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1 Introduction

Let g be the Lie algebra of a connected simple algebraic grewp adjoint type over an algebraically
closed fieldk. A gradingon g is a decomposition

wherem is an integet> 0 and|g;, g,;| C g,+; for all 7, j. The summand, is a Lie subalgebra af and
we letG, denote the corresponding connected subgroup. dfhe adjoint action of~ on g restricts to
an action ofG, on each summangl. We are interested in the invariant theory of this actionyfhich
there is no loss of generality if we assume that 1. This study was initiated by Vinber@$], who
showed (fork of characteristic zero) that the invariant theory of thgaction ong; has remarkable
parallels with the adjoint representation@fon g (which is the special case where = 1). In [18],
Vinberg’s theory was extended to fields of good odd positharacteristic not dividingn.

Some highlights of Vinberg theory are as follows. Gartan subspaceés a linear subspace C g,
which is abelian as a Lie algebra, consists of semisimplemetts, and is maximal with these two
properties. All Cartan subspaces are conjugate udeHence the dimension afis an invariant of
the grading, called theank, which we denote in this introduction by Thelittle Weyl groupis the
subgroupV, of GL(¢) arising from the action of the normalizer oin GG,. The groupiV, is finite and
is generated by semisimple transformations @king a hyperplane and we have an isomorphism of
invariant polynomial rings

kloa]® = K[,

given by restriction. Finallyk[g,]° ~ k[fi,..., f,] is a polynomial algebra generated byalge-
braically independent polynomials, . . ., f, whose degrees,, . .., d, are determined by the grading.
In particular the product of these degrees is the ordév of

We have a dichotomy: either the rank= 0, in which casey; consists entirely of nilpotent elements
of g, orr > 0, in which casen > 0 andg; contains semisimple elements @f A basic problem is
to classify all gradings of rank > 0 and to compute the little Weyl groupg. in each case. Another
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open question iPopov’s conjecture:g; should contain &ostant sectionan affine subspacaeof g,
with dim v = 7, such that the restriction mag,|“> — k[v] is an isomorphism.

The classification of positive-rank gradings and theitditVeyl groups, along with verification of
Popov’s conjecture was given it and [19] for gradings of Lie algebras of classical type and those
of typesG, andFy. In this paper we complete this work by proving analogouslte$or typesEs, E-

and Fg, using new methods which apply to the Lie algebras of gersargble algebraic groups.

The main idea is to compute Kac coordinates of lifts of autqphisms of the root systei® of g, as we
shall now explain. Choosing a baseAhand a pinning ing, we may write the automorphism groups
Aut(R) andAut(g) as semidirect products:

Aut(R) =W x 0, Aut(g) =G x O,

where W is the Weyl group ofR and ©, the symmetry group of the Dynkin graph(R) of R, is
identified with the group of automorphisms gffixing the chosen pinning. To each € © one
can associate an affine root systdm= W(R,) consisting of affine functions on an affine space
A of dimension equal to the number dforbits on the nodes of the diagraty k). Kac’ original
construction of¥ uses infinite dimensional Lie algebras and works dvgpur approach constructs
U directly from the pair(R, ) and works over any algebraically closed field in which theeord

of ¥ is nonzero. The choice of pinning gndetermines a rational structure ohand a basepoint
zo € A. Following an idea of Serre2fl], we associate to each rational pointe Ag an embedding
0 M, — G of group schemes ovér, wherem is the denominator of. If m is nonzero ink and
we choose a root of unity € £* of orderm, thenz determines an actual automorphisme Gv of
orderm. If z lies in the closure” of the fundamental alcove of then the affine coordinates ofare
those defined by Kac (whén= C and({ = ¢>*/™); we call thesenormalized Kac coordinatesince
we also consider points outsideC' having some affine coordinates negative. Any: Ag can be
moved intoC' via operations of the affine Wey! grot (), and this can be done effectively, using a
simple algorithm. See alsd 9], which gives a different way of extending Kac coordinaegositive
characteristic.

The half-sum of the positive co-roots is a vectdoelonging to the translation subgroup.4f In the
principal segmeniz,, x¢ + p| C A we are especially interested in the points

T = Tg + %lé € "4@7

wherem is the order of an ellipti@-regular automorphism € Aut(R). Hereo is elliptic if o has no
nonzero fixed-points in the reflection representation, aeadayo is Z-regular if the group generated
by o acts freely onR. (This is almost equivalent to Springer’s notion of regityaand for our purposes
it is the correct one. See sectidr)

Now assume that the characteristickds not a bad prime fog. Choose a Cartan subalgebaf g, let

T be the maximal torus aff centralizingt with normalizerN in G and letAut(g, t) be the subgroup
of Aut(g) preservingt. The groupsAut(R) andAut(g,t)/7T are isomorphic and we may canonically
identify 1¥-conjugacy classes ifiut(R) with N/T-conjugacy classes ifiut(g, t) /7. Leto € Aut(R)

be an ellipticZ-regular automorphism whose orderis nonzero ink. Writec = w-¢ with w € W and

¥ € O. Then there is a uniqué-conjugacy clas€’, C G suchthatC,NAut(g, t) projects to the class
of o in Aut(R). Using results of Panyushev i@]], we show thatr’,, contains the automorphiséy, ,
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wherex,, is the point on the principal segment defined above. The umalized) Kac coordinates
of z,, are all= 1 except one coordinate is+ (m — hy)/e, wherehy is the twisted Coxeter number
of (R, v). Translating by the affine Weyl group we obtain the normaligac coordinates of the class
C, C Gv. The automorphisms if, have positive rank equal to the multiplicity of the cyclotem
polynomial®,, in the characteristic polynomial of. They are exactly the semisimple automorphisms
of g for which G, has stable orbits ip;, in the sense of Geometric Invariant Theory.

Every G-conjugacy class of positive-rank automorphistns Aut(g) whose order is nonzero ik
contains a lift of al’-conjugacy class illut(R). For any particular groug: we can tabulate the
Kac coordinates of such lifts; these are exactly the Kacdioates of positive rank gradings. For
this purpose it is enough to consider only the lifts of certaasses imut(R), almost all of which
are elliptic andZ-regular inAut(R’) for some root subsystem &, whose Kac coordinates are easily
found, as above.

These tables are only preliminary because they contain g@oeliagrams more than once, reflecting
the fact that a given class iut(g) may contain lifts of several classesof Aut(R). However, each
class inAut(g) has a “best'c whose properties tell us about other aspects of the graftingxample
the little Weyl groupiV(¢). Our final tables folFs, E; and Ey list each positive rank Kac diagram once
and contain this additional data.

Besides its contributions to Vinberg thequgr se this paper was motivated by connections between
Vinberg theory and the structure and representation theoayreductive groufix over ap-adic field

F. The base field: above is then the residue field of a maximal unramified extensiof F'. We
assumeG splits over a tame extensidii of L. Then the Galois grou@ral(E/L) is cyclic and acts on
the root datum o= via a pinned automorphisih The grading corresponds to a painin the Bruhat-
Tits building of G(L), the groupG, turns out to be the reductive quotient of the parahoric sulygr
G(L), fixing z, and the summandg are quotients in the Moy-Prasad filtration@{ L),.. As we will
show elsewhere, the classification of positive rank gragllegds to a classification of non-degenerate
K-types, a long outstanding problem in the representatiearthof G(F'), and stable~y-orbits in the
dual of g, give rise to supercuspidal representation€g¢f’) attached to ellipticZ-regular elements
of the Weyl group. These generalize the “simple supercaspé&presentations” constructed ihd],
which correspond to the Coxeter element.

After the first version of this paper was written, we learnexhf A. Elashvili that25 years ago he, D.
Panyushev and E. Vinberg had also calculated, by complditf§rent methods, all the positive rank
gradings and little Wey! groups in typés; 7 s (for & = C) but they had never published their results.
We thank them for comparing their tables with ours. For otsgects of positive-rank gradings on
exceptional Lie algebras, sef].

2 Kac coordinates

Kac [11, chap. 8] showed how conjugacy classes of torsion autonsmnzhof simple Lie algebrag
(overC) can be parametrized by certain labelled affine Dynkin @iagg, calledKac coordinates If
we choose a root of unity € C* of orderm, then any automorphiste g of orderm gives a grading
g = ®iez/m i, Whereg; is the('-eigenspace of. This grading depends on the choice(aind if we



replaceC by another ground field, we are forced to assume thatis invertible ink. As in [18], this
assumption will be required for our classification of pagitrank automorphisms.

However, at the level of classifyingll torsion automorphisms, Serre has remarked (24 fhat, at
least in the inner case, one can avoid the choiceanfd restrictions ok by replacing an automorphism
¢ of orderm with an embeddings,, — Aut(g)° of group schemes ovér, wherep,, is the group
scheme ofn'” roots of unity.

In this section we give an elementary treatment of Kac coatéis in Serre’s more general setting, and
we extend his approach to embeddings — Aut(g). In the outer case, where the imagegf does
not lie in Aut(g)°, we still find it necessary to assume the characteristitk does not divide the order
of the projection ofu,, to the component group dfut(g). Our approach differs fromifl] in that we
avoid infinite dimensional Lie algebras (c24)).

We then discuss a family of examples, the principal embeyidat ., which play an important role
in gradings of positive rank.

2.1 Based automorphisms and affine root systems

For background on finite and affine root systems $&aid [20]. Let R be an irreducible reduced
finite root system spanning a real vector spaceThe automorphism group @t is the subgroup of
GL(V') preservingR:

Aut(R) = {0 € GL(V) : o(R) = R}.

We say an automorphisme Aut(R) is basedif o preserves a base &f If we choose a basa of R
then we have a splitting
Aut(R) =W x ©,

wherell is the Weyl group of? and®© = {o € Aut(R) : o(A) = (A)}. SinceR is irreducible, the
group® is isomorphic to a symmetric groug), forn = 1,2 or 3.

In this section we will associate to any based automorphismAut(R) an affine root systenr (R, )
whose isomorphism class will depend only on the okdef v.

We first establish more notation to be used throughout therpdpet X' = ZR be the lattice inl/
spanned by? and letX = Hom(X,Z) pe the dual lattice. We denote the canonical pairing between
X andX by (\, &), for A € X andw € X.

Fix a baseA = {«q,...,a,} of R, where/ is the rank ofR, and letR ¢ X be the co-root system
with baseA = {da,...,d,}, whered; is the co-root corresponding tg. The pairing( , ) extends
linearly to the real vector spacés= R ® X andV := R ® X. Thus, a rootr € R can be regarded
as the linear functionat — (o, ) on'V, and by dualityAut(R) can be regarded as a subgroup of

GL(V). In this viewpoint the Weyl group?” is the subgroup ofsL(V') generated by the reflections
Sq 10— 0 — (o, 0)a for a € R.

Let 5 be one-half the sum of those co-rodgtse R which are non-negative integral combinations of
elements ofA. We also have
p=1+dy+ -+ @



where{w;} are the fundamental co-weights dualAothat is,(a;, w;) = 1 and(c;, w;) = 0if i # j.

LetV? = {o € V : 9(v) = v} be the subspace oftfixed vectors in/” and letRy = {a|ys : a € R}
be the set of restrictions 16 of roots inR. By duality © permutes the fundamental co-weighis },
so the vectop lies in VY. And since(a, p) = 1 for all o € A, it follows that no root vanishes on
VY. Moreover two rootsy, o/ € R have the same restriction ¥’ if and only if they lie in the same
(v)-orbit in R. Hence we have

Ry ={0.: a € R/I},

whereR /v is the set ofv))-orbits in R and3, = «|y» for anya € a.

Fora € R/Y, we defines, € V¥ by

5 Socad it 28, ¢ Ry
C 2 i 283, € Ry,

and we sef?y = {3, : a € R/Y}. Then(B,, 4.) = 2and{f,, 3,) € Zforall a,b € R/?.

(1)

Note that23, ¢ Ry precisely wheru consists of “orthogonal” roots; that is, when= {~y,..., %}
with (v;, ;) = 0 for i # j. In this case, the element

8¢ 1= 54,8y, 8y, €W

has order two, is independent of the order of the product swsdntralized by. If 25, € Ry we have
a = {7, 7} wherey; + v, € R. In this case we define, = s,,..,, noting thiss, is also centralized
by 9. A short calculation shows that

5a(8s) = By — (Bbs Ba) Bas

in all cases. On the other hand,4f € b, thens,(5,) = s.(8)|y», Sinces, is centralized byy.

It follows that 3, — (3, 3.)0. € Ry. These involutionss,, for a € R/Y, generate the centralizer
WY ={w e W : dw = wd} of ¥ in W. Thus, Ry is a root system (possibly non-reduced) whose
Weyl group isWW?. The rank/y of Ry equals the number af-orbits in A.

Let A” be an affine space for the vector spate We denote the action by, z) — v + x forv € V7
andz € AY and forz,y € A” we lety — 2 € V? be the unique vector such that — =) + = = y.
For any affine function) : 4 — R we lety) : V? — R be the unique linear functional such that
Yz +v) = (x) + (i, v) forallv € V7,

Choose a basepoint, € A”. For each linear functional : V¥ — R define an affine function
A A? — Rby\z) = (A, z—x¢). In particular, each rogt, € Ry gives an affine functior, on.A”.

For each orbitt € R/Y, setu, = 1/|al. If 5, ¢ 2Ry, define
v, = {ﬁa—i—nua: n € Z}.
If 3, € 2Ry, define B
Uy ={Ba+ (n+3)uq: nezl

The resulting collection
U(RY) = |J v,

a€R/Y



of affine functions onA4” is a reduced, irreducible affine root system (in the sens@®f1.2]) and
zo € A” is a special point fol (R, 9).

An alcovein A? is a connected component of the open subset of poindsin which no affine function
in W(R, ) vanishes. There is a unique alcoeC A” containingz, in its closure and on which
3, > 0 for everyd-orbita C A. The walls ofC' are hyperplanes; = 0,7 = 0,1,...,¢y = dim .A?,
and{vo, 1, ..., } is a base of the affine root systei{ R, ¥). The pointz, lies in all but one of
these walls; we choose the numbering so thiat xy) # 0. There are unique relatively prime positive
integersh; such that>_ b;1); = 0. We haveh, = 1 and the affine functloriéio b;1; is constant, equal
to 1/e, wheree = |9|. The reflections; about the hyperplanes = 0 fori =0, 1,..., ¢y generate an
irreducible affine Coxeter groupy.«( R, ¥) which acts simply-transitively on alcoves.icﬁ.

If ¥ = 1 we recover the affine root system attachedztas in b] and W,¢(R) := Wag(R, 1) is the
affine Weyl group ofR.

For an example with nontrivial, take R of type A, and? of order two. We havé’ = {(z,y, 2) €
R3: z+y+2z=0},and

g =x—y, aqa=y—=z d=(1,-1,0), da =(0,1,-1), p=(1,0,—1).

The nontrivial automorphism € Aut(R) permuting{a;, o, } acts oV by d(xz, y, 2) = (—z, —y, —x).
We identifyV? = {(z,0, —z) : = € R} with R via projection onto the first component. Th&-orbits
in the positive roots are = {ay, a2} andb = {ay + as}, sof, = x andf, = 2x. If we identify
AY = R and taker, = 0, then

V,={z+5: neZl}, U, ={2r+n+1i: nelZ}

The alcoveC is the open intervalo, i) in R. The walls ofC' are defined by the vanishing of the affine
roots

o = % — 2, =1
which satisfy the relatiog, + 2, = % soby = 1 andb; = 2. The grouph,«(R, 9) is infinite dihedral,
generated by the reflections Rfabout0 andi.

We tabulate all the affine root systems for nontriviabelow. As the structure o¥ (R, ) depends
only on R and the ordee of ¥, the pair( R, ) is indicated by the symb6lR, called thetypeof (R, ¥).
Information aboutl' (R, ) is encoded in &wisted affine diagran ( R) which is a graph with vertices
indexed by: € {0,1,...,¢y}, labelled by the integers. The numbern,;; of bonds between vertices
i andj is determined as follows. Choosd/@’-invariant inner product , ) on V? and suppose that
(tb,5) > (dbi,¢bi). Then o
mij = —(%’%)

(i, ¥i)

If m,;; > 1 we put an arrow pointing from verteito vertexi.

Removing the labels and arrows from the twisted affine diagf&“R) gives the Coxeter diagram
D(°R)cox Of War(R, ) (except in type A, the four bonds should be interpretedrgs, having infinite
order). We tabulate the twisted affine diagramsdor 1 below (their analogues far = 1 being
well-known). For each type we also give ttveisted Coxeter numbgwhich is the sum

hﬂze'<bo+b1+"'+b&9)7 (2)
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whose importance will be seen later. The nede0 is indicated bye.

Table 1: Twisted Affine diagrams and twisted Coxeter numbers

°R D(°R) Ly hy
2A2 i%g 1 6
2A,,, om0 m An+2
1 2 2 1
O—=-0—:+ - —0<=—0
2A2n—1 | n 4n — 2 (3)
[}
1

111 11
’D, e&=—o—o—:--—0=0 n—1 2n

3D, —0&0 2 12
26, e 4 18

Remark: Let R be the set of pair§R, e), whereR is an irreducible reduced finite root system and
e is a divisor of|©|. Let R.s be the set of irreducible reduced affine root systems, ag0h {ip
to isomorphism. LeD be the set of pair§D, o), whereD is the Coxeter diagram of an irreducible
affine Coxeter group andis a choice of orientation of each multiple edgelaf The classification of
reduced irreducible affine root systen2[1.3] shows that the assignmelifs, e¢) — R — D(°R)
give bijections

R = Ry — D.

2.2 Torsion points, Kac coordinates and the normalization kyorithm

Retain the notation of the previous section. Lé% be the orbit ofz, under the rational vector space
Q®X" c V. Theorderof a pointz € A% is the smallest positive integer such thatr € L X7 + .

If = € A}, has ordern then for each) € ¥(R, ) we have(y, z) € L7, so there are integess such
that (v, ) = s;/m, andged(sy, . .., s,,) = 1. Moreover, sincég, + - - - + by, 1, iS constant, equal
to 1/e, (recall thate is the order o) it follows that

619
e- E b;s; = m.
i=0

In particular, the ordem is divisible bye. We call integer vectofsy, s1, . .., s¢,) the (un-normalized)
Kac coordinatesof z.

The pointz lies in C' precisely when alk; are non-negative; in this case we refer to the vegtgras
normalized Kac coordinates The action of the affine Weyl group,« (R, ) on A@ can be visualized
as an action on Kac coordinates, as follows. The reflectjombout the walk); = 0 sends the Kac
coordinateg s;) to (s.), where

s; = s; — (B, By)s;.
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Un-normalized Kac coordinates may have sosne< 0. If we applyr; and repeat this process by
selecting negative nodes and applying the correspondilegtiens, we will eventually obtain normal-
ized Kac coordinateés;). Geometrically, thisiormalization algorithm amounts to moving a given
pointx € Ag into the fundamental alcow€ by a sequence of reflections about walls, 22 Bec.
3.2]. We have implemented the normalization algorithm oromguter and used it extensively to
construct the tables in sectioBsand11.

