group we obtain the normalized Kac coordinates of the class
Cσ ⊂ Gϑ. The automorphisms inCσ have positive rank equal to the multiplicity of the cyclotomic
polynomialΦm in the characteristic polynomial ofσ. They are exactly the semisimple automorphisms
of g for whichG0 has stable orbits ing1, in the sense of Geometric Invariant Theory.

EveryG-conjugacy class of positive-rank automorphismsθ ∈ Aut(g) whose order is nonzero ink
contains a lift of aW -conjugacy class inAut(R). For any particular groupG we can tabulate the
Kac coordinates of such lifts; these are exactly the Kac coordinates of positive rank gradings. For
this purpose it is enough to consider only the lifts of certain classes inAut(R), almost all of which
are elliptic andZ-regular inAut(R′) for some root subsystem ofR, whose Kac coordinates are easily
found, as above.

These tables are only preliminary because they contain someKac diagrams more than once, reflecting
the fact that a given class inAut(g) may contain lifts of several classes ofσ ∈ Aut(R). However, each
class inAut(g) has a “best”σ whose properties tell us about other aspects of the grading,for example
the little Weyl groupW (c). Our final tables forE6, E7 andE8 list each positive rank Kac diagram once
and contain this additional data.

Besides its contributions to Vinberg theoryper se, this paper was motivated by connections between
Vinberg theory and the structure and representation theoryof a reductive groupG over ap-adic field
F . The base fieldk above is then the residue field of a maximal unramified extension L of F . We
assumeG splits over a tame extensionE of L. Then the Galois groupGal(E/L) is cyclic and acts on
the root datum ofG via a pinned automorphismϑ. The grading corresponds to a pointx in the Bruhat-
Tits building ofG(L), the groupG0 turns out to be the reductive quotient of the parahoric subgroup
G(L)x fixing x, and the summandsgi are quotients in the Moy-Prasad filtration ofG(L)x. As we will
show elsewhere, the classification of positive rank gradings leads to a classification of non-degenerate
K-types, a long outstanding problem in the representation theory ofG(F ), and stableG0-orbits in the
dual ofg1 give rise to supercuspidal representations ofG(F ) attached to ellipticZ-regular elements
of the Weyl group. These generalize the “simple supercuspidal representations” constructed in [10],
which correspond to the Coxeter element.

After the first version of this paper was written, we learned from A. Elashvili that25 years ago he, D.
Panyushev and E. Vinberg had also calculated, by completelydifferent methods, all the positive rank
gradings and little Weyl groups in typesE6,7,8 (for k = C) but they had never published their results.
We thank them for comparing their tables with ours. For otheraspects of positive-rank gradings on
exceptional Lie algebras, see [8].

2 Kac coordinates

Kac [11, chap. 8] showed how conjugacy classes of torsion automorphisms of simple Lie algebrasg
(overC) can be parametrized by certain labelled affine Dynkin diagrams, calledKac coordinates. If
we choose a root of unityζ ∈ C× of orderm, then any automorphismθ ∈ g of orderm gives a grading
g = ⊕i∈Z/m gi, wheregi is theζ i-eigenspace ofθ. This grading depends on the choice ofζ and if we
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replaceC by another ground fieldk, we are forced to assume thatm is invertible ink. As in [18], this
assumption will be required for our classification of positive-rank automorphisms.

However, at the level of classifyingall torsion automorphisms, Serre has remarked (see [24]) that, at
least in the inner case, one can avoid the choice ofζ and restrictions onk by replacing an automorphism
θ of orderm with an embeddingµm →֒ Aut(g)◦ of group schemes overk, whereµm is the group
scheme ofmth roots of unity.

In this section we give an elementary treatment of Kac coordinates in Serre’s more general setting, and
we extend his approach to embeddingsµm →֒ Aut(g). In the outer case, where the image ofµm does
not lie inAut(g)◦, we still find it necessary to assume the characteristicp of k does not divide the order
of the projection ofµm to the component group ofAut(g). Our approach differs from [11] in that we
avoid infinite dimensional Lie algebras (cf. [22]).

We then discuss a family of examples, the principal embeddings ofµm, which play an important role
in gradings of positive rank.

2.1 Based automorphisms and affine root systems

For background on finite and affine root systems see [5] and [20]. Let R be an irreducible reduced
finite root system spanning a real vector spaceV . The automorphism group ofR is the subgroup of
GL(V ) preservingR:

Aut(R) = {σ ∈ GL(V ) : σ(R) = R}.
We say an automorphismσ ∈ Aut(R) is basedif σ preserves a base ofR. If we choose a base∆ of R
then we have a splitting

Aut(R) = W ⋊ Θ,

whereW is the Weyl group ofR andΘ = {σ ∈ Aut(R) : σ(∆) = (∆)}. SinceR is irreducible, the
groupΘ is isomorphic to a symmetric groupSn for n = 1, 2 or 3.

In this section we will associate to any based automorphismϑ ∈ Aut(R) an affine root systemΨ(R, ϑ)
whose isomorphism class will depend only on the ordere of ϑ.

We first establish more notation to be used throughout the paper. LetX = ZR be the lattice inV
spanned byR and letX̌ = Hom(X,Z) be the dual lattice. We denote the canonical pairing between
X andX̌ by 〈λ, ω̌〉, for λ ∈ X andω̌ ∈ X̌.

Fix a base∆ = {α1, . . . , αℓ} of R, whereℓ is the rank ofR, and letŘ ⊂ X̌ be the co-root system
with base∆̌ = {α̌1, . . . , α̌ℓ}, whereα̌i is the co-root corresponding toαi. The pairing〈 , 〉 extends
linearly to the real vector spacesV = R ⊗X andV̌ := R ⊗ X̌. Thus, a rootα ∈ R can be regarded
as the linear functionaľv 7→ 〈α, v̌〉 on V̌ , and by dualityAut(R) can be regarded as a subgroup of
GL(V̌ ). In this viewpoint the Weyl groupW is the subgroup ofGL(V̌ ) generated by the reflections
sα : v̌ 7→ v̌ − 〈α, v̌〉α̌ for α ∈ R.

Let ρ̌ be one-half the sum of those co-rootsα̌ ∈ Ř which are non-negative integral combinations of
elements of̌∆. We also have

ρ̌ = ω̌1 + ω̌2 + · · ·+ ω̌ℓ,
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where{ω̌i} are the fundamental co-weights dual to∆, that is,〈αi, ω̌i〉 = 1 and〈αi, ω̌j〉 = 0 if i 6= j.

Let V̌ ϑ = {v̌ ∈ V̌ : ϑ(v̌) = v̌} be the subspace ofϑ-fixed vectors inV̌ and letRϑ = {α|V̌ ϑ : α ∈ R}
be the set of restrictions tǒV ϑ of roots inR. By dualityΘ permutes the fundamental co-weights{ω̌i},
so the vectořρ lies in V̌ ϑ. And since〈α, ρ̌〉 = 1 for all α ∈ ∆, it follows that no root vanishes on
V̌ ϑ. Moreover two rootsα, α′ ∈ R have the same restriction tǒV ϑ if and only if they lie in the same
〈ϑ〉-orbit inR. Hence we have

Rϑ = {βa : a ∈ R/ϑ},
whereR/ϑ is the set of〈ϑ〉-orbits inR andβa = α|V̌ ϑ for anyα ∈ a.

Fora ∈ R/ϑ, we defineβ̌a ∈ V̌ ϑ by

β̌a =

{ ∑
α∈a α̌ if 2βa /∈ Rϑ

2
∑

α∈a α̌ if 2βa ∈ Rϑ,
(1)

and we seťRϑ = {β̌a : a ∈ R/ϑ}. Then〈βa, β̌a〉 = 2 and〈βa, β̌b〉 ∈ Z for all a, b ∈ R/ϑ.

Note that2βa /∈ Rϑ precisely whena consists of “orthogonal” roots; that is, whena = {γ1, . . . , γk}
with 〈γi, γ̌j〉 = 0 for i 6= j. In this case, the element

sa := sγ1sγ2 · · · sγk
∈W

has order two, is independent of the order of the product and is centralized byϑ. If 2βa ∈ Rϑ we have
a = {γ1, γ2} whereγ1 + γ2 ∈ R. In this case we definesa = sγ1+γ2, noting thissa is also centralized
by ϑ. A short calculation shows that

sa(βb) = βb − 〈βb, β̌a〉βa,

in all cases. On the other hand, ifβ ∈ b, then sa(βb) = sa(β)|V̌ ϑ, sincesa is centralized byϑ.
It follows that βb − 〈βb, β̌a〉βa ∈ Rϑ. These involutionssa, for a ∈ R/ϑ, generate the centralizer
W ϑ = {w ∈ W : ϑw = wϑ} of ϑ in W . Thus,Rϑ is a root system (possibly non-reduced) whose
Weyl group isW ϑ. The rankℓϑ of Rϑ equals the number ofϑ-orbits in∆.

LetAϑ be an affine space for the vector spaceV̌ ϑ. We denote the action by(v, x) 7→ v + x for v ∈ V̌ ϑ

andx ∈ Aϑ and forx, y ∈ Aϑ we lety − x ∈ V̌ ϑ be the unique vector such that(y − x) + x = y.
For any affine functionψ : Aϑ → R we let ψ̇ : V̌ ϑ → R be the unique linear functional such that
ψ(x+ v) = ψ(x) + 〈ψ̇, v〉 for all v ∈ V̌ ϑ.

Choose a basepointx0 ∈ Aϑ. For each linear functionalλ : V̌ ϑ → R define an affine function
λ̃ : Aϑ → R by λ̃(x) = 〈λ, x−x0〉. In particular, each rootβa ∈ Rϑ gives an affine functioñβa onAϑ.

For each orbita ∈ R/ϑ, setua = 1/|a|. If βa /∈ 2Rϑ, define

Ψa = {β̃a + nua : n ∈ Z}.

If βa ∈ 2Rϑ, define
Ψa = {β̃a + (n+ 1

2
)ua : n ∈ Z}.

The resulting collection
Ψ(R, ϑ) :=

⋃

a∈R/ϑ

Ψa
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of affine functions onAϑ is a reduced, irreducible affine root system (in the sense of [20, 1.2]) and
x0 ∈ Aϑ is a special point forΨ(R, ϑ).

An alcoveinAϑ is a connected component of the open subset of points inA on which no affine function
in Ψ(R, ϑ) vanishes. There is a unique alcoveC ⊂ Aϑ containingx0 in its closure and on which
β̃a > 0 for everyϑ-orbit a ⊂ ∆. The walls ofC are hyperplanesψi = 0, i = 0, 1, . . . , ℓϑ = dimAϑ,
and{ψ0, ψ1, . . . , ψℓϑ

} is a base of the affine root systemΨ(R, ϑ). The pointx0 lies in all but one of
these walls; we choose the numbering so that〈ψ0, x0〉 6= 0. There are unique relatively prime positive
integersbi such that

∑
biψ̇i = 0. We haveb0 = 1 and the affine function

∑ℓϑ

i=0 biψi is constant, equal
to 1/e, wheree = |ϑ|. The reflectionsri about the hyperplanesψi = 0 for i = 0, 1, . . . , ℓϑ generate an
irreducible affine Coxeter groupWaff(R, ϑ) which acts simply-transitively on alcoves inAϑ.

If ϑ = 1 we recover the affine root system attached toR as in [5] andWaff(R) := Waff(R, 1) is the
affine Weyl group ofR.

For an example with nontrivialϑ, takeR of typeA2 andϑ of order two. We havěV = {(x, y, z) ∈
R3 : x+ y + z = 0}, and

α1 = x− y, α2 = y − z, α̌1 = (1,−1, 0), α̌2 = (0, 1,−1), ρ̌ = (1, 0,−1).

The nontrivial automorphismϑ ∈ Aut(R) permuting{α1, α2} acts onV̌ byϑ(x, y, z) = (−z,−y,−x).
We identifyV̌ ϑ = {(x, 0,−x) : x ∈ R} with R via projection onto the first component. The〈ϑ〉-orbits
in the positive roots area = {α1, α2} andb = {α1 + α2}, soβa = x andβb = 2x. If we identify
Aϑ = R and takex0 = 0, then

Ψa = {x+ n
2

: n ∈ Z}, Ψb = {2x+ n+ 1
2

: n ∈ Z}.

The alcoveC is the open interval(0, 1
4
) in R. The walls ofC are defined by the vanishing of the affine

roots
ψ0 = 1

2
− 2x, ψ1 = x

which satisfy the relationψ0+2ψ1 = 1
2
, sob0 = 1 andb1 = 2. The groupWaff(R, ϑ) is infinite dihedral,

generated by the reflections ofR about0 and 1
4
.

We tabulate all the affine root systems for nontrivialϑ below. As the structure ofΨ(R, ϑ) depends
only onR and the ordere of ϑ, the pair(R, ϑ) is indicated by the symboleR, called thetypeof (R, ϑ).
Information aboutΨ(R, ϑ) is encoded in atwisted affine diagramD(eR) which is a graph with vertices
indexed byi ∈ {0, 1, . . . , ℓϑ}, labelled by the integersbi. The numbermij of bonds between vertices
i andj is determined as follows. Choose aW ϑ-invariant inner product( , ) on V ϑ and suppose that
(ψ̇j, ψ̇j) ≥ (ψ̇i, ψ̇i). Then

mij =
(ψ̇j, ψ̇j)

(ψ̇i, ψ̇i)
.

If mij > 1 we put an arrow pointing from vertexj to vertexi.

Removing the labels and arrows from the twisted affine diagram D(eR) gives the Coxeter diagram
D(eR)cox of Waff(R, ϑ) (except in type2A2 the four bonds should be interpreted asr0r1 having infinite
order). We tabulate the twisted affine diagrams fore > 1 below (their analogues fore = 1 being
well-known). For each type we also give thetwisted Coxeter number, which is the sum

hϑ = e · (b0 + b1 + · · ·+ bℓϑ
), (2)
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whose importance will be seen later. The nodei = 0 is indicated by•.

Table 1: Twisted Affine diagrams and twisted Coxeter numbers

eR D(eR) ℓϑ hϑ

2A2
1• %9

2◦ 1 6

2A2n
1•=⇒2◦—-

2◦– · · · –2◦=⇒2◦ n 4n+ 2

2A2n−1

1◦—-
2◦– · · · –2◦⇐=

1◦—
-•

1

n 4n− 2

2Dn
1•⇐=

1◦—-
1◦– · · · –1◦=⇒1◦ n− 1 2n

3D4
1•—-

2◦⇚ 1◦ 2 12

2E6
1•—-

2◦—-
3◦⇐=

2◦—-
1◦ 4 18

(3)

Remark: LetR be the set of pairs(R, e), whereR is an irreducible reduced finite root system and
e is a divisor of |Θ|. Let Raff be the set of irreducible reduced affine root systems, as in [20], up
to isomorphism. LetD be the set of pairs(D, o), whereD is the Coxeter diagram of an irreducible
affine Coxeter group ando is a choice of orientation of each multiple edge ofD. The classification of
reduced irreducible affine root systems [20, 1.3] shows that the assignments(R, e) 7→ eR 7→ D(eR)
give bijections

R ∼−→ Raff

∼−→ D.

2.2 Torsion points, Kac coordinates and the normalization algorithm

Retain the notation of the previous section. LetAϑ
Q be the orbit ofx0 under the rational vector space

Q⊗X̌ϑ ⊂ V̌ ϑ. Theorderof a pointx ∈ Aϑ
Q is the smallest positive integerm such thatx ∈ 1

m
X̌ϑ+x0.

If x ∈ Aϑ
Q has orderm then for eachψ ∈ Ψ(R, ϑ) we have〈ψ, x〉 ∈ 1

m
Z, so there are integerssi such

that〈ψi, x〉 = si/m, andgcd(s0, . . . , sℓϑ
) = 1. Moreover, sinceb0ψ0 + · · · + bℓϑ

ψℓϑ
is constant, equal

to 1/e, (recall thate is the order ofϑ) it follows that

e ·
ℓϑ∑

i=0

bisi = m.

In particular, the orderm is divisible bye. We call integer vector(s0, s1, . . . , sℓϑ
) the (un-normalized)

Kac coordinatesof x.

The pointx lies inC precisely when allsi are non-negative; in this case we refer to the vector(si) as
normalized Kac coordinates. The action of the affine Weyl groupWaff(R, ϑ) onAϑ

Q can be visualized
as an action on Kac coordinates, as follows. The reflectionrj about the wallψj = 0 sends the Kac
coordinates(si) to (s′i), where

s′i = si − 〈βi, β̌j〉sj.
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Un-normalized Kac coordinates may have somesj < 0. If we apply rj and repeat this process by
selecting negative nodes and applying the corresponding reflections, we will eventually obtain normal-
ized Kac coordinates(s′i). Geometrically, thisnormalization algorithm amounts to moving a given
point x ∈ AΘ

Q into the fundamental alcoveC by a sequence of reflections about walls, see [22, Sec.
3.2]. We have implemented the normalization algorithm on a computer and used it extensively to
construct the tables in sections9 and11.

The image of the projectione−1
∑e−1

i=0 ϑ
i : X̌ → V ϑ is a latticeYϑ in V ϑ which is preserved byW ϑ.

The extended affine Weyl group
W̃aff(R, ϑ) := W ϑ ⋊ Yϑ

containsWaff(R, ϑ) as a normal subgroup of finite index and the quotient may be identified with a group
of symmetries of the oriented diagramD(eR). We regard two normalized Kac diagrams as equivalent if
one is obtained from the other by a symmetry of the oriented diagramD(eR) coming fromW̃aff(R, ϑ).
ForR = E6, E7, E8 ande = 1 these diagram symmetries are: rotation of order three, reflection of
order two and trivial, respectively. In type2E6 these diagram symmetries are trivial (see table (3)).

2.3 µm-actions on Lie algebras

Let k be an algebraically closed field. Allk-algebras are commutative with1, and in this section
all group schemes are affine overk, and are regarded as representable functors from the category of
k-algebras to the category of groups.

Everyk-algebraA is a direct product ofk-algebrasA =
∏

ι∈I(A)Aι,whereI(A) indexes the connected
componentsSpec(Aι) of Spec(A) and eachAι is ak-algebra with no non-trivial idempotents. This de-
composition is to be understood when we describe theA-valued points in various group schemes below.
Each finite (abstract) groupΓ is regarded a constant group scheme, given byΓ (A) =

∏
ι∈I(A) Γ (Aι),

whereΓ (Aι) = Γ . In other words, an elementγ ∈ Γ (A) is a function(ι 7→ γι) from I(A) to Γ .

Let µm denote the group scheme ofmth roots of unity, whoseA-valued points are given by

µm(A) = {a ∈ A : am = 1} =
∏

ι∈I(A)

µm(Aι).

If m is nonzero ink thenµm(Aι) = µm(k) for everyι ∈ I(A), soµm is a constant group scheme and
we have

µm(A) =
∏

ι∈I(A)

µm(k).

If m is zero ink thenµm is not a constant group scheme.

A k-vector spaceV can be regarded as ak-scheme such thatV (A) = A ⊗k V . To give a grading
V =

∑
i∈Z/mZ Vi ask-schemes is to give a morphism̺: µm → GL(V ), whereGL(V )(A) is the

automorphism group of the freeA-moduleV (A). Indeed,Z/m is canonically isomorphic to the Cartier
dualHom(µm,Gm), so a morphism̺ : µm → GL(V ) gives a gradingV (A) = ⊕i∈Z/mVi(A) where
Vi(A) = {v ∈ V (A) : ̺(ζ)v = ζ iv ∀ζ ∈ µm(A)}.
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Now letR be an irreducible root system as before, with base∆ and group of based automorphisms
Θ. SetX = ZR andX̌ = Hom(X,Z). Then(X,R, X̌, Ř) is the root datum of a connected simple
algebraic group schemeG overk of adjoint type. Letg be the Lie algebra ofG and letT ⊂ B be a
maximal torus contained in a Borel subgroup ofG. We identifyR with the set of roots ofT in g, and
∆ with the set of simple roots ofT in the Lie algebra ofB. Choose a root vectorEi for each simple
rootαi ∈ ∆. The data(X,R, X̌, Ř, {Ei}) is called apinning of G.

Fix an elementϑ ∈ Θ. Assume the ordere of ϑ is nonzero ink, so thatµe and〈ϑ〉 are isomorphic
constant group schemes overk, and choose an isomorphismτ : µe → 〈ϑ〉.
By our choice of pinning(X,R, X̌, Ř, {Ei}), the group〈ϑ〉 may also be regarded as a subgroup of
Aut(g) permuting the root vectorsEi in the same wayϑ permutes the rootsαi, and we have a semidirect
product

G⋊ 〈ϑ〉 ⊂ Aut(g),

where the cyclic group〈ϑ〉 is now viewed as a constant subgroup scheme of automorphismsof g,
whose points in eachk-algebraA consist of vectors(ϑnι) acting ong(A) =

∏
ι g(Aι), with ϑnι acting

on the factorg(Aι).

Now letm be a positive integer divisible bye (butm could be zero ink). Letm/e : µm → µe be the
morphism sendingζ ∈ µm(A) to ζm/e ∈ µe(A) for everyk-algebraA.

Finally, for each rational pointx ∈ Aϑ
Q of orderm we shall now define a morphism

̺x : µm → T ϑ × 〈ϑ〉,

whereT ϑ is the subscheme ofϑ-fixed points inT . We havex = 1
m
λ̌ + x0, for someλ̌ ∈ X̌ϑ. The

co-characteřλ restricts to a morphism̌λm : µm → T ϑ and we define̺ x onA-valued points by

̺x(ζ) = λ̌m(ζ)× τ(ζm/e), for ζ ∈ µm(A).

Since
Hom(µm, T

ϑ) = X̌ϑ/mX̌ϑ ≃ 1
m
X̌ϑ/X̌ϑ,

we see thaťλm corresponds precisely to an orbit ofx under translation by̌Xϑ onAϑ
Q. The condition

thatx has orderm means thaťλm does not factor throughµd for any proper divisord | m.

Let w̃ ∈ W̃aff(R, ϑ) have projectionw ∈ W ϑ and denote the canonical action ofW ϑ onT ϑ byw · t, for
t ∈ T ϑ(A). Then we have

̺ ew·x(ζ) = w · ̺x(ζ)

for all ζ ∈ µm(A). One can check (cf. [22, section 3]) that two pointsx, y ∈ Aϑ
Q of orderm give

G-conjugate embeddings̺x, ̺y : µm →֒ T ϑ × ϑ if and only if x andy are conjugate under̃Waff(R, ϑ).
The morphism̺ x is thus determined by the Kac coordinates(s0, s1, . . . , sℓϑ

) of x and theG-conjugacy
class of̺ x is determined by the normalized Kac coordinates of theW̃aff(R, ϑ)-orbit of x.
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2.4 Principal µm-actions

We continue with the notation of section2.3. Recall thatρ̌ ∈ X̌ϑ is the sum of the fundamental
co-weightsω̌i. For every positive integerm divisible bye, we have aprincipal point

xm := x0 + 1
m
ρ̌ ∈ Aϑ

Q

of orderm. It corresponds to theprincipal embedding

̺m = ̺xm : µm −→ T ϑ × 〈ϑ〉, given by ̺m(ζ) = ρ̌(ζ)× τ(ζm/e).

The Kac coordinates ofxm and̺m are given as follows. If1 ≤ i ≤ ℓϑ we haveψi = β̃i for some
βi ∈ Rϑ which is the restriction tǒV Θ of a simple rootαi ∈ ∆. Since〈αi, ρ̌〉 = 1, it follows that
〈ψ, xm〉 = 1/m sosi = 1, and we have

m = e ·
ℓϑ∑

i=0

bisi = es0 + e ·
ℓϑ∑

i=1

bi = es0 + hϑ − e,

wherehϑ = e ·
∑ℓϑ

i=0 bi is the twisted Coxeter number ofRϑ (see (2)). Hence the remaining Kac-
coordinate of the principal pointxm is

s0 = 1 +
m− hϑ

e
.

