
From Laplace to Langlands via
representations of orthogonal groups

Benedict H. Gross∗

Department of Mathematics, Harvard University
Cambridge, MA 02138

gross@math.harvard.edu

Mark Reeder†

Department of Mathematics, Boston College
Chestnut Hill, MA 02467
reederma@bc.edu

August 31, 2005

1 Introduction

In the late 1960s, Robert Langlands proposed a new and far-reaching connection
between the representation theory of Lie groups over real and p-adic fields, and
the structure of the Galois groups of these fields [24]. Even though this local
Langlands correspondence remains largely conjectural, the relation that it predicts
between representation theory and number theory has profoundly changed our
views of both fields. Moreover, we now know enough about the correspondence
to address, and sometimes solve, traditional problems in representation theory that
were previously inaccessible.

Roughly speaking, the local Langlands correspondence predicts that complex
irreducible representations of a reductive groupG over a local fieldk should be
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parametrized by certain homomorphisms of the Galois group (or more generally
the Weil group) ofk into a complex Lie groupLG which is dual toG, in a sense
that will be explained below.

In this article, our aim is two-fold: First, we want to introduce the Lang-
lands correspondence for reductive groups over local fields, giving many exam-
ples along the way. Second, we want to show how the Langlands correspondence,
combined with some ideas from number theory, can be used to study the classical
problem of restricting irreducible discrete series representations fromSO2n+1 to
SO2n.

The conjectures of Gross-Prasad [14] describe these restrictions in terms of
symplectic local root numbers attached to the Langlands parameters of represen-
tations of orthogonal groups. These root numbers are number-theoretic invariants
of the parameters, but to test the conjectures one needs to construct the corre-
sponding irreducible representations. This has been done recently, for some inter-
esting discrete series parameters, in [9] and [22]. Specializing this constuction to
orthogonal groups, we verify the Gross-Prasad conjecturesfor these parameters.

Since the restriction problem we consider has roots in the very origins of rep-
resentation theory, we have tried to place our results on orthogonal groups in an
historical context. Moreover, as representation theory isnow used in many areas
of mathematics, we have also tried to make much of this paper accessible to a
wide audience, by raising the prerequisites as gradually aspossible. This aim has
forced us to omit much recent work on the local Langlands correspondence, such
as [18], [20] forGLn, and [26], [27] on unipotent representations.

We begin with a discussion of spherical harmonics for the compact real group
SO(3) of rotations inR3. We will see that each irreducible representation of
SO(3) is naturally paired with a discrete series representation of the noncompact
orthogonal groupSO(2, 1). This is our first example of anL-packet of represen-
tations attached to a Langlands parameter. We then introduce thep-adic versions
of SO(3) andSO(2, 1), and arrive at analogousL-packets of discrete series rep-
resentations. In both cases, we discuss the restriction of the representations to the
subgroupSO(2).

Next, we return to real groups, in a more general setting. After a review of the
fundamental results on discrete series for real Lie groups,due to Harish-Chandra
and Schmid, we partition their representations intoL-packets, with illustrations
in the orthogonal case. This permits us to formulate the Gross-Prasad conjecture
on restriction fromSO2n+1 to SO2n, which in the real case generalizes classical
branching laws.

In section 6 we turn to a general description of Langlands parameters, intro-
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ducing the Weil group of a local field and the complex Lie groupLG mentioned
above. Here the prerequisites increase; to help the reader we give some back-
ground on root data and quasi-split groups. We then show how the L-packets
constructed by Harish-Chandra and Schmid correspond to real Langlands param-
eters, and we illustrate these parameters for orthogonal groups in more detail.

The remainder of the paper is devoted to thep-adic case, where much of the
Langlands correspondence remains conjectural. We focus onparameters which
we call “tame regular discrete”, and which are analogous to discrete series param-
eters in the real case. In section 11 we briefly outline the recent construction of
theL-packets of irreducible representations associated to these parameters. Af-
ter a few words about Bruhat-Tits theory, we then give more details about this
construction, in section 13.

We then turn to the parameters forp-adic orthogonal groups, and introduce
local epsilon factors from number theory, in order to state the Gross-Prasad con-
jecture on restriction fromSO2n+1 to SO2n in thep-adic setting. The rest of the
paper is devoted to verifying this conjecture, for tame regular discrete Langlands
parameters. The proof invokes a result in [28] on the restriction of Deligne-Lusztig
characters for finite orthogonal groups.