The image of the projectioa ! 3", 9' : X — V” is a latticeY, in V¥ which is preserved by’’.
The extended affine Weyl group

Wi (R, 0) .= WY x Yy
containsV.¢( R, ¥) as a normal subgroup of finite index and the quotient may bifted with a group
of symmetries of the oriented diagrab{°R). We regard two normalized Kac diagrams as equivalent if
one is obtained from the other by a symmetry of the orientagrdimD(° R) coming fromefo(R, V).
For R = Eg, E7, Ex ande = 1 these diagram symmetries are: rotation of order three ctefte of
order two and trivial, respectively. In tygé’; these diagram symmetries are trivial (see taB) (

2.3 ump-actions on Lie algebras

Let £ be an algebraically closed field. A#l-algebras are commutative with and in this section
all group schemes are affine overand are regarded as representable functors from the catefjo
k-algebras to the category of groups.

Everyk-algebraA is a direct product of-algebrasd = HLEI(A) A,, wherel(A) indexes the connected
componentSpec(A,) of Spec(A) and each, is ak-algebra with no non-trivial idempotents. This de-
composition is to be understood when we describeltvalued points in various group schemes below.
Each finite (abstract) group is regarded a constant group scheme, gived’yt) = [, I'(A.),
wherel’(A,) = I'. In other words, an elemente I'(A) is a function(: — ~,) from I(A) to I".

Let u,, denote the group schememaf” roots of unity, whosei-valued points are given by

po(A)=facA: am =1} = ] mn(A).
eI(A)

If m is nonzero ink theny,, (A,) = p,,(k) for every. € 1(A), sop,, is a constant group scheme and

we have
o (A) = ] wn(k).
LeI(A)

If m is zero ink theny,, is not a constant group scheme.

A k-vector spacé’ can be regarded askascheme such thdt(A) = A ®; V. To give a grading
V= > icz/mz Vi @sk-schemes is to give a morphism: p,,, — GL(V'), whereGL(V)(A) is the
automorphism group of the freemoduleV' (A). Indeed/m is canonically isomorphic to the Cartier
dualHom(p,,, G,,), S0 a morphismy : p,,, — GL(V) gives a grading/(A) = ®;ez/mVi(A) where
Vi(A) ={v e V(4): o(Qu=_v V(€ p,(A)}
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Now let R be an irreducible root system as before, with basand group of based automorphisms
O. SetX = ZR andX = Hom(X,Z). Then(X, R, X, R) is the root datum of a connected simple
algebraic group scheni@ over k of adjoint type. Lefg be the Lie algebra off and let7 C B be a
maximal torus contained in a Borel subgrouptaf We identify R with the set of roots of " in g, and

A with the set of simple roots df in the Lie algebra of3. Choose a root vectadt; for each simple
rooto; € A. The data X, R, X, R, { E;}) is called apinning of G.

Fix an element) € ©. Assume the order of ¥ is nonzero ink, so thatu, and(v) are isomorphic
constant group schemes ovgrand choose an isomorphism p, — (¥).

By our choice of pinning X, R, X, R, {E;}), the group(s) may also be regarded as a subgroup of
Aut(g) permuting the root vector®; in the same way permutes the roots;, and we have a semidirect
product

G % (V) C Aut(g),

where the cyclic grougd) is now viewed as a constant subgroup scheme of automorplums
whose points in each-algebraA4 consist of vectorgd™ ) acting ong(A) = [[, g(A,), with 9™ acting
on the factorg(A,).

Now letm be a positive integer divisible by (butm could be zero irk). Letm/e : u,, — p, be the
morphism sending € p, (A) to (™/¢ € pu, (A) for everyk-algebraA.

Finally, for each rational point € A% of orderm we shall now define a morphism
00 My — TV X (),

whereT" is the subscheme af-fixed points inT. We haver = %;\ + 0, for some) € X?. The
co-characten restricts to a morphism,, : pt,, — 7 and we define, on A-valued points by

0:(Q) = An(Q) x 7(¢™9),  for (€ p,,(A).

Since ] . o

Hom(p,,, T") = X’ /mX" ~ L X7 /X7,
we see thaf\,,, corresponds precisely to an orbit:ofunder translation by’ on Ag. The condition
thatz has ordern means thad,,, does not factor through,, for any proper divisot | m.

Let@w € Wy (R, d) have projectiony € W and denote the canonical actionto® on7" by w - ¢, for
t € TV(A). Then we have

05.:(¢) = w -+ 02(C)
for all ¢ € p,,(A). One can check (cf.2R, section 3]) that two points,y € A}, of orderm give

G-conjugate embeddings, o, : p,,, — 77 x 9 if and only if z andy are conjugate undeWaff(R, V).
The morphisnp, is thus determined by the Kac coordinates s, . . ., s¢, ) of z and theGG-conjugacy

class ofp, is determined by the normalized Kac coordinates ofithg( R, ©/)-orbit of .
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2.4 Principal u,,-actions

We continue with the notation of sectich3 Recall thaty € X7 is the sum of the fundamental
co-weightsy;. For every positive integen divisible bye, we have grincipal point

T =T + = p € A
of orderm. It corresponds to thprincipal embedding

Om = 0uyy © My — T x (0),  givenby  0,(¢) = p(¢) x 7(C™°).

The Kac coordinates of,, ando,, are given as follows. Il < i < ¢y we havey,; = B, for some
B; € Ry which is the restriction td’® of a simple rootn; € A. Since(a;, p) = 1, it follows that
(Y, x,) =1/msos; = 1, and we have

519 619
m:e-g bisi:esovte-g b; = esqg+ hy — e,
i—0 i=1

wherehy = e - Zfio b; is the twisted Coxeter number &y (see R)). Hence the remaining Kac-
coordinate of the principal point,, is

—h
Sop = 1+ m v .
(&
This is negative ifn < hy — e, in which case we can apply the normalization algorithm afisa 2.2

to obtain the normalized Kac coordinatesigf. Examples are found in the tables of sectih

We will be especially interested in the points wherem is the order of an ellipti@-regular auto-
morphism inl¥ ¢ (defined in the next section). The twisted Coxeter nuntlyes one of these special
values ofm, corresponding te, = 1 (cf. section8 below).

3 Z-regular automorphisms of root systems

We continue with the notation of sectidhl: R is an irreducible finite reduced root system with a
chosen basé and automorphism grouput(R) = W x O, wherel is the Weyl group ofk and©
is the subgroup ofut(R) preservingA.

Definition 3.1 An automorphisner € Aut(R) is Z-regular if the group generated by acts freely on
R.

This is nearly equivalent to Springer’s notion of a regujafover C) [27]. In this section we will
reconcile our definition with that of Springer.

Let X = ZR be the root lattice oz and letX = Hom(X,Z) be the co-weight lattice. We say that
avectoro € k® X is k-regular if (a,v) # 0 for everya € R. We say also that an automorphism

12



o € Aut(R) is k-regular if o has ak-regular eigenvector it ® X. Takingk = C we recover
Springer’s definition of regularity7].

At first glance it appears that could bek-regular for some fieldé but not others. This is why we
have defined regularity ové, as in Def. 3.1 Of course the definition of-regularity seems quite
different from that oft-regularity. An argument due to Kostant for the Coxeter @et{cf. [L3, Cor.
8.2]) shows that &-regular automorphism i&-regular (seed7, Prop. 4.10]). The converse is almost
true but requires an additional condition. We will prove:

Proposition 3.2 An automorphisno € Aut(R) is Z-regular if and only if for every algebraically
closed fieldt in which the ordem of o is nonzero there i-regular eigenvector fos in £k ® X whose
eigenvalue has order.

Supposer = wi) wherew € W andd € © is a based automorphism of order If o has ordem
and has &-regular eigenvalua of orderd, thenm = lem(d, e). Indeed, it is clear that: is divisible
by n := lem(d, e). Conversely, we hav@™ = 1 soo” fixes a regular vector, but” € W, so in fact
o" = 1andm | n. Hence the notions dt-regularity and:-regularity coincide precisely when| d. In
particular they coincide it = 1, that is, ifoc € WW. However, if) has ordee > 1 and we taker = v,
theno fixes thek-regular vectop soo is k-regular (ife # 0 in k). Howevero fixes the highest root, so
o is notZ-regular. And if¢ € k* has ordee there are nd@-regular vectors in thé-eigenspace of.

The proof of Prop3.2will be given after some preliminary lemmas.
Lemma 3.3 An automorphismr € Aut(R) is based if and only if no root d® vanishes onX°.

Proof: Assume that € Aut(R) preserves a bas®’ C R. Theno preserves the seRf of roots in
R which are non-negative integral linear combinations otsao A’. The vector) _; .. (3 belongs to

X7 and no root vanishes on it.

Conversely, leb € X be a vector on which no root iRt vanishes. Then defines a chambetin the
real vector spacR ® X, namely,

C={ eR®X: (\0) >0}

As o fixes v, the chambeC is stable undet, soo permutes the walls af. The set of rootsy for
whichker & is a wall ofC is therefore a base dt preserved by. |

Next, we say that € Aut(R) is primitive if o preserves no proper root subsysteniof

Lemma 3.4 If o € Aut(R) is primitive, then its characteristic polynomial dn is irreducible over
Q. That is, we havelet(tly, — o|y) = ®,,(t), wherem is the order of- and ®,,,(¢t) € Z[t] is the
cyclotomic polynomial whose roots are the primitivé&® roots of unity.

Proof: In this proof we change notation slightly and lét= Q ® X denote theational span ofX
and letQ) be an algebraic closure €.
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Fora € R, letV, C V be the rational span of theorbit of «. SinceV/, is spanned by roots, it follows
from [5, VI.1] that R NV, is a root subsystem ak. As it is preserved by the primitive automorphism
o, we must havek C V,, soV, = V. Hence the maf)[t] — V given by sending/(t) — f(o)«

is surjective, and its kernel is the ideal@j¢] generated by the minimal polynomi&d (¢) of o on V.
Hencedeg M (t) = dim V' so we havel (t) = det(tly — oly).

We must show that/ (¢) is irreducible ovefQ. If not, then)M () is divisible by®,(¢) for some proper
divisor d | m. This meansr has an eigenvalue of ordéron Q ® V, implying thato? has nonzero
fixed-point spacel“". The set of roots vanishing oki°” is a root subsystem not equal to the whole of
R, and therefore is empty, again using the primitivityoof

By Lemma3.3, ¢ is a nontrivial automorphism preserving a baseof R. As in the proof of that
lemma, the sum of the positive roots fdr is a nonzerdQ-regular vector in/ fixed by o?. Hence
the nontrivial subgrougs?) has trivial intersection withV. If o € W this is a contradiction and the
lemma is proved in this case.

Assume that ¢ V. SinceR is irreducible and we have shown that the projectlort(R) — © is
injective on(c?), it follows thato? has order € {2,3}. We must also havée, d) = 1 andm = ed.
As e is determined by the projection of to ©, it follows thatd is the uniqueproper divisor ofm
such thatd,(t) divides M (t). Since the roots ofi/(¢) arem'" roots of unity (because™ = 1) and
are distinct (sincer is diagonalizable o) ® V) and M (t) # ®4(t) by assumption, it follows that
M(t) = @,,(t) - Dy(t).

If e = 2then—o € W is also primitive, with reducible minimal polynomiadll (—t) = ®,,(—t) -
d,(—t), contradicting the case of the lemma previously provede # 3, then® has typeD,, so
m = 3d and

4 = deg M = ¢(3d) + ¢(d) = ¢(d)[¢(3) + 1] = 3¢(d),
which is also impossible. The lemma is now proved in all cases [

Now leto € Aut(R) be aZ-regular automorphism of ordet. Recall from Def.3.1that this means
the group(c) generated by acts freely onR. For eachn € R, letV, C Q ® X denote th&)-span of
the (o)-orbit of «w and let),, (¢) be the minimal polynomial of on V.

Lemma 3.5 If o is Z-regular of orderm then®,,,(¢) dividesM,(¢) in Z[t], for all « € R.

Proof: Let( € @X be a root of unity of ordern and leta € R. It suffices to show thaf is an
eigenvalue ot in Q ® V,,. Let R’ be a minimal (honemptyj-stable root subsystem &NV, and let
R'=R{URU---UR,_,

be the decomposition a’ into irreducible components. These are permuted traegitivy o; we
index them so that' R, = R, fori € Z/k. The stabilizer oz}, in (o) is generated by*. Correspond-
ingly, the rational spaf’ of R’ is a direct sum

Vi=VigeVie---aV,_,CV,
whereV is the rational span ak;.
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Suppose that := (¥ is an eigenvalue of := o* in Q ® V/, afforded by the vector € Q®V]. LetS
and7’ denote the group algebras ovgrof (o) and(r), respectively, and le®, be theT-module with
underlying vector spac® on whichr acts as multiplication by. There is a unique map ¢fmodules

f:SerQ, —V’

suchthatf(1® 1) =v € Vj. As f(o' ® 1) = o'v € Q ® V/, and the spaceg;,V/,...,V/ | are
linearly independent, it follows that is injective. Frobenius reciprocity implies tha@appears as an
eigenvalue ot in Q ® V’, hence also i) ® V.

It therefore suffices to prove thatappears as an eigenvaluerobn Q ® V. Sinceo acts freely onR,

it follows thatr acts freely onRk; and has order := m/k on Rj. We claim thatr is primitive onR;,.
For if R” C R} is a root subsystem preservedbthenR” UoR" U ---Uc* ' R" is a root subsystem
preserved by which must equak’ (by minimality), so that?” = R{. Hencer is indeed primitive
on R;,. By Lemma3.4the characteristic polynomial af on Vj is the cyclotomic polynomia®,, (),
which has the roof™" = ¢* = 5. Therefore; appears as an eigenvalueradbn Q ® V{, as desiredli

We are now ready to prove Pro@.2 Letk bev an algebraically closed field and $¢t:= k£ ® X,
Vi ==k ® X. Recall that &-regular vecton € Vj, is one for which(«, o) # 0 for all o € R.

For completeness we recall the proof of the easy directidProp. 3.2 (cf. [27, 4.10]). Assume that
o € Aut(R) is k-regular, and leb € Vj be ak-regular eigenvector of with eigenvalugl € k£ of
orderm equal to the order of. Supposer’a = a for somea € R. Then

0 # (a,0) = (0%, 0) = (@, 0~ %) = ("N, ).
It follows that(? = 1. Sinces and¢ have the same order, it follows that = 1. Hence(o) acts freely
on R, soo is Z-regular.

Assume now that is Z-regular, so thafo) acts freely onk. Let ®,,(¢) denote the image, under the
mapZ|t] — k[t] induced by the canonical ma— k, of the cyclotomic polynomiab,,(t). Sincem
is nonzero ink, it follows that all roots ofP,,(¢) in k& have ordern. Let( € k* be one of them.

Let « € R and letX, be the subgroup ok generated by thé& )-orbit of «. ThenX,, is a lattice in
V., =Q® X, and®,,(t) divides the characteristic polynomiddt(t/ — oy, ) in Z[t], by Lemma3.5.
Henced,,(t) dividesdet(tI — o, ) in k[t]. In particular¢~! is an eigenvalue of onk ® X,,.

The operatol’; € End(V}) given by
Po=1+Co+ 0%+ +(" o™ !

preserves: ® X, andP:(k ® X,) is the¢~'-eigenspace of in k @ X,. As X, is spanned by roots
o'a and P (c'a) = 7' P:(«), it follows that P («) # 0.

As a € R was arbitrary, we have th@ (a) # 0 for all « € R. Sincek is infinite, there exists € V;
such that P («),v) # O forall o € R.

The dual projection

Pr=1+¢Cto+ ¢ 20+ 4+ (™0™ € End(Vy)
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satisfies )
(a, Pe(0)) = (Pe(), 1) # 0,

for all o € R. ThereforeP, () is ak-regular eigenvector af in V,, whose eigenvalu¢ has orden.
This completes the proof of Prof.2 |

4 Positive rank gradings

Let g be the Lie algebra of a connected simple algebraic grewb adjoint type over an algebraically
closed fieldk whose characteristic is not a bad prime t&r ThenG = Aut(g)° is the identity
component ofAut(g). We fix a Cartan subalgebtaf g with corresponding maximal tords = C(t)
and letR be the set of roots dfof g. Let N = N(7') be the normalizer of’, so that = N/T'is
the Weyl group ofR.

From now on we only consider gradings= g;cz/» g; whose periodn is nonzero irk. By choosing
anm® root of unity ink*, we get an automorphisthe Aut(g) of orderm, such that acts ong; by
the scalac®.

In this section we show how all such gradings of positive nanaly be effectively found by computing
lifts to Aut(g) of automorphisms € Aut(R).

4.1 A canonical Cartan subalgebra

Given any Cartan subalgebsaf g with centralizerS = Cq(s), let
Aut(g,s) = {0 € Aut(g) : 0(s) = s}.
We have an isomorphism (obtained by conjugating our fixed Cartan subalgebtpa
Aut(g,s)/S ~ Aut(R)

which is unique up to conjugacy iAut(R). Thus any element ofut(g,s) gives a well-defined

conjugacy class imut(R). However, an automorphisi € Aut(g) may normalize various Cartan
subalgebras, giving rise to various classes ut(R). We will define a canonical-stable Cartan

subalgebra, which will allow us associatefta well-defined conjugacy class iut(R).

For eachy € Aut(g) whose order is nonzero inwe define a canonic@tstable Cartan subalgebs@f

g as follows. Letc C g; be a Cartan subspace. The centraliger 3,(c) is af-stable Levi subalgebra
of g and we haven = ®m,; wherem; = mNg,. Choose a Cartan subalgelsgaof my. Thens, contains
regular elements afi, so the centralizer

5 1= 3m(s0)
is af-stable Cartan subalgebrawf ands is also a Cartan subalgebra @f We haves N gy = sg
(so our notation is consistent) aad) g; = ¢. Since, is transitive on Cartan subspacesginand

Cg,(c)° is transitive on Cartan subalgebras of its Lie algabgathe Cartan subalgebsas unique up
to G-conjugacy.
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4.2 Arelation betweenAut(g) and Aut(R)

Ford € Aut(g) ando € Aut(R) we write
0o

if the following two conditions are fulfilled:

e 0 ando have the same order;

e 0 is G-conjugate to an automorphisthe Aut(g, t) such that'|; = o.