This is negative ifm < hϑ − e, in which case we can apply the normalization algorithm of section 2.2
to obtain the normalized Kac coordinates ofxm. Examples are found in the tables of section8.1.

We will be especially interested in the pointsxm wherem is the order of an ellipticZ-regular auto-
morphism inWϑ (defined in the next section). The twisted Coxeter numberhϑ is one of these special
values ofm, corresponding tos0 = 1 (cf. section8 below).

3 Z-regular automorphisms of root systems

We continue with the notation of section2.1: R is an irreducible finite reduced root system with a
chosen base∆ and automorphism groupAut(R) = W ⋊ Θ, whereW is the Weyl group ofR andΘ
is the subgroup ofAut(R) preserving∆.

Definition 3.1 An automorphismσ ∈ Aut(R) is Z-regular if the group generated byσ acts freely on
R.

This is nearly equivalent to Springer’s notion of a regularity (over C) [27]. In this section we will
reconcile our definition with that of Springer.

Let X = ZR be the root lattice ofR and letX̌ = Hom(X,Z) be the co-weight lattice. We say that
a vectorv̌ ∈ k ⊗ X̌ is k-regular if 〈α, v̌〉 6= 0 for everyα ∈ R. We say also that an automorphism
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σ ∈ Aut(R) is k-regular if σ has ak-regular eigenvector ink ⊗ X̌. Taking k = C we recover
Springer’s definition of regularity [27].

At first glance it appears thatσ could bek-regular for some fieldsk but not others. This is why we
have defined regularity overZ, as in Def. 3.1. Of course the definition ofZ-regularity seems quite
different from that ofk-regularity. An argument due to Kostant for the Coxeter element (cf. [13, Cor.
8.2]) shows that ak-regular automorphism isZ-regular (see [27, Prop. 4.10]). The converse is almost
true but requires an additional condition. We will prove:

Proposition 3.2 An automorphismσ ∈ Aut(R) is Z-regular if and only if for every algebraically
closed fieldk in which the orderm of σ is nonzero there isk-regular eigenvector forσ in k⊗ X̌ whose
eigenvalue has orderm.

Supposeσ = wϑ wherew ∈ W andϑ ∈ Θ is a based automorphism of ordere. If σ has orderm
and has ak-regular eigenvalueλ of orderd, thenm = lcm(d, e). Indeed, it is clear thatm is divisible
by n := lcm(d, e). Conversely, we haveλn = 1 soσn fixes a regular vector, butσn ∈ W , so in fact
σn = 1 andm | n. Hence the notions ofZ-regularity andk-regularity coincide precisely whene | d. In
particular they coincide ifϑ = 1, that is, ifσ ∈ W . However, ifϑ has ordere > 1 and we takeσ = ϑ,
thenσ fixes thek-regular vectořρ soσ is k-regular (ife 6= 0 in k). Howeverσ fixes the highest root, so
σ is notZ-regular. And ifζ ∈ k× has ordere there are nok-regular vectors in theζ-eigenspace ofσ.

The proof of Prop.3.2will be given after some preliminary lemmas.

Lemma 3.3 An automorphismσ ∈ Aut(R) is based if and only if no root ofR vanishes oňXσ.

Proof: Assume thatσ ∈ Aut(R) preserves a base∆′ ⊂ R. Thenσ preserves the setR+ of roots in
R which are non-negative integral linear combinations of roots in∆′. The vector

∑
β∈R+ β̌ belongs to

X̌σ and no root vanishes on it.

Conversely, leťv ∈ X̌σ be a vector on which no root inR vanishes. Thenv defines a chamberC in the
real vector spaceR⊗X, namely,

C = {λ ∈ R⊗X : 〈λ, v̌〉 > 0}.

As σ fixes v̌, the chamberC is stable underσ, soσ permutes the walls ofC. The set of rootsα for
whichker α̌ is a wall ofC is therefore a base ofR preserved byσ. �

Next, we say thatσ ∈ Aut(R) is primitive if σ preserves no proper root subsystem ofR.

Lemma 3.4 If σ ∈ Aut(R) is primitive, then its characteristic polynomial onV is irreducible over
Q. That is, we havedet(tIV − σ|V ) = Φm(t), wherem is the order ofσ and Φm(t) ∈ Z[t] is the
cyclotomic polynomial whose roots are the primitivemth roots of unity.

Proof: In this proof we change notation slightly and letV = Q ⊗ X denote therational span ofX
and letQ be an algebraic closure ofQ.
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Forα ∈ R, letVα ⊂ V be the rational span of theσ-orbit ofα. SinceVα is spanned by roots, it follows
from [5, VI.1] thatR ∩ Vα is a root subsystem ofR. As it is preserved by the primitive automorphism
σ, we must haveR ⊂ Vα, soVα = V . Hence the mapQ[t] → V given by sendingf(t) 7→ f(σ)α
is surjective, and its kernel is the ideal inQ[t] generated by the minimal polynomialM(t) of σ onV .
HencedegM(t) = dimV so we haveM(t) = det(tIV − σ|V ).

We must show thatM(t) is irreducible overQ. If not, thenM(t) is divisible byΦd(t) for some proper
divisor d | m. This meansσ has an eigenvalue of orderd on Q ⊗ V , implying thatσd has nonzero
fixed-point spacěXσd

. The set of roots vanishing oňXσd
is a root subsystem not equal to the whole of

R, and therefore is empty, again using the primitivity ofσ.

By Lemma3.3, σd is a nontrivial automorphism preserving a base∆′ of R. As in the proof of that
lemma, the sum of the positive roots for∆′ is a nonzeroQ-regular vector inV fixed byσd. Hence
the nontrivial subgroup〈σd〉 has trivial intersection withW . If σ ∈ W this is a contradiction and the
lemma is proved in this case.

Assume thatσ /∈ W . SinceR is irreducible and we have shown that the projectionAut(R) → Θ is
injective on〈σd〉, it follows thatσd has ordere ∈ {2, 3}. We must also have(e, d) = 1 andm = ed.
As e is determined by the projection ofσ to Θ, it follows that d is theuniqueproper divisor ofm
such thatΦd(t) dividesM(t). Since the roots ofM(t) aremth roots of unity (becauseσm = 1) and
are distinct (sinceσ is diagonalizable onQ ⊗ V ) andM(t) 6= Φd(t) by assumption, it follows that
M(t) = Φm(t) · Φd(t).

If e = 2 then−σ ∈ W is also primitive, with reducible minimal polynomialM(−t) = Φm(−t) ·
Φd(−t), contradicting the case of the lemma previously proved. Ife = 3, thenΦ has typeD4, so
m = 3d and

4 = degM = φ(3d) + φ(d) = φ(d)[φ(3) + 1] = 3φ(d),

which is also impossible. The lemma is now proved in all cases. �

Now let σ ∈ Aut(R) be aZ-regular automorphism of orderm. Recall from Def.3.1 that this means
the group〈σ〉 generated byσ acts freely onR. For eachα ∈ R, letVα ⊂ Q⊗X denote theQ-span of
the〈σ〉-orbit of α and letMα(t) be the minimal polynomial ofσ onVα.

Lemma 3.5 If σ is Z-regular of orderm thenΦm(t) dividesMα(t) in Z[t], for all α ∈ R.

Proof: Let ζ ∈ Q
×

be a root of unity of orderm and letα ∈ R. It suffices to show thatζ is an
eigenvalue ofσ in Q⊗Vα. LetR′ be a minimal (nonempty)σ-stable root subsystem ofR∩Vα, and let

R′ = R′
0 ∪R′

1 ∪ · · · ∪ R′
k−1

be the decomposition ofR′ into irreducible components. These are permuted transitively by σ; we
index them so thatσiR′

0 = R′
i for i ∈ Z/k. The stabilizer ofR′

0 in 〈σ〉 is generated byσk. Correspond-
ingly, the rational spanV ′ of R′ is a direct sum

V ′ = V ′
0 ⊕ V ′

1 ⊕ · · · ⊕ V ′
k−1 ⊂ Vα

whereV ′
i is the rational span ofR′

i.
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Suppose thatη := ζk is an eigenvalue ofτ := σk in Q⊗ V ′
0 , afforded by the vectorv ∈ Q⊗ V ′

0 . LetS
andT denote the group algebras overQ of 〈σ〉 and〈τ〉, respectively, and letQη be theT -module with
underlying vector spaceQ on whichτ acts as multiplication byη. There is a unique map ofS-modules

f : S ⊗T Qη −→ V ′

such thatf(1 ⊗ 1) = v ∈ V ′
0 . As f(σi ⊗ 1) = σiv ∈ Q ⊗ V ′

i , and the spacesV ′
0 , V

′
1 , . . . , V

′
k−1 are

linearly independent, it follows thatf is injective. Frobenius reciprocity implies thatζ appears as an
eigenvalue ofσ in Q⊗ V ′, hence also inQ⊗ Vα.

It therefore suffices to prove thatη appears as an eigenvalue ofτ onQ⊗ V ′
0 . Sinceσ acts freely onR,

it follows thatτ acts freely onR′
0 and has ordern := m/k onR′

0. We claim thatτ is primitive onR′
0.

For if R′′ ⊂ R′
0 is a root subsystem preserved byτ thenR′′ ∪ σR′′ ∪ · · · ∪ σk−1R′′ is a root subsystem

preserved byσ which must equalR′ (by minimality), so thatR′′ = R′
0. Henceτ is indeed primitive

onR′
0. By Lemma3.4 the characteristic polynomial ofτ on V ′

0 is the cyclotomic polynomialΦn(t),
which has the rootζm/n = ζk = η. Thereforeη appears as an eigenvalue ofτ onQ⊗V ′

0 , as desired.�

We are now ready to prove Prop.3.2. Let k be an algebraically closed field and setVk := k ⊗ X,
V̌k := k ⊗ X̌. Recall that ak-regular vectořv ∈ V̌k is one for which〈α, v̌〉 6= 0 for all α ∈ R.

For completeness we recall the proof of the easy direction ofProp. 3.2 (cf. [27, 4.10]). Assume that
σ ∈ Aut(R) is k-regular, and leťv ∈ V̌k be ak-regular eigenvector ofσ with eigenvalueζ ∈ k× of
orderm equal to the order ofσ. Supposeσdα = α for someα ∈ R. Then

0 6= 〈α, v̌〉 = 〈σdα, v̌〉 = 〈α, σ−dv̌〉 = ζ−d〈α, v̌〉.

It follows thatζd = 1. Sinceσ andζ have the same order, it follows thatσd = 1. Hence〈σ〉 acts freely
onR, soσ is Z-regular.

Assume now thatσ is Z-regular, so that〈σ〉 acts freely onR. Let Φ̄m(t) denote the image, under the
mapZ[t]→ k[t] induced by the canonical mapZ→ k, of the cyclotomic polynomialΦm(t). Sincem
is nonzero ink, it follows that all roots of̄Φm(t) in k have orderm. Let ζ ∈ k× be one of them.

Let α ∈ R and letXα be the subgroup ofX generated by the〈σ〉-orbit of α. ThenXα is a lattice in
Vα = Q⊗Xα andΦm(t) divides the characteristic polynomialdet(tI − σ|Xα) in Z[t], by Lemma3.5.
HenceΦ̄m(t) dividesdet(tI − σ|k⊗Xα) in k[t]. In particularζ−1 is an eigenvalue ofσ onk ⊗Xα.

The operatorPζ ∈ End(Vk) given by

Pζ = 1 + ζσ + ζ2σ2 + · · ·+ ζm−1σm−1

preservesk ⊗ Xα andPζ(k ⊗ Xα) is theζ−1-eigenspace ofσ in k ⊗ Xα. AsXα is spanned by roots
σiα andPζ(σ

iα) = σ−iPζ(α), it follows thatPζ(α) 6= 0.

As α ∈ R was arbitrary, we have thatPζ(α) 6= 0 for all α ∈ R. Sincek is infinite, there existšv ∈ V̌k

such that〈Pζ(α), v̌〉 6= 0 for all α ∈ R.

The dual projection

P̌ζ = 1 + ζ−1σ + ζ−2σ2 + · · ·+ ζ1−mσm−1 ∈ End(V̌k)
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satisfies
〈α, P̌ζ(v̌)〉 = 〈Pζ(α), v̌〉 6= 0,

for all α ∈ R. ThereforeP̌ζ(v̌) is ak-regular eigenvector ofσ in V̌k whose eigenvalueζ has orderm.
This completes the proof of Prop.3.2. �

4 Positive rank gradings

Let g be the Lie algebra of a connected simple algebraic groupG of adjoint type over an algebraically
closed fieldk whose characteristic is not a bad prime forG. ThenG = Aut(g)◦ is the identity
component ofAut(g). We fix a Cartan subalgebrat of g with corresponding maximal torusT = CG(t)
and letR be the set of roots oft of g. LetN = NG(T ) be the normalizer ofT , so thatW = N/T is
the Weyl group ofR.

From now on we only consider gradingsg = gi∈Z/m gi whose periodm is nonzero ink. By choosing
anmth root of unity ink×, we get an automorphismθ ∈ Aut(g) of orderm, such thatθ acts ongi by
the scalarζ i.

In this section we show how all such gradings of positive rankmay be effectively found by computing
lifts to Aut(g) of automorphismsσ ∈ Aut(R).

4.1 A canonical Cartan subalgebra

Given any Cartan subalgebras of g with centralizerS = CG(s), let

Aut(g, s) = {θ ∈ Aut(g) : θ(s) = s}.

We have an isomorphism (obtained by conjugatings to our fixed Cartan subalgebrat)

Aut(g, s)/S ≃ Aut(R)

which is unique up to conjugacy inAut(R). Thus any element ofAut(g, s) gives a well-defined
conjugacy class inAut(R). However, an automorphismθ ∈ Aut(g) may normalize various Cartan
subalgebrass, giving rise to various classes inAut(R). We will define a canonicalθ-stable Cartan
subalgebra, which will allow us associate toθ a well-defined conjugacy class inAut(R).

For eachθ ∈ Aut(g) whose order is nonzero ink we define a canonicalθ-stable Cartan subalgebras of
g as follows. Letc ⊂ g1 be a Cartan subspace. The centralizerm = zg(c) is aθ-stable Levi subalgebra
of g and we havem = ⊕mi wheremi = m∩gi. Choose a Cartan subalgebras0 of m0. Thens0 contains
regular elements ofm, so the centralizer

s := zm(s0)

is a θ-stable Cartan subalgebra ofm, ands is also a Cartan subalgebra ofg. We haves ∩ g0 = s0

(so our notation is consistent) ands ∩ g1 = c. SinceG0 is transitive on Cartan subspaces ing1 and
CG0(c)

◦ is transitive on Cartan subalgebras of its Lie algebram0, the Cartan subalgebras is unique up
toG0-conjugacy.
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4.2 A relation betweenAut(g) and Aut(R)

For θ ∈ Aut(g) andσ ∈ Aut(R) we write
θ ⊢ σ

if the following two conditions are fulfilled:

• θ andσ have the same order;

• θ isG-conjugate to an automorphismθ′ ∈ Aut(g, t) such thatθ′|t = σ.

Assume thatθ ⊢ σ and that the common orderm of θ andσ is nonzero ink. Choose a root of unity
ζ ∈ k× of orderm, giving a gradingg = ⊕i∈Z/m gi. Recall thatrank(θ) is the dimension of a Cartan
subspacec ⊂ g1 for θ. Likewise, forσ ∈ Aut(R), let rank(σ) be the multiplicity ofζ as a root
of the characteristic polynomial ofσ on V . Sincet consists of semisimple elements, it follows that
rank(θ) ≥ rank(σ).

Proposition 4.1 Let θ ∈ Aut(g) be an automorphism of positive rank whose orderm is nonzero ink.
Then

rank(θ) = max{rank(σ) : θ ⊢ σ}.

Proof: It suffices to show that there existsσ ∈ Aut(g, t) such thatθ ⊢ σ andrank(θ) = rank(σ).

Replacingθ by aG-conjugate, we may assume thatt is the canonical Cartan subalgebra forθ (section
4.1) so thatθ ∈ Aut(g, t), andc = t1 is a Cartan subspace contained int. Thenc is theζ-eigenspace
of σ := θ|t ∈ Aut(R). Sinceθ has orderm, it follows that the order ofσ dividesm. But σ has an
eigenvalue of orderm, so the order ofσ is exactlym. We therefore haveθ ⊢ σ andrank(θ) = dim c =
rank(σ). �

Given σ ∈ Aut(R) let Kac(σ) denote the set of normalized Kac diagrams of automorphismsθ ∈
Aut(g, t) for which θ ⊢ σ. Since there are only finitely many Kac diagrams of a given order, each set
Kac(σ) is finite. From Prop.4.1it follows that the Kac coordinates of all positive rank automorphisms
of g are contained in the union ⋃

σ∈Aut(R)/∼

Kac(σ), (4)

taken over representatives of theW -conjugacy classes inAut(R). Moreoverrank(θ) is the maximal
rank(σ) for which the Kac coordinates ofθ appear inKac(σ).

4.3 Inner automorphisms

If θ ∈ G = Aut(g)◦ is inner then its Kac diagram will belong toKac(w) for somew ∈ W . In this
section we refine the union (4) to reduce the number of classes ofw to consider, and we show how to
computeKac(w) directly fromw, for these classes.

17



A subsetJ ⊂ {1, . . . , ℓ} is irreducible if the root systemRJ spanned by{αj : j ∈ J} is irreducible.
Two subsetsJ, J ′ areorthogonal if RJ andRJ ′ are orthogonal.

An elementw ∈ W ism-admissibleif w has orderm andw can be expressed as a product

w = w1w2 · · ·wd, (5)

where eachwi is contained inWJi
for irreducible mutually orthogonal subsetsJ1, . . . , Jd of {1, 2, . . . , ℓ}

and on the reflection representation ofWJi
eachwi has an eigenvalue of orderm but no eigenvalue

equal to1 (sowi is elliptic inWJi
). We call (5) anadmissible factorizationof w. Note that eachwi

also has orderm, thatrank(w) =
∑

i rank(wi), andrank(wi) > 0 for 1 ≤ i ≤ d.

LetGi be the Levi subgroup ofG containingT and the roots fromJi, and letG′
i be the derived group

of Gi. Eachwi ∈ WJi
has a liftẇi ∈ G′

i ∩ N and all such lifts are conjugate byT ∩ Gi, hence the
normalized Kac-coordinates ofAd(ẇi) in Ad(G′

i) are well-defined.

Given anm-admissible elementw = w1 · · ·wd as in (5), let Kac(w)un be the set of un-normalized Kac
coordinates(s0, s1, . . . , sℓ) such that

• For j ∈ Ji the coordinatesj is the corresponding normalized Kac coordinate ofwi in G′
i.

• For i ∈ {0, 1, . . . , ℓ} − J , the coordinatesi ranges over a set of representatives forZ/m.

• ∑ℓ
i=0 aisi = m.

Lemma 4.2 If w is m-admissible, thenKac(w) is the set of Kac diagrams obtained by applying the
normalization algorithm of section2.2to the elements ofKac(w)un.

Proof: Each Kac diagram inKac(w)un is that of a lift ofw in N of orderm. Hence the normalization
of this diagram lies inKac(w). Conversely, suppose(si) are normalized Kac coordinates lying in
Kac(w). By definition, there is an inner automorphismθ ⊢ w (notation of section4.2) of orderm with
these normalized Kac-coordinates, and we may assume thatθ = Ad(n) for somen ∈ N , a lift of w.
Then

n = ẇ1ẇ2 · · · ẇd · t
where eachẇi is a lift of wi andt ∈ T . LetZ be the maximal torus in the center ofG′

1 ·G′
2 · · ·G′

d · T .
ThenT = Z · (1− w)T , so we may conjugaten by T to arrange thatt ∈ Z. Next, we conjugate each
ẇi in G′

i to an elementti ∈ T ∩G′
i, thus conjugatingn to

n′ = t1 · t2 · · · td · t ∈ T.

Sincen′ has orderm there existšλ ∈ X̌ such thatn′ = λ̌(ζ). As in section2.2, the pointx =
x0 + 1

m
λ̌ ∈ AQ has orderm and the simple affine rootsψi take valuesψi(x) = s′i/m, wheres′i are the

Kac coordinates ofn′ and
∑ℓ

i=0 ais
′
i = m. If j ∈ Ji thens′j is a Kac coordinate of theG′

i-conjugateẇi

of ti, and ifi ∈ {0, 1, . . . , ℓ}− J we haveαi(n
′) = ζs′i , so the class ofs′i in Z/m is determined. Hence

the Kac coordinates(s′i) lie in Kac(w)un and their normalization is(si). �
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Proposition 4.3 Letθ ∈ Aut(g)◦ be an inner automorphism of orderm nonzero ink with rank(θ) > 0.
Then there exists anm-admissible elementw ∈W such thatθ ⊢ w, and the rank ofθ is given by

rank(θ) = max{rank(w) : θ ⊢ w},

where the maximum is taken over allW -conjugacy classes ofm-admissible elementsw ∈ W such that
θ ⊢ w.

Proof: We may assume thatt is the canonical Cartan subalgebra forθ, so thatθ = Ad(n) for some
n ∈ N . The elementw = nT ∈ N/T = W has orderm andθ ⊢ w. Recall that the canonical Cartan
subalgebra has the property thatt1 is a Cartan subspace forθ. Hencerank(θ) = rank(w) > 0 .

Assume first thatt0 = 0, that is,w is elliptic. Thenw ism-admissible and its admissible factorization
(5) isw = w1, with d = 1, so the proposition is proved in this case.

Assume now thatt0 6= 0. LetR0 be the set of roots inR vanishing ont0. SinceR0 is the root system of
a Levi subgroup ofG, there is a basis∆ = {α1, α2, . . . , αℓ} of R such that∆0 := ∆ ∩R0 is a basis of
R0. We have∆0 = {αj : j ∈ J} for some subsetJ ⊂ {1, 2, · · · , ℓ}. DecomposingR0 into irreducible
root systemsRi

0, we have corresponding decompositions

R0 = R1
0 ∪R2

0 ∪ · · · ∪Rn
0 ,

∆0 = ∆1
0 ∪∆2

0 ∪ · · · ∪∆n
0 ,

J = J1 ∪ J2 ∪ · · · ∪ Jn,

WJ = WJ1 ×WJ2 × · · · ×WJn ,

w = w1 · w2 · · · · wn.

By construction,w is elliptic inWJ and has an eigenvalue of orderm on the reflection representation
of WJ . Therefore, eachwi is elliptic in WJi

and has eigenvalues of order dividingm. And since
rank(w) > 0 there is some numberd ≥ 1 of wi’s having an eigenvalue of order exactlym. Let the
factors be numbered so thatwi has an eigenvalue of orderm for i ≤ d, andwi has no eigenvalue of
orderm for i > d. The element

w′ = w1w2 · · ·wd

ism-admissible.

As before, letGi be the Levi subgroup ofG containingT and the root subgroups fromJi, and letG′
i

be the derived subgroup ofGi. The derived group ofCG(t0) is a commuting productG′
1 ·G′

2 · · ·G′
n.

Eachwi has a liftẇi ∈ N ∩G′
i; such a lift is unique up to conjugacy byT ∩G′

i and we have

θ = ẇ1ẇ2 · · · ẇn · t

for somet ∈ T . For i > d we conjugateẇi in G′
i to an elementti ∈ T , obtaining a conjugateθ′ of θ

having the form
θ′ = ẇ1ẇ2 · · · ẇd · t′.