There is no denying that the Langlands correspondence throws many technical
barriers in the way of the interested mathematician, neophyte and expert alike! We
hope that the mixture of general theory with explicit examples will enable many
readers to hurdle, or at least to see over these barriers, in order to appreciate this
fruitful interaction between representation theory and number theory.

We thank J.-P. Serre and N. Wallach, for helpful comments on an earlier ver-
sion of this paper. In addition, the referees made numerous insightful criticisms
which, we believe, enabled us to improve the exposition.
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2 Spherical Harmonics

One of the earliest results in harmonic analysis for a nonabelian group was the
decomposition of square-integrable functions on the sphereS2:

L2(S2) =
ˆ⊕

m≥0

πm (Hilbert direct sum) (1)

into eigenspaces of the spherical Laplacian. The eigenspace denotedπm has di-
mension2m + 1, and has associated eigenvalueλ = −m(m + 1). It affords an
irreducible representation of the spherical rotation group SO(3).

Every irreducible complex representation of the compact groupG = SO(3)
is isomorphic to someπm. LetH be the subgroup ofG fixing a point onS2. Then
H is isomorphic to the rotation group in the plane orthogonal to the line through
the fixed-point and its antipode. Thus, we may identify

H = SO(2) = {z ∈ C× : |z| = 1}.

For k ∈ Z, let χk : H → C× be the unitary character defined byχk(z) = zk.
Then the restriction of the representationπm fromG toH decomposes as a direct
sum of irreducible representations:

ResH(πm) =
⊕

|k|≤m

χk. (2)

For all of the above see, for example, [43, III.9]
The decompositions (1) and (2) were used by theoretical physicists to model

energy levels of the hydrogen atom [45]. Physicists also initiated the study of
representations of the non-compact formG′ = SO(2, 1) of G; see [1]. This is the
group of orientation-preserving isometries of the quadratic formQ = x2+y2−z2,
and is isomorphic toPGL2(R).

The irreducible complex representations of a Lie groupG which occur as
closed subspaces ofL2(G) are calleddiscrete series. If G is compact then ev-
ery irreducible representation is in the discrete series.
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ForG′ = SO(2, 1) the discrete series are representationsπ′m, parametrized by
integersm ≥ 0. The subgroupH ⊂ G′ fixing a vector inR3 whose orthogonal
complement is definite is isomorphic toSO(2). The representationπ′m can be
characterized by its restriction toSO(2):

ResH(π′m) =
ˆ⊕

|k|>m

χk. (3)

To summarize, for each integerm ≥ 0 we have a set

Πm = {πm, π
′
m} (4)

of irreducible representations ofG = SO(3) andG′ = SO(2, 1). Every irre-
ducible representationχk of SO(2) occurs once in the restriction of eitherπm or
π′m for everym, but not in both. We will see that this appears to be a general
phenomenon forL-packets (of whichΠm is an example) of representations of
orthogonal groups over real andp-adic fields.

3 p-adic SO(3)

A similar result holds for representations of the rotation group SO(V ), for 3-
dimensional orthogonal spacesV overp-adic fields. Letk = Qp be the field of
p-adic numbers, leto = Zp be the ring of integers ink, and letf = o/po ≃ Z/pZ
be the residue field. Letk2 be the unramified quadratic extension ofk, with ring
of integerso2, and residue fieldf2 = o2/po2, with p2 elements. Ifp > 2 then
k2 = k(

√
u) ando2 = o[

√
u] for u ∈ o× a unit which is not a square. Letτ be the

nontrivial automorphism ofk2 which is trivial onk; ono2 we have the formula

τ(a) ≡ ap mod po2.

We begin with two-dimensional spaces which are analogous tothe complex
plane. The spaceW = k2 is an orthogonal space overk of rank two, whose
quadratic forma 7→ a · τ(a) is the norm fromk2 to k. The rotation group ofW is

H = SO(W ) = {a ∈ k×2 : τ(a) = a−1} = {a ∈ o×2 : τ(a) = a−1}.

There is extra structure that did not appear in the real case:we also have a
quadraticf-spaceW̄ = f2 with quadratic formα 7→ αp+1. Reduction modulo
p from o2 to f2 gives a surjective group homomorphism

H −→ H̄ = SO(W̄ ) = {α ∈ f×2 : αp = α−1}.
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The groupH̄ is cyclic of orderp + 1. We say a characterχ of H is tame if it
factors throughH̄, and isregular if χ2 6= 1.