Assume that - ¢ and that the common order of # ando is nonzero ink. Choose a root of unity
¢ € k* of orderm, giving a gradingy = ®;cz/m g;- Recall thatank(#) is the dimension of a Cartan
subspace C g, for 6. Likewise, foroc € Aut(R), let rank(o) be the multiplicity of( as a root
of the characteristic polynomial of on V. Sincet consists of semisimple elements, it follows that
rank(6) > rank(o).

Proposition 4.1 Let# € Aut(g) be an automorphism of positive rank whose ordeis honzero irnk.
Then
rank(f) = max{rank(o) : 0 F o}.

Proof: It suffices to show that there existse Aut(g, t) such tha¥) - o andrank(f) = rank(o).

Replacingd by aG-conjugate, we may assume thas the canonical Cartan subalgebraddisection
4.1) so thatd € Aut(g,t), andc = t; is a Cartan subspace contained.imhenc is the(-eigenspace
of o := 0| € Aut(R). Sinced has ordenn, it follows that the order ot dividesm. But o has an
eigenvalue of ordem, so the order o# is exactlym. We therefore have - o andrank(f) = dim ¢ =
rank(o). |

Giveno € Aut(R) let Kac(o) denote the set of normalized Kac diagrams of automorphisras
Aut(g, t) for which - o. Since there are only finitely many Kac diagrams of a giveregrelach set
Kac(o) is finite. From Prop4.1it follows that the Kac coordinates of all positive rank antwphisms
of g are contained in the union

U Kac(o), 4)

o€Aut(R)/~

taken over representatives of tié-conjugacy classes inut(R). Moreoverrank(#) is the maximal
rank(c) for which the Kac coordinates éfappear inkac(o).

4.3 Inner automorphisms

If & € G = Aut(g)° is inner then its Kac diagram will belong i€ac(w) for somew € W. In this
section we refine the uniod) to reduce the number of classesuoto consider, and we show how to
computeKac(w) directly fromw, for these classes.
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Asubset/ C {1,...,¢} isirreducible if the root system®; spanned by{«; : j € J} is irreducible.
Two subsetg/, J’ areorthogonal if R; andR; are orthogonal.

An elementw € W is m-admissibleif w has ordern andw can be expressed as a product
W= wywy - - - Wy, (5)

where eachy; is contained i/, for irreducible mutually orthogonal subsets . . ., J; 0f {1,2,...,¢}
and on the reflection representationldf, eachw; has an eigenvalue of order but no eigenvalue
equal tol (sow; is elliptic in W;,). We call 6) anadmissible factorization of w. Note that each;
also has ordem, thatrank(w) = ), rank(w;), andrank(w;) > 0 for 1 <i < d.

Let G; be the Levi subgroup af containingZ” and the roots frony;, and letG’;, be the derived group
of G;. Eachw; € W, has a liftw; € G; N N and all such lifts are conjugate Byn G;, hence the
normalized Kac-coordinates éfd(w;) in Ad(G’) are well-defined.

Given anm-admissible element = w; - - - wy @s in 6), let Kac(w),, be the set of un-normalized Kac
coordinateg sy, s1, . . ., s¢) such that

e Forj € J; the coordinate; is the corresponding normalized Kac coordinatespin G
e Fori € {0,1,...,¢} — J, the coordinate; ranges over a set of representativeszom.

V4

Lemma 4.2 If w is m-admissible, therKac(w) is the set of Kac diagrams obtained by applying the
normalization algorithm of sectio.2to the elements dfac(w).y,.

Proof: Each Kac diagram ifKac(w),, is that of a lift ofw in NV of orderm. Hence the normalization
of this diagram lies inKac(w). Conversely, supposg;) are normalized Kac coordinates lying in
Kac(w). By definition, there is an inner automorphigr w (notation of sectiod.2) of orderm with
these normalized Kac-coordinates, and we may assumé thatd(n) for somen € N, a lift of w.
Then

n:wlwgwdt
where eachy; is a lift of w; andt € T'. Let Z be the maximal torus in the center@f - G5, --- G/, - T.
ThenT = Z - (1 —w)T, so we may conjugate by 7" to arrange that € Z. Next, we conjugate each
w; in G to an element; € T'N G, thus conjugating to

n =t ty---tg-teT.

Sincen’ has orderm there exists\ € X such that’ = A\(¢). As in section2.2, the pointz =
zo + =\ € Ag has ordern and the simple affine roots; take values);(z) = s./m, wheres, are the

Kac coordinates of/ ande:0 a;s; = m. If j € J; thens’; is a Kac coordinate of th&’-conjugate;
of t;, and ifi € {0,1,...,¢} — J we haven;(n') = (%, so the class of, in Z/m is determined. Hence
the Kac coordinates;) lie in Kac(w).,,,, and their normalization iss; ). |
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Proposition 4.3 Let# € Aut(g)° be an inner automorphism of order nonzero irk with rank(¢) > 0.
Then there exists am-admissible element € W such that) - w, and the rank o is given by

rank(6) = max{rank(w) : 6 - w},

where the maximum is taken over Bll-conjugacy classes af-admissible elements € W such that
0+ w.

Proof: We may assume thatis the canonical Cartan subalgebra foiso thatd = Ad(n) for some
n € N. The elementw = nT" € N/T = W has ordern andf - w. Recall that the canonical Cartan
subalgebra has the property thats a Cartan subspace fér Hencerank(6) = rank(w) > 0 .

Assume first that, = 0, that is,w is elliptic. Thenw is m-admissible and its admissible factorization
(5) isw = wq, with d = 1, so the proposition is proved in this case.

Assume now thaty # 0. Let Ry be the set of roots i vanishing ort,. SinceR, is the root system of
a Levi subgroup of7, there is a basia = {a;, as, ..., a,} of R such thath, := A N Ry is a basis of
R,. We haveA, = {«; : j € J} forsome subset C {1,2,---,/¢}. Decomposing?, into irreducible

root systemg?, we have corresponding decompositions

Ry=RyURSU---URY,
Ag=AJUAZU---UAL,
J=JLUJU---UlJ,,
WJ:WJl X WJ2 X e X WJn,
W= Wy Wy -+ Wy,
By constructiong is elliptic in W; and has an eigenvalue of orderon the reflection representation
of W,. Therefore, eachw; is elliptic in W, and has eigenvalues of order dividing And since
rank(w) > 0 there is some numbet > 1 of w;’s having an eigenvalue of order exactly. Let the
factors be numbered so that has an eigenvalue of order for i < d, andw, has no eigenvalue of

orderm for 7 > d. The element

is m-admissible.

As before, letz; be the Levi subgroup aff containing?” and the root subgroups fromh, and let&,
be the derived subgroup 6f;. The derived group of';(ty) is a commuting produet’ - G5, - - - G/,

Eachw; has a liftw; € N N G’; such a lift is unique up to conjugacy liyn G and we have
0 = wywy -, -t

for somet € T'. Fori > d we conjugatei; in G, to an element; € 7', obtaining a conjugaté of ¢
having the form
0 = ity - -ty - .

Therefored F w' andw’ is m-admissible of the same rank @sThe proposition is proved. |
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5 Principal and stable gradings

Retain the set-up of sectioh Let B be a Borel subgroup off = Aut(g)° containing our fixed
maximal torusT". The algebraic groug: has root datun{X, R, X, R), whereX = X*(T) (resp.
X = X,(T)) are the lattices of weights (resp. co-weights¥pfandR (resp. R) are the sets of roots
(resp. co-roots) of " in G. The base\ of R is the set of simple roots &f in B. As before, we choose
a pinning(X, R, X, R, {E;}), whereE; € g is a root vector for the simple roet; ¢ A. This choice
gives an isomorphism fromut(R, A) to the group® = {0 € Aut(g,t) : I{E;} = {E;} } of pinned
automorphisms, and we have a splitting

Aut(g) = G x ©.

5.1 Principal gradings

We say the grading = g;cz/m g; (or the associated automorphigive Aut(g)) is principal if 6 is
(G-conjugate to the automorphism

for some pinned automorphisthe © and some root of unity € £* of orderm. (Recall that is the
sum of the fundamental co-weights dual to the simple ragts A.) We will see that thé--conjugacy
class off,,, does not depend on the choice(ofThus, for each positive integet which is nonzero in
k there is a uniqué&;-conjugacy class of principal gradings grof orderm, whose normalized Kac
diagrams may be found as described in sec®@dn These Kac diagrams may also be foundih [

Note that(-eigenspace; for 6,, contains the regular nilpotent elemefit:= £, + Ey + --- + E
associated to our pinning. Converselyifcontains a regular nilpotent element thters principal. If

¢ 0
01 under the

principal embedding®GL, — G associated by the Jacobson-Morozov theoreii.t&lsewhere in the
literature a principal automorphism is calle¥“regular”.

the characteristip of k is zero or sufficiently large, the elemer(() is the image 07{

The first aim of this section is to show that lifts fout(g) of Z-regular elliptic automorphisms <
Aut(R) are principal. (Recall that an automorphisn& Aut(R) is calledelliptic if X7 = 0.)

More precisely, let = w9 € W1 be an ellipticZ-regular automorphism ak (Def. 3.1). Letn € N
be a lift ofw. Sinceo is elliptic the fixed-point groufd™ is finite, so the cosetTv C G consists of a
singleT-orbit under conjugation. It follows that th@&-conjugacy clasg¢’, of nv¥ in G depends only
ono. In this section we will prove the following.

Proposition 5.1 Assumer € W4 is elliptic andZ-regular and that the ordem of ¢ is nonzero irk.
Then the conjugacy clags, containsp(¢)v for every¢ € k* of orderm.

The second aim of this section is to characterize the prah@padings which arise from elliptié-
regular automorphisms @t in terms of stability (see sectidn3).
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5.2 Conjugacy results

Let NV, WY denote the fixed-point subgroups @fin N, W respectively, and lelNy = {n € N :
Y(n) = n mod T}. Itis known (see28)) that Ny = N? - T. This group acts on the cosét) by
conjugation. Meanwhile the fixed-point grolip” acts on the quotient torus

Ty =T/(1—9)T

whose character and cocharacter grodp$7;) = X7 and X, (Ty) = X /(1 — 9)X are the invariants
and coinvariants of in X and X, respectively.

We now recall some conjugacy results frofih and [22] which are stated ovef but whose proofs are
unchanged iC is replaced by any algebraically closed fiéldFirst, we have4, 6.4]:

Lemma 5.2 The natural projection : T" — T} induces a bijection
Tﬁ/ng — Tﬁ/Wﬁ,
sendingy mod Ny +— v(t) mod W7,

From [22, Lemma 3.2] each semisimple elemetit € G is G-conjugate to an element off with
t € TY. Now [4, 6.5] shows that sending) to the class of/(t) moduloiW? gives a bijection between
the set of semisimplé'-conjugacy classes i) and the orbit spacg&, /W7,

The torusTy is a maximal torus in a connected reductive graupwith Weyl groupW?. Hence
the affine varietylly/W? has a canonicdk-form, namely the rindZ[X*]"" of IW”-invariants in the
integral group algebra of the character grakip of 7). This ring has &-basis{x, : \ € XV}
indexed by the seX” of dominant weights, where

X\ = Z ML,

neXx?

andm) is the multiplicity of the weighy. in the irreducible representation of highest weighdf the
complex group with the same root datum@gs

We now regard~ as a Chevalley group scheme oiZemwriting G(A) for the group ofA-valued points
in a commutative ringd. The group heretofore denoted &yis nowG (k). LikewiseT and N are now
group schemes ovéf.

Let A € X? and letV be the irreducible representation@fC) of highest weight\. Sinced\ = X\ it
follows thatV” extends uniquely to a representation&fC) - (¢) such that} acts trivially onV ().

Choose &7 (Z)-stable latticeM in V' such that)M N V(u) spans each weight spat& ) in V' and
YM = M. For example, we could tak¥ to be the KostanZ-form of V' [14]. We get a representation
of G(k) - (9) onV} := k ® M which may be reducible and which dependsidn However the traces
onVj, of elements of~(k) - (¥) are independent of the choice &f.

Let A = Z[¢] C C be the cyclotomic ring generated by a root of urjtg C* of orderm. Assume
thatk is algebraically closed ana is nonzero ink. Choose(, € £* a root of unity of ordern. We
have ring homomorphisms

C& Ak,
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where. is the inclusion andr({) = (x. We use the same letters to denote maps on groups of points,
e.g.,
G(C) <= G(A) = G(k),

and similarly for7" and N.
Lemma 5.3 Lets,t € T(k)” be elements of order, such thattr(sv, Vi) = tr(td, V;) for all irre-

ducible representation®” of G(C) whose highest weight belongsid’. Thensy and ¢ are G(k)-
conjugate.

Proof: LetV”’ be the representation 6f;(C) with the same highest weight & And choose a lattice
M' c V' analogous td\/ above. Since has ordern there is a co-weight € X such that

s = w(CG) = Tw(C).
For eachu € X7 let M (i) = M NV (p) and likewise seb’(p) = M' N V'(11). We have

tr(s0, Vi) = > pls) - tr(d, k@ M(p) = > ¢ (b (9, M ()

pneX? neXx?
=7 [ > ¢ w9, M(p) | -
neXx?

By a result of Jantzen (see for examplé€]) we have

DO, M(p)) = Y ¢ dim M (p).

peXx? pEX?

It follows that

ueX’ﬁ

tr(s9, Vi) = (Z ¢ - dim M (p )) tr(v(s), V}).

Applying this identity totd as well, we find that

tr(v(s), Vi) = tr(v(t), V})).

Thereforey,(v(s)) = xa(v(t)) forall A € X¥, sov(s) = v(t) mod W?. It follows thatsy andtv
areG(k)-conjugate, as claimed. [ |

Now supposeg € G(Z) andgd is semisimple of ordem. Lets € T(C)” andt € T'(k)” be such that
t(g)v is G(C)-conjugate tasv andn(g)v is G(k)-conjugate ta.

Lemma 5.4 In the situation just described, we have T'(A) and~(s)d is G(k)-conjugate ta.
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Proof: As above we have = &(() for some co-weight € X. It follows thats € T'(A). Moreover,
gv preserves the lattick/, so we have

tr(e(g)9, M) = tx(s9, V) = > "9 - tr(9, M()).
,U«EXﬁ
Applying 7 to both sides we get
7 (tr(u(g)d, M) = Y MY tr(9, Vilp)) = tr(r(s)0, Vi) (6)
nex?
On the other hand, we can first apply G(A) — G(k) and then take traces. This gives
m (tr(u(g)d, M)) = tr(w(g)d, Vi) = tx(td, V). (7)

Comparing the expression6)(and (/) and using Lemm&.3 we see thatr(s)9y andtv are G(k)-
conjugate as claimed. |

We are ready to prove Prof.1 Recall thatwd € W+ is an ellipticZ-regular automorphism ak
whose ordern is nonzero in the algebraically closed figld Let { € £* be a root of unity of order
m. Recall thatp is the sum of the fundamental co-weights arising from ouiselnginning. We have
p € X?andp(¢) € T(k)”. We now prove Progs.1in the following form.

Proposition 5.5 For any liftn € N (k) of w, the elementy € G(k)v is G(k)-conjugate tgy(()v.

Proof: Assume first thak has characteristic zero. In this case the proof relieénThm. 3.3] and

is similar to the proof of 21, Thm. 4.2 (iii)]. The automorphism := p({)9¥ € Aut(g) has ordemm
and gives a grading = ®;czm g;, Whereg] is the (*-eigenspace of. The sumE = Zle E; of
the simple root vectors in our pinning belongsgio By [21, Thm. 3.3 v], the dimension of a Cartan
subspace C g; may be computed as follows. Lét, ..., f, € k[t| be homogeneous generators for
the algebra ofV-invariant polynomials on. Assume, as we may, that eafhs an eigenvector fo#,
with eigenvalue denoted, and setl; = deg f;. The integer

a(m,9) = |{i: 1<i<{, (% =1}
depends only om and}, and we have
dim ¢ = a(m, V).

Let s be a canonical Cartan subalgebrafdisection4.1). There existy € G such that = Ad(g)s,
and we set’ = grg~!. Sinced’ normalizest and belongs t@:Y) we haved’ € N9. Letw'y € W1 be
the projection of’. ThenAd(g)c is the(-eigenspac&(w'd, ) of w'd in t, so

dim t(w'd, ¢) = a(m, ).

Sincew? is Z-regular and thereforg-regular (by Prop.3.2), it follows from [27, Prop. 3.6] that we
also havelim t(wd, () = a(m, ), and therefore

dim t(w?, ¢) = dim t(w'd, ¢).
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By [27, Thm. 6.4 (iv)] the elements), w') € W1 are conjugate undédi/. It follows thatnd is
N-conjugate to an element @%’'. Asw’v is also elliptic, it follows that.1) is actually conjugate té',
and hence te = p(({)d, as claimed.

Now assume that has positive characteristic not dividing. Let A be the cyclotomic subring of
generated by = ¢>™/™ and letr : A — k be the ring homomorphism mapping— (. By ellipticity,
all lifts of wv to N (k)9 areT'(k)-conjugate, so we may choose our lift to be of the forfn) with
n € N(Z). From the characteristic zero case just proved, we have that is G(C)-conjugate to
p(z)9. By Lemmab.4it follows thatn(n)v is G(k)-conjugate tqy(¢)v, as claimed. |

5.3 Stable gradings

Let H be a connected reductivegroup acting on &-vector spacé’. A vectorv € V' is called H-
stable (in the sense of Geometric Invariant Theory) if tHeorbit of v is closed and the stabilizer of
in H is finite. The second condition means that the stabilizgis a finite algebraic group: it has only
finitely many points over the algebraically closed figld

Recall we are assuming the characteristié @$ not a bad prime foz and that the period: of the
gradingg = ®;cz/m@; IS nonzero ink. We have chosen a root of unity € £* of orderm, and
6 € Aut(g) is the automorphism of order. whose('-eigenspace ig;.

We say the grading = ©;cz/, g; (or the automorphisrti) is stableif there areG,-stable vectors ig; .
In this section we will show that stable gradings are closeligted to ellipticZ-regular automorphisms
of the root systengR.

Lemma 5.6 A vectorv € g, is stable if and only ifv is a regular semisimple element gfand the
action off on the Cartan subalgebra centralizings elliptic.

Proof: Vinberg showed @9, Prop. 3]) that theZ,-orbit of v is closed ing; if and only if v is
semisimple ing. His proof works also in positive characteristic (s&8,[2.12-3]). Ifv is semisimple
its centralizen4(v) is ad-stable Levi subalgebra gf The derived subalgebfgof 3,(v) is semisimple
and is preserved by. If v is stable then clearly, = 0. This forcesh = 0, sowv is regular ing andd is
elliptic on the Cartan subalgebgg(v). The reverse implication is clear. |

Prop.5.1and Lemméb.6 have the following corollaries.