Thereforeθ ⊢ w′ andw′ ism-admissible of the same rank asθ. The proposition is proved. �
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5 Principal and stable gradings

Retain the set-up of section4. Let B be a Borel subgroup ofG = Aut(g)◦ containing our fixed
maximal torusT . The algebraic groupG has root datum(X,R, X̌, Ř), whereX = X∗(T ) (resp.
X̌ = X∗(T )) are the lattices of weights (resp. co-weights) ofT , andR (resp.Ř) are the sets of roots
(resp. co-roots) ofT in G. The base∆ of R is the set of simple roots ofT in B. As before, we choose
a pinning(X,R, X̌, Ř, {Ei}), whereEi ∈ g is a root vector for the simple rootαi ∈ ∆. This choice
gives an isomorphism fromAut(R,∆) to the groupΘ = {ϑ ∈ Aut(g, t) : ϑ{Ei} = {Ei} } of pinned
automorphisms, and we have a splitting

Aut(g) = G⋊ Θ.

5.1 Principal gradings

We say the gradingg = gi∈Z/m gi (or the associated automorphismθ ∈ Aut(g)) is principal if θ is
G-conjugate to the automorphism

θm = ρ̌(ζ)ϑ

for some pinned automorphismϑ ∈ Θ and some root of unityζ ∈ k× of orderm. (Recall thaťρ is the
sum of the fundamental co-weights dual to the simple rootsαi ∈ ∆.) We will see that theG-conjugacy
class ofθm does not depend on the choice ofζ. Thus, for each positive integerm which is nonzero in
k there is a uniqueG-conjugacy class of principal gradings ong of orderm, whose normalized Kac
diagrams may be found as described in section2.4. These Kac diagrams may also be found in [7].

Note thatζ-eigenspaceg1 for θm contains the regular nilpotent elementE := E1 + E2 + · · · + Eℓ

associated to our pinning. Conversely ifg1 contains a regular nilpotent element thenθ is principal. If

the characteristicp of k is zero or sufficiently large, the elementρ̌(ζ) is the image of

[
ζ 0
0 1

]
under the

principal embeddingPGL2 →֒ G associated by the Jacobson-Morozov theorem toE. Elsewhere in the
literature a principal automorphism is called “N -regular”.

The first aim of this section is to show that lifts toAut(g) of Z-regular elliptic automorphismsσ ∈
Aut(R) are principal. (Recall that an automorphismσ ∈ Aut(R) is calledelliptic if Xσ = 0.)

More precisely, letσ = wϑ ∈ Wϑ be an ellipticZ-regular automorphism ofR (Def. 3.1). Let n ∈ N
be a lift ofw. Sinceσ is elliptic the fixed-point groupT σ is finite, so the cosetnTϑ ⊂ Gϑ consists of a
singleT -orbit under conjugation. It follows that theG-conjugacy classCσ of nϑ in Gϑ depends only
onσ. In this section we will prove the following.

Proposition 5.1 Assumeσ ∈ Wϑ is elliptic andZ-regular and that the orderm of σ is nonzero ink.
Then the conjugacy classCσ containsρ̌(ζ)ϑ for everyζ ∈ k× of orderm.

The second aim of this section is to characterize the principal gradings which arise from ellipticZ-
regular automorphisms ofR in terms of stability (see section5.3).
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5.2 Conjugacy results

Let Nϑ,W ϑ denote the fixed-point subgroups ofϑ in N,W respectively, and letNϑ = {n ∈ N :
ϑ(n) ≡ n mod T}. It is known (see [28]) thatNϑ = Nϑ · T . This group acts on the cosetTϑ by
conjugation. Meanwhile the fixed-point groupW ϑ acts on the quotient torus

Tϑ = T/(1− ϑ)T

whose character and cocharacter groupsX∗(Tϑ) = Xϑ andX∗(Tϑ) = X̌/(1− ϑ)X̌ are the invariants
and coinvariants ofϑ in X andX̌, respectively.

We now recall some conjugacy results from [4] and [22] which are stated overC but whose proofs are
unchanged ifC is replaced by any algebraically closed fieldk. First, we have [4, 6.4]:

Lemma 5.2 The natural projectionν : T → Tϑ induces a bijection

Tϑ/Nϑ −→ Tϑ/W
ϑ,

sendingtϑ mod Nϑ 7→ ν(t) mod W ϑ.

From [22, Lemma 3.2] each semisimple elementgϑ ∈ Gϑ is G-conjugate to an element oftϑ with
t ∈ T ϑ. Now [4, 6.5] shows that sendinggϑ to the class ofν(t) moduloW ϑ gives a bijection between
the set of semisimpleG-conjugacy classes inGϑ and the orbit spaceTϑ/W

ϑ.

The torusTϑ is a maximal torus in a connected reductive groupGϑ with Weyl groupW ϑ. Hence
the affine varietyTϑ/W

ϑ has a canonicalZ-form, namely the ringZ[Xϑ]W
ϑ

of W ϑ-invariants in the
integral group algebra of the character groupXϑ of Tϑ. This ring has aZ-basis{χλ : λ ∈ Xϑ

+}
indexed by the setXϑ

+ of dominant weights, where

χλ =
∑

µ∈Xϑ

mµ
λµ,

andmµ
λ is the multiplicity of the weightµ in the irreducible representation of highest weightλ of the

complex group with the same root datum asGϑ.

We now regardG as a Chevalley group scheme overZ, writingG(A) for the group ofA-valued points
in a commutative ringA. The group heretofore denoted byG is nowG(k). LikewiseT andN are now
group schemes overZ.

Let λ ∈ Xϑ
+ and letV be the irreducible representation ofG(C) of highest weightλ. Sinceϑλ = λ it

follows thatV extends uniquely to a representation ofG(C) · 〈ϑ〉 such thatϑ acts trivially onV (λ).

Choose aG(Z)-stable latticeM in V such thatM ∩ V (µ) spans each weight spaceV (µ) in V and
ϑM = M . For example, we could takeM to be the KostantZ-form of V [14]. We get a representation
of G(k) · 〈ϑ〉 onVk := k ⊗M which may be reducible and which depends onM . However the traces
onVk of elements ofG(k) · 〈ϑ〉 are independent of the choice ofM .

Let A = Z[ζ] ⊂ C be the cyclotomic ring generated by a root of unityζ ∈ C× of orderm. Assume
thatk is algebraically closed andm is nonzero ink. Chooseζk ∈ k× a root of unity of orderm. We
have ring homomorphisms

C
ι←֓ A

π−→ k,
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whereι is the inclusion andπ(ζ) = ζk. We use the same letters to denote maps on groups of points,
e.g.,

G(C)
ι←֓ G(A)

π−→ G(k),

and similarly forT andN .

Lemma 5.3 Let s, t ∈ T (k)ϑ be elements of orderm such thattr(sϑ, Vk) = tr(tϑ, Vk) for all irre-
ducible representationsV of G(C) whose highest weight belongs toXϑ

+. Thensϑ and tϑ areG(k)-
conjugate.

Proof: Let V ′ be the representation ofGϑ(C) with the same highest weight asV . And choose a lattice
M ′ ⊂ V ′ analogous toM above. Sinces has orderm there is a co-weighťω ∈ X̌ such that

s = ω̌(ζk) = πω̌(ζ).

For eachµ ∈ Xϑ letM(µ) = M ∩ V (µ) and likewise setM ′(µ) = M ′ ∩ V ′(µ). We have

tr(sϑ, Vk) =
∑

µ∈Xϑ

µ(s) · tr(ϑ, k ⊗M(µ)) =
∑

µ∈Xϑ

ζ
〈µ,ω̌〉
k · π (tr(ϑ,M(µ)))

= π


 ∑

µ∈Xϑ

ζ〈µ,ω̌〉 · tr(ϑ,M(µ))


 .

By a result of Jantzen (see for example [16]) we have

∑

µ∈Xϑ

ζ〈µ,ω̌〉 · tr(ϑ,M(µ)) =
∑

µ∈Xϑ

ζ〈µ,ω̌〉 · dimM ′(µ).

It follows that

tr(sϑ, Vk) = π


 ∑

µ∈Xϑ

ζ〈µ,ω̌〉 · dimM ′(µ)


 = tr(ν(s), V ′

k).

Applying this identity totϑ as well, we find that

tr(ν(s), V ′
k) = tr(ν(t), V ′

k).

Thereforeχλ(ν(s)) = χλ(ν(t)) for all λ ∈ Xϑ
+, soν(s) ≡ ν(t) mod W ϑ. It follows thatsϑ andtϑ

areG(k)-conjugate, as claimed. �

Now supposeg ∈ G(Z) andgϑ is semisimple of orderm. Let s ∈ T (C)ϑ andt ∈ T (k)ϑ be such that
ι(g)ϑ isG(C)-conjugate tosϑ andπ(g)ϑ isG(k)-conjugate totϑ.

Lemma 5.4 In the situation just described, we haves ∈ T (A) andπ(s)ϑ isG(k)-conjugate totϑ.
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Proof: As above we haves = ω̌(ζ) for some co-weighťω ∈ X̌. It follows thats ∈ T (A). Moreover,
gϑ preserves the latticeM , so we have

tr(ι(g)ϑ,M) = tr(sϑ, V ) =
∑

µ∈Xϑ

ζ〈µ,ω̌〉 · tr(ϑ,M(µ)).

Applying π to both sides we get

π (tr(ι(g)ϑ,M)) =
∑

µ∈Xϑ

ζ
〈µ,ω̌〉
k · tr(ϑ, Vk(µ)) = tr(π(s)ϑ, Vk). (6)

On the other hand, we can first applyπ : G(A)→ G(k) and then take traces. This gives

π (tr(ι(g)ϑ,M)) = tr(π(g)ϑ, Vk) = tr(tϑ, Vk). (7)

Comparing the expressions (6) and (7) and using Lemma5.3 we see thatπ(s)ϑ and tϑ areG(k)-
conjugate as claimed. �

We are ready to prove Prop.5.1. Recall thatwϑ ∈ Wϑ is an ellipticZ-regular automorphism ofR
whose orderm is nonzero in the algebraically closed fieldk. Let ζ ∈ k× be a root of unity of order
m. Recall thaťρ is the sum of the fundamental co-weights arising from our chosen pinning. We have
ρ̌ ∈ X̌ϑ andρ̌(ζ) ∈ T (k)ϑ. We now prove Prop.5.1 in the following form.

Proposition 5.5 For any lift n ∈ N(k) ofw, the elementnϑ ∈ G(k)ϑ isG(k)-conjugate tǒρ(ζ)ϑ.

Proof: Assume first thatk has characteristic zero. In this case the proof relies on [21, Thm. 3.3] and
is similar to the proof of [21, Thm. 4.2 (iii)]. The automorphismτ := ρ̌(ζ)ϑ ∈ Aut(g) has orderm
and gives a gradingg = ⊕i∈Z/m g′

i, whereg′
i is theζ i-eigenspace ofτ . The sumE =

∑ℓ
i=1Ei of

the simple root vectors in our pinning belongs tog′
1. By [21, Thm. 3.3 v], the dimension of a Cartan

subspacec ⊂ g′
1 may be computed as follows. Letf1, . . . , fℓ ∈ k[t] be homogeneous generators for

the algebra ofW -invariant polynomials ont. Assume, as we may, that eachfi is an eigenvector forϑ,
with eigenvalue denotedεi, and setdi = deg fi. The integer

a(m,ϑ) := |{i : 1 ≤ i ≤ ℓ, εiζ
di = 1}|

depends only onm andϑ, and we have

dim c = a(m,ϑ).

Let s be a canonical Cartan subalgebra forτ (section4.1). There existsg ∈ G such thatt = Ad(g)s,
and we setθ′ = gτg−1. Sinceθ′ normalizest and belongs toGϑ we haveθ′ ∈ Nϑ. Letw′ϑ ∈ Wϑ be
the projection ofθ′. ThenAd(g)c is theζ-eigenspacet(w′ϑ, ζ) of w′ϑ in t, so

dim t(w′ϑ, ζ) = a(m,ϑ).

Sincewϑ is Z-regular and thereforek-regular (by Prop.3.2), it follows from [27, Prop. 3.6] that we
also havedim t(wϑ, ζ) = a(m,ϑ), and therefore

dim t(wϑ, ζ) = dim t(w′ϑ, ζ).
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By [27, Thm. 6.4 (iv)] the elementswϑ,w′ϑ ∈ Wϑ are conjugate underW . It follows thatnϑ is
N -conjugate to an element ofTθ′. Asw′ϑ is also elliptic, it follows thatnϑ is actually conjugate toθ′,
and hence toτ = ρ̌(ζ)ϑ, as claimed.

Now assume thatk has positive characteristic not dividingm. LetA be the cyclotomic subring ofC
generated byz = e2πi/m and letπ : A→ k be the ring homomorphism mappingz 7→ ζ. By ellipticity,
all lifts of wϑ to N(k)ϑ areT (k)-conjugate, so we may choose our lift to be of the formπ(n) with
n ∈ N(Z). From the characteristic zero case just proved, we have thatι(n)ϑ is G(C)-conjugate to
ρ̌(z)ϑ. By Lemma5.4it follows thatπ(n)ϑ isG(k)-conjugate tǒρ(ζ)ϑ, as claimed. �

5.3 Stable gradings

Let H be a connected reductivek-group acting on ak-vector spaceV . A vectorv ∈ V is calledH-
stable(in the sense of Geometric Invariant Theory) if theH-orbit of v is closed and the stabilizer ofv
in H is finite. The second condition means that the stabilizerHv is a finite algebraic group: it has only
finitely many points over the algebraically closed fieldk.

Recall we are assuming the characteristic ofk is not a bad prime forG and that the periodm of the
gradingg = ⊕i∈Z/mgi is nonzero ink. We have chosen a root of unityζ ∈ k× of orderm, and
θ ∈ Aut(g) is the automorphism of orderm whoseζ i-eigenspace isgi.

We say the gradingg = ⊕i∈Z/m gi (or the automorphismθ) is stableif there areG0-stable vectors ing1.
In this section we will show that stable gradings are closelyrelated to ellipticZ-regular automorphisms
of the root systemR.

Lemma 5.6 A vectorv ∈ g1 is stable if and only ifv is a regular semisimple element ofg and the
action ofθ on the Cartan subalgebra centralizingv is elliptic.

Proof: Vinberg showed ([29, Prop. 3]) that theG0-orbit of v is closed ing1 if and only if v is
semisimple ing. His proof works also in positive characteristic (see [18, 2.12-3]). Ifv is semisimple
its centralizerzg(v) is aθ-stable Levi subalgebra ofg. The derived subalgebrah of zg(v) is semisimple
and is preserved byθ. If v is stable then clearlyh0 = 0. This forcesh = 0, sov is regular ing andθ is
elliptic on the Cartan subalgebrazg(v). The reverse implication is clear. �

Prop.5.1and Lemma5.6have the following corollaries.

Corollary 5.7 Let θ ∈ Gϑ have orderm nonzero ink. The following are equivalent.

1. The grading ong given byθ is stable;

2. The action ofθ on its canonical Cartan subalgebra induces an ellipticZ-regular automorphism
ofR;

3. θ is principal andm is the order of an ellipticZ-regular element ofWϑ.
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Corollary 5.8 The map sending a stable automorphismθ ∈ Aut(g) to the automorphism ofR induced
by the action ofθ on its canonical Cartan subalgebra gives a bijection between theG-conjugacy classes
of stable automorphisms ofg and theW -conjugacy classes of ellipticZ-regular automorphisms ofR.

6 Affine-pinned automorphisms

In this section we construct certain automorphisms ofg arising from symmetries of the affine Dynkin
diagram. These will be used to study outer automorphisms ofE6.

Assumeg is a simple Lie algebra overC with adjoint groupG = Aut(g)◦. LetN,T be the normalizer
and centralizer of a Cartan subalgebrat of g and letW = N/T . LetR be the set of roots ofT in g

and choose a base∆ = {α1, . . . , αℓ} of R. Let α0 be the lowest root ofR with respect to∆ and set
Π = {αi : i ∈ I}, whereI = {0, 1, . . . , ℓ}. The subgroup ofW preservingΠ,

WΠ = {w ∈W : wΠ = Π}

is isomorphic to the fundamental group ofG. Each elementw ∈ WΠ determines a permutationσ of I
such that

w · αi = ασ(i).

Choose a Chevalley latticegZ ⊂ g spanned by a lattice int and root vectors forT . An affine pinning
is a setΠ̃ = {E0, E1, · · · , Eℓ} consisting of nonzero root vectorsEi ∈ gαi

∩ g(Z) for eachi ∈ I. Let
N(Z) be the stabilizer ofg(Z) in N , and consider the subgroup

NeΠ = {n ∈ N(Z) : nΠ̃ = Π̃}.

Lemma 6.1 Let Π̃ be an affine pinning. Then the projectionN → W restricts to an isomorphism
f : NeΠ

∼−→ WΠ.

Proof: It is clear thatf(NeΠ) ⊂ WΠ. An element inker f lies inT and fixes each root vectorEi, hence
lies in the center ofG, which is trivial sinceG is adjoint. Hencef is injective.

Let w ∈ WΠ. Since the projectionN → W is surjective onN(Z) there is a liftn′ of w such that
n′ ∈ N(Z). For eachi ∈ I there is a signci = ±1 such thatn′ · Ei = ciEσ(i).

Let ω̌1, . . . , ω̌ℓ ∈ X∗(T ) be the fundamental coweights dual toα1, . . . , αℓ. The elementt =
∏ℓ

i=1 ω̌i(ci)
lies inT (Z) and the new liftn = n′t of w satisfiesn · Ei = Eσ(i) for 1 ≤ i ≤ ℓ.

Let d be the order ofw. Thenσd = 1 sond fixesEi for each1 ≤ i ≤ ℓ. Hencend fixes the regular
nilpotent elementE = E1 +E2 + · · ·+Eℓ. SinceG is adjoint, the centralizer ofE in G is a unipotent
group. On the other hand, every element ofN(Z) is semisimple. It follows thatnd = 1.

Let i = σ(0). It follows from [5, VI.3.2] thatσj(0) 6= 0 for 1 ≤ j < d. By what has been proved, we
have

n−1 · Ei = nd−1 · Ei = Eσd−1(i) = Eσ−1(i) = E0.
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It follows thatn · E0 = Ei, son is a lift of w in NeΠ. �

Now let k be an algebraically closed field of characteristic not equalto two, and viewG as a group
scheme overZ, via the latticegZ. Takew ∈ WΠ of order two. From [loc. cit.] it follows that there
exists a unique minuscule coweightω̌j such thatwω̌j = −ω̌j. The natural mapN(Z) → N(k) is
injective, and we now letn be the image inN(k) of the unique lift ofw in NeΠ.

Proposition 6.2 There exists an affine pinning̃Π such thatn is G(k)-conjugate toω̌j(−1). The Kac
coordinates ofAd(n) are given by:

si =

{
1 for i ∈ {0, j}
0 for i /∈ {0, j}.

These labels give the uniquew-invariant Kac-diagram of order two havings0 6= 0.

Proof: By [6, Lemma 5] there are mutually orthogonal rootsγ1, . . . , γm ∈ R with corresponding
reflectionsr1, . . . , rm ∈ W , such that

w = r1r2 · · · rm. (8)

Sinceω̌j is minuscule we have〈α, ω̌j〉 ∈ {0,+1,−1} for eachα ∈ R. The positive roots made negative
byw are those for which〈α, ω̌j〉 6= 0. Sincewγi = −γi for eachi, we may choose the sign of eachγi

so that〈γi, ω̌j〉 = +1. And since

−ω̌j = w · ω̌j = ω̌j −
m∑

i=1

〈γi, ω̌j〉γ̌i,

it then follows that
γ̌1 + γ̌2 + · · ·+ γ̌m = 2ω̌j. (9)

For eachi = 1, . . . ,m there exists a morphismϕi : SL2 → G overZ whose restriction to the diagonal
subgroup is given by

ϕi

([
t 0
0 t−1

])
= γ̌i(t)

and such thatϕi

([
0 −1
1 0

])
∈ N(Z) and is a representative ofri.

Since the rootsγi are mutually orthogonal, the images of these homomorphismsϕi commute with one
another. Hence we have aZ-morphism

ϕ : SL2 → G, given by ϕ

([
a b
c d

])
=

m∏

i=1

ϕi

([
a b
c d

])
.

By equation (8) the element

n := ϕ

([
0 −1
1 0

])
(10)
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belongs toN(Z) and representsw. Equation (9) implies that

ϕ

([
t 0
0 t−1

])
= ω̌j(t)

2,

which in turn implies thatn has order two. Since the matrices

[
0 −1
1 0

]
and

[√
−1 0
0 −

√
−1

]
are

conjugate inSL2, it follows thatn is conjugate tǒωj(−1) in G, and thatAd(n) has the asserted Kac-
coordinates.

We construct an affine pinning stable undern as follows. Choose representativesαi of thew-orbits in
Π, and choose arbitrary nonzero root vectorsEi ∈ g(Z) for these roots. Letσ be the permutation of
I induced byw. If w · αi 6= αi, let Eσ(i) = n · Ei. Sincen has order two, we haven · Eσ(i) = Ei.
If w · αi = αi thenαi is orthogonal to each of the rootsγ1, . . . , γm, since the latter are negated by
w. It follows that the image of each homomorphismϕ1, . . . , ϕm centralizes the root spacegαi

, so any
nonzero vectorEi ∈ gαs ∩ g(Z) is fixed byn. The collectionΠ̃ = {Ei} of vectors thus defined is an
affine pinning stable undern. �

The following lemma will also be useful.

Lemma 6.3 LetS = (T n)◦ be the identity component of the subgroup ofT centralized byn. ThenS
is centralized by the entire groupϕ(SL2).

Proof: Since2ω̌j is a simple co-weight inϕ(SL2) and ω̌j is minuscule, we have that〈α, 2ω̌j〉 ∈
{−2, 0,+2} for every rootα ∈ R. Henceϕ(SL2) acts ong as a sum of copies of the trivial and adjoint
representations. It follows that any vector ing invariant under the normalizer of2ω̌j(k

×) in ϕ(SL2) is
invariant under all ofϕ(SL2). Since the Lie algebra ofS consists of such vectors, the lemma is proved.

�

7 Little Weyl groups

Let θ be an automorphism ofg whose orderm is invertible ink. Choose a root of unityζ ∈ k× of
orderm and letg = ⊕i∈Z/m gi be the grading ofg into ζ i-eigenspaces ofθ. Choose a Cartan subspace
c in g1 and assume the rankr = dim c is positive. The little Weyl group is defined as

W (c, θ) = NG0(c)/ZG0(c),

whereG0 = (Gθ)◦ is the connected subgroup ofG with Lie algebrag0. When it is necessary to specify
G in the little Weyl group we will writeWG(c, θ).

It is clear from the definition thatW (c, θ) acts faithfully onc. From [29] and [18], it is known that
the action ofW (c, θ) on c is generated by transformations fixing a hyperplane inc, that the restriction
mapk[g1]

G0 → k[c]W (c,θ) is an isomorphism, and that this ring is a polynomial ring with homogeneous
generatorsf1, . . . , fr, such that

|W (c, θ)| =
r∏

i=1

deg(fi).
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7.1 Upper bounds on the little Weyl group

Recall we have fixed a Cartan subalgebrat in g, with normalizer and centralizerN andT in G and we
have identifiedW = N/T .

Replacingθ by aG-conjugate if necessary, we may assumet is the canonical Cartan subalgebra forθ
(see4.1). In particularc is theζ-eigenspace ofθ in t. Thenθ normalizesN andT in Aut(g), giving an
action ofθ onW ; letW θ = {y ∈W : θ(y) = y} be the fixed point subgroup ofθ in W .