In three dimensions, there are exactly two distinct orthogonal spaces of rank
three overk, up to equivalence and scaling [32, Chap. IV]. We denote themby
(V,Q) and(V ′, Q′). They both containW and have orthogonal decompositions

V = W ⊕ 〈e〉, Q(e) = p,

V ′ = W ⊕ 〈e′〉, Q′(e′) = 1.

In the first case,−Q(e) = −p is not a norm fromk×2 ,Q does not represent zero
nontrivially onV , andG = SO(V ) is compact. In the second case,−Q′(e′) = −1
is a norm fromk×2 , Q′ has nontrivial zeros onV ′, andG′ = SO(V ′) is noncom-
pact. The groupH = SO(W ) is a subgroup of bothG andG′, fixing the vectors
e ande′, respectively.

We will now construct irreducible representationsπχ andπ′χ of G andG′,
starting with tame regular charactersχ of H.

The groupG preserves the latticeL = o2 ⊕ oe in V , and the form induced
by Q on L/pL has one dimensional radical. This implies a surjectionG →
O(W̄ ). HenceG has a normal subgroupK of index two, which surjects onto
H̄ = SO(W̄ ). We viewχ as a character ofK, and defineπχ as the induced
representation:

πχ = IndG
K χ. (5)

More precisely, induced representations are defined as follows. If K is a finite-
index subgroup of a groupG andρ : K → GL(Vρ) is a representation ofK,
then

IndG
K ρ = {f : G→ Vρ such thatf(kg) = ρ(k)f(g), for all k ∈ K, g ∈ G},

(6)
and the groupG acts onIndG

K ρ by (g · f)(x) = f(xg) for x, g ∈ G. We have
dim IndG

K ρ = [G : K] · dim(Vρ). We will use various elementary properties of
induced representations without further comment. See, forexample, [34, chap.
7].

Returning toπχ, we havedim(πχ) = 2. Sinceχ is conjugate toχ−1 in
O(W ) ⊂ G, it follows thatπχ is isomorphic toπχ−1. Restrictingπχ to H, we
find

ResH(πχ) = χ⊕ χ−1. (7)

.
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To defineπ′χ, it is convenient to view the noncompact groupG′ asPGL2(k),
whose Lie algebra is a three-dimensional quadratic space isometric to(V ′, Q′).
This group has a maximal compact subgroup

K ′ = PGL2(o) ⊂ G′.

In turn,K ′ maps surjectively ontōG′ = PGL2(f). The latter is a finite group of
orderp(p2 − 1). The groupH̄ embeds as a subgroup ofḠ′, and a cohomologi-
cal form of induction, due to Drinfeld in this case and extended by Deligne and
Lusztig [10], associates to the data(H̄, χ) an irreducible representationR(χ) of
Ḡ′, of dimensionp− 1. For the particular group̄G′ = PGL2(f), the character of
the representationR(χ) was discovered by Frobenius [11, section 9] in one of his
first papers on representation theory.

The irreducible representationR(χ) of Ḡ′ is characterized by its restriction to
H̄:

ResH̄ (R(χ)) =
⊕

η∈Irr(H̄)
η 6=χ,χ−1

η.

We pull R(χ) back to a representation ofK ′ via the homomorphismK ′ →
PGL2(f), and define

π′χ = IndG′

K′ R(χ). (8)

The groupK ′ has infinite index inG′. Induction is defined as in (6), but now we
require the functionsf ∈ IndG′

K′ R(χ) to have compact support, and to be invariant
under a compact open subgroup ofG′.

The representationπ′χ is irreducible and belongs to the discrete series ofG′.
All characters ofH appear in the restrictionResH(π′χ) with multiplicity one, ex-
cept forχ andχ−1. See, for example, [41].

In summary, as in the real case, the representationsπχ of G andπ′χ of G′,
defined in (5) and (8), form anL-packet

Πχ = {πχ, π
′
χ}

with the property that every character ofH appears with multiplicity one inπχ or
π′χ, but not both.

4 Discrete series for real groups

It would now be helpful if the reader had some familiarity with the basic structure
theory of semisimple Lie groups (cf. [42]). It may also help to glance at the next
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section, where the general ideas below are illustrated for orthogonal groups.
A real semisimple Lie groupG has discrete series representations precisely

when it contains a compact maximal torus. The discrete series of such groups
were constructed in a uniform way, first by Harish-Chandra [17] on the level of
characters, later by Schmid [30] on the level of vector spaces.