Corollary 5.7 Letf € G have orderm nonzero ink. The following are equivalent.

1. The grading oy given byd is stable;

2. The action of) on its canonical Cartan subalgebra induces an elligficegular automorphism
of R;

3. #is principal andm is the order of an elliptiZ-regular element oft/ 4.
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Corollary 5.8 The map sending a stable automorphism Aut(g) to the automorphism af induced
by the action of on its canonical Cartan subalgebra gives a bijection betwibeG-conjugacy classes
of stable automorphisms gfand thelV-conjugacy classes of elliptié-regular automorphisms aR.

6 Affine-pinned automorphisms

In this section we construct certain automorphismg afising from symmetries of the affine Dynkin
diagram. These will be used to study outer automorphisnig; of

Assumeg is a simple Lie algebra ové? with adjoint groupG = Aut(g)°. Let N, T be the normalizer
and centralizer of a Cartan subalgebref g and letiV’ = N/T'. Let R be the set of roots df in g
and choose a base = {ay,...,a,} of R. Letay be the lowest root oR with respect toA and set
II={«a;: i €I}, wherel ={0,1,...,¢}. The subgroup ofl’ preservindlI,

Whn={weW: wll =11}

is isomorphic to the fundamental group@f Each elementy € W determines a permutatienof /
such that
w - o = Oéo(i).

Choose a Chevalley lattige, C g spanned by a lattice inand root vectors foi". An affine pinning
is asetll = {Ey, Ey,- -, E;} consisting of nonzero root vectof§ € g,, N g(Z) for eachi € I. Let
N(Z) be the stabilizer of(Z) in N, and consider the subgroup

N ={n € N(Z): nll =TI}.

Lemma 6.1 Let II be an affine pinning. Then the projection — W restricts to an isomorphism
f : Nﬁ ; WH.

Proof: Itis clear thatf(Ng) C Wr. Anelementirker f liesinT and fixes each root vectd;, hence
lies in the center of7, which is trivial since’F is adjoint. Hencef is injective.

Let w € Wy. Since the projectiolV — W is surjective onN(Z) there is a liftn’ of w such that
n’ € N(Z). For each € I there is a sign; = +1 such that' - E; = ¢; Ey(;).

Letdy,...,op € X.(T) be the fundamental coweights duattg . . ., «,. The element = Hle wi(¢)
lies in7'(Z) and the new liftn = n't of w satisfiesn - £; = E, ;) for 1 <i < /.

Let d be the order ofv. Thens? = 1 son? fixes E; for eachl < i < ¢. Hencen? fixes the regular
nilpotent element = E; + E5 + - - - + E,. SinceG is adjoint, the centralizer af in G is a unipotent
group. On the other hand, every elemenf\afZ) is semisimple. It follows that? = 1.

Let: = o(0). It follows from [5, VI.3.2] thato?(0) # 0 for 1 < j < d. By what has been proved, we
have
n' B =n"""E = Eyu1; = E,1;) = E.
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It follows thatn - £y = E;, son is a lift of w in Ng. [ |

Now let k£ be an algebraically closed field of characteristic not et@ao, and viewG as a group
scheme over, via the latticeg;. Takew € Wy of order two. From [loc. cit.] it follows that there
exists a unique minuscule coweighf such thatwwo; = —w;. The natural mapV(Z) — N(k) is
injective, and we now let be the image inV (%) of the unique lift ofw in Ng.

Proposition 6.2 There exists an affine pinnifd such that: is G(k)-conjugate tav;(—1). The Kac
coordinates ofAd(n) are given by:

1 for i€ {0,;5}
S; =
0 for ¢ {0,5}.

These labels give the uniqueinvariant Kac-diagram of order two having, # 0.

Proof: By [6, Lemma 5] there are mutually orthogonal roets. .., v, € R with corresponding
reflectionsry, ..., r,, € W, such that

W="T1Ty" Ty (8)

Sincew; is minuscule we havéy, w;) € {0, +1, —1} for eacha: € R. The positive roots made negative
by w are those for whicla, w;) # 0. Sincew~; = —~; for eachi, we may choose the sign of eagh
so that(v;, w;) = +1. And since

it then follows that
Y+ Im = 2w;. ©)

For eachi = 1, ..., m there exists a morphism; : SL, — G overZ whose restriction to the diagonal
subgroup is given by
t 0 .
(b 2o
0

and such thap; ql _01D € N(Z) and is a representative of

Since the roots; are mutually orthogonal, the images of these homomorphjsraemmute with one
another. Hence we haveZamorphism

¢0:SLy — G,  given by gp({z Z}):ﬁ%({i ZD

By equation 8) the element
0 —1



belongs taV(Z) and represents. Equation 9) implies that

@ ({8 ﬁlD = @;(t)*,
V-1 0

L : . . 10 —1
which in turn implies that. has order two. Since the matrlc% 0 } and { 0 _\/_—J are

conjugate irSL,, it follows thatn is conjugate tav;(—1) in G, and thatAd(n) has the asserted Kac-
coordinates.

We construct an affine pinning stable undeais follows. Choose representativesof the w-orbits in

I1, and choose arbitrary nonzero root vectaisc g(Z) for these roots. Let be the permutation of
I'induced byw. If w-o; # o, let £,;) = n - ;. Sincen has order two, we have - E,;) = E;.

If w-«a; = a; thena; is orthogonal to each of the roots, . . ., v,,, since the latter are negated by
w. It follows that the image of each homomorphism . .., ¢,, centralizes the root spage,, so any
nonzero vector; € g.. N g(Z) is fixed byn. The collectionll = {E;} of vectors thus defined is an
affine pinning stable under. |

The following lemma will also be useful.

Lemma 6.3 Let.S = (7™)° be the identity component of the subgroug afentralized by:. ThenS
is centralized by the entire group(SLs).

Proof: Since2w; is a simple co-weight inp(SL,) andw; is minuscule, we have thdty, 2w;) €
{—2,0,+2} for every rootn € R. Hencep(SL,) acts ong as a sum of copies of the trivial and adjoint
representations. It follows that any vectorgimvariant under the normalizer @fo;(k*) in ¢(SL2) is
invariant under all ofp(SL,). Since the Lie algebra &f consists of such vectors, the lemma is proved.

7 Little Weyl groups

Let & be an automorphism gf whose ordern is invertible ink. Choose a root of unity € £* of
orderm and letg = @z, g; be the grading of into (’-eigenspaces @f. Choose a Cartan subspace
¢ in g; and assume the rank= dim ¢ is positive. The little Weyl group is defined as

W(C7 Q) = NGO(C)/ZGO(C)7

whereG,, = (G?)° is the connected subgroupGfwith Lie algebrag,. When it is necessary to specify
G in the little Weyl group we will writelVg (¢, 6).

It is clear from the definition thaltl’ (¢, #) acts faithfully onc. From [29] and [18], it is known that
the action ofl¥/(c, §) on ¢ is generated by transformations fixing a hyperplane that the restriction
mapk[g,]“° — k[c]"V () is an isomorphism, and that this ring is a polynomial ringwibmogeneous
generatorsy, ..., f., such that

W (e,0)| = [ ] dea(£o).
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7.1 Upper bounds on the little Weyl group
Recall we have fixed a Cartan subalgebirag, with normalizer and centralizeé¥ and7" in G and we
have identifiedV = N/T.

Replacingd by a G-conjugate if necessary, we may assunsethe canonical Cartan subalgebra for
(seed.l). In particularc is the(-eigenspace df in t. Thend normalizesV and7 in Aut(g), giving an
action ofd onW; letW? = {y € W : 0(y) = y} be the fixed point subgroup éfin 1.

Elements in/’? commute with the action daf ont, soW? acts on the eigenspacelLet
W :=W?/Cy(c)’ (11)

be the quotient acting faithfully on Sincet is a Cartan subalgebra in the Levi subalgebra: 34(c),
it follows that every element dfi’ (¢, §) has a representative i and thatiV'(c, #) may be viewed as a
subgroup of¥{. Thus, we have an embedding

Wi, 0) — W¢.

Note thatl¥ (¢, §) is more subtle thafl’?. For it can happen that two automorphisthandé’ of the
same order agree @randlV, so they have the same Cartan subspase|V? = W, but nevertheless
W(,¢) # W(¢,c) (e.g. cased, and4, in Eg; these examples are also used2d,[4.5] to illustrate
other subtleties).

A still coarser group, depending only emnd not orv is

W (c) := Nw(c)/Cw(c).
As subgroups ozL(c), we have containments

W(e,0) c W c W(c).

Under certain circumstances one or both of these contaitsnean equality.

Lemma 7.1 Suppose contains a regular element gf Then

Wl =w?=w().

Proof: By regularity it is clear that¥{ = W’ and thatWW(c) = Ny (c). And anyy € Ny (c)
commutes with the scalar action ®bn ¢ so the commutatdyy, 0] is trivial in W, again by regularity.

Panyushevll, Thm. 4.7] has shown that both containments above are éigqaafif is principal:
Proposition 7.2 (Panyushev)If 6 is principal theniV (¢, 0) = W/ = W (c).

We note that Panyushev works in characteristic zero, bugdsnetric proof works equally well in
good characteristip 1 m, using the invariant theoretic results 4.
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Corollary 7.3 If ¢ is principal and the restriction of to t induces aZ-regular automorphism of?
thenW (c,0) = W°,

Proof: By Prop.3.2, Z-regularity impliesk-regularity, solW (¢) = W7/ is justiv?. |
This sharpens the first result in this direction, which was/pd in Vinberg’s original workZ9, Prop.

19]:

Corollary 7.4 (Vinberg) If § gives a stable grading omthenW (¢, 9) = W°.

7.2 Little Weyl groups for inner gradings

Assume now thaf is inner, and let the restriction éfto t be given by the element € . In this
section we give upper and lower bounds (¢, §) depending only onw, under certain conditions;
these will suffice to compute almost all little Weyl groupgype E,,. The fixed-point group

We == Ow(w),
is now the centralizer ab in 1/, which acts on thé-eigenspace of w in t. The quotient by the kernel
of this action is the groupl’’. Simple upper and lower bounds fd#(c, §) can be obtained as follows.
Lemma 7.5 If U is any subgroup of'y, (w) acting trivially onc then we have the inequalities

C(w)]

m < |[W(c,8) <
Wie.0)| < S

Proof: Sincef is semisimple it lies in the identity componeft of its centralizer inG. Hence the
cyclic group(#) embeds idV (¢, §), whence the lower bound. The upper bound follows frat).( B

Information abouty, (w), including its order, is given ing]. Using the tables therein, one can often
find a fairly large subgroupy C Cy (w) as in Lemma&/.5.

Example 1: In type Ex there are eight cases (naméBy, through12; in the tables below) where is
a Coxeter element il (Es). From [6] we have|Cy (w)| = 144. Hence the centralizer is given by

Cw (w) = (w) x (—w") x W(Ay),

whereA, is orthogonal to the”s;. Sincec lives in theE; Levi subalgebra and® acts by—1 on¢, the
inequalities of Lemma&.5become equalities fdi = (—w®) x W(A,). HencelWW (¢, 0) ~ 5 in these
eight cases.

Example 2: In type E; there are four case§,(through6,) wherew is a Coxeter element i/ (D,).
Let Ay = {f,..., 54} be a base of the corresponding root subsystem of fypeThe subgroup of
W (Eg) permutingA, is a symmetric groups. We may choose the Coxeter elemertb be centralized
by this S5, andc is a line in the span of the co-root vectdiés;(1)}. The roots ofEy orthogonal to
A, form another system of typB,, hence there is a subgroli, ~ W (D,) fixing each root inA,
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and therefore acting trivially on SinceS; normalizesA, it also normalizes$V,. From [6] we have
|Cw (w)| = 6-6-192, so the inequalities of Lemni&@5hold forU ~ S;x W (D,). HencelV (¢, 0) ~ ug
in these four cases.

Example 3: In type E; there are two case8(and9,) wherew is the square of a Coxeter element and
we haveCy (w) = (—w) =~ 5. Sincew is Z-regular, Lemm&.5only gives the inequalities

9 < |Wi(ec,0)| <18.

In fact, we haveV (c,0) ~ u3 andpuy in casesd), and9,, respectively. This shows that, in general,
W (¢, 6) depends o, and not just onv. We will return to this example after sharpening our lower
bound, as follows.

For any subsef C {1,...,¢} let R, be the root subsystem generated{by : j € J}, letV; be
Weyl group ofR; and letg ; be the subalgebra gfgenerated by the root spaggsfor o € R;. If the
action off ontis given by an element € W; thend induces an automorphiséy of g ;.

Lemma 7.6 Supposé normalizes the Cartan subalgebtaand has imagev € W, for some subset
J C {1,..., ¢} such that the following conditions hold.

1. 6 is conjugate to an automorphisth= Ad(t) wheret € T satisfiesy;(t) = ( forall j € J;
2. The rank ofv ontis equal to the rank of;
3. The principal automorphisms @§ of orderm have rank equal to the rank éf

4. wis Z-regular in W;

Then there is an embeddidgy, (w) — W (c,0).

Proof: Condition 1 means there isc G such that the automorphism
0 = gbg~" = Ad(t),

wheret € T satisfiesy;(t) = ¢ for all j € J. We havet = p,(¢)z wherep, is half the sum of the
positive co-roots of?; (with respect ta\ ;) andz € kera; forall j € J.

Condition 2 means that the eigenspace- t(w, () is a Cartan subspace fér Note thatc C g;. Let
¢, be a Cartan subspace for the automorphism

0 == 0'g, = Ad(ps(C)) € Gy,
whereG; = Aut(g,)°.
As ¢’ is principal of ordermn, we havedim ¢; = dim ¢, by condition 3.

Now ¢’ := Ad(g)c is a Cartan subspace féfin g(¢', (), and the latter subspace containgé’,, ¢),
which in turn contains ;. Thusc’ andc; are two Cartan subspacesgf®’, ¢), so there ish € G¥ such
thatAd(hg)c = Ad(h)c’ = c;. Conjugation byhg gives an isomorphism

We(e,0) — Wel(ey,0').
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Since the latter group contaimB;, (¢, ¢';), we have an embedding

Wa,(¢s,05) = Wale, 0).

Lett;, = tN g, and lett, be a¢’;,-stable Cartan subalgebraf containinge,;. Then there i$ € G,
such thatAd(b)t,; C t;, sobd;b~! normalizest; and¢’, := Ad(b)c; is a Cartan subspace fof’,b~!
contained int;. Letw’ € W be the element induced Iby’,0~'. We now have two elements, v’ €
W, having equidimensiongl-eigenspacesandc’; in t;.

The one-parameter subgroups®f which centralizet; form a lattice giving &-form X ; of ¢;. Let A
be the cyclotomic subring & generated by = ¢*%/™ and letr : A — k be the ring homomorphism
sendingz — (. Since the mapr : 1,,(C*) — (k™) is an isomorphism, it follows that the
eigenspaces ab andw’ in X; ® C have the same dimension.

Now w is k-regular ont; = k ® X, by condition 4. Hencev is C-regular onC ® X, by Prop.
3.2 By [27, 6.4], the elements andw’ are conjugate il ;, sow’ is k-regular ont;. Hence the
principal automorphisnd’;b~! of g; has regular vectors iAd(b)c, so the principal automorphist
has regular vectors ity. It now follows from Cor.7.3hatWe, (¢, 0)) ~ Cw,(v') ~ Cw,(w). B

Remarks: 1. In practice, condition 1 means the normalized Kac diagyafican be conjugated under
the affine Weyl groupl,«(R) to a (usually un-normalized) Kac diagram witlon each node fof € J.
We will see that condition 1 is verified as a byproduct of thenmalization algorithm.

2. The elementv is usually elliptic inl¥;. When this holds, condition 3 is implied by conditions 2 and
4, as follows from Prop5.5.

3. Recall that the order af'y, (w) is the product of those degreesldf; which are divisible by the
orderm of w. Thus the lower bound in Profg.6is completely explicit.

Example 3 revisited: Recall thatG' has typeF,; andw is the square of a Coxeter element. We give
the normalized Kac diagram for eaéhthe un-normalized diagram for eaéh whose subdiagram of
1's determines/.

No. 0 o' J
0101011 —81 11111
9 0 1 E;

1010011 7111110
N 1 1 Es

Lemma7.6 shows thad, has little Weyl group¥/(c, 0) ~ p15, but does not decide caSg which we
treat using invariant theory (see sectit).

7.3 Stable isotropy groups

Assume that) € Aut(g) gives a stable grading = ®;cz/,, g;. By definition there is a regular
semisimple element € g; whose isotropy subgroup i@ is finite. Fix a Cartan subspacecC g;
and letS be the unique maximal torus (@ centralizinge. Then all stable vectors inhave the same
isotropy group inzy, equal to

So := S NGy.

We now give a more explicit description 6§.
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First, S, is contained in the fixed-point subgrogg, which is finite of order

10| = det(1 — 0

X+(5))-

Let N(S) be the normalizer of in G. ThenN(S)? meets all components ¢#’, and it follows from
Cor. 7.4that the inclusiors? — G? induces an isomorphism

5975y ~ GG,
This quotient depends only on the imagef 6 in the component group ofut(g). To see this, let
Gee — G

be the simply-connected covering@fand setZ = ker 7. Then# and# lift to automorphisms of7,.
which we again denote byandy. SinceG?, is connected ané = ¥ on Z, we have an exact sequence

1—272" =G — Gy — 1,
which restricts to an exact sequence
1—>Z19—>S§c—>50—>1,

whereS,. = 7~1(S). Since
5% =[S,

it follows that we have another exact sequence
1— Sy — S — Zy — 1,
whereZ, = Z/(1 — 0)Z. Thus, we have isomorphisms
Zy — S8%/Sy =5 GY /G (12)

On the other hand?; is isomorphic to the subgroup, C ﬁff(R, ) stabilizing the alcove&”. The
group )y acts as symmetries of the twisted affine Dynkin diagr@(iR). These groups are well-
known if e = 1; for e > 1, )y is the full symmetry group oD (°R) and has ordet or 2.

If & € G has normalized Kac coordinates corresponding to a poiniC' then the component group
G’ /G, is isomorphic to the stabilizer afin 4 [22, 3.6]. It follows that if¢ is stable therd? /G ~ Qy
is as large as possible and the isotropy grSyifits into an exact sequence

1 — 8 — 85— Qy —1. (13)

The groupsS, are tabulated for exceptional groups in Sé&ci.