Elements inW θ commute with the action ofθ on t, soW θ acts on the eigenspacec. Let

W θ
1 := W θ/CW (c)θ (11)

be the quotient acting faithfully onc. Sincet is a Cartan subalgebra in the Levi subalgebram = zg(c),
it follows that every element ofW (c, θ) has a representative inN and thatW (c, θ) may be viewed as a
subgroup ofW θ

1 . Thus, we have an embedding

W (c, θ) →֒W θ
1 .

Note thatW (c, θ) is more subtle thanW θ
1 . For it can happen that two automorphismsθ andθ′ of the

same order agree ont andW , so they have the same Cartan subspacec andW θ
1 = W θ′

1 , but nevertheless
W (θ, c) 6= W (θ′, c) (e.g. cases4a and4b in E6; these examples are also used in [21, 4.5] to illustrate
other subtleties).

A still coarser group, depending only onc and not onθ is

W (c) := NW (c)/CW (c).

As subgroups ofGL(c), we have containments

W (c, θ) ⊂W θ
1 ⊂ W (c).

Under certain circumstances one or both of these containments is an equality.

Lemma 7.1 Supposec contains a regular element ofg. Then

W θ
1 = W θ = W (c).

Proof: By regularity it is clear thatW θ
1 = W θ and thatW (c) = NW (c). And anyy ∈ NW (c)

commutes with the scalar action ofθ on c so the commutator[y, θ] is trivial in W , again by regularity.

�

Panyushev [21, Thm. 4.7] has shown that both containments above are equalities if θ is principal:

Proposition 7.2 (Panyushev)If θ is principal thenW (c, θ) = W θ
1 = W (c).

We note that Panyushev works in characteristic zero, but hisgeometric proof works equally well in
good characteristicp ∤ m, using the invariant theoretic results of [18].
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Corollary 7.3 If θ is principal and the restriction ofθ to t induces aZ-regular automorphism ofR
thenW (c, θ) = W θ.

Proof: By Prop.3.2, Z-regularity impliesk-regularity, soW (c) = W θ
1 is justW θ. �

This sharpens the first result in this direction, which was proved in Vinberg’s original work [29, Prop.
19]:

Corollary 7.4 (Vinberg) If θ gives a stable grading ong thenW (c, θ) = W θ.

7.2 Little Weyl groups for inner gradings

Assume now thatθ is inner, and let the restriction ofθ to t be given by the elementw ∈ W . In this
section we give upper and lower bounds forW (c, θ) depending only onw, under certain conditions;
these will suffice to compute almost all little Weyl groups intypeEn. The fixed-point group

W θ = CW (w),

is now the centralizer ofw in W , which acts on theζ-eigenspacec of w in t. The quotient by the kernel
of this action is the groupW θ

1 . Simple upper and lower bounds forW (c, θ) can be obtained as follows.

Lemma 7.5 If U is any subgroup ofCW (w) acting trivially onc then we have the inequalities

m ≤ |W (c, θ)| ≤ |CW (w)|
|U | .

Proof: Sinceθ is semisimple it lies in the identity componentG0 of its centralizer inG. Hence the
cyclic group〈θ〉 embeds inW (c, θ), whence the lower bound. The upper bound follows from (11). �

Information aboutCW (w), including its order, is given in [6]. Using the tables therein, one can often
find a fairly large subgroupU ⊂ CW (w) as in Lemma7.5.

Example 1: In typeE8 there are eight cases (namely12b through12i in the tables below) wherew is
a Coxeter element inW (E6). From [6] we have|CW (w)| = 144. Hence the centralizer is given by

CW (w) = 〈w〉 × 〈−w6〉 ×W (A2),

whereA2 is orthogonal to theE6. Sincec lives in theE6 Levi subalgebra andw6 acts by−1 on c, the
inequalities of Lemma7.5become equalities forU = 〈−w6〉 ×W (A2). HenceW (c, θ) ≃ µ12 in these
eight cases.

Example 2: In typeE8 there are four cases (6h through6k) wherew is a Coxeter element inW (D4).
Let ∆4 = {β1, . . . , β4} be a base of the corresponding root subsystem of typeD4. The subgroup of
W (E8) permuting∆4 is a symmetric groupS3. We may choose the Coxeter elementw to be centralized
by thisS3, andc is a line in the span of the co-root vectors{dβ̌i(1)}. The roots ofE8 orthogonal to
∆4 form another system of typeD4, hence there is a subgroupW2 ≃ W (D4) fixing each root in∆4
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and therefore acting trivially onc. SinceS3 normalizes∆4 it also normalizesW2. From [6] we have
|CW (w)| = 6·6·192, so the inequalities of Lemma7.5hold forU ≃ S3⋉W (D4). HenceW (c, θ) ≃ µ6

in these four cases.

Example 3: In typeE7 there are two cases (9a and9b) wherew is the square of a Coxeter element and
we haveCW (w) = 〈−w〉 ≃ µ18. Sincew is Z-regular, Lemma7.5only gives the inequalities

9 ≤ |W (c, θ)| ≤ 18.

In fact, we haveW (c, θ) ≃ µ18 andµ9 in cases9a and9b, respectively. This shows that, in general,
W (c, θ) depends onθ, and not just onw. We will return to this example after sharpening our lower
bound, as follows.

For any subsetJ ⊂ {1, . . . , ℓ} let RJ be the root subsystem generated by{αj : j ∈ J}, let WJ be
Weyl group ofRJ and letgJ be the subalgebra ofg generated by the root spacesgα for α ∈ RJ . If the
action ofθ on t is given by an elementw ∈ WJ thenθ induces an automorphismθJ of gJ .

Lemma 7.6 Supposeθ normalizes the Cartan subalgebrat and has imagew ∈ WJ for some subset
J ⊂ {1, . . . , ℓ} such that the following conditions hold.

1. θ is conjugate to an automorphismθ′ = Ad(t) wheret ∈ T satisfiesαj(t) = ζ for all j ∈ J ;

2. The rank ofw on t is equal to the rank ofθ;

3. The principal automorphisms ofgJ of orderm have rank equal to the rank ofθ.

4. w is Z-regular inWJ ;

Then there is an embeddingCWJ
(w) →֒ W (c, θ).

Proof: Condition 1 means there isg ∈ G such that the automorphism

θ′ = gθg−1 = Ad(t),

wheret ∈ T satisfiesαj(t) = ζ for all j ∈ J . We havet = ρ̌J(ζ)z whereρ̌J is half the sum of the
positive co-roots ofRJ (with respect to∆J ) andz ∈ kerαj for all j ∈ J .

Condition 2 means that the eigenspacec := t(w, ζ) is a Cartan subspace forθ. Note thatc ⊂ gJ . Let
cJ be a Cartan subspace for the automorphism

θ′J := θ′|gJ
= Ad(ρ̌J(ζ)) ∈ GJ ,

whereGJ = Aut(gJ)◦.

As θ′J is principal of orderm, we havedim cJ = dim c, by condition 3.

Now c′ := Ad(g)c is a Cartan subspace forθ′ in g(θ′, ζ), and the latter subspace containsgJ(θ′J , ζ),
which in turn containscJ . Thusc′ andcJ are two Cartan subspaces ing(θ′, ζ), so there ish ∈ Gθ′ such
thatAd(hg)c = Ad(h)c′ = cJ . Conjugation byhg gives an isomorphism

WG(c, θ)
∼−→ WG(cJ , θ

′).
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Since the latter group containsWGJ
(cJ , θ

′
J), we have an embedding

WGJ
(cJ , θ

′
J) →֒ WG(c, θ).

Let tJ = t ∩ gJ and lett′J be aθ′J -stable Cartan subalgebra ofgJ containingcJ . Then there isb ∈ GJ

such thatAd(b)t′J ⊂ tJ , sobθ′Jb
−1 normalizestJ andc′J := Ad(b)cJ is a Cartan subspace forbθ′Jb

−1

contained intJ . Letw′ ∈ WJ be the element induced bybθ′Jb
−1. We now have two elementsw,w′ ∈

WJ having equidimensionalζ-eigenspacesc andc′J in tJ .

The one-parameter subgroups ofGJ which centralizetJ form a lattice giving aZ-form X̌J of tJ . LetA
be the cyclotomic subring ofC generated byz = e2pii/m and letπ : A→ k be the ring homomorphism
sendingz 7→ ζ. Since the mapπ : µm(C×) → µm(k×) is an isomorphism, it follows that thez-
eigenspaces ofw andw′ in X̌J ⊗ C have the same dimension.

Now w is k-regular ontJ = k ⊗ X̌J , by condition 4. Hencew is C-regular onC ⊗ X̌J , by Prop.
3.2. By [27, 6.4], the elementsw andw′ are conjugate inWJ , sow′ is k-regular ontJ . Hence the
principal automorphismbθ′Jb

−1 of gJ has regular vectors inAd(b)cJ , so the principal automorphismθ′J
has regular vectors incJ . It now follows from Cor.7.3thatWGJ

(cJ , θ
′
J) ≃ CWJ

(w′) ≃ CWJ
(w). �

Remarks: 1. In practice, condition 1 means the normalized Kac diagramof θ can be conjugated under
the affine Weyl groupWaff(R) to a (usually un-normalized) Kac diagram with1 on each node forj ∈ J .
We will see that condition 1 is verified as a byproduct of the normalization algorithm.

2. The elementw is usually elliptic inWJ . When this holds, condition 3 is implied by conditions 2 and
4, as follows from Prop.5.5.

3. Recall that the order ofCWJ
(w) is the product of those degrees ofWJ which are divisible by the

orderm of w. Thus the lower bound in Prop.7.6 is completely explicit.

Example 3 revisited: Recall thatG has typeE7 andw is the square of a Coxeter element. We give
the normalized Kac diagram for eachθ, the un-normalized diagram for eachθ′, whose subdiagram of
1’s determinesJ .

No. θ θ′ J

9a
0 1 0 1 0 1 1

0
−8 1 1 1 1 1 1

1 E7

9b
1 0 1 0 0 1 1

1
−7 1 1 1 1 1 0

1 E6

Lemma7.6shows that9a has little Weyl groupW (c, θ) ≃ µ18, but does not decide case9b, which we
treat using invariant theory (see section10).

7.3 Stable isotropy groups

Assume thatθ ∈ Aut(g) gives a stable gradingg = ⊕i∈Z/m gi. By definition there is a regular
semisimple elementv ∈ g1 whose isotropy subgroup inG0 is finite. Fix a Cartan subspacec ⊂ g1

and letS be the unique maximal torus inG centralizingc. Then all stable vectors inc have the same
isotropy group inG0, equal to

S0 := S ∩G0.

We now give a more explicit description ofS0.
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First,S0 is contained in the fixed-point subgroupSϑ, which is finite of order

|S0| = det(1− θ|X∗(S)).

LetN(S) be the normalizer ofS in G. ThenN(S)θ meets all components ofGθ, and it follows from
Cor. 7.4that the inclusionSθ →֒ Gθ induces an isomorphism

Sθ/S0 ≃ Gθ/G0.

This quotient depends only on the imageϑ of θ in the component group ofAut(g). To see this, let

Gsc
π−→ G

be the simply-connected covering ofG and setZ = kerπ. Thenθ andϑ lift to automorphisms ofGsc

which we again denote byθ andϑ. SinceGθ
sc is connected andθ = ϑ onZ, we have an exact sequence

1 −→ Zϑ −→ Gθ
sc −→ G0 −→ 1,

which restricts to an exact sequence

1 −→ Zϑ −→ Sθ
sc −→ S0 −→ 1,

whereSsc = π−1(S). Since
|Sθ| = |Sθ

sc|,
it follows that we have another exact sequence

1 −→ S0 −→ Sθ −→ Zϑ −→ 1,

whereZθ = Z/(1− θ)Z. Thus, we have isomorphisms

Zϑ
∼←− Sθ/S0

∼−→ Gθ/G0. (12)

On the other hand,Zϑ is isomorphic to the subgroupΩϑ ⊂ W̃aff(R, ϑ) stabilizing the alcoveC. The
groupΩϑ acts as symmetries of the twisted affine Dynkin diagramD(eR). These groups are well-
known if e = 1; for e > 1, Ωϑ is the full symmetry group ofD(eR) and has order1 or 2.

If θ ∈ Gϑ has normalized Kac coordinates corresponding to a pointx ∈ C then the component group
Gθ/G0 is isomorphic to the stabilizer ofx in Ωϑ [22, 3.6]. It follows that ifθ is stable thenGθ/G0 ≃ Ωϑ

is as large as possible and the isotropy groupS0 fits into an exact sequence

1 −→ S0 −→ Sθ −→ Ωϑ −→ 1. (13)

The groupsS0 are tabulated for exceptional groups in Sect.8.1.

7.4 Stable orbits and elliptic curves

Certain remarkable stable gradings have appeared in recentwork of Barghava and Shankar on the
average rank of elliptic curves ([1], [2]). These gradings have periodsm = 2, 3, 4, 5 and are of types
2A2,

3D4,
2E6, E8 respectively, as tabulated below. Hered stands for the natural representation ofSLd.
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m Kac coord. W (c, θ) degrees G0 g1

2 1 %9 0 SL2(Z/2) 2, 3 SL2 /µ2 Sym4(2)

3 0 0⇚ 1 SL2(Z/3) 4, 6 SL3 /µ3 Sym3(3)

4 0 0 0⇐ 1 0 µ2 × SL2(Z/4) 8, 12 (SL2× SL4)/µ4 2⊠ Sym2(4)

5
0 0 0 1 0 0 0 0

0
µ5 × SL2(Z/5) 20, 30 (SL5× SL5)/µ5 5⊠ Λ2

5

For eachm = 2, 3, 4, 5 the isotropy subgroupS0 is isomorphic toµm × µm and the little Weyl group
W (c, θ) is isomorphic to the groupWm with presentation

Wm = 〈s, t : sm = tm = 1, sts = tst〉.

(Note thatWm is infinite form > 5.) The exact sequence

1 −→ S0 −→ NG0(c) −→ W (c, θ) −→ 1

Gives a homomorphismW (c, θ)→ Aut(S0) = GL2(Z/mZ) with imageSL2(Z/mZ) and split kernel
〈θe〉 ≃ µm/e, as tabulated above (see also [23]).

In each case the number|R| of roots is equal tom · (m−1) · (12/b),whereb = 4, 3, 2, 1 is the maximal
number of bonds between two nodes in the twisted affine diagramD(eR). We havedimG0 = |R|/m
and the degreesd1 < d2 have the property that3d1 = 2d2 = |R|/(m − 1). Let I, J ∈ k[c]W (c,θ) be
homogeneous generators of degreesd1, d2. The discriminant ont (product of all the roots inR) has
restriction toc given byDm−1 (up to nonzero scalar), whereD = −4I3 − 27J2. The stable vectors
v ∈ c are those whereD(v) 6= 0, and each stable vectorv corresponds to an elliptic curveEv with
equation

y2 = x3 + I(v) · x+ J(v)

whosem-torsion groupEv[m] is isomorphic (as an algebraic group overk) to S0. For more informa-
tion, along with some generalizations to hyperelliptic curves, see [9].

8 Classification of stable gradings

Let θ ∈ Gϑ be an automorphism ofg whose orderm is invertible ink, associated to the grading
g = ⊕i∈Z/m gi. After conjugatingθ by an element ofG we may assume thatt is the canonical Cartan
subalgebra ofθ. Thenθ|t = wϑ, for somew ∈ W . In section5 we have seen thatθ is stable if and only
if wϑ is an ellipticZ-regular automorphism ofR , in which caseθ isG-conjugate tǒρ(ζ)ϑ for some/any
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root of unityζ ∈ k× of orderm. Moreover, theG-conjugacy class ofθ is completely determined by
its orderm. The values ofm which can arise are the orders of ellipticZ-regular automorphisms ofR
in Wϑ; these are classified in [27].

For example, the ellipticZ-regular elements inWϑ of maximal order are theϑ-Coxeter elements,
whose order is theϑ-Coxeter number

hϑ = e · (b1 + b2 + · · ·+ bℓϑ
)

(see (2)). These form a singleW -conjugacy class inWϑ, representatives of which include elements of
the formwϑ, wherew is the product, in any order, of one reflectionri taken from each of theϑ-orbits
on simple reflections.

For any algebraically closed fieldk in whichhϑ is invertible and anyζ ∈ k× of orderhϑ, the automor-
phism

θcox = Ad(ρ̌(ζ))ϑ ∈ Aut(g)

is stable of orderhϑ and acts on its canonical Cartan subalgebra via aϑ-Coxeter element. The Kac
coordinates ofθcox havesi = 1 for all i ∈ {0, . . . , ℓϑ} and are already normalized.

Form < hϑ the automorphism̌ρ(ζ)ϑ corresponds to a point inAϑ
Q with un-normalized coordinates

si = 1 for i 6= 0 ands0 = 1 + (m− hϑ)/e (see2.4). Here we must apply the normalization algorithm
to obtain normalized Kac coordinates. By (13) these normalized Kac diagrams will be invariant under
the symmetry group of the diagramD(eR). The resulting classification of the stable gradings in all
types is tabulated for exceptional Lie algebras in section8.1 and for classical Lie algebras in section
8.2.

8.1 Stable gradings of exceptional Lie algebras

Here we tabulate the stable gradings for exceptional Lie algebras, along with the corresponding elliptic
Z-regular elementwϑ ∈ Wϑ and the isotropy groupS0 (see section7.3). The column labelledA will
be explained in section8.3.
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Table 2: The stable gradings forE6

m un-normalized normalized w S0 A

12 = hϑ

1 1 1 1 1

1

1

1 1 1 1 1

1

1

E6 1 E6

9
1 1 1 1 1

1

−2

1 1 0 1 1

1

1

E6(a1) 1 E6(a1)

6
1 1 1 1 1

1

−5

1 0 1 0 1

0

1

E6(a2) 1 E6(a3)

3
1 1 1 1 1

1

−8

0 0 1 0 0

0

0

3A2 µ3 × µ3 −

Table 3: The stable gradings for2E6

m un-normalized normalized wϑ S0

18 = hϑ 111⇐11 111⇐11 −E6(a1) 1

12 −211⇐11 110⇐11 −E6 1

6 −511⇐11 100⇐10 −(3A2) 1

4 −611⇐11 000⇐10 −D4(a1) µ4 × µ4

2 −711⇐11 000⇐01 −1 µ6
2

Table 4: The stable gradings forE7

m un-normalized normalized w S0 A

18 = hϑ
1 1 1 1 1 1 1

1

1 1 1 1 1 1 1

1
E7 1 E7

14
−3 1 1 1 1 1 1

1

1 1 1 0 1 1 1

1
E7(a1) 1 E7(a1)

6
−11 1 1 1 1 1 1

1

1 0 0 1 0 0 1

0
E7(a4) 1 E7(a5)

2
−15 1 1 1 1 1 1

1

0 0 0 0 0 0 0

1
7A1 µ6

2 −
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Table 5: The stable gradings forE8

m un-normalized normalized w S0 A

30 = hϑ
1 1 1 1 1 1 1 1

1

1 1 1 1 1 1 1 1

1
E8 1 E8

24
1 1 1 1 1 1 1−5

1

1 1 0 1 1 1 1 1

1
E8(a1) 1 E8(a1)

20
1 1 1 1 1 1 1−9

1

1 1 0 1 0 1 1 1

1
E8(a2) 1 E8(a2)

15
1 1 1 1 1 1 1−14

1

1 0 1 0 1 0 1 1

0
E8(a5) 1 E8(a4)

12
1 1 1 1 1 1 1−17

1

1 0 1 0 0 1 0 1

0
E8(a3) 1 E8(a5)

10
1 1 1 1 1 1 1−19

1

0 0 1 0 0 1 0 1

0
E8(a6) = −2A4 1 E8(a6)

8
1 1 1 1 1 1 1−21

1

0 0 1 0 0 0 1 0

0
D8(a3) µ2 × µ2 −

6
1 1 1 1 1 1 1−23

1

0 0 0 1 0 0 0 1

0
E8(a8) = −4A2 1 E8(a7)

5
1 1 1 1 1 1 1−24

1

0 0 0 1 0 0 0 0

0
2A4 µ5 × µ5 −

4
1 1 1 1 1 1 1−25

1

0 0 0 0 1 0 0 0

0
2D4(a1) µ4

2 −

3
1 1 1 1 1 1 1−26

1

0 0 0 0 0 0 0 0

1
4A2 µ4

3 −

2
1 1 1 1 1 1 1−27

1

1 0 0 0 0 0 0 0

0
8A1 = −1 µ8

2 −

Table 6: The stable gradings forF4

m un-normalized normalized w S0 A

12 = hϑ 111⇒11 111⇒11 F4 1 F4

8 −311⇒11 111⇒01 B4 µ2 F4(a1)

6 −511⇒11 101⇒01 F4(a1) 1 F4(a2)

4 −711⇒11 101⇒00 D4(a1) µ2 × µ2 F4(a3)

3 −811⇒11 001⇒00 A2 + Ã2 µ3 × µ3 −
2 −911⇒11 010⇒00 4A1 µ4

2 −

Table 7: The stable gradings forG2

m un-normalized normalized w S0 A

6 = hϑ 1 1⇛ 1 1 1⇛ 1 G2 1 G2

3 −2 1⇛ 1 1 1⇛ 0 A2 µ3 G2(a1)

2 −3 1⇛ 1 0 1⇛ 0 A1 + Ã1 µ2 × µ2 −
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Table 8: The stable gradings for3D4

m un-normalized normalizedwϑ ∈ W (F4) S0

12 = hϑ 1 1⇚ 1 1 1⇚ 1 F4 1

6 −1 1⇚ 1 1 0⇚ 1 F4(a1) 1

3 −2 1⇚ 1 0 0⇚ 1 A2 + Ã2 µ3 × µ3

8.2 Stable gradings of classical Lie algebras

Here we tabulate the stable gradings of classical Lie algebras. For inner typeAn the only stable grading
is the Coxeter one, so we omit this case.

8.2.1 Type2Aℓ

The stable gradings in type2Aℓ correspond to divisors ofℓ andℓ+1, each having odd quotientd = m/2.
Conjugacy classes in the symmetric group are denoted by their partitions. For example,[d2k+1] consists
of the products of2k + 1 disjointd-cycles.

Table 9: The stable gradings for2A2

m = 2d Kac diagram wϑ S0

6 = hϑ 1 %9 1 −1× [3] 1

2 1 %9 0 −[13] µ2 × µ2

Table 10: The stable gradings for2A2n, n ≥ 2

m = 2d Kac diagram wϑ S0

2(2n+ 1) = hϑ 1⇒ 1 1 · · · 1 1 ⇒ 1 −1× [2n+ 1] 1

2 1⇒ 0 0 0 · · · 0 0 ⇒ 0 −1× [12n+1] µ2n
2

2(2n+1)
2k+1

, k > 0 1⇒ 0 · · · 0︸ ︷︷ ︸
A2k

1 0 · · · 0︸ ︷︷ ︸
A2k

1 · · · 1 0 · · · 0︸ ︷︷ ︸
A2k

⇒ 1 −1× [d2k+1] µ2k
2

2n
k
, 1 < n

k
odd 1⇒ 0 · · · 0︸ ︷︷ ︸

A2k−1

1 0 · · · 0︸ ︷︷ ︸
A2k−1

1 · · · 1 0 · · · 0⇒ 0︸ ︷︷ ︸
Bk

−1× [d2k, 1] µ2k
2
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Table 11: The stable gradings for2A2n−1, n ≥ 3

m Kac diagram wϑ S0

2(2n− 1) = hϑ

1

1 1 1 1 1 · · · 1 1⇐ 1
−1× [2n− 1] 1

2n (n odd)
1

1 0 1 0 1 · · · 1 0⇐ 1
−1× [n2] 1

2(2n−1)
2k+1

, k > 0

0

0 0 · · · 0︸ ︷︷ ︸
Dk+1

1 0 · · · 0︸ ︷︷ ︸
A2k

1 · · · 1 0 · · · 0︸ ︷︷ ︸
A2k

⇐ 1 −1× [d2k+1, 1] µ2k
2

2n
k
, 1 < n

k
odd

0

0 0 · · · 0︸ ︷︷ ︸
Dk

1 0 · · · 0︸ ︷︷ ︸
A2k−1

1 · · · 1 0 · · · 0︸ ︷︷ ︸
A2k−1

⇐ 1 −1× [d2k] µ2k−2
2
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8.2.2 TypesBn, Cn

The stable gradings for typeBn andCn correspond to divisorsk of n, with periodm = 2n/k. The
corresponding class inW (Bn) = W (Cn), denotedkBn/k, consists of thekth powers of a Coxeter
element.

Table 12: The stable gradings for typeBn

k = 2n
m

Kac diagram w S0

1
1

1 1 1 1 1 · · · 1 1⇒ 1
Bn 1

2
n even

1

1 0 1 0 1 · · · 0 1⇒ 0
2Bn/2 µ2

k > 2
k even

0

0 0 · · · 0︸ ︷︷ ︸
Dk/2

1 0 · · · 0︸ ︷︷ ︸
Ak−1

1 · · · 1 0 · · · 0︸ ︷︷ ︸
Ak−1

1 0 · · · 0 ⇒ 0︸ ︷︷ ︸
Bk/2

kBn/k µk−1
2

k > 1
k odd

0

0 0 · · · 0︸ ︷︷ ︸
D(k+1)/2

1 0 · · · 0︸ ︷︷ ︸
Ak−1

1 · · · 1 0 · · · 0︸ ︷︷ ︸
Ak−1

1 0 · · · 0 ⇒ 0︸ ︷︷ ︸
B(k−1)/2

kBn/k µk−1
2

Table 13: The stable gradings for typeCn

k = 2n
m

Kac diagram w S0

1 1⇒ 1 1 · · · 1 1⇐ 1 Bn 1

k > 1 1⇒ 0 · · · 0︸ ︷︷ ︸
Ak−1

1 0 · · · 0︸ ︷︷ ︸
Ak−1

1 · · · 1 0 · · · 0︸ ︷︷ ︸
Ak−1

⇐ 1 kBn/k µk−1
2
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8.2.3 TypesDn and 2Dn (n ≥ 4)

The stable gradings for typeDn correspond to even divisorsk of n and odd divisorsℓ of n − 1. The
stable gradings for type2Dn correspond to odd divisorsℓ of n and even divisorsk of n− 1.

Table 14: The stable gradings for typeDn, n ≥ 4

m Kac diagram w S0

2n− 2 = hϑ

1 1

1 1 1 · · · 1 1 1
B1 +Bn−1 1

n (if n is even)
1 1

1 0 1 0 1 · · · 0 1 0 1
2Bn/2 1

2n
k

2 < k even
0 0

0 0 · · · 0︸ ︷︷ ︸
Dk/2

1 0 · · · 0︸ ︷︷ ︸
Ak−1

1 · · · 1 0 · · · 0︸ ︷︷ ︸
Ak−1

1 0 · · · 0 0︸ ︷︷ ︸
Dk/2

kBn/k µk−2
2

2n−2
ℓ

1 < ℓ odd
0 0

0 0 · · · 0︸ ︷︷ ︸
D(ℓ+1)/2

1 0 · · · 0︸ ︷︷ ︸
Aℓ−1

1 · · · 1 0 · · · 0︸ ︷︷ ︸
Aℓ−1

1 0 · · · 0 0︸ ︷︷ ︸
D(ℓ+1)/2

B1 + ℓB(n−1)/ℓ µℓ−1
2

Table 15: The stable gradings for type2Dn, n ≥ 3

m Kac diagram w S0

2n = hϑ 1⇐ 1 1 · · · 1 1⇒ 1 Bn 1

n− 1 (if n is odd) 0⇐ 1 0 1 0 · · · 1 0 1⇒ 0 B1 + 2Bn/2 µ2 × µ2

2n
ℓ

2 < ℓ odd 0⇐ 0 · · · 0︸ ︷︷ ︸
B(ℓ−1)/2

1 0 · · · 0︸ ︷︷ ︸
Aℓ−1

1 · · · 1 0 · · · 0︸ ︷︷ ︸
Aℓ−1

1 0 · · · 0⇒ 0︸ ︷︷ ︸
B(ℓ−1)/2

ℓBn/ℓ µℓ−1
2

2n−2
k

1 < k even 0⇐ 0 · · · 0︸ ︷︷ ︸
Bk/2

1 0 · · · 0︸ ︷︷ ︸
Ak−1

1 · · · 1 0 · · · 0︸ ︷︷ ︸
Ak−1

1 0 · · · 0⇒ 0︸ ︷︷ ︸
Bk/2

B1 + kB(n−1)/k µk
2
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8.3 Distinguished nilpotent elements and stable gradings

Kac coordinates of stable gradings are of two kinds, according ass0 = 0 or s0 = 1. Expanding on
section 9 of [27], we show here that all stable gradings withs0 = 1 in exceptional Lie algebras are
related to distinguished nilpotent elements. As always, weassume the characteristic ofk is not a bad
prime forG.

Let A be a distinguished nilpotent element ing. That is, the centralizer ofA in g is a nilpotent Lie
algebra. There is a homomorphism̌λ : k× → G, unique up to conjugacy by the centralizerCG(A),
such thatAd(λ̌(t))A = tA for all t ∈ k∗. This gives a grading

g =
a⊕

j=−a

g(j),

whereg(j) = {x ∈ g : λ(t)x = tj ·x ∀t ∈ k×} anda = max{j : g(j) 6= 0}. SinceA is distinguished
the linear mapad(A) : g(0)→ g(1) is a bijection.

Setm = a + 1, assume this is nonzero ink, and choose a root of unityζ ∈ k× of orderm. The inner
automorphismθA := Ad(λ̌(ζ)) ∈ Aut(g)◦ has orderm, giving rise to aZ/m-grading

g =
⊕

i∈Z/m

gi,

wheregi is theζ i eigenspace ofθA in g. We have

gi =
∑

−a≤j≤a
j≡i mod m

g(j),

so that
g0 = g(0) and g1 = g(−a)⊕ g(1).

Choose a maximal torusT in a Borel subgroupB such thaťλ ∈ X∗(T ) and〈α, λ̌〉 ≥ 0 for all roots
α of T in B. For each of the simple rootsα1, . . . , αℓ we have〈αi, λ̌〉 ∈ {0, 1}. We setsi = 〈αi, λ̌〉,
and also puts0 = 1. Sinceg(−a) contains the lowest root space, it follows that(s0, s1, . . . , sℓ) are the
normalized Kac-coordinates ofθA.

Proposition 8.1 The following are equivalent.

1. There existsM ∈ g(−a) such thatM + A is regular semisimple.

2. There existsM ∈ g(−a) such thatM + A is semisimple.

3. The automorphismθA is stable.

Proof: Implication1⇒ 2 is obvious.
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We prove2 ⇒ 3. SinceG0 preserves each summandg(j), the stabilizer ofM + A in G0 is contained
in the stabilizer ofA, which is finite sinceA is distinguished. Hence theG0-orbit ofM + A is stable.

The implication3 ⇒ 1 is proved in [27, 9.5]. We give Springer’s argument here for completeness.
Let F be aG-invariant polynomial ong such thatF (x) 6= 0 if and only if x is regular semisimple.
For example, we can chooseF corresponding, under the Chevalley isomorphismk[t]G

∼→ k[t]W , to
the product of the roots. Now assuming that3 holds, there are vectorsZ ∈ g(−a) andY0 ∈ g(1)
such thatZ + Y0 is semisimple and has finite stabilizer inG0. The centralizerm = z(Z + Y0) is then
reductive, withmθ = 0, som is a Cartan subalgebra ofg andZ + Y0 is in fact regular semisimple.
Hence the polynomialFZ on g(1) given byFZ(Y ) := F (Z + Y ) does not vanish identically. Since
A is distinguished, the orbitAd(G0)A is dense ing(1), so there isg ∈ G0 such thatFZ(Ad(g)A) =
F (Ad(g)−1Z + A) 6= 0. It follows thatAd(g)−1Z + A is regular semisimple so1 holds. �

We say that a distinguished nilpotent elementA ∈ g is S-distinguished if the equivalent conditions of
Prop.8.1hold.

A non-example: It can happen thatg(−a) + g(1) contains semisimple elements, but none have the
form M + A with M ∈ g(−a). For example, supposeg = sp6 andA has Jordan blocks(4, 2). The
automorphismθA has Kac coordinates

1⇒ 1 0⇐ 1

and has rank= 1. It corresponds tow ∈ W (C3) of typeC2 × C1, which is notZ-regular, soA is not
S-distinguished.

Proposition 8.2 Assume thatg is of exceptional type and thatθ ∈ Aut(g)◦ is a stable inner automor-
phism whose Kac coordinates satisfys0 = 1. Thenθ = θA whereA is anS-distinguished nilpotent
element ing.

Proof: In the tables of section8.1 we have listed, for eachθ with s0 = 1, the conjugacy class of a
nilpotent elementA such thatθA has the normalized Kac coordinates ofθ. �

Remark 1: For n even there is a uniqueS-distinguished non-regular nilpotent class inso2n which
is alsoS-distinguished inso2n+1, having Jordan partitions[2n + 1, 2n − 1] and [2n + 1, 2n − 1, 1],
respectively. ForA in these classesθA has ordern. In these and the exceptional cases, the mapA 7→ θA

is a bijection from the set ofS-distinguished nilpotentG-orbits ing to the set of inner gradings ong
with s0 = 1. However, Prop.8.1 is false forCn, n ≥ 2.

Remark 2: If A isS-distinguished thenz(M+A) is a canonical Cartan subalgebra forθA on whichθA

acts by an element of the conjugacy class inW associated toA via the Kazhdan-Lusztig map [12]. This
follows from the argument in [12, 9.11], and confirms two entries in [26] listed there as conjectural.

Remark 3: There are exactly three cases whereg0 is a maximal proper Levi subalgebra ing. These
occur inG2, F4 andE8, for a = 2, 3, 5 respectively, whereCG0(A) is a symmetric groupS3, S4, S5.
These groups act irreducibly on the subspacesg(−a) of dimensions1, 2, 4, in which the stabilizers of a
vector in general position are the isotropy groupsS0 = µ3,µ2 ×µ2, 1. These are the maximal abelian
normal subgroups ofCG0(A).
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9 Positive rank gradings for typeE6,7,8 (inner case)

Assume now thatg has typeEn, for n = 6, 7, 8. From Prop.4.3 we have the following algorithm to
find all inner automorphisms ofg having positive rank. For eachm ≥ 1 list theW -conjugacy classes
ofm-admissible elements inW . For a representativew of each class, form the listKac(w)un and apply
the normalization algorithm to each element ofKac(w)un, discarding duplicate results, to obtain the
list Kac(w) of normalized Kac coordinates. Then by Prop.4.3, the union of the listsKac(w) over all
conjugacy-classes ofm-admissiblew gives all positive rank inner automorphisms of orderm.

To find theKac(w)un when eachwi is Z-regular, we can use Prop.5.1 to find the Kac coordinates
of eachwi, which lead to those ofw via the normalization algorithm. It turns out that we obtainall
positive rank gradings from thosem-admissiblew for which each factorwi is not only elliptic but also
Z-regular inWJi

. However, we do not have ana priori proof of this fact, so we must also compute Kac
coordinates of lifts in the small number of cases where not all wi areZ-regular.

These non-regular cases are handled as follows. By induction, we assumew = wi lies in no proper
reflection subgroup and we consider the powers ofw. To illustrate the method, take the nonregular
elementw = E8(a7) = −A2E6 of order12. First list the32 normalized Kac coordinates(si) with
si ∈ {0, 1} ands0 + 2s1 + 3s2 + 4s3 + 6s4 + 5s5 + 4s6 + 3s7 + 2s8 = 12. We havew2 andw3 in the
classesA2E6(a2) and2A2+2A1 whose lifts have Kac coordinates0 0 0 0 0 1 0 0

1 and0 1 0 0 0 0 0 0
0 , re-

spectively. Only one of the 32 elements on the list satisfies these two conditions, namely0 1 0 1 0 0 1 1
0 .

Therefore this is the Kac diagram for the lift ofw in the classE8(a7).

9.1 A preliminary list of Kac coordinates for positive rank gradings of inner
type

For each possible orderm we list them-admissible elements inW (E6,7,8), the rankr = rank(w).
and the form of the un-normalized Kac-coordinates of the lifts ofw In the columnKac(w)un, each∗
is an independent variable integer ranging over a set of representatives ofZ/m such that the order is
alwaysm. For each vector of∗-values we apply the normalization algorithm to obtain the normalized
Kac coordinatesKac(w) in the last column. The setsKac(w) are not disjoint. In a second set of
tables (section9.2), we will select, for eachθ appearing in∪w Kac(w), aw of maximal rank for which
Kac(w) containsθ.
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Table 16:Kac(w)un andKac(w) for m-admissiblew in W (E6)

m w r Kac(w)un Kac(w)

12 E6 1
1 1 1 1 1

1
1

1 1 1 1 1
1
1

9 E6(a1) 1
1 1 0 1 1

1
1

1 1 0 1 1
1
1

8 D5 1
∗ 1 1 1 ∗

1
1

1 1 0 1 1
1
0

1 0 1 0 1
1
1

6 E6(a2) 2
1 0 1 0 1

0
1

1 0 1 0 1
0
1

6 A5 1
1 1 1 1 1

∗
∗

1 0 1 0 1
0
1

0 1 0 1 0
1
0

6 D4 1
∗ 1 1 1 ∗

1
∗

0 0 1 0 0
1
1

1 0 0 1 1
1
0

1 1 0 0 1
1
0

1 0 1 0 1
0
1

5 A4 1
1 1 1 1 ∗

∗
∗

0 1 0 1 0
0
1

1 0 1 0 1
0
0

1 0 0 0 1
1
1

4 D4(a1) 2
∗ 1 0 1 ∗

1
∗

0 0 1 0 0
0
1

1 0 0 0 1
1
0

4 A3 1
∗ 1 1 1 ∗

∗
∗

0 0 1 0 1
0
0

0 1 0 1 0
0
0

1 0 0 1 1
0
0

1 1 0 0 1
0
0

1 0 0 1 0
0
1

3 3A2 3
1 1 ∗ 1 1

1
1

0 0 1 0 0
0
0

3 2A2 2
1 1 ∗ 1 1

∗
∗

0 0 1 0 0
0
0

1 0 0 0 1
0
1

3 A2 1
∗ ∗ 1 ∗ ∗

1
∗

0 0 0 0 0
1
1

0 0 1 0 0
0
0

0 1 0 0 1
0
0

1 0 0 1 0
0
0

1 0 0 0 1
0
1

2 4A1 4
1 ∗ 1 ∗ 1

∗
1

0 0 0 0 0
1
0

2 3A1 3
1 ∗ 1 ∗ 1

∗
∗

0 0 0 0 0
1
0

2 2A1 2
∗ ∗ 1 ∗ ∗

∗
1

0 0 0 0 0
1
0

1 0 0 0 1
0
0

2 A1 1
∗ ∗ 1 ∗ ∗

∗
∗

0 0 0 0 0
1
0

1 0 0 0 1
0
0
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Table 17:Kac(w)un andKac(w) for m-admissiblew in W (E7)

m w r Kac(w)un Kac(w)

18 E7 1 1 1 1 1 1 1 1
1

1 1 1 1 1 1 1
1

14 E7(a1) 1 1 1 1 0 1 1 1
1

1 1 1 0 1 1 1
1

12 E7(a2) 1 1 1 0 1 0 1 1
1

1 1 0 1 0 1 1
1

12 E6 1 ∗ 1 1 1 1 1 ∗
1

1 0 1 0 1 1 1
1

0 1 0 1 1 1 1
0

1 1 0 1 0 1 1
1

10 D6 1 ∗ ∗ 1 1 1 1 1
1

0 1 0 1 0 1 0
1

1 0 1 0 1 0 1
1

1 1 0 1 0 1 1
0

9 E6(a1) 1 ∗ 1 1 0 1 1 ∗
1

0 1 0 1 0 1 1
0

1 0 1 0 0 1 1
1

8 D5 1 ∗ ∗ 1 1 1 1 ∗
1

0 0 1 0 0 1 1
1

0 1 0 0 1 1 1
0

0 1 0 1 0 1 0
0

0 1 0 0 1 0 1
1

1 0 0 1 0 1 1
0

1 0 1 0 1 0 1
0

1 0 0 1 0 0 1
1

1 1 0 0 0 1 1
1

8 D6(a1) 1 ∗ ∗ 1 0 1 1 1
1

0 1 0 0 1 0 1
1

1 0 0 1 0 1 1
0

8 A7 1 1 1 1 1 1 1 1
∗

0 1 0 1 0 1 0
0

7 A6 1 ∗ 1 1 1 1 1 1
∗

0 1 0 1 0 0 1
0

6 E7(a4) 3 1 0 0 1 0 0 1
0

1 0 0 1 0 0 1
0

6 D6(a2) 2 ∗ ∗ 1 0 1 0 1
1

0 1 0 0 0 1 0
1

1 0 0 1 0 0 1
0

6 E6(a2) 2 ∗ 1 0 1 0 1 ∗
0

0 1 0 0 1 0 1
0

1 0 0 1 0 0 1
0

6 D4 1 ∗ ∗ 1 1 1 ∗ ∗
1

1 0 0 0 1 0 0
1

0 0 0 0 1 1 1
0

0 0 1 0 0 1 1
0

0 0 0 1 0 0 0
1

0 0 1 0 0 0 1
1

0 1 0 0 1 0 1
0

0 1 0 0 0 1 0
1

1 0 0 1 0 0 1
0

1 0 0 0 0 1 1
1

6 A′′
5 1 ∗ 1 1 1 1 1 ∗

∗
0 0 0 1 0 1 0

0
0 1 0 0 1 0 1

0
0 1 0 0 0 1 0

1
1 0 0 1 0 0 1

0

6 A′
5 1 1 1 1 1 ∗ ∗ ∗

1
0 0 1 0 1 0 0

0
0 1 0 0 0 1 0

1
1 0 0 1 0 0 1

0
1 1 0 0 0 1 1

0

5 A4 1 ∗ ∗ 1 1 1 1 ∗
∗

0 0 0 1 0 0 1
0

0 0 1 0 0 1 0
0

0 1 0 0 0 1 1
0

0 1 0 0 0 0 1
1

1 0 0 0 1 0 1
0

4 2A3 2 1 1 1 ∗ 1 1 1
∗

0 0 0 1 0 0 0
0

0 1 0 0 0 1 0
0

4 D4(a1) 2 ∗ ∗ 1 0 1 ∗ ∗
1

0 0 0 0 1 0 1
0

0 0 0 1 0 0 0
0

0 0 1 0 0 0 1
0

0 1 0 0 0 1 0
0

1 0 0 0 0 0 1
1

4 A3 1 ∗ ∗ 1 1 1 ∗ ∗
∗

0 0 0 0 1 0 1
0

0 0 0 1 0 0 0
0

0 0 1 0 0 0 1
0

0 0 0 0 0 1 0
1

0 1 0 0 0 1 0
0

1 0 0 0 0 1 1
0

1 0 0 0 0 0 1
1

3 3A2 3 1 1 ∗ 1 ∗ 1 1
1

0 0 0 0 1 0 0
0

3 2A2 2 1 1 ∗ 1 ∗ ∗ ∗
1

0 0 0 0 1 0 0
0

0 1 0 0 0 0 1
0

3 A2 1 ∗ ∗ ∗ 1 ∗ ∗ ∗
1

0 0 0 0 0 1 1
0

0 0 0 0 1 0 0
0

0 0 0 0 0 0 1
1

0 1 0 0 0 0 1
0

2 7A1 7 0 0 0 0 0 0 0
1

0 0 0 0 0 0 0
1

2 6A1 6 ∗ ∗ 0 0 1 0 0
0

0 0 0 0 0 0 0
1

2 5A1 5 1 ∗ 1 ∗ 1 ∗ 1
1

0 0 0 0 0 0 0
1

2 4A′
1 4 1 ∗ 1 ∗ 1 ∗ ∗

1
0 0 0 0 0 0 0

1

2 4A′′
1 4 ∗ ∗ 0 1 0 ∗ ∗

0
0 0 0 0 0 0 0

1
0 0 0 0 0 1 0

0

2 3A′
1 3 1 ∗ 1 ∗ ∗ ∗ ∗

1
0 0 0 0 0 0 0

1
1 0 0 0 0 0 1

0

2 3A′′
1 3 1 ∗ ∗ ∗ 1 ∗ ∗

1
0 0 0 0 0 0 0

1
0 0 0 0 0 1 0

0

2 2A1 2 ∗ ∗ 1 ∗ 1 ∗ ∗
∗

0 0 0 0 0 0 0
1

0 0 0 0 0 1 0
0

1 0 0 0 0 0 1
0

2 A1 1 ∗ ∗ ∗ ∗ 1 ∗ ∗
∗

0 0 0 0 0 0 0
1

0 0 0 0 0 1 0
0

1 0 0 0 0 0 1
0
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Table 18:Kac(w)un andKac(w) for m-admissiblew in W (E8)

m w r Kac(w)un Kac(w)

30 E8 1 1 1 1 1 1 1 1 1
1

1 1 1 1 1 1 1 1
1

24 E8(a1) 1 1 1 0 1 1 1 1 1
1

1 1 0 1 1 1 1 1
1

20 E8(a2) 1 1 1 0 1 0 1 1 1
1

1 1 0 1 0 1 1 1
1

18 E8(a4) 1 0 1 0 1 0 1 1 1
1

0 1 0 1 0 1 1 1
1

18 E7 1 1 1 1 1 1 1 ∗ ∗
1

1 1 1 0 1 0 1 0
0

0 1 0 1 0 1 1 1
1

1 0 1 0 1 1 1 1
0

1 0 1 0 1 0 1 1
1

1 1 0 1 0 1 0 1
1

15 E8(a5) 1 1 0 1 0 1 0 1 1
0

1 0 1 0 1 0 1 1
0

14 E7(a1) 1 1 1 0 1 1 1 ∗ ∗
1

1 0 1 0 1 0 1 0
0

0 1 0 0 1 0 1 1
1

1 0 1 0 0 1 1 1
0

1 0 0 1 0 1 0 1
1

14 D8 1 ∗ 1 1 1 1 1 1 1
1

1 0 1 0 1 0 1 0
0

12 E8(a3) 2 1 0 1 0 0 1 0 1
0

1 0 1 0 0 1 0 1
0

12 E8(a7) 1 0 1 0 1 0 0 1 1
0

0 1 0 1 0 0 1 1
0

12 E7(a2) 1 1 0 1 0 1 1 ∗ ∗
1

1 1 0 0 1 0 1 0
0

0 1 0 1 0 0 1 1
0

1 0 1 0 0 1 0 1
0

1 0 0 0 1 0 1 1
1

12 D8(a1) 1 1 0 1 0 0 1 0 1
0

1 0 1 0 0 1 0 1
0

12 D7 1 ∗ 1 1 1 1 1 1 ∗
1

0 0 1 0 1 0 1 0
0

1 0 1 0 0 1 0 1
0

12 E6 1 1 1 1 1 1 ∗ ∗ ∗
1

0 0 1 0 0 1 0 0
1

1 1 0 0 1 0 1 0
0

1 0 0 1 0 0 1 0
1

0 0 1 0 0 1 1 1
0

0 1 0 1 0 0 1 1
0

0 1 0 0 1 0 0 1
1

1 0 0 0 1 1 1 1
0

1 0 1 0 0 1 0 1
0

1 0 0 0 1 0 1 1
1

10 E8(a6) 2 0 0 1 0 0 1 0 1
0

0 0 1 0 0 1 0 1
0

10 D6 1 ∗ 1 1 1 1 1 ∗ ∗
1

0 1 0 0 1 0 1 0
0

1 0 1 0 0 0 1 0
0

1 1 0 0 1 0 0 0
0

0 0 1 0 0 1 0 1
0

1 0 0 1 0 0 1 1
0

1 0 0 0 1 0 0 1
1

9 E6(a1) 1 1 1 0 1 1 ∗ ∗ ∗
1

0 0 1 0 0 1 0 0
0

1 0 0 1 0 0 1 0
0

0 0 1 0 0 0 1 1
0

0 1 0 0 1 0 0 1
0

1 0 0 0 1 0 1 1
0

1 0 0 0 0 1 0 1
1

9 A8 1 1 1 1 1 1 1 1 1
∗

0 0 1 0 0 1 0 0
0

8 D8(a3) 2 0 0 1 0 0 0 1 0
0

0 0 1 0 0 0 1 0
0

8 D6(a1) 1 ∗ 1 0 1 1 1 ∗ ∗
1

0 0 1 0 0 0 1 0
0

1 0 0 0 0 1 0 0
1

0 0 0 1 0 0 1 1
0

0 1 0 0 0 1 0 1
0

1 0 0 1 0 0 0 1
0

8 D5 1 ∗ 1 1 1 1 ∗ ∗ ∗
1

0 0 1 0 0 0 1 0
0

0 1 0 0 1 0 0 0
0

1 0 0 0 1 0 1 0
0

1 1 0 0 0 0 1 0
0

1 0 0 0 0 1 0 0
1

0 0 0 1 0 0 1 1
0

0 1 0 0 0 1 0 1
0

0 0 0 0 1 0 0 1
1

1 0 0 0 0 1 1 1
0

1 0 0 1 0 0 0 1
0

1 0 0 0 0 0 1 1
1

8 A′
7 1 ∗ ∗ 1 1 1 1 1 1

1
0 0 1 0 0 0 1 0

0
0 1 0 0 1 0 0 0

0
1 0 0 0 1 0 1 0

0 .