7.4 Stable orbits and elliptic curves

Certain remarkable stable gradings have appeared in reagktof Barghava and Shankar on the
average rank of elliptic curves1(], [2]). These gradings have periogs= 2, 3, 4,5 and are of types
2A,, 3D,, °Fs, Es respectively, as tabulated below. Herstands for the natural representatiorsbf,.
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m  Kac coord. W (e, 0) degrees Gy g1

2 1=0 SLy(Z/2) 2,3 SLs /p, Sym*(2)
3 00&1 SLy(Z/3) 4,6 SLs /s Sym?(3)
4 000« 10 pyxSLy(Z/4) 8,12  (SLyx SLy)/p, 2X Sym*(4)

5 000L0000 S SIy(Z/5) 20,30 (SLsxSLs)/p;  5XA%

For eachm = 2,3, 4,5 the isotropy subgrouf) is isomorphic tow,, x p,, and the little Weyl group
W (¢, 8) is isomorphic to the group’,,, with presentation

Wy = (s,t: s™=t"=1, sts=tst).
(Note thatlV,, is infinite form > 5.) The exact sequence
1 — Sy — Ng,(¢) — W(c,0) — 1

Gives a homomorphisi/ (¢, ) — Aut(Sy) = GLy(Z/mZ) with imageSL,(Z/mZ) and split kernel
(0°) ~ p,, ., @S tabulated above (see al2a]).

In each case the numbigt| of roots is equal ton - (m —1) - (12/b), whereb = 4, 3, 2, 1 is the maximal
number of bonds between two nodes in the twisted affine diad?& R). We havedim G, = |R|/m
and the degree¢, < d, have the property thatd, = 2d, = |R|/(m — 1). LetI,J € k[c]" (") be
homogeneous generators of degrégsl,. The discriminant ort (product of all the roots imR) has
restriction toc given by D™~! (up to nonzero scalar), whefe = —47% — 27.J2. The stable vectors
v € ¢ are those wheré(v) # 0, and each stable vectorcorresponds to an elliptic curvg, with
equation
v =2+ 1) -2+ J(v)

whosem-torsion groupE,[m] is isomorphic (as an algebraic group o¥@rto S,. For more informa-
tion, along with some generalizations to hyperellipticvas;, see9).

8 Classification of stable gradings

Let & € Gv be an automorphism gf whose ordern is invertible in k&, associated to the grading
g = ®icz/m gi- After conjugating’ by an element ofs we may assume thatis the canonical Cartan
subalgebra of. Thend|; = w, for somew € W. In section5 we have seen thétis stable if and only
if wd is an ellipticZ-regular automorphism a® , in which casé is G-conjugate tg(¢ )« for some/any
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root of unity( € k* of orderm. Moreover, the&-conjugacy class of is completely determined by
its orderm. The values ofn which can arise are the orders of ellipfieregular automorphisms at
in W19; these are classified i27].

For example, the elliptiZ-regular elements im/9) of maximal order are th&-Coxeter elements
whose order is th@-Coxeter number

hy =e-(by +ba+---+byg,)

(see R)). These form a singl&/-conjugacy class ifl’«, representatives of which include elements of
the formw1, wherew is the product, in any order, of one reflectiortaken from each of thé-orbits
on simple reflections.

For any algebraically closed fieldin which h, is invertible and any € k£* of orderh,, the automor-
phism
Oeox = Ad(p(C))V € Aut(g)

is stable of ordehy and acts on its canonical Cartan subalgebra viaGoxeter element. The Kac
coordinates of.., haves; = 1 foralli € {0, ..., ¢y} and are already normalized.

Form < hy the automorphisma(¢)v corresponds to a point iy, with un-normalized coordinates
s; = 1fori # 0andsy = 1+ (m — hy)/e (see2.4). Here we must apply the normalization algorithm
to obtain normalized Kac coordinates. By3| these normalized Kac diagrams will be invariant under
the symmetry group of the diagram(°R). The resulting classification of the stable gradings in all
types is tabulated for exceptional Lie algebras in seddidrand for classical Lie algebras in section
8.2

8.1 Stable gradings of exceptional Lie algebras

Here we tabulate the stable gradings for exceptional Lietaks, along with the corresponding elliptic
Z-regular elementy € W1 and the isotropy group, (see sectiof.3). The column labelled! will
be explained in sectiod.3.
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Table 2: The stable gradings féj;

m un-normalized normalized w So A
11111 11111
12 = hﬁ 1 1 EG 1 EG
1 1
11111 11011
9 1 1 Eﬁ(al) 1 Eﬁ(al)
-2 1
11111 10101
6 1 0 Eﬁ(ag) 1 Eﬁ(ag)
—5 1
11111 00100
—8 0

Table 3: The stable gradings &

m un-normalized normalized wv So

18 =hy 1lll<11 111<11  —Fg(ay) 1

12 —211«=11 110«=11 —Fq 1

6 Sll<11  100<=10 —(34,) 1
—611<11 000<=10 —Dy(ay) py X py

—T711<=11 000<=01 —1 s

Table 4: The stable gradings féik;

m un-normalized normalized w So A

1111111 1111111

18— hy ! 1 E- 1 Er
" 31 111 11 11 1(1)1 ti E:(a) 1 E7(ay)
6 —111 111 111 00(1)0 01 Er(ar) 1 Er(as)
) 715111111 000(1)000 AL py -
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Table 5: The stable gradings féig

m un-normalized normalized w So A
30:]%9 11111111 11111111 Es 1 Eg
24 1111 111-5 11?1 1111 Eg(dl) 1 ES(a1>
20 1111 111-9 11(1)1 0111 Eg(@g) 1 Eg(ag)
15 11 1 1111-14 1 0(1]0 1011 Eg(a5) 1 Eg(a4)
192 11 1 111 1-17 10 (1) 00101 Eg(ag) 1 Eg(a5)
10 1111 11 1-19 00(1]0 0101 Eg(aﬁ):—2A4 1 ES(GG)
] 1111111—21 00(1)00010 Dg(a,g) MQXIIIQ -
6 1111111—23 00210001 Eg(ag):—4z42 1 Eg(a7)
5 1111111—24 00(0)10000 2A4 M5><Ilr5 o
111111 1-25 0000 1O0O0O0
4 ) 0 2D4(a1) 15 -
3 1111111—26 00(1)00000 4A2 Ilé o
111111 1-27 100000O00O _ 8 B
2 ) o 8A; = -1 73
Table 6: The stable gradings féy
m un-normalized normalized w So A
12 = hy 111=11 111=11 Ey 1 Fy
8 —-311=11 111=01 By o Fi(aq)
6 —511=11 101=101 F4((l1) 1 F4(CL2)
4 —711=11 101=00 D4(CL1) Mo X Lo F4(CL3)
3 —811=11  001=00 Ay+ Ay pyxpy —
2 —911=11 010=-00 4A, 75 —
Table 7: The stable gradings fof,
m un-normalized normalized w So A
6 = hy 11=1 11=1 Go 1 Go
3 —21=1 11=0 A, Ly Ga(ar)
2 311 01=0 A +A pyxp, —
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Table 8: The stable gradings fob,

m un-normalized normalizedwy € W (F}) So

12 = hy 11e1 111 F, 1
6 —11&1 101 Fy(ay) 1
3 —21&1 00&1 As+ Ay g X pg

8.2 Stable gradings of classical Lie algebras

Here we tabulate the stable gradings of classical Lie a&gelffor inner typel,, the only stable grading
is the Coxeter one, so we omit this case.

8.2.1 Type?4,

The stable gradings in typd, correspond to divisors dfand/+ 1, each having odd quotiedt= m,/2.
Conjugacy classes in the symmetric group are denoted hyghritions. For exampléd>“*1] consists
of the products o2k + 1 disjointd-cycles.

Table 9: The stable gradings oA,

m = 2d Kac diagram  wv So
6=hy 1=1 -1x][3 1
2 1=0 —[13] g X g

Table 10: The stable gradings fad,,,, n > 2

m = 2d Kac diagram wv So
2(2n + 1) = hy I=11---11=1 —1x[2n+1] 1
2 1=000---00 =0 —1 x 1271 p2n
T, k>0 12001001 - 10--0=1 —1x[@] p3f
Aoy Asy, Aap,
1< 7odd 1:0?-/-_0/1%--’-_91 10---;):0 —1x [d®,1] p2k
21 21 k
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Table 11: The stable gradings féfs, 1,n > 3

m Kac diagram wv So

2(2n — 1) = hy “1x[2n—1 1

111111 1«1

2n (nodd 10101101 —1x ] !
0

2(2n—1)

S k>0 0 0..010.--01--10--- Q&1 ~Ix[@*] p
Dy Agg Azg
0

2, l<fodd 0 0. Q1Q--Q1-v10---0e1 —Ix[@] p?
Dy, Ao 1 Ao 1

38



8.2.2 TypesB,,C,

The stable gradings for typB,, andC,, correspond to divisors of n, with periodm = 2n/k. The
corresponding class iV (B,,) = W(C,), denotedk B, x, consists of the:"" powers of a Coxeter
element.

Table 12: The stable gradings for typg

k=2 Kac diagram w So

1
11111---1 1=1

1
2 2B,
n even 10101---01=0 /2 He

k>2 0001 0--01-10--010---0=0 kBo ps”’
—— —— —— —_—

Dy /2 A1 Ag—1 By 2

k>1 00--0 1001100 10---0=0 kByp pi'
D(k+1)/2 Ag—1 Ag—1 Bk—1)/2

Table 13: The stable gradings for typg

k=22 Kac diagram w So
1 1=11---11«<1 B, 1
k>1 1=0---010---01 -+ 10---0<1 kB, ps"
N—— N—— N——
A1 A1 Ag—1
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8.2.3 TypesD, and?D, (n > 4)

The stable gradings for typP,, correspond to even divisofsof n and odd divisorg of n — 1. The
stable gradings for typ®,, correspond to odd divisorsof n and even divisors of n — 1.

Table 14: The stable gradings for typg,, n > 4

m Kac diagram w So

1 1
Mm—2—h By +B,_ 1
" v 1 11.-111 ! !

1 1
if nis eve 2B, 1

n(ifn y 10101---0101 /2
0 0

M 92<keven 00---010---01-10---010---0 0 kB s
Dy /2 A1 Ak—1 Dy 2
0 0

222 J<fodd 0 0--- 0100 1---10---010---0 0 Bi+ By ps'
Dot1y)2 Ag—1 Ag—1 Dot1y/2

Table 15: The stable gradings for type,,, n > 3

m Kac diagram w So
2n = hy l<11---1 1=1 B, 1
n—1 (if nisodd 0<1010---101=0 By +2Bns i X iz
2 9-fodd 0<«<0---010---01---10---010---0=0 (B0 pl!
4 ——— —— —— ——— / 2
B-1y)2 A1 Ap— B-1y)2

M2 | <fheven 0<0---010---01---10---010---0=0 By +kBp e  ph
B2 Ag—1 Ag—1 By /2
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8.3 Distinguished nilpotent elements and stable gradings

Kac coordinates of stable gradings are of two kinds, acogrdss, = 0 or s, = 1. Expanding on
section 9 of 7], we show here that all stable gradings wih= 1 in exceptional Lie algebras are
related to distinguished nilpotent elements. As alwaysassime the characteristic lois not a bad
prime forG.

Let A be a distinguished nilpotent elementgn That is, the centralizer oft in g is a nilpotent Lie
algebra. There is a homomorphism £* — G, unique up to conjugacy by the centralizég(A),

such thatAd(A(¢))A = tA for all t € k*. This gives a grading

a

o= a(h),

j=—a

whereg(j) ={zx € g: ANt)x =t -2 Vt € k*} anda = max{j : g(j) # 0}. SinceA is distinguished
the linear mapd(A) : g(0) — g(1) is a bijection.

Setm = a + 1, assume this is nonzero in and choose a root of unity € £* of orderm. The inner

automorphisn® 4 := Ad(A(¢)) € Aut(g)° has ordern, giving rise to a/m-grading

g= @ i,

1€Z/m

whereyg; is the(® eigenspace of, in g. We have

g= >, g0

so that

go = 9(0) and g =g(—a)®g(l).
Choose a maximal torus in a Borel subgrougB such that\ € X.(T) and(a, A) > 0 for all roots
a of T"in B. For each of the simple roots,, ..., a, we have(w;, \) € {0,1}. We sets; = (o, A),

and also put, = 1. Sinceg(—a) contains the lowest root space, it follows tljaf, s, . . ., s¢) are the
normalized Kac-coordinates 6f;.

Proposition 8.1 The following are equivalent.

1. There existd/ € g(—a) such that\/ + A is regular semisimple.
2. There existd/ € g(—a) such that)/ + A is semisimple.

3. The automorphism, is stable.

Proof: Implication1 = 2 is obvious.
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We prove2 = 3. SinceG, preserves each summag( ), the stabilizer ofM/ + A in G, is contained
in the stabilizer of4, which is finite sinced is distinguished. Hence th@&,-orbit of M + A is stable.

The implication3 =- 1 is proved in R7, 9.5]. We give Springer’s argument here for completeness.
Let F' be aG-invariant polynomial org such thatF'(x) # 0 if and only if x is regular semisimple.
For example, we can chooge corresponding, under the Chevalley isomorphigii = £[t]'V, to

the product of the roots. Now assuming ti3aholds, there are vectot8 € g(—a) andYy € g(1)
such thatZ + Y, is semisimple and has finite stabilizerd#y. The centralizem = 3(Z + Y}) is then
reductive, withm? = 0, som is a Cartan subalgebra gfand Z + Y is in fact regular semisimple.
Hence the polynomial’; on g(1) given by F;(Y) := F(Z + Y') does not vanish identically. Since
A is distinguished, the orbihd(G()A is dense irg(1), so there ig) € G such thatF;(Ad(g)A) =
F(Ad(g9)™'Z + A) # 0. It follows thatAd(g)~'Z + A is regular semisimple sbholds. |

We say that a distinguished nilpotent elemdn& g is S-distinguishedif the equivalent conditions of
Prop.8.1hold.

A non-example: It can happen thag(—a) + g(1) contains semisimple elements, but none have the
form M + A with M € g(—a). For example, suppoge= sp, and A has Jordan block§t, 2). The
automorphisn® 4, has Kac coordinates

1=10«1

and has rank= 1. It corresponds ta € W (C5) of type Cy x C, which is notZ-regular, soA is not
S-distinguished.

Proposition 8.2 Assume thag is of exceptional type and théate Aut(g)° is a stable inner automor-
phism whose Kac coordinates satisfy= 1. Thend = 6, where A is an S-distinguished nilpotent
element ing.

Proof: In the tables of sectioB.1 we have listed, for each with s, = 1, the conjugacy class of a
nilpotent element such that), has the normalized Kac coordinateslof [ |

Remark 1: Forn even there is a uniqué&-distinguished non-regular nilpotent classsin,, which
is also.S-distinguished insoy,, 1, having Jordan partition®@n + 1,2n — 1] and[2n + 1,2n — 1, 1],
respectively. FOA in these classés, has orden. In these and the exceptional cases, the rhap 6 4
is a bijection from the set of-distinguished nilpotentz-orbits in g to the set of inner gradings an
with s = 1. However, Prop8.1is false forC,,, n > 2.

Remark 2: If Ais S-distinguished thep(M + A) is a canonical Cartan subalgebra#gron whiché 4
acts by an element of the conjugacy clasBirassociated tel via the Kazhdan-Lusztig mafg]. This
follows from the argument inl2, 9.11], and confirms two entries i2] listed there as conjectural.

Remark 3: There are exactly three cases whgyes a maximal proper Levi subalgebragn These
occur inGy, Fy and Eg, for a = 2, 3,5 respectively, wher€,(A) is a symmetric grougds, Sy, Ss.
These groups act irreducibly on the subspages:) of dimensiond, 2, 4, in which the stabilizers of a
vector in general position are the isotropy grodps= s, tt, X o, 1. These are the maximal abelian
normal subgroups af';, (A).
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9 Positive rank gradings for type E; 7 s (inner case)

Assume now thag has typeF,, forn = 6,7,8. From Prop.4.3we have the following algorithm to
find all inner automorphisms @f having positive rank. For eagh > 1 list the I¥/-conjugacy classes
of m-admissible elements . For a representative of each class, form the li$tac(w),, and apply
the normalization algorithm to each elementiafc(w),,, discarding duplicate results, to obtain the
list Kac(w) of normalized Kac coordinates. Then by Prdp3, the union of the list&ac(w) over all
conjugacy-classes ofi-admissiblew gives all positive rank inner automorphisms of order

To find theKac(w),, when eachw; is Z-regular, we can use Profh.1to find the Kac coordinates
of eachw;, which lead to those oy via the normalization algorithm. It turns out that we obtalh
positive rank gradings from those-admissiblew for which each factor; is not only elliptic but also
Z-regular inW;.. However, we do not have anpriori proof of this fact, so we must also compute Kac
coordinates of lifts in the small number of cases where Hat gareZ-regular.

These non-regular cases are handled as follows. By indyactie assumes = w; lies in no proper
reflection subgroup and we consider the powers ofTo illustrate the method, take the nonregular
elementw = Es(a;) = —AsFEg of order12. First list the32 normalized Kac coordinatgs;) with

s; € {0,1} andsg + 251 + 35y + 453 + 654 + 585 + 45 + 3s7 + 253 = 12. We havew? andw? in the

classest, Eg(as) and24, +2A, whose lifts have Kac coordinate§ ) * © * ° %and” ' 0 ° 7 2 2 re-

spectively. Only one of the 32 elements on the list satisfiese two conditions, namely ¢ ' ° ° ' .
Therefore this is the Kac diagram for the lift ofin the classFs(a7).

9.1 A preliminary list of Kac coordinates for positive rank gradings of inner
type

For each possible order we list them-admissible elements i/ (Es 7 s), the rankr = rank(w).
and the form of the un-normalized Kac-coordinates of the bf w In the columnKac(w),,, eachx

is an independent variable integer ranging over a set oésentatives of./m such that the order is
alwaysm. For each vector of-values we apply the normalization algorithm to obtain tbenmalized
Kac coordinate€ac(w) in the last column. The sefSac(w) are not disjoint. In a second set of
tables (sectio®.2), we will select, for eacld appearing inJ,, Kac(w), aw of maximal rank for which
Kac(w) containg.

43



Table 16:Kac(w)y, andKac(w) for m-admissiblew in W (Eg)

| | Kac(w)u, | Kac(w)

Lm |

[en} —
— (e}
o o o o
o o
i i
— i o
o) o —
— O o o [ ljen)
o — (en)
Ll i i
i i i i
o o — (e}
o~ (= ] o o o o
— [} o —
— — — (e}
i o i i i o i o i i
o — — o o — o o o (e}
— = o —-H O — — OO0 -H OO oo H|H O o o (e}
o — o o o — o o o o
— o — — — o — o — —
— — — — i o o o — [en) [en) [en) [en) [en) [en) [en)
— — — o o o — o o o o o o o (e} (e}
— O O —~ — O |~ O |~ OO =H| O | O — O - O oo - (el (e (el [l
— — — o o o — o o o o o o o o o
— — — — — o o o o o o o o (e} (e} (e}
— — * — — * * * * ~— ~— * ~— ~— * *
— — — o — — — — i i i * * * * *
— O~ o~ — O [~ ¥ ¥ | — ¥ ¥ |O —H ¥ [~ ¥ * = * ¥ ¥ | o~ ¥ ¥ ¥ ¥
— — — o — — — — i i i * * * * *
Al Ll * Ll Ll * Ll * * i i * i i * *
— — — (@] — — — @\l — (an) (o] — <t () (o] —
— N —
[9\] [9\] — — —
© 3 0 3 0 = ~ 3 ™ o~ —
€3] — | Q - | < Q < — | < < < < < < < <T
P% P% D4 g o\ <t g o\
« = %) © © © ) <t <t ™ ™ ™ ™ ™ ™ ™
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Table 17:Kac(w),n andKac(w) for m-admissiblew in W (E7)

m| w |r|[Kac(w)w |Kac(w)
1T 1111 11]1 1111
18 E- 1 1 1
11101 1111101
]_4 E7(a1) 1 1 1
1101011]1 1010
12 E7(a2) 1 1 1
* 1111 1+|1 0101 0101 1010 11
12 Fk 1 1 1 0 1
*« x 111 11(01010 1010 1010 11
10 Dy 1 1 1 1 0
*x 1101 1|0 1010 1010
9 Eﬁ(al) 1 1 0 1
*« x 111 1+|00100 0100 1010 10 0100101
8 Ds 1 1 1 0 0 1
10010 1010 001001 1100011
0 0 1 1
* «x 101 11|/0 1001 1001
8 | Dg(ar) | 1 1 1 0
1 111111]01010
8 Ar 1 . 0
*x 1111 11(01010
7 Ag 1 . 0
100100110010
6 | Br(as) |3 0 0
*x x 101 01(0 1000 1001
6 | Dg(az) |2 1 1 0
*x 1010 1+|0 1001 1001
6 | Eg(az) |2 0 0 0
6 D 1|¥ 111 ++[10001 0000 0100 11 0001000 0010001
4 1 1 0 0 1 1
01001 0100 001001 10000 11
0 1 0 1
1 x 1111 1+|00010 0100 1000 10 1001001
6 A5 1 * 0 0 1 0
P T 111+ *x]|00101 0100 001001 11000 11
6 As 1 1 0 1 0 0
5 A 1**1111*00010 0010 1000 11 0100001 1000101
4 * 0 0 0 1 0
1 11x111|{00010 0100
4 245 2 . 0 0
¥ *x 101 **|00001 0001 010001 0100010 10000 01
4 D4(a1) 2 1 0 0 0 0 1
*« x 111 »+|0 0001 0001 010001 0000010
4 Az 1 * 0 0 0 1
01000 1000 000001
0 0 1
1 1*1% 1100001
3 34, |3 1 0
T 1+1% *x]|00001 0100
3 24, 2 1 0 0
¥ * * 1% %0 0000 0000 000001 0100001
3 Ay 1 1 0 0 1 0
0000000|/00O00O
2 TA; 7 1 1
* 001 00(00000
2 6A,; 6 0 1
1 *1x1=%«1{00000
2 5A; 5 1 1
/ 1 «x1%x1 %%x|00000
2 4A1 4 1 1
/" * *x 010 *xx |0 0000 0000
2 4A1 4 0 1 0
/ 1 * 1x% %%x|0 0000 1000
2 3A1 3 1 1 0
/" 1 *xx1 *%x%x|0 0000 0000
2 3A1 3 1 1 0
* x 1x1 x+%|0 0000 045 0 000001
2 24, 2 . 1 0 0
* * xx 1 %[0 0000 0000 000 01
2 Al 1 % 1 0 0




Table 18:Kac(w),n andKac(w) for m-admissiblew in W (Ej)

‘m‘ w ‘T‘Kac(w)un ’Kac(w)
111111 11111
30 Ey |1]''] '
1101 1 1 1101 1
24 Eg(al) 1 1
11010 1 11010
20 Eg(CLQ) 1 1 1
01010 1 0101 0
]_8 Eg(a4) 1 1 1
111111 1110 1 01 1 10
18 Eq 1 1 0 1 0 1
11010
1
101010 1010 1
15 Eg((lg,) 1 0 0
1101 1 1 1010 1 00 1 01
14| Eq(ar) | 1 1 0 1 0 1
* 111 11 1010 1
14 Dg 1 1 0
10100 1 10100
12 Eg(a3) 2 0 0
010100 0101 0
]_2 Eg(a7) 1 0 0
1010 1 1 1100 1 01 1 00
12| Eq(ag) | 1 1 0 0 0 1
10100 1 10100
12 Dg(al) 1 0 0
* 111 11 0010 1 10
12 D, 1 1 0 0
1111 1 = 0010 0 00 0 10
12 Eg 1 1 1 0 1 0
0101 0 00 0 10
0 1 0 0
1000 1
1
00100 1 0010 0
10 Eg(aﬁ) 2 0 0
* 111 1 1 0100 1 10 0 10
10 Dg 1 1 0 0 0 0
10010 00
0 1
1101 1 = 0010 0 01 1 00
9 | Eg(a) | 1 1 0 0 0 0
1000 1 00
0 1
111111 0010 0
9 Ag 1 . 0
001000 0010 0
8 | Dslas) | 2| 7 0
* 101 1 1 0010 0 00 0 00
8 Dﬁ(al) 1 1 0 1 0 0
10010
0
111 1 % 0010 0 00 0 00
8 Ds 1 1 0 0 0 0
1000 0 01 0 00
1 0 0 1
1000 0 01 0
0 0 1
N ; 1**1111 0010 0 00 0
7 1 0 0 0
I 111111 0010 0
8 A7 1 * 0
111111 0001 0 00 1 00
7 AG 1 * 0 0 0 0
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Table 18 continuedKac(

w)un @ndKac(w) for m-admissiblew in W (Ej)
w

m w r | Kac(w)u, | Kac(
0001 0001]000100O01
6 | Eg(ag) |4 0 0
001001 ++|010000T10 01
6 E7((l4) 3 0 0 0
10101« «+]01000010 00 00 10000101
6 | Es(az) |2 0 0 1 0 0
*x10101 +«%]010000T10 00 00
6 | Dg(az) |2 1 0 0 0
x 111 %« x x%x]01000010 00 00 11000000
6 Dy 1 1 0 1 0 0
00000111 01 00 10000101
0 0 1 0
10000001
1
11111 «+|000010T10 10 10 00000100
6 A5 1 * 0 0 0 1
10001000 01 00
0 0 0
111+ 1111]00010000
5 2A4 2 1 0
1111 %« «+*]0001 0000 00 00 00001001
d Ay 1 * 0 1 0 0
01000001 00
0 0
*x101 «101]00001000 00
2D4(CL1) 4: 1 0 1
x 101 « x x*]0000 1000 00 00 00000101
D4(a1) 2 1 0 0 0 0
00000001
1
; 11x111*+]00001000 00 00 00000001
2A3 2 * 0 0 0 1
,, 111+ 111%]00001000
2A3 2 * 0
T11% % %« x+%]00001000 00 00 00000101
4 A3 1 * 0 0 0 0
00000001
1
11x11*11]00000000
3 4A, 4 1 1
11x11*11]00000100 00
3 345 3 . 0 1
T1%11 % «%|00000100 00 00
3 2142 2 * 0 1 0
T1x% %% x+%]00000100 00 00 10000001
3 A2 1 * 0 1 0 0
T0000000[10000000O
2 SA; 7 0 0
000000 *%|10000000
2 TA; 7 1 0
x00100 «%]10000000
2 6A,; 6 0 0
1x*%x1 111100000 O00O0
2 5A; 5 1 0
/ * 11 %« 1 x*%«[100000O00O0
2 4A1 4 1 0
7 *x010 = *x x%*[00000O0T10 00
2 4A1 4 0 0 0
* 11 x x xx[0000O0O010 00
2 3A; 3 1 0 0
* 1 x% x x *xx[ 00000010 00
2 24, 2 1 0 0
* x %% % x *xx [ 0000 0010 00
2 A 1 1 0 0
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9.2 Tables of positive rank gradings forEg, E; and Eg

The previous lists contain the Kac coordinates of all pesitank gradings, usually with multiple
occurrences. We now discard those in eBete(w) which appear in somEac(w’) with rank(w’) >
rank(w). The remaining elements dfac(w) are then the Kac coordinates of automorphight
order m with rank(f#) = rank(w). For each grading there still may be more than one with
rank(f) = rank(w). It turns out that every of positive rank is contained iKac(w).,, for somem-
admissiblew which is aZ-regular element in the Weyl group Levi of a Levi subgraupandd is a
principal inner automorphism of the Lie algebralgf. This Levi subgroup corresponds to the subset
J of Lemma7.6and is indicated in the right most column of the tables beléar. example, in&; the

Kac diagrams
8'1001011 0100101
0

0 and 8 .
occur inKac(w) for w of typesDg(a;) and D;. SinceDg(a,) is not regular in any Levi subgroup of
W (E;) andw = Dj is regular in theD; Levi subgroup, we choose = Ds, discardw = Dg(a;), and
setly = Ds.

Sinced is principal on the Lie algebra afy, there is a conjugaté of # whose un-normalized Kac
diagram has & on each node of (cf. Lemmar.6). There may be more than one sukltorresponding
to various conjugate, and we just pick one of them.

In the tables we try to writev in a form which exhibits its regularity in the Weyl grolf;. For
example, inEs; the gradingd,,, 4, havew = Dy(a;). ! In caset,, which is stable, we give the alternate
expressionuy = E? to make it clear thatv is Z-regular inW(FEg). In cased, there is noW.¢(R)-
conjugate of) with 1's on the E; subdiagram. Howevety = D? is the square of a Coxeter element in
Wp., hence isZ-regular inWp, .

The rows in our tables are ordered by decreasind he positive rank inner gradings of a given order
m are namedn,, my, me, ..., wherem, is the unique principal grading of ordet. The principal
gradingm, has maximal rank and minimal dimension @f among all gradings of order.. The
remaining rows of ordem are grouped according to and Ly, ordered in each group by increasing
dimension ofg,.

The little Weyl groups/V/(c, 0) are also given, along with their degrees. These are eitlicor given
by their notation in 25]. We explain their computation in sectidf.

1cf. Panyushev, Example 4.5.
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Table 19: The gradings of positive rank in typg (inner case)

No Kac diagram w W (e, 0) degrees o' Ly
11111 11111
1 1
11011 1111
9, i EG(CL1> Mo 9 _12 E6
10101 1111
84 1 D; s 8 LR
1 -3
11011 1111
0 —6
10101 1111
0O, (1) EG(CL2> G5 6, 12 _15 Eg
100 1 1 001 0111
G, O 1 1 Dy Mg 6 1 D,
0 —4
00100 0111
1 -3
01010 1111
64 1 As g 6 0 As
0 -3
10101 1111
D 0 Ay s D 1 As
0 —6
01010 1111
1 —8
10001 1 1
1 —10
00100 1111
4, (1) D4(CL1) = Eg’ Gy 8,12 _17 Eg
10001 0111
4, (1) D4<Cl1) = D?) G(4, 1, 2) 4,8 716 Ds
01010 2011
4. 0 Az Hy 4 1 Ay
0 —6
100 1 1001 0111
44,44 0 0 As oy 4 0 Ay
0 0 —4
00100 111
3a 0 3A, Gos 6,9,12 1 FEy
0 -8
10001 1111
3 0 24, = A2 G(3,1,2) 3,6 0 A
1 —6
0000 O 0111
3¢ 1 AQ = Dz Mg 6 1 D,
1 —6
0010 0100 0111
34, 3d/ 0 0 Ay = Dz Mg 6 1 D,
0 -7
0000 O 1111
24 1 4A1 = Eg W(F4) 2,6,8,12 1 Eg
0 -9
10001 0111
2 0 2141 = A% W(Bg) 2, 4 0 Ag
0 —6
0000 O 0000
1, 0 e W(Es) 2.5,6,8,9,12 0 2
1 1
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Table 20: The gradings of positive rank in type

No. Kac diagram w W(c,0) degrees o' Ly
18a 111}111 E.7 s 18 111}111 E7
14a 111(1)1 11 E7(a1):—A6 oy 14 —311}1 11 E7
12(1 111(1)101 EG Lo 12 —511}111 E7
12b 1 10}0 11 E7<Cl2):—E6 Lo 12 —61 1}1 12 E6
120 010(1)111 EG T 12 7411}110 E6
10(1 101(1)101 D6 Lo 10 7711}111 D6
1Ob 110(1)011 D6 Lo 10 —9211111 D6
10(: 010}010 D6 Lo 10 —5011111 D6
9a 010(1)0 11 Eﬁ(@l):E'? JTan 18 —81111 11 E7
9b 101(1)0 11 E6(a1) Lo 9 —711}1 10 E6
8a 100(1)011 D5 Lg 8 —911}111 D5
8b 010(1)101 D5 L 8 —1121}111 D5
8c 010(1)010 D5 L ] 71201}116 D5
8d 1018101 D5 L ] 71011}112 D5
8e 110(1)011 D5 L ] —8011112 D5
8f 1001001 D5 L 8 —12111114 D5
89 001(1)011 D5 L 8 —601}110 D5
8h 0108111 D5 L 8 —811}110 D5
. 010(1)0 01 A6:E7(&1)2 Loy 14 —101111 11 E7
o P00 Er(a)=ER= 34, Gy 612,18 THUE I By
6b 01 081 01 EG(CLQ):E6 G5 6,12 —101 1}1 10 E6
6c 01 0(1)0 10 Dﬁ(ag) G(6,2,2) 6,6 —90111 11 DG
6d 100(1)011 D4 L 6 —12011112 D4
6e 001(1)001 D4 L 6 —1001}112 D4
6f 0018011 D4 L 6 —1301}115 D4
69 000}000 D4 L 6 —9011103 D4
6h 0008111 D4 L 6 —601}100 D4
; 0018100 A:rr, L 6 71020}111 Air,
i 000(1)010 A/5/ L 6 7911(1)111 Ag
6k: 1108011 A/5 L 6 —6001111 A/5
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Table 20 continued: The gradings of positive rank in tyfye

No. Kac diagram w W (e, ) degrees o' Lo
5a 000(1)001 A4:D(23 l«lflo 10 —1211}1 11 DG
5b 0018010 A4:Dg l«lflo 10 —1421}111 DG
5c 0108011 A4:D(23 “10 10 —1001}1 11 D6
5d 1008101 A4 M5 5 —1111(1)110 A4
56 010(1)001 A4 Il'5 5 71111}102 A4
. 0018001 D4(CL1):Eg GS 8,12 71311}1 11 EG
4b OOO(lJOOO D4(a1):Eg’ GS 8,12 —14111112 E6
4C 0008101 D4(a1):Eg’ GS 8,12 —12111110 E6
4d 01 080 10 D4(CL1) G(4,1,2) 4,8 —-120 1}1 12 D5
46 10 0(1)0 01 D4(CL1) G(4,1,2) 4,8 —-121 1}1 02 D5
4f 000(1)010 AS Iy 4 —911}002 A4
4g 1008011 AS Iy 4 —711}000 A4
Y 0008100 3A2:E$ G26 6,12,18 71411}1 11 E7
3b 01080 01 2142 G(6,2,2) 6,6 71201}1 11 D6
3c 000(3001 AQZDE /-4”6 6 —13011112 D4
3d 0008011 AQZDE /-4”6 6 —9011100 D4
2, 2000000 TA, W(E;) 2,6,8,10,12,14,18 ~>1 1111 By
2b 00080 10 4A/1/ W(F4) 2,6,8,12 —1411}1 10 E6
20 10080 01 3A,1 W(Bg) 2,4,6 —1001(1)1 11 A/5
1, %0000 e W(E;) 2,6,810,12,14,18 ' °°0°°% F,
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Table 21: The gradings of positive rank in type

No. Kac diagram w W(c,6) degrees o' Ly
SOallilllll ES N30 30 11}11 11 ES
24a 11(1)1 1111 Eg(al) oy 24 11}1 1 1-5 ES
20(1 11 (1) 10111 Eg(&g) Nzo 20 11 } 11 1-9 Eg
18(1 11 (1) 10101 E7 N18 18 11 } 11 1-11 E7
18b 10 } 01011 E7 Il'18 18 11 1 11 2—-13 E7
18c 10 (1) 01111 E7 Il'18 18 11 1 11 4-17 E7
18d 01 (1) 10111 E7 7o 18 11 i 11 3—-15 E7
18e 11[1)01010 E7 T 18 1111 1 0-9 E7
15a 10 [1) 01011 Eg(CL5) N30 30 11 1 11 1-14 ES
14a 10 [1) 00111 E7<CL1) iy 14 11 } 11 1-15 E7
1417 10 (1) 10101 E7(&1) Loy 14 11 } 11 3—-19 E7
14C 01 (1) 01011 E7(&1) Loy 14 11 } 11 2—-17 E7
14d 10 (1) 01010 E7(CL1) Il'14 14 11 1 11 4-21 E7
12a 10 (1) 00101 Eg(ag) Gl() 12’24 11 1 11 1-17 ES
1217 10 (1) 01011 EG T 12 11 i 11 0—-15 E6
120 01(1)0 1001 EG T 12 1111 1 3-21 E6
12d 01 8 10011 E6 o 12 11 1 11 2—16 E6
126 00 (1) 00111 E6 i 12 11 } 11 1-14 E6
12f 10 (1) 10010 E6 o 12 11 } 11 2—-19 EG
129 11 8 01010 E6 T 12 11 1 11 6—24 EG
12h 00 } 00100 EG Il'12 12 11 1 11 4-20 EG
12i 10 8 01111 E6 T 12 11 i 11 0—-12 EG
12j 00 (1) 01010 D7 T 12 01 i 11 1-15 D7
1Oa 00 [1) 00101 ES(GG) _ —2A4 G16 20’30 11 1 11 1-19 E8
1Ob 10(1)0 1001 D6 T 10 1111 1 0—17 DG
10C 10 8 10011 D6 N10 10 21 } 11 1-21 D6
10d 10 (1) 00010 D6 o 10 01 } 11 1-17 D6
106 01 8 01010 DG Il'10 10 01 1 11 2—-19 Dﬁ
10f 1180 1000 DG Il'10 10 01}1 1 0—-15 Dﬁ
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Table 21 continued: The gradings of positive rank in tyfe