8 A′′
7 1 1 1 1 1 1 1 1 ∗

∗
0 0 1 0 0 0 1 0

0

7 A6 1 1 1 1 1 1 1 ∗ ∗
∗

0 0 0 1 0 0 1 0
0

0 1 0 0 0 1 0 0
0

0 0 1 0 0 0 0 1
0

1 0 0 0 1 0 0 1
0
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Table 18 continued:Kac(w)un andKac(w) for m-admissiblew in W (E8)

m w r Kac(w)un Kac(w)

6 E8(a8) 4 0 0 0 1 0 0 0 1
0

0 0 0 1 0 0 0 1
0

6 E7(a4) 3 0 0 1 0 0 1 ∗ ∗
0

0 1 0 0 0 0 1 0
0

0 0 0 1 0 0 0 1
0

6 E6(a2) 2 1 0 1 0 1 ∗ ∗ ∗
0

0 1 0 0 0 0 1 0
0

0 0 0 0 0 1 0 0
1

0 0 0 1 0 0 0 1
0

1 0 0 0 0 1 0 1
0

6 D6(a2) 2 ∗ 1 0 1 0 1 ∗ ∗
1

0 1 0 0 0 0 1 0
0

1 0 0 0 1 0 0 0
0

0 0 0 1 0 0 0 1
0

6 D4 1 ∗ 1 1 1 ∗ ∗ ∗ ∗
1

0 1 0 0 0 0 1 0
0

0 0 0 0 0 1 0 0
1

1 0 0 0 1 0 0 0
0

1 1 0 0 0 0 0 0
0

0 0 0 0 0 1 1 1
0

0 0 0 1 0 0 0 1
0

0 0 0 0 0 0 1 1
1

1 0 0 0 0 1 0 1
0

1 0 0 0 0 0 0 1
1

6 A5 1 1 1 1 1 1 ∗ ∗ ∗
∗

0 0 0 0 1 0 1 0
0

0 0 1 0 0 0 0 0
0

0 1 0 0 0 0 1 0
0

0 0 0 0 0 1 0 0
1

1 0 0 0 1 0 0 0
0

0 0 0 1 0 0 0 1
0

1 0 0 0 0 1 0 1
0

5 2A4 2 1 1 1 ∗ 1 1 1 1
1

0 0 0 1 0 0 0 0
0

5 A4 1 1 1 1 1 ∗ ∗ ∗ ∗
∗

0 0 0 1 0 0 0 0
0

0 0 0 0 0 0 1 0
1

1 0 0 0 0 1 0 0
0

0 0 0 0 1 0 0 1
0

0 1 0 0 0 0 0 1
0

1 0 0 0 0 0 1 1
0

4 2D4(a1) 4 ∗ 1 0 1 ∗ 1 0 1
1

0 0 0 0 1 0 0 0
0

0 0 0 0 0 0 0 1
1

4 D4(a1) 2 ∗ 1 0 1 ∗ ∗ ∗ ∗
1

0 0 0 0 1 0 0 0
0

0 1 0 0 0 0 0 0
0

1 0 0 0 0 0 1 0
0

0 0 0 0 0 1 0 1
0

0 0 0 0 0 0 0 1
1

4 2A′
3 2 1 1 ∗ 1 1 1 ∗ ∗

∗
0 0 0 0 1 0 0 0

0
0 1 0 0 0 0 0 0

0
1 0 0 0 0 0 1 0

0
0 0 0 0 0 0 0 1

1

4 2A′′
3 2 1 1 1 ∗ 1 1 1 ∗

∗
0 0 0 0 1 0 0 0

0

4 A3 1 1 1 1 ∗ ∗ ∗ ∗ ∗
∗

0 0 0 0 1 0 0 0
0

0 1 0 0 0 0 0 0
0

1 0 0 0 0 0 1 0
0

0 0 0 0 0 1 0 1
0

0 0 0 0 0 0 0 1
1

3 4A2 4 1 1 ∗ 1 1 ∗ 1 1
1

0 0 0 0 0 0 0 0
1

3 3A2 3 1 1 ∗ 1 1 ∗ 1 1
∗

0 0 0 0 0 1 0 0
0

0 0 0 0 0 0 0 0
1

3 2A2 2 1 1 ∗ 1 1 ∗ ∗ ∗
∗

0 0 0 0 0 1 0 0
0

0 0 0 0 0 0 0 0
1

1 0 0 0 0 0 0 1
0

3 A2 1 1 1 ∗ ∗ ∗ ∗ ∗ ∗
∗

0 0 0 0 0 1 0 0
0

0 0 0 0 0 0 0 0
1

0 0 0 0 0 0 1 1
0

1 0 0 0 0 0 0 1
0

2 8A1 7 1 0 0 0 0 0 0 0
0

1 0 0 0 0 0 0 0
0

2 7A1 7 0 0 0 0 0 0 ∗ ∗
1

1 0 0 0 0 0 0 0
0

2 6A1 6 ∗ 0 0 1 0 0 ∗ ∗
0

1 0 0 0 0 0 0 0
0

2 5A1 5 1 ∗ ∗ 1 ∗ 1 ∗ 1
1

1 0 0 0 0 0 0 0
0

2 4A′
1 4 ∗ 1 ∗ 1 ∗ 1 ∗ ∗

1
1 0 0 0 0 0 0 0

0

2 4A′′
1 4 ∗ 0 1 0 ∗ ∗ ∗ ∗

0
0 0 0 0 0 0 1 0

0
1 0 0 0 0 0 0 0

0

2 3A1 3 ∗ 1 ∗ 1 ∗ ∗ ∗ ∗
1

0 0 0 0 0 0 1 0
0

1 0 0 0 0 0 0 0
0

2 2A1 2 ∗ 1 ∗ ∗ ∗ ∗ ∗ ∗
1

0 0 0 0 0 0 1 0
0

1 0 0 0 0 0 0 0
0

2 A1 1 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
1

0 0 0 0 0 0 1 0
0

1 0 0 0 0 0 0 0
0
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9.2 Tables of positive rank gradings forE6, E7 andE8

The previous lists contain the Kac coordinates of all positive rank gradings, usually with multiple
occurrences. We now discard those in eachKac(w) which appear in someKac(w′) with rank(w′) >
rank(w). The remaining elements ofKac(w) are then the Kac coordinates of automorphismsθ of
orderm with rank(θ) = rank(w). For each gradingθ there still may be more than onew with
rank(θ) = rank(w). It turns out that everyθ of positive rank is contained inKac(w)un for somem-
admissiblew which is aZ-regular element in the Weyl group Levi of a Levi subgroupLθ andθ is a
principal inner automorphism of the Lie algebra ofLθ. This Levi subgroup corresponds to the subset
J of Lemma7.6and is indicated in the right most column of the tables below.For example, inE7 the
Kac diagrams

8a : 1 0 0 1 0 1 1
0 and 8b : 0 1 0 0 1 0 1

1

occur inKac(w) for w of typesD6(a1) andD5. SinceD6(a1) is not regular in any Levi subgroup of
W (E7) andw = D5 is regular in theD5 Levi subgroup, we choosew = D5, discardw = D6(a1), and
setLθ = D5.

Sinceθ is principal on the Lie algebra ofLθ, there is a conjugateθ′ of θ whose un-normalized Kac
diagram has a1 on each node ofJ (cf. Lemma7.6). There may be more than one suchJ , corresponding
to various conjugatesθ′, and we just pick one of them.

In the tables we try to writew in a form which exhibits its regularity in the Weyl groupWJ . For
example, inE6 the gradings4a, 4b havew = D4(a1). 1 In case4a, which is stable, we give the alternate
expressionw = E3

6 to make it clear thatw is Z-regular inW (E6). In case4b there is noWaff(R)-
conjugate ofθ with 1’s on theE6 subdiagram. However,w = D2

5 is the square of a Coxeter element in
WD5 , hence isZ-regular inWD5.

The rows in our tables are ordered by decreasingm. The positive rank inner gradings of a given order
m are namedma,mb,mc, . . . , wherema is the unique principal grading of orderm. The principal
gradingma has maximal rank and minimal dimension ofg0 among all gradings of orderm. The
remaining rows of orderm are grouped according tow andLθ, ordered in each group by increasing
dimension ofg0.

The little Weyl groupsW (c, θ) are also given, along with their degrees. These are either cyclic or given
by their notation in [25]. We explain their computation in section10.

1cf. Panyushev, Example 4.5.
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Table 19: The gradings of positive rank in typeE6 (inner case)

No. Kac diagram w W (c, θ) degrees θ′ Lθ

12a

1 1 1 1 1
1
1

E6 µ12 12
1 1 1 1 1

1
1

E6

9a

1 1 0 1 1
1
1

E6(a1) µ9 9
1 1 1 1 1

1
−2

E6

8a

1 0 1 0 1
1
1

D5 µ8 8
1 1 1 1 1

1
−3

E6

8b

1 1 0 1 1
1
0

D5 µ8 8
1 1 1 1 0

1
−6

D5

6a

1 0 1 0 1
0
1

E6(a2) G5 6, 12
1 1 1 1 1

1
−5

E6

6b, 6b
′

1 1 0 0 1
1
0

1 0 0 1 1
1
0

D4 µ6 6
0 1 1 1 1

1
−4

D4

6c

0 0 1 0 0
1
1

D4 µ6 6
0 1 1 1 0

1
−3

D4

6d

0 1 0 1 0
1
0

A5 µ6 6
1 1 1 1 1

0
−3

A5

5a

1 0 1 0 1
0
0

A4 µ5 5
1 1 1 1 1

1
−6

A5

5b

0 1 0 1 0
0
1

A4 µ5 5
1 1 1 1 1

2
−8

A5

5c

1 0 0 0 1
1
1

A4 µ5 5
1 1 1 1 1

3
−10

A5

4a

0 0 1 0 0
0
1

D4(a1) = E3
6 G8 8, 12

1 1 1 1 1
1
−7

E6

4b

1 0 0 0 1
1
0

D4(a1) = D2
5 G(4, 1, 2) 4, 8

0 1 1 1 1
1
−6

D5

4c

0 1 0 1 0
0
0

A3 µ4 4
2 0 1 1 1

1
−6

A4

4d, 4d
′

1 1 0 0 1
0
0

1 0 0 1 1
0
0

A3 µ4 4
0 1 1 1 1

0
−4

A4

3a

0 0 1 0 0
0
0

3A2 G25 6, 9, 12
1 1 1 1 1

1
−8

E6

3b

1 0 0 0 1
0
1

2A2 = A2
5 G(3, 1, 2) 3, 6

1 1 1 1 1
0
−6

A5

3c

0 0 0 0 0
1
1

A2 = D2
4 µ6 6

0 1 1 1 0
1
−6

D4

3d, 3d
′

1 0 0 1 0
0
0

0 1 0 0 1
0
0

A2 = D2
4 µ6 6

0 1 1 1 1
1
−7

D4

2a

0 0 0 0 0
1
0

4A1 = E6
6 W (F4) 2, 6, 8, 12

1 1 1 1 1
1
−9

E6

2b

1 0 0 0 1
0
0

2A1 = A2
3 W (B2) 2, 4

0 1 1 1 1
0
−6

A3

1a

0 0 0 0 0
0
1

e W (E6) 2, 5, 6, 8, 9, 12
0 0 0 0 0

0
1

∅
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Table 20: The gradings of positive rank in typeE7

No. Kac diagram w W (c, θ) degrees θ′ Lθ

18a
1 1 1 1 1 1 1

1 E7 µ18 18 1 1 1 1 1 1 1
1 E7

14a
1 1 1 0 1 1 1

1 E7(a1) = −A6 µ14 14 −3 1 1 1 1 1 1
1 E7

12a
1 1 1 0 1 0 1

1 E6 µ12 12 −5 1 1 1 1 1 1
1 E7

12b
1 1 0 1 0 1 1

1 E7(a2) = −E6 µ12 12 −6 1 1 1 1 1 2
1 E6

12c
0 1 0 1 1 1 1

0 E6 µ12 12 −4 1 1 1 1 1 0
1 E6

10a
1 0 1 0 1 0 1

1 D6 µ10 10 −7 1 1 1 1 1 1
1 D6

10b
1 1 0 1 0 1 1

0 D6 µ10 10 −9 2 1 1 1 1 1
1 D6

10c
0 1 0 1 0 1 0

1 D6 µ10 10 −5 0 1 1 1 1 1
1 D6

9a
0 1 0 1 0 1 1

0 E6(a1) = E2
7 µ18 18 −8 1 1 1 1 1 1

1 E7

9b
1 0 1 0 0 1 1

1 E6(a1) µ9 9 −7 1 1 1 1 1 0
1 E6

8a
1 0 0 1 0 1 1

0 D5 µ8 8 −9 1 1 1 1 1 1
1 D5

8b
0 1 0 0 1 0 1

1 D5 µ8 8 −11 2 1 1 1 1 1
1 D5

8c
0 1 0 1 0 1 0

0 D5 µ8 8 −12 0 1 1 1 1 6
1 D5

8d
1 0 1 0 1 0 1

0 D5 µ8 8 −10 1 1 1 1 1 2
1 D5

8e
1 1 0 0 0 1 1

1 D5 µ8 8 −8 0 1 1 1 1 2
1 D5

8f
1 0 0 1 0 0 1

1 D5 µ8 8 −12 1 1 1 1 1 4
1 D5

8g
0 0 1 0 0 1 1

1 D5 µ8 8 −6 0 1 1 1 1 0
1 D5

8h
0 1 0 0 1 1 1

0 D5 µ8 8 −8 1 1 1 1 1 0
1 D5

7a
0 1 0 1 0 0 1

0 A6 = E7(a1)
2 µ14 14 −10 1 1 1 1 1 1

1 E7

6a
1 0 0 1 0 0 1

0 E7(a4) = E3
7 = −3A2 G26 6, 12, 18 −11 1 1 1 1 1 1

1 E7

6b
0 1 0 0 1 0 1

0 E6(a2) = E2
6 G5 6, 12 −10 1 1 1 1 1 0

1 E6

6c
0 1 0 0 0 1 0

1 D6(a2) G(6, 2, 2) 6, 6 −9 0 1 1 1 1 1
1 D6

6d
1 0 0 0 0 1 1

1 D4 µ6 6 −12 0 1 1 1 1 2
1 D4

6e
0 0 1 0 0 0 1

1 D4 µ6 6 −10 0 1 1 1 1 2
1 D4

6f
0 0 1 0 0 1 1

0 D4 µ6 6 −13 0 1 1 1 1 5
1 D4

6g
0 0 0 1 0 0 0

1 D4 µ6 6 −9 0 1 1 1 0 3
1 D4

6h
0 0 0 0 1 1 1

0 D4 µ6 6 −6 0 1 1 1 0 0
1 D4

6i
0 0 1 0 1 0 0

0 A′
5 µ6 6 −10 2 0 1 1 1 1

1 A′
5

6j
0 0 0 1 0 1 0

0 A′′
5 µ6 6 −9 1 1 1 1 1 1

0 A′′
5

6k
1 1 0 0 0 1 1

0 A′
5 µ6 6 −6 0 0 1 1 1 1

1 A′
5
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Table 20 continued: The gradings of positive rank in typeE7

No. Kac diagram w W (c, θ) degrees θ′ Lθ

5a
0 0 0 1 0 0 1

0 A4 = D2
6 µ10 10 −12 1 1 1 1 1 1

1 D6

5b
0 0 1 0 0 1 0

0 A4 = D2
6 µ10 10 −14 2 1 1 1 1 1

1 D6

5c
0 1 0 0 0 1 1

0 A4 = D2
6 µ10 10 −10 0 1 1 1 1 1

1 D6

5d
1 0 0 0 1 0 1

0 A4 µ5 5 −11 1 1 1 1 1 0
0 A4

5e
0 1 0 0 0 0 1

1 A4 µ5 5 −11 1 1 1 1 0 2
1 A4

4a
0 0 1 0 0 0 1

0 D4(a1) = E3
6 G8 8, 12 −13 1 1 1 1 1 1

1 E6

4b
0 0 0 1 0 0 0

0 D4(a1) = E3
6 G8 8, 12 −14 1 1 1 1 1 2

1 E6

4c
0 0 0 0 1 0 1

0 D4(a1) = E3
6 G8 8, 12 −12 1 1 1 1 1 0

1 E6

4d
0 1 0 0 0 1 0

0 D4(a1) G(4, 1, 2) 4, 8 −12 0 1 1 1 1 2
1 D5

4e
1 0 0 0 0 0 1

1 D4(a1) G(4, 1, 2) 4, 8 −12 1 1 1 1 0 2
1 D5

4f
0 0 0 0 0 1 0

1 A3 µ4 4 −9 1 1 1 0 0 2
1 A4

4g
1 0 0 0 0 1 1

0 A3 µ4 4 −7 1 1 1 0 0 0
1 A4

3a
0 0 0 0 1 0 0

0 3A2 = E6
7 G26 6, 12, 18 −14 1 1 1 1 1 1

1 E7

3b
0 1 0 0 0 0 1

0 2A2 G(6, 2, 2) 6, 6 −12 0 1 1 1 1 1
1 D6

3c
0 0 0 0 0 0 1

1 A2 = D2
4 µ6 6 −13 0 1 1 1 1 2

1 D4

3d
0 0 0 0 0 1 1

0 A2 = D2
4 µ6 6 −9 0 1 1 1 0 0

1 D4

2a
0 0 0 0 0 0 0

1 7A1 W (E7) 2, 6, 8, 10, 12, 14, 18 −15 1 1 1 1 1 1
1 E7

2b
0 0 0 0 0 1 0

0 4A′′
1 W (F4) 2, 6, 8, 12 −14 1 1 1 1 1 0

1 E6

2c
1 0 0 0 0 0 1

0 3A′
1 W (B3) 2, 4, 6 −10 0 1 1 1 1 1

0 A′
5

1a
1 0 0 0 0 0 0

0 e W (E7) 2, 6, 8, 10, 12, 14, 18 1 0 0 0 0 0 0
0 E7
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Table 21: The gradings of positive rank in typeE8

No. Kac diagram w W (c, θ) degrees θ′ Lθ

30a
1 1 1 1 1 1 1 1

1 E8 µ30 30 1 1 1 1 1 1 1 1
1 E8

24a
1 1 0 1 1 1 1 1

1 E8(a1) µ24 24 1 1 1 1 1 1 1−5
1 E8

20a
1 1 0 1 0 1 1 1

1 E8(a2) µ20 20 1 1 1 1 1 1 1−9
1 E8

18a
1 1 0 1 0 1 0 1

1 E7 µ18 18 1 1 1 1 1 1 1−11
1 E7

18b
1 0 1 0 1 0 1 1

1 E7 µ18 18 1 1 1 1 1 1 2−13
1 E7

18c
1 0 1 0 1 1 1 1

0 E7 µ18 18 1 1 1 1 1 1 4−17
1 E7

18d
0 1 0 1 0 1 1 1

1 E7 µ18 18 1 1 1 1 1 1 3−15
1 E7

18e
1 1 1 0 1 0 1 0

0 E7 µ18 18 1 1 1 1 1 1 0−9
1 E7

15a
1 0 1 0 1 0 1 1

0 E8(a5) µ30 30 1 1 1 1 1 1 1−14
1 E8

14a
1 0 1 0 0 1 1 1

0 E7(a1) µ14 14 1 1 1 1 1 1 1−15
1 E7

14b
1 0 0 1 0 1 0 1

1 E7(a1) µ14 14 1 1 1 1 1 1 3−19
1 E7

14c
0 1 0 0 1 0 1 1

1 E7(a1) µ14 14 1 1 1 1 1 1 2−17
1 E7

14d
1 0 1 0 1 0 1 0

0 E7(a1) µ14 14 1 1 1 1 1 1 4−21
1 E7

12a
1 0 1 0 0 1 0 1

0 E8(a3) G10 12, 24 1 1 1 1 1 1 1−17
1 E8

12b
1 0 0 0 1 0 1 1

1 E6 µ12 12 1 1 1 1 1 1 0−15
1 E6

12c
0 1 0 0 1 0 0 1

1 E6 µ12 12 1 1 1 1 1 1 3−21
1 E6

12d
0 1 0 1 0 0 1 1

0 E6 µ12 12 1 1 1 1 1 0 2−16
1 E6

12e
0 0 1 0 0 1 1 1

0 E6 µ12 12 1 1 1 1 1 0 1−14
1 E6

12f
1 0 0 1 0 0 1 0

1 E6 µ12 12 1 1 1 1 1 1 2−19
1 E6

12g
1 1 0 0 1 0 1 0

0 E6 µ12 12 1 1 1 1 1 0 6−24
1 E6

12h
0 0 1 0 0 1 0 0

1 E6 µ12 12 1 1 1 1 1 0 4−20
1 E6

12i
1 0 0 0 1 1 1 1

0 E6 µ12 12 1 1 1 1 1 0 0−12
1 E6

12j
0 0 1 0 1 0 1 0

0 D7 µ12 12 0 1 1 1 1 1 1−15
1 D7

10a
0 0 1 0 0 1 0 1

0 E8(a6) = −2A4 G16 20, 30 1 1 1 1 1 1 1−19
1 E8

10b
1 0 0 0 1 0 0 1

1 D6 µ10 10 1 1 1 1 1 1 0−17
1 D6

10c
1 0 0 1 0 0 1 1

0 D6 µ10 10 2 1 1 1 1 1 1−21
1 D6

10d
1 0 1 0 0 0 1 0

0 D6 µ10 10 0 1 1 1 1 1 1−17
1 D6

10e
0 1 0 0 1 0 1 0

0 D6 µ10 10 0 1 1 1 1 1 2−19
1 D6

10f
1 1 0 0 1 0 0 0

0 D6 µ10 10 0 1 1 1 1 1 0−15
1 D6
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Table 21 continued: The gradings of positive rank in typeE8