No. Kac diagram w W (e, 6) degrees 0’ Lg
9a 0 OéO 0011 Eﬁ(@l) :E? s 18 11 1 1-20 E7
9b 0 1(0)0 1001 Eﬁ(@l) :E? s 18 11 1 2—22 E7
9c 1 O(OJI 0010 E6<a1) _ E? T 18 11 1 4—-26 E7
9d 0 0(1)0 0100 E6<a1) :E$ T 18 11 1 3—-24 E7
9e 1 080 1011 E@(al) _ E? N18 18 11 1 0—18 E7
9f 1 O(iO 0101 E@(al) ,1’9 9 11 1 0—-15 Eﬁ
8@ 00(1]00010 Dg(ag Gg 8,24 11 1 1-21 ES
8b 10810001 D5 L 8 111 2—23D5
80 01800101 D5 L 8 111 0_19D5
8d 01(0)01000 D5 Lg 8 110 2—22D5
8e 00(;01001 D5 Lg 8 111 2—20D5
8f 00810011 D5 Lg 8 111 6—31D5
89 10(;00100 D5 ,1’8 ] 111 3722D5
8h 10801010 D5 ,1’8 ] 110 0712D5
8i 10(;00011 D5 L 8 111 ()—14D5
; 11800010 D5 L 8 111 4—24D5
Sk 10800111 D5 “8 8 111 0—161)5
7a 0 O(OJI 0010 AG :E7(CL1) Ly 14 11 1 1-22 E7
7b 0 OéO 0001 AG :E7(&1) Ly 14 11 1 3—26 E7
7c 0 180 0100 A6:E7(&1) Ly 14 11 1 2—-24 E7
7d 1 080 1001 AG —E7(a1)2 “14 14 11 1 4—28 E7
6, "9 700 Eg(ag) =—-44, Gy o 12,18,24,30 "' PP g
6b 0 180 0010 E7(a4) _ E? G26 6,12,18 11 1 0—-21 E7
6c 1 080 1000 D6(a/2) G(6,1,2) 6, 12 11 1 1-21 D7
6d 0 0(1)0 0100 E6<a2) G5 6, 12 11 1 2—-22 EG
6e 1 O(OJO 0101 E6(a2) G5 6, 12 11 1 0—-18 E6
6f 00%00000 A5 L 6 éll 2—22A5
69 00801010 A5 ,1’6 6 (1)11 0718145
6h 10(;00001 D4 ,1’6 6 110 27181)4
; 00(;00011 D4 L 6 112 ()—QSD4
; 00800111 D4 L 6 110 ()—12D4
6k 11800000 D4 L 6 110 3—18D4
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Table 21 continued: The gradings of positive rank in tyfae

No. Kac diagram w W (e, 0) degrees 4 Ly
5@ 00810000 2A4:E§ Glﬁ 20730 1111111—24 E8
5b 01800001 A4 /1'10 10 1111110_221)6
50 00(;00010 A4 ,qu 10 2111111726D6
5d 00801001 A4 I1'10 10 1111114730D6
56 10800100 A4 Lo 10 0111112—24D6
5f 10800011 A4 Lo 10 0111110—20D6
4(1 00 8 01000 2D4(a1) G31 8, 12720724 11 1 111 1-25 ES
4b 0 0(1)0 0001 D4(CL1) _ Eg, G8 8,12 11 1 111 2-27 EG
40 0180 0000 D4(CL1):E3 G8 8,12 1 111 10 2-24 EG
4d 0 080 0101 D4(&1) _ Eg, GS 8,12 11 1 110 0-20 E6
46 1080 0010 D4(G1)ZD§ G(4,1,2) 4,8 1111 0 0 0-16 D5
3a 00;)00000 4A2:E810 G32 12,18,24,30 1111111726 Eg
Sb 00800100 3A2:E$ G% 6,12,18 1111110—24 E7
30 10800001 2A2=D$ G(6,1,2) 6,12 01}1111—24 D7
3d 00800011 AQIDE L 6 0111000—15134
2, 090000 8A =1 W(Es) 2,812,14,18,20,24,30 '[P Ry
2b 00800010 4A/1/:Eg W(F4) 2,6,8,12 1111100—22 E6
I 1 W(Es) 2,8,12,14,18,20,24,30 °°0° %% %1 gy

10 Little Weyl groups for inner type E and Kostant sections

In this section we compute the little Weyl group&(c, §) and their degrees whehis inner of positive
rank in typeE. As a byproduct we show that every positive rank inner autpmmsm is principal in a
Levi subgroup. This leads to a verification of Popov’s conjex on the existence of Kostant sections,
and gives a characterization of the orders of positive-eartkmorphisms.

10.1 The Levi subgroupLy

In tables 19-21 above we have indicated a Levi subgiguphose corresponding subset- {1,..., ¢}
satisfies the conditions of Lemn7a6, giving an embedding

CWJ(w) - W(C, 0) (14)

In each case, the embeddirigl) turns out to be an isomorphism. It follows that the degrdé& ¢, 6)
are those degrees oif ; which are divisible bym.
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We verify that (L4) is an isomorphism as follows. Lét; C W be the subgroup acting trivially on the
span of the roote; for j € J and set;(w) = |Cw (w)|/|U,|. Lemma7.5shows thatW¥ (c, §)| divides
c;(w). The subgroug/; can be found in the tables d][(it is denoted there byis). In all but eight
cases we find that

[Cw, (w)] = ¢;(w),
showing thaCyy, (w) = W(c, 0).

We list the exceptional cases for whithy,, (w)| < c¢;(w). We write |Cyy, (w)| as the product of
degrees divisible byn.

G no. w J |Cw,(w)] cs(w)
E6 4b D4(&1) D5 4-8 8-12

E: 9  Es(an) Es 9 18
E7 54,5,  As Ay 5 10
Er 44,4 Dyla;) Ds  4-8  8-12
Es 95 Eg(a)) Eg 9 18
Es 4. Dyla)) Ds 4.8  8-12

To show thatV (¢, ) = Cw, (w) in all of these cases as well, it suffices to show thghas an invariant
polynomial of degred = 4,9, 5,4, 9, 4 for the respective rows. K has characteristic zero this can be
done using the computer algebra system LiE to find the diroarwitheG-invariants inSym?(g*). In
fact we did this for all of the positive rank cases in excempicgroups, as a confirmation of our tables.
If £ has positive characteristje (not dividing m) the desired invariant is provided by the following
result.

Lemma10.1Letp : H — GL(V) be a representation of an algebraic group over the ringZ[(],
where¢ € Qis a primitive m*"-root of unity. Assume that/(Q) has a nonzero invariant vector in

V(Q) with multiplicity one. Therf{ (k) has a nonzero invariant i (k) for any algebraically-closed
field k of characteristicp not dividingm.

Proof: Let W (k) be the ring of Witt vectors of, let K be the quotient field ofV/ (k) and letL
be an algebraic closure @f. Our assumption implies thdf (L) has a nonzero invarianft € V(L)
with multiplicity one. The lineL - f is preserved bysal(L/K), so Hilbert’s theorem 90 implies that
L - fnV(K) is nonzero. We may therefore assume tfiat V(K). Clearing denominators, we
may further assume thgt € V(W (k)) and is nonzero modulo the maximal idedl of W (k). The
reduction off modulo gives a nonzero invariant &f (k) in V (k). |

As illustrated in the following examples, we can often cotegihe desired invariant by hand.
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10.1.1 Example:Es no. 4,

We label the affine diagram dfs and write the Kac diagram @frespectively as as shown:

12345 0100 1
6 0
0 1

We viewg, as a representation 8., x SL; xT3, whereT; is the two dimensional torus whose cochar-
acter group has bas{s»,, w5 }, wherew; are the fundamental co-weights B§. Each node labelled1

in the Kac diagram gives a summabgof g; whose highest weight is the fundamental weight on each
node adjacent toand with central character; restricted tdl,. Thus, we have

T~ (2K6) @ (1K4) & (1XK4)
1 —2 0
S ~1 1

IR

Ec Eom

1
2
5

Here2 and4 are the standard representationsSbf, andSL,, 4 is the dual of4 and6 = A%4. It
follows that the symmetric algebra gf can haves,-invariants only in tri-degree@k, k, k). To find
the expected invariant of degree four, we must findbas x SL-invariant in the summand fdr = 1:

Sym?*(2X6)® (1X4)® (1XK4) =Sym*(2X6) ® (1 X End(4)).

Sincem = 4 we havep # 2, soEnd(4) = 1 & sl,. Since2 and6 are self-dual, affording alternating
and symmetric forms, respectively, our invariant must lvemgiby anSL, x SL,-equivariant mapping
Sym?(2X 6) — 1 ® sly. Indeed, wedging in both factors gives a map

Sym?(2 X 6) — A?2X A%6 = 1 K s05 ~ 1 X sy,

exhibiting the desired invariant of degree four.

10.1.2 Example:E; no. 5,4

The Kac diagram is
0100001
1

with G° = SL, x SL; and
gi=(2X5) 3 (1X5)a (1K A*5).

The center of7, has invariants in tri-degre€8k, k, 2k), leading us to seek &l.s-equivariant mapping
5 ® Sym?(A?5) — Sym?(2 X 5)512.

LetU andV bek-vector spaces of dimensiofsind arbitraryn < oo, respectively. LeP,(Hom(V, U))
be the space of degree two-polynomialstm(V, U), with the naturalS L (V') x SL(U)-action. Then
we have a nonzero (hence injective) mapping

p 1 A2(V) — Py(Hom(V. U)M@, w i o,
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given by, (f) = f.(w), wheref, : A2(V) — A?(U) =~ k is the map induced by. One checks that
dim P (Hom(V, U))SM¥) = (1), so thaty is an isomorphism a$L(1')-modules

A*(V) ~ Py(Hom(V, U))SH¥), (15)
Returning to our task, we now must find &h;-equivariant mapping
5 ® Sym?(A%*5) — A%5.

The contraction mapping
5@A — 5 1vQwr c(w),

wherec,(A A ) = (N, vy — (u, v)\, extends to a mapping
5 ® Sym?(A%*5) — A®5, VR (w-n) — cp(w) An+c(n) Aw.

SinceA35 ~ A%5 asSLs-modules, we have the desired invariant.

10.1.3 Example:E; no. 4,

The Kac diagram is
1000001
1

andGse = SLg with g; = 6 ® 6 ® A®6. The action of the center leads us to seel§hg-invariant in
6 ® 6 ® Sym?(A%6).
If V is ak-vector space of even dimensi@m, we have a nonzerdL(1)-equivariant mapping
@ :End(V) — BA™V), A pa,

given by ps(w) = w A A.w. Since theSL(V')-module A™V is self-dual this may be viewed as a
nonzero mappingnd(V) — Sym?(A™V). Takingm = 3 gives the desired invariant.

10.1.4 Example:E; no. 4,

The Kac diagram is
0100010
0

with G§¢ = H; x Sping x Hy, WhereH; ~ H, ~ SL,, andg; = (2K 8X 1) & (1 X 8 X 2), where
8 and8'’ are non-isomorphic eight dimensional irreducible repnées@ns ofSping. The action of the
center leads us to seek an invariant in

Sym?(2 K8 X 1) ® Sym?*(1 X 8 X 2).

Since every representation in sight is self-dual, we regaliping-equivariant mapping from th&;-
coinvariants to théZ,-invariants:

Sym?(2X 8 X 1)y, — Sym?(1 X 8 X 2).
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Sincem = 4, the characteristic df is not two, so for &-vector spacé’ of arbitrary finite dimension
n the symmetric square

n

Sym*(V ® 2) = Sym?(29") = n - Sym?*(2) @ (2> (2®2)

is completely reducible as &i.,-module. Hence the canonical map

Sym*(V ® 2)° — Sym*(V ® 2)gL,, (16)

from the invariants to the coinvariants, is an isomorphi$i®ld V' )-modules. From5), both modules
are isomorphic to\?V.

Returning to our task, we now requiréaing-equivariant mapping
A8 — A8,

But both of these exterior squares are isomorphic to theirstdjepresentation odping, whence the
desired invariant.

10.1.5 Example:FEs no. 4,

The Kac diagram is
10000010
0

with G = Spin(12) x SL, and
g =(32K1) @ (12K 2),

where32 is one of the half-spin representationsSpiin,,, which is symplectic sincé = 2 mod 4.
The action of the center @f, leads us to seek an invariant in

Sym*(32 ¥ 1) ® Sym*(12 X 2).
We must therefore find &pin,, x SLy-equivariant mapping

Sym?(12 X 2) — Sym?(32X 1).

From (15) and (L6) this is equivalent to &pin,,-equivariant mapping
A*12 — Sym?*(32).

But A%12 ~ so0;, andSym?(32) ~ sp,,. The desired mappingp,, — sps, is simply the representa-
tion of so;, on the symplectic half-spin representat@2
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10.2 A remark on saturation

Let
W*(C, 9) = NGe(C)/CGe(C).

Clearly W (c,0) € W*(c,0) c W! (see (1)). We say that) is saturated if W (c,0) = W*(c,0).
(For the adjoint groug- this is equivalent to the definition given in section 5 89].) Clearly ¢ is
saturated ifGY = G,. As remarked in sectioid.3 this holds whenever the groupy(z) is trivial. In
particular, saturation holds in typ€s,, > D,, F}, Es, ?Es, WwhereQ) itself is trivial. It is known (R9],
[18]) that all gradings on classical Lie algebras are saturatedpt for certain outer automorphisms of
order divisible by 4 in typeD,,. It remains to consider only those inner automorphismgpéand F-;
where the Kac diagram is invariant under the symmetries @affine Dynkin diagram and we have
W(0,¢) # W{. The latter implies thatCy, (w)| < c;(w). The only cases not thus eliminated are
44 and4, in type E;. But in these two cases we havgw)/|W (0, ¢)| = 3, while [GY : G| = 2, so
saturation holds in these cases as well. We conclude thgtaalings on exceptional Lie algebras are
saturated.

10.3 Kostant sections and the Levi subgroug.

A Kostant section? for the gradingg = @;cz/ g; is an affine subspace C g; such that the em-
beddingv — g, induces an isomorphism of affine varieties— g,//Gy, or equivalently, if the
restriction mapk[g;|“° — ko] is bijective.

Recall that we have fixed a pinnifg(, R, X, R, {E;}) in G, which determines the co-characjer
X, (T') and principal nilpotent elemerit = > £;, such thal(t) - £ = tE£. From 21, Thm.3.5] and
[18, Prop.5.2] we have the following existence result for Kostections.

Theorem 10.2 Assume the characteristic bfis not a bad prime for=, thatm nonzero ink. Then the
gradingg = ®;cz/m g; associated to the principal automorphighy = p(¢)¥ has a Kostant section
E + u, whereu is any vector space complementdg, F] in g; such thatu is stable undep(k*).

We have seen that for each positive-rank torsion inner aoitphism in typel ; s there exists a subset
J C{1,2,...,¢} such thatV(c,0) = Cw,(w). This can also be checked for the classical groups and
typesFy, GGo. Thus, we have a case-by-case proof of the following theorem

Theorem 10.3 Let # be an inner automorphism @f whose ordenn is nonzero ink and letc be a
Cartan subspace gf;. Then there exists é&stable Levi subgroup = L, whose derived Lie algebra
[ containsc in its derived subalgebra, such that the following hold:

1. 6l = Ad(pr(Q)).

2In the literature, this is also called a "Kostant-Weierss'aor "KW” section because in the case of the non-pinnedroute
triality automorphism ofog such a section is equivalent to the Weierstrass-normal fidfrennonsingular homogeneous
cubic polynomial in three variables.
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2. The inclusion of little Wey! grougd’;,(c, 8) — W (c, ) is a bijection. In particular, the degrees
of W (¢, §) are the precisely the degreesidf, which are divisible byn.

3. The restriction mag|g;]“° — k[l;]%° is a bijection.

In view of Thm.10.2 we conclude:

Corollary 10.4 Every positive-rank torsion inner automorphism in tyfig; s has a Kostant section
contained in the Levi subalgebtaf the previous theorem.

We also observe:

Corollary 10.5 A positive integemn is the order of a torsion inner automorphism of positive rank
precisely ifm is the order of a-regular element in the Weyl group of a Levi subgroug-of

11 Outer gradings of positive rank in type Ej

We realize the outer pinned automorphismifas the restriction of an affine pinned automorphism
of E,, as in sectiorb.

11.1 Root systems of typé’; and 2 Ej

Let (Y, R,Y, R) be a root datum of adjoint typB; and fix a basé\ = {o, ..., a7} C R with lowest
root «, according to the numbering
0123567
: . (7)

The setll := {ap} U A has stabilizedV; = {1,9} of order two, where) = r;ryrs is a prod-
uct of reflections about mutually orthogonal roets~., v in which the coefficients of simple roots
{ai,..., a7} are given by

012221 112211 122111
71 = 1 ) T2 = 1 ) V3 = 1 .

The sum
1+ Y2+ 3 = 24,
whereji = w7 is the nontrivial minuscule co-weight.

Regard the vector spadé = R ® Y as an affine space withas basepoint. Each linear functional
AV — Ris then regarded as an affine functionlorvanishing ab, we have the affine root system

b={a+n: ac€cR nel}
with basis{ ¢, ¢1, ..., o7} wheregy = 1 + g, 91 = au, ..., 7 = oy satisfy the relation

Go + 201 + 302 + 4@z + 204 + 305 + 206 + @7 = 1. (18)
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A pointx € Vj of orderm has Kac diagram

So S1 S2 S3 S5 S St (19)
Sy ’
wheres;/m = ¢;(x).

The affine transformatiod : V — V given by

Ve)=p+79- o

permutes the simple affine roo{&o,; ., ¢7} according to the nontrivial symmetry of the affine dia-
gram of E;. The fixed-point space of in V' is given by

AV =V 4 S,

which is an affine space under the vector spdte= R ® Yy, with basepoin%ﬂ. The rational points
in A” are precisely those poinise 1 whose Kac diagram has the symmetric form

S0 S1 S2 S3 S2 S1 So

. , (20)
in which case equatiorl8) implies that

So + 251 + 389 + 283 + 54 = m/2, (21)
wherem is the order ofr.
The automorphismd permutes the roots;, . .., ag which generate a root subsystdi of type FE.

The co-weight latticeX = Hom(ZR', Z) has dual basi$w, . . . , &g} and we have
XV =vy".

HenceA" is also an affine space underz XY and we may construct the affine root systéiR’, )
as in sectior?.1, using the point, = %/1. We havely = 4 and¥ (R, ) has basis, . . ., 14, Where
Qﬂi:ai‘_Aﬂ for 1 §Z§4and

Yo + 201 + 3Py + 20h3 4+ hy = 1/2. (22)

A rational pointx € A& with £; Kac-diagram 20) has? £ Kac-diagram
Sp S1 S2 < S3 S4.

This is clear forsy, . . ., s4 Sincey; is the restriction of;, and follows fors, by comparing the relations
(18) and Q2).
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11.2 Lie algebras of typeE; and 2 E

Let k& be an algebraically closed field of characteristi, 3 and letg be a simple Lie algebra ovér
of type E; with automorphism groug’ = Aut(g). We fix a maximal toru§” C G with Lie algebra
t and we choose an affine pinnitfg: {FEy, ..., E;} for T in g, numbered as inl(7). As above we
let v = ryrors € Wi be the unique involution acting dn via the permutatiori07)(16)(25). Recall
from section6 thatv has a liftn € N of order two defined via the homomorphism SL, — G as in
equation L0).

Let.S = (T7)° be the identity component of the group of fixed-pointg)ah 7. The co-weight group
of S'is X? and we have
T =8 % (a(-1),

whereji = @~ is the nontrivial minuscule co-weight. The automorphism= Ad(ji(—1)) has order
two; its fixed-point subalgebrgt decomposes as

g=hd;

where = dji(k) andh = [g°, g°], the derived subalgebra gf, has typeFs and is generated by the
root spaceg, for a« € £{a1,...,as}. Note thats andn both lie in the subgrougp(SL,) and are
conjugate therein.

The centralizeC(¢) is the normalizer inG of b, surjecting ontd\ut(h), and is also the normalizer
of in G of 3. The centralizeC’;(3) of 3 is the identity component af;(¢), and the image of'(3) in
Aut(h) is the group

H = Aut(h)°

of inner automorphisms df. It follows that we have an exact sequence

1 — (k) — Cals) — H — 1. (23)

Proposition 11.1 Letd € Aut(g) be a torsion automorphism whose orderis nonzero irk. Then the
centralizerG? has at most two components, and the following are equivalent

1. The normalized Kac diagram 6thas the symmetric forth * < ¢ ¢ > ¢,

2. TheG-conjugacy class of meetsSn.

3. The centralizet?? has two components andlies in the non-identity component.

Proof: For the number of connected components and the equivaleae@d, see P2, Prop. 2.1]. We
provel < 2. After conjugating byG, we may assumé = Ad(t) for somet € T. We havet = \(¢),
for some co-weighh € X and we set: = %5\. From the previous section the Kac coordinateg affe
symmetric precisely if

r=n+9-x.

This is equivalent to having — VS X7, Evaluating at this is in turn equivalent to having € S,
ort € Se. Sincen ande are conjugate irp(SLy) which centralizess (see Lemm&.3) we can replace
e by n. |
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Proposition 11.2 Let s € S and supposen has orderm invertible ink and letd = Ad(sn) have
symmetric normalized Kac diagrén? © “ *“. Then

1. 6 normalizes) andd)| is an outer automorphism @fwith Kac diagram

abec<=de.

2. Every torsion outer automorphismipfs conjugate td@|,, whered = Ad(sn) for somes € S.

3. We haveank(d|,) < rank(f).

Proof: SinceAd(n) = v normalizesh, acting there via a pinned automorphism, and S C H,
we have thab|, is an outer automorphism ¢f The relation between the Kac diagramsaindd|,
follows from the discussion in sectidri.1

Assertion 2 is now clear, since every Kac diagram; s, < s3 s4 corresponds té\d(sn)|, for some
s € S. We can also prove assertion 2 directly, as follows: Sifice H is a-stable maximal torus
of H, every torsion outer automorphism bfis H-conjugate to one of the formd(s)v for some
s € (T'n H)?[22, Lemma 3.2]. We must therefore show tliatn H)? = S. Since the Lie algebra of
Sis t” which is contained irit N h)?, it suffices to show that’ C . Butt’ has dimension four and is
spanned byld; (1) + dar—;(1) for 1 <14 < 4, and these vectors lie in

Finally, a Cartan subspace féJ; is contained in a Cartan subspacedpso assertion 3 is obvioudll

Prop. 11.2implies that the Kac diagram of any outer positive rank autgrhism offy must have the
formabc < de, wherd' * ©?° * “is a positive rank diagram fdt; appearing in sectio.2.

For example, there are two outer automorphisms béving ordern = 2, namely the restrictions to
h of ¥ = Ad(n) anddy = Ad(ny) wheren, is a lift of —1 € W (E;). These are the involutions if;
numbered, and2, respectively Table 20 of secti¢h2 The Kac diagrams i, and?Ey are shown:

g, 1000001 g. 0000000
0 1
dy: 100<00 doly: 00001

Both ¢ and ), act by —1 on 3. It follows that their ranks infs are one less than their ranks i,
namely
rank(J|y) = 2, rank(dJg|y) = 6.

11.3 Positive rank gradings onE (outer case)

From Propsl11.1and11.2we know that the Kac diagrams for positive rank gradings iteotypeFE
are obtained from symmetric positive-rank diagramsHer We now adapt our methods for the inner
case to complete the classification of positive rank outadiggs ofF.

63



We regardiV (Es) as the subgroup ofi’ (E;) generated by the reflections for the roats. .., as.
Equivalently,IW (Eg) is the centralizer of in W (E;). The coset-W (Es) = {wdy : w € W(Eg)}
consists of the elements I ( E;) acting by—1 on 3 and contains botlt and,.

Lemma 11.3 Letn,, € N¢(t) be a lift of an elementy € —W (Es). ThenAd(n,,) normalizes) and
acts onh as an outer automorphism.

Proof: Sincew permutes the root spacesknit follows thatn,, normalizes. Letn € Ng(t) be the
lift of ¥} constructed above. Both andn,, act by—1 on 3, son - n, lies in the connected subgroup
Cs(3) and the image of - n,, in Aut(h) lies in the subgroup\ut(h)° of inner automorphisms. Since
Ad(n) = ¢ is outer o, it follows thatAd(n,,) is outer onh as well. |

Letw € W(E-) be any element whose orderis invertible ink and such thaty has an eigenvalu¢
of orderm ont. Recall thatKac(w) is the set of normalized Kac diagrams of torsion automorphis
0 € Aut(g) of orderm such that) normalizest and acts on via w.

Let 7 € Aut(h) be a torsion outer automorphism with Kac coordinatés: < d e. We write

T~ W

to mean that the symmetric Kac diagrgmb ¢ g ¢ba

appears ifKac(w). Let Kac(w)sy, denote

the set of symmetric diagrams Itac(w).

Proposition 11.4 Let 7 € Aut(h) be a torsion outer automorphism whose order> 2 is invertible
in k. Assume thatank(7) > 0. Then there exist® € —W (Eg) suchr ~» w. Moreover, we have

rank(7) = max{rank(w) : w e —W(Es), 7 ~> w}.

Proof: Letc C h(r,() be a Cartan subspace. Theis contained in a-stable Cartan subalgebteof
h so thatc = t(7, ¢). Conjugating byH, we may assume th#étC t and therefore = t' @ 3.

We haver = 6|, for somef € Aut(g) normalizingh. Thend also normalizes the centralizgof b.
Sinced|,, is outer but?|y is inner, it follows that) acts by—1 on .

Sinced normalizeg, it projects to an element € W (E;). The subgroup ofV ( E;) normalizing; is
{£1} x W(Eg) andW (Ej) is the subgroup centralizing It follows thatw € —W (Eg).

Since the normalized Kac diagram@belongs td{ac(w) andr = 0

y We haver ~ w. We also have
rank(w) = t(w,¢) = ¢ (w, ().
Suppose now that € —WW (Eg) is any element for which ~~ w. Leta b ¢ < d e be the normalized

Kac coordinates for. Sincer ~» w there is a liftn,, € N¢(t) such thatAd(n,,) has normalized Kac

diaramabcdcba
g e .
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By Lemma (1.3, we have that\d(n,,) is an outer automorphism gf Hence there is € S such that
Ad(n,)|y is H-conjugate taAd(sn)|,. From the exact sequenc23j there arey € C(3) andz € Z
such that

gnwzg_l = 3sn.

Butn,, is Z-conjugate to,, z, sSincew = —1 onj. Thereforen,, andsn are conjugate unde&r(3), SO

Ad(sn) also has normalized Kac diagraamb ¢ g cb “

By Prop. 11.2 Ad(sn)|, has Kac diagram b ¢ <= d e, and therefore\d(sn)|, is H-conjugate tor.
But
Ad(sn)ly = Ad(gnwzg™)|y = Ad(gnwg ™)y

is conjugate ta\d(n,, )|y, via the element = Ad(g)|, € H. Thus,r andAd(n,)|, are H-conjugate.
Sincet(w, ) C b, an H-conjugate oft(w, ¢) is contained in a Cartan subspaceroBSorank(w) <
rank(7). This completes the proof. [

The Kac diagrams of positive rank f&F are obtained from symmetric positive rank diagramsAer
of which there ar0 (see Table 20).

Three of theseld,, 84, 8.) have rank zero fotE; as will be explained. Two more have order= 2
and are easily handled by known results. The ranks for thaireng 15 are found as follows. Using
Prop.11.4 it is enough to extract the symmetric diagrams from theipiahry table forF; in section
9.1 The results are shown below, wheres the rank ofr in 2 E;.

Table 22:Kac(w)sym for certainw in —W (Eg)

m|we-W(Es) | weW(E;) |r|Kac(w)u |Kac(w)sgym

18 — By(a1) E, 1 1111111 1111111
12 —FEq Er(as) 1 110}011 110}011
10| —(As+ Ay) Dg 1 **11111 0101010 101(1)101 110[1)011
8 —D5 D5+A1 1 1*1111* 010[1)010 1001001
6 —(342) Er(aq) g|tooLe ot tootoot
6 —(24) Aj + Dg(as) | 2 1*1(1)101 010(1)010 100(1)001
6 — Ay 3A,+D, |1 1*1}1*1 0001000
6 | —(A + AY) AL 1 *11111* 0018100 1108011 010(1)010
1001001
0
4 —Dy(ay) A+ 245 |2 1119{111 000(1)000
—As+24; | (A1 +A43)" |1 111;1 11 000[1)000 01080 10 100(1)001

Casel4, has rank zero since there are no elements of oraeri4 in W(Es). Cases3,; and8, have
rank zero since; is the only element of orde&in W ( E) and the Kac diagrams @y, . do not appear
in the row forw = — D5 in Table 22 above.
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11.4 Little Weyl groups for 2 E

The little Weyl groupdV (¢, 7) and their degrees are determined as follows.

Casesl8,, 12;, 64, 45, 2,. These cases are stable, hence by Cetwe havelWy (¢, 7) = W (t')?,
wheret’ is the unique Cartan subalgebrahafontaininge. TheniV (t)? and its degrees are determined
from [27].

Lemma 11.5 If dim ¢ = 1 thenWy (¢, 7) ~ u, for some integed divisible bym /2.

Proof: Sincedim ¢ = 1 we havelWy(c,7) ~ p, for some integed. We may assume = Ad(n,,)|y,
wheren,, € N¢(t) hasimagev € —W (FEg). Thenn? € H, has eigenvalué? on ¢, where¢ € k£* has
orderm equal to the order of. It follows that som /2 dividesd. [

Casesl0,, 10, 10.: In these cases we hawe = 10 anddimc¢ = 1 sou; < Wy(c,7), by Lemma
11.5 And Wy (e, 7) < Wg(c, 72). Noww? has typed, in Eg, and all lifts of this type have little Weyl
grouppus, from Table 192 So AndWg (¢, 7) < Wg(c, %) ~ ps.

Cases3., 8;: Inthese cases we hawe= 8 anddimc¢ =1sop, < Wy(c,7) < pg, by Lemmall.5

In case8; the diagram for’ in Table 20 shows that is principle in Aut(h). HenceWpy(c,7) =
Nw,, (¢)/Zw, (c), by Prop. 7.2 The elementv has type—D; andc¢ may be chosen to be the(-
eigenspace foy = —w in t. Since(y) acts faithfully onC, there is a copy ofig in Wy (¢, 7).

In cases. we rule outu, using invariant theory, as in sectidf. A degree-four invariant ify; would
correspond to an element of

Hom,, (Sym?(2 X 2)*, Sym*(3 X 2)"), (24)
arising from the action of, x M x R = SLy x SLy x SLy On
hh =~ 2K2K1 ¢ 1X3X2.

But Sym?(2 X 2)” is the trivial representation dff andSym?(3 X 2)% is the adjoint representation of
M, which is irreducible sincg > 2. Hence the vector spac24) is zero.

Case6.: Here the centralizer ab = —2A, in W (Es) has ordef08 and contains a subgrodf (A;)

acting trivially on the root subsystem spanned byaHe. It follows that|WWy (7, ¢)| < 18. Results in
the next section show théit; (7, ¢) contains the centralizer of|&3]-cycle in the symmetric groufs,

which has ordets.

Case6,: Heredim ¢ = 1 andw? has typed,, of which all lifts in H have little Weyl groug.s. Hence
ps < Wy(e,7) < ps. One checks that af-invariant in degreé in b, is a quadratic form o524,
which must be trivial. Henc®/x (¢, 7) ~ us.

Casesi;, 6,: These cases have = 6 anddimc¢ = 1 sous < Wy(c,7), by Lemmall.5 We show
this is equality by finding att{,-invariant of degre@ on ;.

3In fact, using Kac diagrams one can check that clasggs.. in Table 20 square to classgs; ., respectively, in Table
19.

66



In case6;, b, is the respresentatioh X 3 = End(3) of SLs x SL3, and the determinant is a cubic
invariant.

In caseby, b, is the respresentatioh® 8 of Spin,, where8 is the Spin representation, which affords
an invariant quadratic formp. The map(z, v) — « - ¢(v) is a cubic invariant.

Casesd., 4, These cases have = 4 anddim¢ = 1 souy < Wy(c,7), by Lemmall.5 We show
that in both cases there is a quartic invariant but no quiadratariant.

In case4., b, is the representation®(6) = 6 & 14 of Sp, xT, wheret € T acts byt, ¢! on the
respective summands. Singe> 2 both summands are irreducible so there is no invariant iadsiee
(1,1). In characteristic zero one computes thain*(6) appears irSym*(14), giving a nonzerdd,
guartic invariant, which persists in positive characterisy Lemmal0.1

In cased,, b is the representatioR X 8 of SL, x Spin;. Since this representation is irreducible and
symplectic there is no quadratic invariant. To find a quant#ariant we may assume the characteristic
of k is zero. Write

b1 =8, ®8_,

according to the charactets— t*! of the maximal torus ofL,. One checks that

1 fori £ 2

dim [Sym*7(8,) ® Sym*(8_ Sping _
[Sym™'(8+) @ Sym'(8)] 2 fori=2.

Since this summand affords the character’ of the maximal torus of L,, it follows that there is a
one-dimensional space of quartic invariantgjrfor SL, x Spin,.

11.5 Standard subalgebras and Kostant sections

Fix a torsion automorphisrh = Ad(s)d of h = ¢g, with s € S = (TV)°, and letr € Aut(h) be
another torsion automorphism of the form= Ad(t) (inner case) orr = Ad(t¢)J (outer case), for
somet € S. We call the fixed-point subalgebba a standard subalgebra The standard subalgebras
h” for inner automorphisms = Ad(¢) are in bijection with proper subdiagrams of the affine diagra
of type Ei; these subalgebras all contaims a Cartan subalgebra. The standard subalgébris
outer automorphisms = Ad(t)v are in bijection with proper subdiagrams of the affine diaget
type?Eg; these subalgebras all contdfhas a Cartan subalgebra.

The automorphism& andr commute, s@ acts on the standard subalgebra- g”. If 7 is inner andy
acts nontrivially on the subdiagram fothend|, is outer, becausepermutes a basis of the root-system
of tin . And if 7 is outer therf|, must be inner, becaugeacts trivially on the Cartan subalgektfaof

t.

Suppose now thatank(f|¢) = rank(6), so that there is a Cartan subspader ¢ such thate C ¢t.

Let K = Aut(¢)° and letK be the connected subgroup Bf corresponding td. These groups are
normalized by and the natural maff’ — K restricts to a surjection

Ko = (K%)° — (K%)° = K,
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which induces an isomorphism

Nig,(€)/Z,(¢) = Ny (¢)/ Zig, (c).-
It follows that we have an embedding of little Weyl groups

WK(C, 9|g) — WH(C, 9)

With the exception of numbet,., the next-to-right-most column of Table 23 below gives thacK
diagram of an/-conjugate?’ of § such that the subdiagram tfs determines a standard subalgebra
(given in the last column) such that

rank(6|¢) = rank(0) and  Wk(c,0¢) = Wg(c,0),

and such thafl|, satisfies the conditions of Lemn7ad. From [18, Prop. 5.2] it follows that admits a
Kostant section contained fn

In the table below we indicate = ™ as the subdiagram dfs in a Kac diagram of type’s; or 2Ej
according to whether is inner or outer. Recall that|, is then outer or inner, respectively. The
superscript X means that|, is outer. The notatiof(2A,) indicates that ~ sl; @ sl; andd swaps the
two factors.

In the exceptional cas®., previous work on involutionslp, Prop. 23] (fork = C) and L7, 6.3]
(for p # 2) shows that there is @stable subalgebra~ sl(; containingc as a Cartan subalgebra, and
Wy (c,0) is just the ordinary Weyl group afin ¢. In this casé is the unique (up to conjugacy) pinned
involution of sl3, which is known to have a Kostant section.
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Table 23: The gradings of positive rank in typg (outer case)

No. o1y we—-W(Es) weW(E7;) Wg(c,0|p) degrees ¢ £
18, 111«<11  —FEg(ay) E; Lo 9 111<11 2F
12, 110«<=11 —Fs Fr(as) o 12 211<11  2%F;
10, 110<=10 —(A4+ Ay) Dy L 5 311<11  2%F;
10, 101<=01 —(Ay+ A)) Dy L 5 —111<=1-1 245
10, 010<=11 —(A4+ Ap) Dy L 5 9-51«<11 2Ds
8; 100«=11 —Ds D5+ A, L 8 —411<11  2%F;
8. 010<10 —Ds Ds + A, L 8 1l<=1-4 C,
6, 100<=10  —(34) Er(ay) Gos 6,9,12 511«<11  2%F;
6. 010<=01  —(24y)  Dglaz) + A, G(3,1,2) 3,6 211<=1-6 24,
6, 000<=11 — Ay Dy + 34, L 6 —301«<11 B
6, 001<=00 —(A;+ A)) AL L 3 011<=0—-2 2(24,)
6 110<=00 —(A;5+ A)) AL L 3 011<2 -6 2(2A,)
4y 000<=10  —Dy(ay) 245 + Ay Gy 8,12 —611<=11  2%F;
49 01000 —(As+2A4)) (As+ A" Ity 4 111<-20  As
4, 100<=01 —(A3+24;) (Az+ A" I 4 —1-11<10 B,
2, 00001 —1 TA, W(Es) 2,5,6,809,12 -T7ll<11 2[4
2. 100<=00  —(44)) (3A,) W(Ay) 2,3 —— - 2A,
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