No. Kac diagram w W (c, θ) degrees θ′ Lθ

9a
0 0 1 0 0 0 1 1

0 E6(a1) = E2
7 µ18 18 1 1 1 1 1 1 1−20

1 E7

9b
0 1 0 0 1 0 0 1

0 E6(a1) = E2
7 µ18 18 1 1 1 1 1 1 2−22

1 E7

9c
1 0 0 1 0 0 1 0

0 E6(a1) = E2
7 µ18 18 1 1 1 1 1 1 4−26

1 E7

9d
0 0 1 0 0 1 0 0

0 E6(a1) = E2
7 µ18 18 1 1 1 1 1 1 3−24

1 E7

9e
1 0 0 0 1 0 1 1

0 E6(a1) = E2
7 µ18 18 1 1 1 1 1 1 0−18

1 E7

9f
1 0 0 0 0 1 0 1

1 E6(a1) µ9 9 1 1 1 1 1 0 0−15
1 E6

8a
0 0 1 0 0 0 1 0

0 D8(a3) G9 8, 24 1 1 1 1 1 1 1−21
1 E8

8b
1 0 0 1 0 0 0 1

0 D5 µ8 8 1 1 1 1 1 1 2−23
1 D5

8c
0 1 0 0 0 1 0 1

0 D5 µ8 8 1 1 1 1 1 1 0−19
1 D5

8d
0 1 0 0 1 0 0 0

0 D5 µ8 8 1 1 1 1 0 2 2−22
1 D5

8e
0 0 0 0 1 0 0 1

1 D5 µ8 8 1 1 1 1 1 0 2−20
1 D5

8f
0 0 0 1 0 0 1 1

0 D5 µ8 8 1 1 1 1 1 1 6−31
1 D5

8g
1 0 0 0 0 1 0 0

1 D5 µ8 8 1 1 1 1 1 0 3−22
1 D5

8h
1 0 0 0 1 0 1 0

0 D5 µ8 8 1 1 1 1 0 0 0−12
1 D5

8i
1 0 0 0 0 0 1 1

1 D5 µ8 8 0 1 1 1 1 0 0−14
1 D5

8j
1 1 0 0 0 0 1 0

0 D5 µ8 8 1 1 1 1 1 0 4−24
1 D5

8k
1 0 0 0 0 1 1 1

0 D5 µ8 8 1 1 1 1 1 0 0−16
1 D5

7a
0 0 0 1 0 0 1 0

0 A6 = E7(a1)
2 µ14 14 1 1 1 1 1 1 1−22

1 E7

7b
0 0 1 0 0 0 0 1

0 A6 = E7(a1)
2 µ14 14 1 1 1 1 1 1 3−26

1 E7

7c
0 1 0 0 0 1 0 0

0 A6 = E7(a1)
2 µ14 14 1 1 1 1 1 1 2−24

1 E7

7d
1 0 0 0 1 0 0 1

0 A6 = E7(a1)
2 µ14 14 1 1 1 1 1 1 4−28

1 E7

6a
0 0 0 1 0 0 0 1

0 E8(a8) = −4A2 G32 12, 18, 24, 30 1 1 1 1 1 1 1−23
1 E8

6b
0 1 0 0 0 0 1 0

0 E7(a4) = E3
7 G26 6, 12, 18 1 1 1 1 1 1 0−21

1 E7

6c
1 0 0 0 1 0 0 0

0 D6(a2) G(6, 1, 2) 6, 12 0 1 1 1 1 1 1−21
1 D7

6d
0 0 0 0 0 1 0 0

1 E6(a2) G5 6, 12 1 1 1 1 1 0 2−22
1 E6

6e
1 0 0 0 0 1 0 1

0 E6(a2) G5 6, 12 1 1 1 1 1 0 0−18
1 E6

6f
0 0 1 0 0 0 0 0

0 A5 µ6 6 1 1 1 1 1 1 2−22
0 A5

6g
0 0 0 0 1 0 1 0

0 A5 µ6 6 1 1 1 1 1 1 0−18
0 A5

6h
1 0 0 0 0 0 0 1

1 D4 µ6 6 1 1 1 1 0 0 2−18
1 D4

6i
0 0 0 0 0 0 1 1

1 D4 µ6 6 1 1 1 1 2 1 0−25
1 D4

6j
0 0 0 0 0 1 1 1

0 D4 µ6 6 0 1 1 1 0 0 0−12
1 D4

6k
1 1 0 0 0 0 0 0

0 D4 µ6 6 0 1 1 1 0 0 3−18
1 D4
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Table 21 continued: The gradings of positive rank in typeE8

No. Kac diagram w W (c, θ) degrees θ′ Lθ

5a
0 0 0 1 0 0 0 0

0 2A4 = E6
8 G16 20, 30 1 1 1 1 1 1 1−24

1 E8

5b
0 1 0 0 0 0 0 1

0 A4 µ10 10 1 1 1 1 1 1 0−22
1 D6

5c
0 0 0 0 0 0 1 0

1 A4 µ10 10 2 1 1 1 1 1 1−26
1 D6

5d
0 0 0 0 1 0 0 1

0 A4 µ10 10 1 1 1 1 1 1 4−30
1 D6

5e
1 0 0 0 0 1 0 0

0 A4 µ10 10 0 1 1 1 1 1 2−24
1 D6

5f
1 0 0 0 0 0 1 1

0 A4 µ10 10 0 1 1 1 1 1 0−20
1 D6

4a
0 0 0 0 1 0 0 0

0 2D4(a1) G31 8, 12, 20, 24 1 1 1 1 1 1 1−25
1 E8

4b
0 0 0 0 0 0 0 1

1 D4(a1) = E3
6 G8 8, 12 1 1 1 1 1 1 2−27

1 E6

4c
0 1 0 0 0 0 0 0

0 D4(a1) = E3
6 G8 8, 12 1 1 1 1 1 0 2−24

1 E6

4d
0 0 0 0 0 1 0 1

0 D4(a1) = E3
6 G8 8, 12 1 1 1 1 1 0 0−20

1 E6

4e
1 0 0 0 0 0 1 0

0 D4(a1) = D2
5 G(4, 1, 2) 4, 8 1 1 1 1 0 0 0−16

1 D5

3a
0 0 0 0 0 0 0 0

1 4A2 = E10
8 G32 12, 18, 24, 30 1 1 1 1 1 1 1−26

1 E8

3b
0 0 0 0 0 1 0 0

0 3A2 = E6
7 G26 6, 12, 18 1 1 1 1 1 1 0−24

1 E7

3c
1 0 0 0 0 0 0 1

0 2A2 = D4
7 G(6, 1, 2) 6, 12 0 1 1 1 1 1 1−24

1 D7

3d
0 0 0 0 0 0 1 1

0 A2 = D2
4 µ6 6 0 1 1 1 0 0 0−15

1 D4

2a
1 0 0 0 0 0 0 0

0 8A1 = −1 W (E8) 2, 8, 12, 14, 18, 20, 24, 30 1 1 1 1 1 1 1−27
1 E8

2b
0 0 0 0 0 0 1 0

0 4A′′
1 = E6

6 W (F4) 2, 6, 8, 12 1 1 1 1 1 0 0−22
1 E6

1a
0 0 0 0 0 0 0 1

0 1 W (E8) 2, 8, 12, 14, 18, 20, 24, 30 0 0 0 0 0 0 0 1
0 E8

10 Little Weyl groups for inner type E and Kostant sections

In this section we compute the little Weyl groupsW (c, θ) and their degrees whenθ is inner of positive
rank in typeE. As a byproduct we show that every positive rank inner automorphism is principal in a
Levi subgroup. This leads to a verification of Popov’s conjecture on the existence of Kostant sections,
and gives a characterization of the orders of positive-rankautomorphisms.

10.1 The Levi subgroupLθ

In tables 19-21 above we have indicated a Levi subgroupLθ whose corresponding subsetJ ⊂ {1, . . . , ℓ}
satisfies the conditions of Lemma7.6, giving an embedding

CWJ
(w) →֒W (c, θ). (14)

In each case, the embedding (14) turns out to be an isomorphism. It follows that the degrees of W (c, θ)
are those degrees ofWJ which are divisible bym.
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We verify that (14) is an isomorphism as follows. LetUJ ⊂ W be the subgroup acting trivially on the
span of the rootsαj for j ∈ J and setcJ(w) = |CW (w)|/|UJ |. Lemma7.5shows that|W (c, θ)| divides
cJ(w). The subgroupUJ can be found in the tables of [6] (it is denoted there byW2). In all but eight
cases we find that

|CWJ
(w)| = cJ(w),

showing thatCWJ
(w) = W (c, θ).

We list the exceptional cases for which|CWJ
(w)| < cJ(w). We write |CWJ

(w)| as the product of
degrees divisible bym.

G no. w J |CWJ
(w)| cJ(w)

E6 4b D4(a1) D5 4 · 8 8 · 12

E7 9b E6(a1) E6 9 18

E7 5d, 5e A4 A4 5 10

E7 4d, 4e D4(a1) D5 4 · 8 8 · 12

E8 9f E6(a1) E6 9 18

E8 4e D4(a1) D5 4 · 8 8 · 12

To show thatW (c, θ) = CWJ
(w) in all of these cases as well, it suffices to show thatG0 has an invariant

polynomial of degreed = 4, 9, 5, 4, 9, 4 for the respective rows. Ifk has characteristic zero this can be
done using the computer algebra system LiE to find the dimension of theG0-invariants inSymd(g∗

1). In
fact we did this for all of the positive rank cases in exceptional groups, as a confirmation of our tables.
If k has positive characteristicp (not dividingm) the desired invariant is provided by the following
result.

Lemma 10.1 Let ρ : H → GL(V ) be a representation of an algebraic groupH over the ringZ[ζ],
whereζ ∈ Q is a primitivemth-root of unity. Assume thatH(Q) has a nonzero invariant vector in
V (Q) with multiplicity one. ThenH(k) has a nonzero invariant inV (k) for any algebraically-closed
fieldk of characteristicp not dividingm.

Proof: Let W (k) be the ring of Witt vectors ofk, let K be the quotient field ofW (k) and letL
be an algebraic closure ofK. Our assumption implies thatH(L) has a nonzero invariantf ∈ V (L)
with multiplicity one. The lineL · f is preserved byGal(L/K), so Hilbert’s theorem 90 implies that
L · f ∩ V (K) is nonzero. We may therefore assume thatf ∈ V (K). Clearing denominators, we
may further assume thatf ∈ V (W (k)) and is nonzero modulo the maximal idealM of W (k). The
reduction off moduloM gives a nonzero invariant ofH(k) in V (k). �

As illustrated in the following examples, we can often compute the desired invariant by hand.
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10.1.1 Example:E6 no. 4b

We label the affine diagram ofE6 and write the Kac diagram ofθ respectively as as shown:

1 2 3 4 5
6
0

0 1 0 0 1
0
1

.

We viewg1 as a representation ofSL2× SL4×T2, whereT2 is the two dimensional torus whose cochar-
acter group has basis{ω̌2, ω̌5}, whereω̌i are the fundamental co-weights ofE6. Each nodei labelled1
in the Kac diagram gives a summandVi of g∗

1 whose highest weight is the fundamental weight on each
node adjacent toi and with central characterαi restricted toT2. Thus, we have

g∗
1 ≃ (2⊠ 6) ⊕ (1⊠ 4̌) ⊕ (1⊠ 4)
ω̌2 = 1 −2 0
ω̌5 = 0 −1 1

Here2 and4 are the standard representations ofSL2 andSL4, 4̌ is the dual of4 and6 = Λ2
4. It

follows that the symmetric algebra ofg∗
1 can haveG0-invariants only in tri-degrees(2k, k, k). To find

the expected invariant of degree four, we must find anSL2× SL4-invariant in the summand fork = 1:

Sym2(2⊠ 6)⊗ (1⊠ 4̌)⊗ (1⊠ 4) = Sym2(2⊠ 6)⊗ (1⊠ End(4)).

Sincem = 4 we havep 6= 2, soEnd(4) = 1 ⊕ sl4. Since2 and6 are self-dual, affording alternating
and symmetric forms, respectively, our invariant must be given by anSL2× SL4-equivariant mapping
Sym2(2⊠ 6)→ 1⊗ sl4. Indeed, wedging in both factors gives a map

Sym2(2⊠ 6) −→ Λ2
2⊠ Λ2

6 = 1⊠ so6 ≃ 1⊠ sl4,

exhibiting the desired invariant of degree four.

10.1.2 Example:E7 no. 5d

The Kac diagram is
0 1 0 0 0 0 1

1

with Gsc
0 = SL2× SL5 and

g∗
1 = (2⊠ 5)⊕ (1⊠ 5̌)⊕ (1⊠ Λ2

5).

The center ofG0 has invariants in tri-degrees(2k, k, 2k), leading us to seek anSL5-equivariant mapping

5⊗ Sym2(Λ2
5̌) −→ Sym2(2⊠ 5)SL2 .

LetU andV bek-vector spaces of dimensions2 and arbitraryn <∞, respectively. LetP2(Hom(V, U))
be the space of degree two-polynomials onHom(V, U), with the naturalSL(V )×SL(U)-action. Then
we have a nonzero (hence injective) mapping

ϕ : Λ2(V ) −→ P2(Hom(V, U))SL(U), ω 7→ ϕω,
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given byϕω(f) = f∗(ω), wheref∗ : Λ2(V ) → Λ2(U) ≃ k is the map induced byf . One checks that
dimP2(Hom(V, U))SL(U) =

(
n
2

)
, so thatϕ is an isomorphism ofSL(V )-modules

Λ2(V ) ≃ P2(Hom(V, U))SL(U). (15)

Returning to our task, we now must find anSL5-equivariant mapping

5⊗ Sym2(Λ2
5̌) −→ Λ2

5.

The contraction mapping
5⊗ Λ2

5̌ −→ 5̌, v ⊗ ω 7→ cv(ω),

wherecv(λ ∧ µ) = 〈λ, v〉µ − 〈µ, v)λ, extends to a mapping

5⊗ Sym2(Λ2
5̌) −→ Λ3

5̌, v ⊗ (ω · η) 7→ cv(ω) ∧ η + cv(η) ∧ ω.

SinceΛ3
5̌ ≃ Λ2

5 asSL5-modules, we have the desired invariant.

10.1.3 Example:E7 no. 4d

The Kac diagram is
1 0 0 0 0 0 1

1

andGsc
0 = SL6 with g1 = 6⊕ 6̌⊕ Λ3

6. The action of the center leads us to seek anSL6-invariant in

6⊗ 6̌⊗ Sym2(Λ3
6).

If V is ak-vector space of even dimension2m, we have a nonzeroSL(V )-equivariant mapping

ϕ : End(V ) −→ P2(Λ
mV ), A 7→ ϕA,

given byϕA(ω) = ω ∧ A∗ω. Since theSL(V )-moduleΛmV is self-dual this may be viewed as a
nonzero mappingEnd(V )→ Sym2(ΛmV ). Takingm = 3 gives the desired invariant.

10.1.4 Example:E7 no. 4e

The Kac diagram is
0 1 0 0 0 1 0

0

with Gsc
0 = H1 × Spin8×H2, whereH1 ≃ H2 ≃ SL2, andg∗

1 = (2 ⊠ 8 ⊠ 1) ⊕ (1 ⊠ 8
′ ⊠ 2), where

8 and8
′ are non-isomorphic eight dimensional irreducible representations ofSpin8. The action of the

center leads us to seek an invariant in

Sym2(2⊠ 8⊠ 1)⊗ Sym2(1⊠ 8
′
⊠ 2).

Since every representation in sight is self-dual, we require aSpin8-equivariant mapping from theH1-
coinvariants to theH2-invariants:

Sym2(2⊠ 8⊠ 1)H1 −→ Sym2(1⊠ 8
′
⊠ 2)H2.
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Sincem = 4, the characteristic ofk is not two, so for ak-vector spaceV of arbitrary finite dimension
n the symmetric square

Sym2(V ⊗ 2) = Sym2(2⊕n) = n · Sym2(2)⊕
(
n

2

)
(2⊗ 2)

is completely reducible as anSL2-module. Hence the canonical map

Sym2(V ⊗ 2)SL2 −→ Sym2(V ⊗ 2)SL2, (16)

from the invariants to the coinvariants, is an isomorphism of SL(V )-modules. From (15), both modules
are isomorphic toΛ2V .

Returning to our task, we now require aSpin8-equivariant mapping

Λ2
8→ Λ2

8
′.

But both of these exterior squares are isomorphic to the adjoint representation ofSpin8, whence the
desired invariant.

10.1.5 Example:E8 no. 4e

The Kac diagram is
1 0 0 0 0 0 1 0

0

with Gsc
0 = Spin(12)× SL2 and

g∗
1 = (32⊠ 1)⊕ (12⊠ 2),

where32 is one of the half-spin representations ofSpin12, which is symplectic since6 ≡ 2 mod 4.
The action of the center ofG0 leads us to seek an invariant in

Sym2(32⊠ 1)⊗ Sym2(12⊠ 2).

We must therefore find aSpin12× SL2-equivariant mapping

Sym2(12⊠ 2) −→ Sym2(32⊠ 1).

From (15) and (16) this is equivalent to aSpin12-equivariant mapping

Λ2
12 −→ Sym2(32).

But Λ2
12 ≃ so12 andSym2(32) ≃ sp32. The desired mappingso12 → sp32 is simply the representa-

tion of so12 on the symplectic half-spin representation32.
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10.2 A remark on saturation

Let
W ∗(c, θ) := NGθ(c)/CGθ(c).

ClearlyW (c, θ) ⊂ W ∗(c, θ) ⊂ W θ
1 (see (11)). We say thatθ is saturated if W (c, θ) = W ∗(c, θ).

(For the adjoint groupG this is equivalent to the definition given in section 5 of [29].) Clearly θ is
saturated ifGϑ = G0. As remarked in section7.3 this holds whenever the groupΩϑ(x) is trivial. In
particular, saturation holds in typesG2,

3D4, F4, E8,
2E6, whereΩϑ itself is trivial. It is known ([29],

[18]) that all gradings on classical Lie algebras are saturatedexcept for certain outer automorphisms of
order divisible by 4 in typeDn. It remains to consider only those inner automorphisms ofE6 andE7

where the Kac diagram is invariant under the symmetries of the affine Dynkin diagram and we have
W (θ, c) 6= W θ

1 . The latter implies that|CWJ
(w)| < cJ(w). The only cases not thus eliminated are

4d and4e in typeE7. But in these two cases we havecJ(w)/|W (θ, c)| = 3, while [Gθ : G0] = 2, so
saturation holds in these cases as well. We conclude that allgradings on exceptional Lie algebras are
saturated.

10.3 Kostant sections and the Levi subgroupLθ

A Kostant section2 for the gradingg = ⊕i∈Z/m gi is an affine subspacev ⊂ g1 such that the em-
beddingv →֒ g1 induces an isomorphism of affine varietiesv

∼−→ g1//G0, or equivalently, if the
restriction mapk[g1]

G0 −→ k[v] is bijective.

Recall that we have fixed a pinning(X,R, X̌, Ř, {Ei}) in G, which determines the co-characterρ̌ ∈
X∗(T ) and principal nilpotent elementE =

∑
Ei, such thaťρ(t) · E = tE. From [21, Thm.3.5] and

[18, Prop.5.2] we have the following existence result for Kostant sections.

Theorem 10.2 Assume the characteristic ofk is not a bad prime forG, thatm nonzero ink. Then the
gradingg = ⊕i∈Z/m gi associated to the principal automorphismθm = ρ̌(ζ)ϑ has a Kostant section
E + u, whereu is any vector space complement to[g0, E] in g1 such thatu is stable undeřρ(k×).

We have seen that for each positive-rank torsion inner automorphism in typeE6,7,8 there exists a subset
J ⊆ {1, 2, . . . , ℓ} such thatW (c, θ) = CWJ

(w). This can also be checked for the classical groups and
typesF4, G2. Thus, we have a case-by-case proof of the following theorem.

Theorem 10.3 Let θ be an inner automorphism ofg whose orderm is nonzero ink and let c be a
Cartan subspace ofg1. Then there exists aθ-stable Levi subgroupL = Lθ whose derived Lie algebra
l containsc in its derived subalgebra, such that the following hold:

1. θ|l = Ad(ρ̌L(ζ)).

2In the literature, this is also called a ”Kostant-Weierstrass” or ”KW” section because in the case of the non-pinned outer
triality automorphism ofso8 such a section is equivalent to the Weierstrass-normal formof a nonsingular homogeneous
cubic polynomial in three variables.
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2. The inclusion of little Weyl groupsWL(c, θ) →֒ W (c, θ) is a bijection. In particular, the degrees
ofW (c, θ) are the precisely the degrees ofWL which are divisible bym.

3. The restriction mapk[g1]
G0 −→ k[l1]

L0 is a bijection.

In view of Thm.10.2, we conclude:

Corollary 10.4 Every positive-rank torsion inner automorphism in typeE6,7,8 has a Kostant section
contained in the Levi subalgebral of the previous theorem.

We also observe:

Corollary 10.5 A positive integerm is the order of a torsion inner automorphism of positive rank
precisely ifm is the order of aZ-regular element in the Weyl group of a Levi subgroup ofG.

11 Outer gradings of positive rank in typeE6

We realize the outer pinned automorphism ofE6 as the restriction of an affine pinned automorphism
of E7, as in section6.

11.1 Root systems of typeE7 and 2E6

Let (Y,R, Y̌ , Ř) be a root datum of adjoint typeE7 and fix a base∆ = {α1, . . . , α7} ⊂ R with lowest
rootα0, according to the numbering

0 1 2 3 5 6 7
4 . (17)

The setΠ := {α0} ∪ ∆ has stabilizerWΠ = {1, ϑ} of order two, whereϑ = r1r2r3 is a prod-
uct of reflections about mutually orthogonal rootsγ1, γ2, γ3 in which the coefficients of simple roots
{α1, . . . , α7} are given by

γ1 = 0 1 2 2 2 1
1 , γ2 = 1 1 2 2 1 1

1 , γ3 = 1 2 2 1 1 1
1 .

The sum
γ̌1 + γ̌2 + γ̌3 = 2µ̌,

whereµ̌ = ω̌7 is the nontrivial minuscule co-weight.

Regard the vector spaceV = R ⊗ Y̌ as an affine space with0 as basepoint. Each linear functional
λ : V → R is then regarded as an affine function onV vanishing at0, we have the affine root system

Φ = {α + n : α ∈ R, n ∈ Z}

with basis{φ0, φ1, . . . , φ7} whereφ0 = 1 + α0, φ1 = α1, . . . , φ7 = α7 satisfy the relation

φ0 + 2φ1 + 3φ2 + 4φ3 + 2φ4 + 3φ5 + 2φ6 + φ7 = 1. (18)
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A point x ∈ VQ of orderm has Kac diagram

s0 s1 s2 s3 s5 s6 s7

s4
, (19)

wheresi/m = φi(x).

The affine transformatioñϑ : V → V given by

ϑ̃(x) = µ̌+ ϑ · x

permutes the simple affine roots{φ0, . . . , φ7} according to the nontrivial symmetry of the affine dia-
gram ofE7. The fixed-point space of̃ϑ in V is given by

Aϑ := V ϑ + 1
2
µ̌,

which is an affine space under the vector spaceV ϑ = R ⊗ Y̌ϑ, with basepoint1
2
µ̌. The rational points

in Aϑ are precisely those pointsx ∈ VQ whose Kac diagram has the symmetric form

s0 s1 s2 s3 s2 s1 s0

s4
, (20)

in which case equation (18) implies that

s0 + 2s1 + 3s2 + 2s3 + s4 = m/2, (21)

wherem is the order ofx.

The automorphismϑ permutes the rootsα1, . . . , α6 which generate a root subsystemR′ of typeE6.
The co-weight latticeX̌ = Hom(ZR′,Z) has dual basis{ω̌1, . . . , ω̌6} and we have

X̌ϑ = Y̌ ϑ.

HenceAϑ is also an affine space underR⊗ X̌ϑ and we may construct the affine root systemΨ(R′, ϑ)
as in section2.1, using the pointx0 = 1

2
µ̌. We haveℓϑ = 4 andΨ(R′, ϑ) has basisψ0, . . . , ψ4, where

ψi = αi|Aϑ for 1 ≤ i ≤ 4 and

ψ0 + 2ψ1 + 3ψ2 + 2ψ3 + ψ4 = 1/2. (22)

A rational pointx ∈ Aϑ
Q with E7 Kac-diagram (20) has2E6 Kac-diagram

s0 s1 s2 ⇐ s3 s4.

This is clear fors1, . . . , s4 sinceψi is the restriction ofφi, and follows fors0 by comparing the relations
(18) and (22).
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11.2 Lie algebras of typeE7 and 2E6

Let k be an algebraically closed field of characteristic6= 2, 3 and letg be a simple Lie algebra overk
of typeE7 with automorphism groupG = Aut(g). We fix a maximal torusT ⊂ G with Lie algebra
t and we choose an affine pinning̃Π = {E0, . . . , E7} for T in g, numbered as in (17). As above we
let ϑ = r1r2r3 ∈ WΠ be the unique involution acting onΠ via the permutation(07)(16)(25). Recall
from section6 thatϑ has a liftn ∈ N of order two defined via the homomorphismϕ : SL2 → G as in
equation (10).

Let S = (T ϑ)◦ be the identity component of the group of fixed-points ofϑ in T . The co-weight group
of S is X̌ϑ and we have

T ϑ = S × 〈µ̌(−1)〉,
whereµ̌ = ω̌7 is the nontrivial minuscule co-weight. The automorphismε := Ad(µ̌(−1)) has order
two; its fixed-point subalgebragε decomposes as

gε = h⊕ z

wherez = dµ̌(k) andh = [gε, gε], the derived subalgebra ofgε, has typeE6 and is generated by the
root spacesgα for α ∈ ±{α1, . . . , α6}. Note thatε andn both lie in the subgroupϕ(SL2) and are
conjugate therein.

The centralizerCG(ε) is the normalizer inG of h, surjecting ontoAut(h), and is also the normalizer
of in G of z. The centralizerCG(z) of z is the identity component ofCG(ε), and the image ofCG(z) in
Aut(h) is the group

H := Aut(h)◦

of inner automorphisms ofh. It follows that we have an exact sequence

1 −→ µ(k×) −→ CG(z) −→ H −→ 1. (23)

Proposition 11.1 Letθ ∈ Aut(g) be a torsion automorphism whose orderm is nonzero ink. Then the
centralizerGθ has at most two components, and the following are equivalent.

1. The normalized Kac diagram ofθ has the symmetric forma b c d c b a
e .

2. TheG-conjugacy class ofθ meetsSn.

3. The centralizerGθ has two components andn lies in the non-identity component.

Proof: For the number of connected components and the equivalence1⇔ 3, see [22, Prop. 2.1]. We
prove1⇔ 2. After conjugating byG, we may assumeθ = Ad(t) for somet ∈ T . We havet = λ̌(ζ),
for some co-weighťλ ∈ X̌ and we setx = 1

m
λ̌. From the previous section the Kac coordinates ofθ are

symmetric precisely if
x = µ̌+ ϑ · x.

This is equivalent to havinǧλ− m
2
µ̌ ∈ X̌ϑ. Evaluating atζ this is in turn equivalent to havingtε ∈ S,

or t ∈ Sε. Sincen andε are conjugate inϕ(SL2) which centralizesS (see Lemma6.3) we can replace
ε by n. �
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Proposition 11.2 Let s ∈ S and supposesn has orderm invertible in k and letθ = Ad(sn) have

symmetric normalized Kac diagrama b c d c b a
e . Then

1. θ normalizesh andθ|h is an outer automorphism ofh with Kac diagram

a b c⇐ d e.

2. Every torsion outer automorphism ofh is conjugate toθ|h, whereθ = Ad(sn) for somes ∈ S.

3. We haverank(θ|h) ≤ rank(θ).

Proof: SinceAd(n) = ϑ normalizesh, acting there via a pinned automorphism, ands ∈ S ⊂ H,
we have thatθ|h is an outer automorphism ofh. The relation between the Kac diagrams ofθ andθ|h
follows from the discussion in section11.1.

Assertion 2 is now clear, since every Kac diagrams0 s1 s2 ⇐ s3 s4 corresponds toAd(sn)|h for some
s ∈ S. We can also prove assertion 2 directly, as follows: SinceT ∩ H is aϑ-stable maximal torus
of H, every torsion outer automorphism ofh is H-conjugate to one of the formAd(s)ϑ for some
s ∈ (T ∩H)ϑ [22, Lemma 3.2]. We must therefore show that(T ∩H)ϑ = S. Since the Lie algebra of
S is tϑ which is contained in(t ∩ h)ϑ, it suffices to show thattϑ ⊂ h. But tϑ has dimension four and is
spanned bydα̌i(1) + dα̌7−i(1) for 1 ≤ i ≤ 4, and these vectors lie inh.

Finally, a Cartan subspace forθ|h is contained in a Cartan subspace forθ, so assertion 3 is obvious.�

Prop. 11.2implies that the Kac diagram of any outer positive rank automorphism ofh must have the
form a b c ⇐ d e, wherea b c d c b a

e is a positive rank diagram forE7 appearing in section9.2.

For example, there are two outer automorphisms ofh having orderm = 2, namely the restrictions to
h of ϑ = Ad(n) andϑ0 = Ad(n0) wheren0 is a lift of −1 ∈ W (E7). These are the involutions inE7

numbered2c and2a respectively Table 20 of section9.2. The Kac diagrams inE7 and2E6 are shown:

ϑ :
1 0 0 0 0 0 1

0
ϑ0 :

0 0 0 0 0 0 0
1

ϑ|h : 1 0 0⇐ 0 0 ϑ0|h : 0 0 0⇐ 0 1.

Both ϑ andϑ0 act by−1 on z. It follows that their ranks inE6 are one less than their ranks inE7,
namely

rank(ϑ|h) = 2, rank(ϑ0|h) = 6.

11.3 Positive rank gradings onE6 (outer case)

From Props.11.1and11.2we know that the Kac diagrams for positive rank gradings in outer typeE6

are obtained from symmetric positive-rank diagrams forE7. We now adapt our methods for the inner
case to complete the classification of positive rank outer gradings ofE6.
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We regardW (E6) as the subgroup ofW (E7) generated by the reflections for the rootsα1, . . . , α6.
Equivalently,W (E6) is the centralizer ofz in W (E7). The coset−W (E6) = {wϑ0 : w ∈ W (E6)}
consists of the elements inW (E7) acting by−1 on z and contains bothϑ andϑ0.

Lemma 11.3 Letnw ∈ NG(t) be a lift of an elementw ∈ −W (E6). ThenAd(nw) normalizesh and
acts onh as an outer automorphism.

Proof: Sincew permutes the root spaces inh it follows thatnw normalizesh. Let n ∈ NG(t) be the
lift of ϑ constructed above. Bothn andnw act by−1 on z, son · nw lies in the connected subgroup
CG(z) and the image ofn · nw in Aut(h) lies in the subgroupAut(h)◦ of inner automorphisms. Since
Ad(n) = ϑ is outer onh, it follows thatAd(nw) is outer onh as well. �

Let w ∈ W (E7) be any element whose orderm is invertible ink and such thatw has an eigenvalueζ
of orderm on t. Recall thatKac(w) is the set of normalized Kac diagrams of torsion automorphisms
θ ∈ Aut(g) of orderm such thatθ normalizest and acts ont viaw.

Let τ ∈ Aut(h) be a torsion outer automorphism with Kac coordinatesa b c⇐ d e. We write

τ  w

to mean that the symmetric Kac diagram
a b c d c b a

e
appears inKac(w). Let Kac(w)sym denote

the set of symmetric diagrams inKac(w).

Proposition 11.4 Let τ ∈ Aut(h) be a torsion outer automorphism whose orderm > 2 is invertible
in k. Assume thatrank(τ) > 0. Then there existsw ∈ −W (E6) suchτ  w. Moreover, we have

rank(τ) = max{rank(w) : w ∈ −W (E6), τ  w}.

Proof: Let c ⊂ h(τ, ζ) be a Cartan subspace. Thenc is contained in aτ -stable Cartan subalgebrat′ of
h so thatc = t′(τ, ζ). Conjugating byH, we may assume thatt′ ⊂ t and thereforet = t′ ⊕ z.

We haveτ = θ|h for someθ ∈ Aut(g) normalizingh. Thenθ also normalizes the centralizerz of h.
Sinceθ|h is outer butθ2|h is inner, it follows thatθ acts by−1 on z.

Sinceθ normalizest, it projects to an elementw ∈ W (E7). The subgroup ofW (E7) normalizingz is
{±1} ×W (E6) andW (E6) is the subgroup centralizingz. It follows thatw ∈ −W (E6).

Since the normalized Kac diagram ofθ belongs toKac(w) andτ = θ|h, we haveτ  w. We also have

rank(w) = t(w, ζ) = t′(w, ζ).

Suppose now thatw ∈ −W (E6) is any element for whichτ  w. Let a b c ⇐ d e be the normalized
Kac coordinates forτ . Sinceτ  w there is a liftnw ∈ NG(t) such thatAd(nw) has normalized Kac

diagram
a b c d c b a

e
.
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By Lemma (11.3), we have thatAd(nw) is an outer automorphism ofh. Hence there iss ∈ S such that
Ad(nw)|h isH-conjugate toAd(sn)|h. From the exact sequence (23) there areg ∈ CG(z) andz ∈ Z
such that

gnwzg
−1 = sn.

But nw isZ-conjugate tonwz, sincew = −1 on z. Thereforenw andsn are conjugate underCG(z), so

Ad(sn) also has normalized Kac diagram
a b c d c b a

e
.

By Prop. 11.2, Ad(sn)|h has Kac diagrama b c ⇐ d e, and thereforeAd(sn)|h is H-conjugate toτ .
But

Ad(sn)|h = Ad(gnwzg
−1)|h = Ad(gnwg

−1)|h
is conjugate toAd(nw)|h, via the elementh = Ad(g)|h ∈ H. Thus,τ andAd(nw)|h areH-conjugate.
Sincet(w, ζ) ⊂ h, anH-conjugate oft(w, ζ) is contained in a Cartan subspace ofτ , so rank(w) ≤
rank(τ). This completes the proof. �

The Kac diagrams of positive rank for2E6 are obtained from symmetric positive rank diagrams forE7,
of which there are20 (see Table 20).

Three of these (14a, 8d, 8e) have rank zero for2E6 as will be explained. Two more have orderm = 2
and are easily handled by known results. The ranks for the remaining15 are found as follows. Using
Prop.11.4, it is enough to extract the symmetric diagrams from the preliminary table forE7 in section
9.1. The results are shown below, wherer is the rank ofτ in 2E6.

Table 22:Kac(w)sym for certainw in −W (E6)

m w ∈ −W (E6) w ∈W (E7) r Kac(w)un Kac(w)sym

18 −E6(a1) E7 1 1 1 1 1 1 1 1
1

1 1 1 1 1 1 1
1

12 −E6 E7(a2) 1 1 1 0 1 0 1 1
1

1 1 0 1 0 1 1
1

10 −(A4 + A1) D6 1 ∗ ∗ 1 1 1 1 1
1

0 1 0 1 0 1 0
1

1 0 1 0 1 0 1
1

1 1 0 1 0 1 1
0

8 −D5 D5 + A1 1 1 ∗ 1 1 1 1 ∗
1

0 1 0 1 0 1 0
0

1 0 0 1 0 0 1
1

6 −(3A2) E7(a4) 3 1 0 0 1 0 0 1
0

1 0 0 1 0 0 1
0

6 −(2A2) A1 +D6(a2) 2 1 ∗ 1 0 1 0 1
1

0 1 0 0 0 1 0
1

1 0 0 1 0 0 1
0

6 −A2 3A1 +D4 1 1 ∗ 1 1 1 ∗ 1
1

0 0 0 1 0 0 0
1

6 −(A1 + A′′
5) A′

5 1 ∗ 1 1 1 1 1 ∗
∗

0 0 1 0 1 0 0
0

1 1 0 0 0 1 1
0

0 1 0 0 0 1 0
1

1 0 0 1 0 0 1
0

4 −D4(a1) A1 + 2A3 2 1 1 1 ∗ 1 1 1
1

0 0 0 1 0 0 0
0

4 −A3 + 2A1 (A1 + A3)
′′ 1 1 1 1 ∗ 1 1 1

1
0 0 0 1 0 0 0

0
0 1 0 0 0 1 0

0
1 0 0 0 0 0 1

1

Case14a has rank zero since there are no elements of order7 or 14 in W (E6). Cases8d and8e have
rank zero sinceD5 is the only element of order8 inW (E6) and the Kac diagrams for8d,e do not appear
in the row forw = −D5 in Table 22 above.
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11.4 Little Weyl groups for 2E6

The little Weyl groupsWH(c, τ) and their degrees are determined as follows.

Cases18a, 12b, 6a, 4b, 2a: These cases are stable, hence by Cor.7.4 we haveWH(c, τ) = W (t′)θ,
wheret′ is the unique Cartan subalgebra ofh containingc. ThenW (t′)θ and its degrees are determined
from [27].

Lemma 11.5 If dim c = 1 thenWH(c, τ) ≃ µd for some integerd divisible bym/2.

Proof: Sincedim c = 1 we haveWH(c, τ) ≃ µd for some integerd. We may assumeτ = Ad(nw)|h,
wherenw ∈ NG(t) has imagew ∈ −W (E6). Thenn2

w ∈ H0 has eigenvalueζ2 on c, whereζ ∈ k× has
orderm equal to the order ofτ . It follows that som/2 dividesd. �

Cases10a, 10b, 10c: In these cases we havem = 10 anddim c = 1 soµ5 ≤ WH(c, τ), by Lemma
11.5. AndWH(c, τ) ≤WH(c, τ 2). Noww2 has typeA4 in E6, and all lifts of this type have little Weyl
groupµ5, from Table 19.3 So AndWH(c, τ) ≤ WH(c, τ 2) ≃ µ5.

Cases8c, 8f : In these cases we havem = 8 anddim c = 1 soµ4 ≤ WH(c, τ) ≤ µ8, by Lemma11.5.

In case8f the diagram forθ′ in Table 20 shows thatτ is principle inAut(h). HenceWH(c, τ) =
NWH

(c)/ZWH
(c), by Prop. 7.2. The elementw has type−D5 and c may be chosen to be the−ζ-

eigenspace fory = −w in t. Since〈y〉 acts faithfully onC, there is a copy ofµ8 in WH(c, τ).

In case8c we rule outµ4 using invariant theory, as in section10. A degree-four invariant inh1 would
correspond to an element of

HomM

(
Sym2(2⊠ 2)L, Sym2(3⊠ 2)R

)
, (24)

arising from the action ofL×M ×R = SL2× SL2× SL2 on

h1 ≃ 2⊠ 2⊠ 1 ⊕ 1⊠ 3⊠ 2.

But Sym2(2⊠ 2)L is the trivial representation ofM andSym2(3⊠ 2)R is the adjoint representation of
M , which is irreducible sincep > 2. Hence the vector space (24) is zero.

Case6c: Here the centralizer ofw = −2A2 in W (E6) has order108 and contains a subgroupW (A2)
acting trivially on the root subsystem spanned by the2A2. It follows that|WH(τ, c)| ≤ 18. Results in
the next section show thatWH(τ, c) contains the centralizer of a[33]-cycle in the symmetric groupS6,
which has order18.

Case6g: Heredim c = 1 andw2 has typeA2, of which all lifts inH have little Weyl groupµ6. Hence
µ3 ≤ WH(c, τ) ≤ µ6. One checks that anH0-invariant in degree3 in h1 is a quadratic form onS2

4̌,
which must be trivial. HenceWH(c, τ) ≃ µ6.

Cases6i, 6k: These cases havem = 6 anddim c = 1 soµ3 ≤ WH(c, τ), by Lemma11.5. We show
this is equality by finding anH0-invariant of degree3 onh1.

3In fact, using Kac diagrams one can check that classes10a,b,c in Table 20 square to classes5a,b,c, respectively, in Table
19.
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In case6i, h1 is the respresentation3 ⊠ 3̌ = End(3) of SL3× SL3, and the determinant is a cubic
invariant.

In case6k, h1 is the respresentation1 ⊕ 8 of Spin7, where8 is the Spin representation, which affords
an invariant quadratic formq. The map(x, v) 7→ x · q(v) is a cubic invariant.

Cases4e, 4d: These cases havem = 4 anddim c = 1 soµ2 ≤ WH(c, τ), by Lemma11.5. We show
that in both cases there is a quartic invariant but no quadratic invariant.

In case4e, h1 is the representationΛ3(6) = 6 ⊕ 14 of Sp6×T1, wheret ∈ T1 acts byt, t−1 on the
respective summands. Sincep > 2 both summands are irreducible so there is no invariant in bidegree
(1, 1). In characteristic zero one computes thatSym2(6) appears inSym2(14), giving a nonzeroH0

quartic invariant, which persists in positive characteristic by Lemma10.1.

In case4d, h1 is the representation2 ⊠ 8 of SL2× Spin7. Since this representation is irreducible and
symplectic there is no quadratic invariant. To find a quarticinvariant we may assume the characteristic
of k is zero. Write

h1 = 8+ ⊕ 8−,

according to the characterst 7→ t±1 of the maximal torus ofSL2. One checks that

dim
[
Sym4−i(8+)⊗ Symi(8−)

]Spin7 =

{
1 for i 6= 2

2 for i = 2.

Since this summand affords the charactert4−2i of the maximal torus ofSL2, it follows that there is a
one-dimensional space of quartic invariants inh1 for SL2× Spin7.

11.5 Standard subalgebras and Kostant sections

Fix a torsion automorphismθ = Ad(s)ϑ of h = e6, with s ∈ S = (T ϑ)◦, and letτ ∈ Aut(h) be
another torsion automorphism of the formτ = Ad(t) (inner case) orτ = Ad(t)ϑ (outer case), for
somet ∈ S. We call the fixed-point subalgebrahτ a standard subalgebra. The standard subalgebras
hτ for inner automorphismsτ = Ad(t) are in bijection with proper subdiagrams of the affine diagram
of typeE6; these subalgebras all containt as a Cartan subalgebra. The standard subalgebrashτ for
outer automorphismsτ = Ad(t)ϑ are in bijection with proper subdiagrams of the affine diagram of
type2E6; these subalgebras all containtϑ as a Cartan subalgebra.

The automorphismsθ andτ commute, soθ acts on the standard subalgebrak := gτ . If τ is inner andϑ
acts nontrivially on the subdiagram fork thenθ|k is outer, becauseθ permutes a basis of the root-system
of t in k. And if τ is outer thenθ|k must be inner, becauseθ acts trivially on the Cartan subalgebratϑ of
k.

Suppose now thatrank(θ|k) = rank(θ), so that there is a Cartan subspacec for θ such thatc ⊂ k.
Let K = Aut(k)◦ and letK̃ be the connected subgroup ofH corresponding tok. These groups are
normalized byθ and the natural map̃K → K restricts to a surjection

K̃0 := (K̃θ)◦ −→ (Kθ)◦ =: K0
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which induces an isomorphism

N eK0
(c)/Z eK0

(c) ≃ NK0(c)/ZK0(c).

It follows that we have an embedding of little Weyl groups

WK(c, θ|k) →֒ WH(c, θ).

With the exception of number2c, the next-to-right-most column of Table 23 below gives the Kac
diagram of anH-conjugateθ′ of θ such that the subdiagram of1′s determines a standard subalgebrak

(given in the last column) such that

rank(θ|k) = rank(θ) and WK(c, θ|k) = WH(c, θ),

and such thatθ|k satisfies the conditions of Lemma7.4. From [18, Prop. 5.2] it follows thatθ admits a
Kostant section contained ink.

In the table below we indicatek = hτ as the subdiagram of1′s in a Kac diagram of typeE6 or 2E6

according to whetherτ is inner or outer. Recall thatθ|k is then outer or inner, respectively. The
superscript2X means thatθ|k is outer. The notation2(2A2) indicates thatk ≃ sl3⊕ sl3 andθ swaps the
two factors.

In the exceptional case2c, previous work on involutions [15, Prop. 23] (fork = C) and [17, 6.3]
(for p 6= 2) shows that there is aθ-stable subalgebrak ≃ sl3 containingc as a Cartan subalgebra, and
WH(c, θ) is just the ordinary Weyl group ofc in k. In this caseθ is the unique (up to conjugacy) pinned
involution of sl3, which is known to have a Kostant section.
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Table 23: The gradings of positive rank in typeE6 (outer case)

No. θ|h w∈−W (E6) w ∈W (E7) WH(c, θ|h) degrees θ′|h k

18a 111⇐11 −E6(a1) E7 µ9 9 111⇐11 2E6

12b 110⇐11 −E6 E7(a2) µ12 12 −211⇐11 2E6

10b 110⇐10 −(A4 + A1) D6 µ5 5 −311⇐11 2E6

10a 101⇐01 −(A4 + A1) D6 µ5 5 −111⇐1−1 2A5

10c 010⇐11 −(A4 + A1) D6 µ5 5 9−5 1⇐11 2D5

8f 100⇐11 −D5 D5 + A1 µ8 8 −411⇐11 2E6

8c 010⇐10 −D5 D5 + A1 µ8 8 111⇐1−4 C4

6a 100⇐10 −(3A2) E7(a4) G25 6, 9, 12 −511⇐11 2E6

6c 010⇐01 −(2A2) D6(a2) + A1 G(3, 1, 2) 3, 6 211⇐1− 6 2A5

6g 000⇐11 −A2 D4 + 3A1 µ6 6 −3 0 1⇐11 B3

6i 001⇐00 −(A5 + A1) A′
5 µ3 3 011⇐0−2 2(2A2)

6k 110⇐00 −(A5 + A1) A′
5 µ3 3 011⇐2−6 2(2A2)

4b 000⇐10 −D4(a1) 2A3 + A1 G8 8, 12 −611⇐11 2E6

4d 010⇐00 −(A3 + 2A1) (A3 + A1)
′′ µ4 4 111⇐−20 A3

4e 100⇐01 −(A3 + 2A1) (A3 + A1)
′′ µ4 4 −1−11⇐10 B2

2a 000⇐01 −1 7A1 W (E6) 2, 5, 6, 8, 9, 12 −711⇐11 2E6

2c 100⇐00 −(4A1) (3A1)
′ W (A2) 2, 3 −−− 2A2
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