There are many excellent treatments of discrete series for real groups in the lit-
erature, for example [31]. The following sketch has the advantage of showing how
discrete series are naturally grouped intoL-packets containing representations of
different inner forms of a compact Lie group. We also avoid certain technicalities
by restricting the class of Lie groups under discussion. Ourtreatment applies to
all real orthogonal groups that have discrete series, likeSO(2, 1) = PGL2(R),
as well as to all semisimple Lie groups with trivial center, but it omits other Lie
groups with discrete series, likeSL(2,R). The Lie groups we consider are those
obtained from compact Lie groupsG by twisting inside the complexificationGC,
as will be explained below.

LetG be a compact connected Lie group with finite center. Up to conjugacy,
G contains a unique maximal torusS ≃ (S1)n, a direct product of copies of the
circle groupS1. The numbern is called therank of G.

Associated toG is its complexification GC which is a connected complex
Lie group containingG as a maximal compact subgroup. For example, ifG =
SO(2n+1) is the rotation group of a positive definite quadratic formQ onR2n+1,
thenGC = SO(2n + 1,C) is the subgroup ofSL(2n + 1,C) preserving the
extension ofQ to C2n+1.

We need to recall some structure theory of complex Lie groups. The group
GC contains the complexificationSC ≃ (C×)n of S. We choose a Borel subgroup
(i.e., a maximal connected solvable subgroup) ofGC containingSC.

Borel subgroups can also be characterized as follows. Thereis a unique (up to
isomorphism) complex projective varietyB of maximal dimension, on whichGC

acts transitively by holomorphic maps. The varietyB is called theflag variety of
GC. The Borel subgroups inGC are the stabilizers of points in the flag varietyB.
In fact, Borel subgroups are their own normalizers, so we canthink of B as the
variety of Borel subgroups ofGC, whereGC acts by conjugation. The complex
torusSC has only finitely many fixed points inB. By choosingBC to containSC,
we are choosingBC ∈ B to be one of theseSC-fixed points. We can then identify
B = GC/BC.

The flag varieties of classical groups are familiar objects from algebraic ge-
ometry. For example, a Borel subgroup inSO(2n + 1,C) is the stabilizer of an
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isotropic flag inC2n+1. The latter are nested chains of subspaces

0 = V0 ⊂ V1 ⊂ · · · ⊂ Vn ⊂ C2n+1,

with dimVi = i, on which the quadratic formQ vanishes identically. In particular,
the flag variety ofSO(3,C) is the quadric inCP2 defined byQ, and is isomorphic
to CP1.

We now recall a bit more structure theory. The groupSC acts on the Lie
algebrasg andb of GC andBC, respectively. HenceSC acts on the quotientg/b.
Thepositive rootsof SC are the characters ofSC appearing in its action ong/b.
We letΦ+ denote the set of positive roots. WithinΦ+ there is a unique subset∆
of simple roots, with the property that every root inΦ+ can be written uniquely
as a non-negative integral combination of roots in∆. Each positive root appears
in g/b with multiplicity one. Sinceg/b is the tangent space toB atBC, we have

dimB = |Φ+|.

Thenegative rootsΦ− are those nontrivial characters ofSC appearing inb (this
seemingly odd convention is standard in the theory).

We have not forgotten the compact groupG that we started with. There is an
analogue of complex conjugation, which is an automorphism of order two of the
abstract groupGC, denotedg 7→ ḡ. This automorphism preservesSC, and we
have

G = {g ∈ GC : ḡ = g}, S = {s ∈ SC : s̄ = s}.
Since the automorphismg 7→ ḡ preservesSC, it permutes the roots. In fact, it
interchangesΦ+ andΦ−.

We will twist this automorphism to obtain various non-compact real groups
insideGC, as follows. LetS2 = {s ∈ S : s2 = 1} be the 2-torsion subgroup of
S. Then

S2 ≃ {±1}n

is an elementary abelian two-group of rankn. For eachs ∈ S2, we define a
subgroupGs ⊂ GC by

Gs := {g ∈ GC : ḡ = sgs}.

(Recall thats = s−1.) In other words,Gs consists of the fixed-points of the
nontrivial involutiong 7→ sḡs. The groupGs is a real Lie group, which is usually
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non-compact. The centralizerKs of s inG is a maximal compact subgroup ofGs,
and

S ⊂ Ks ⊂ Gs. (9)

Whens = 1, we haveKs = Gs = G.
Since the automorphismg 7→ ḡ interchangesΦ+ andΦ−, it follows that

Gs ∩BC = S,

for anys ∈ S2. Therefore, the homogeneous spaceGs/S can be identified with
theGs-orbit ofBC in B. This orbit is open inB, so the manifoldGs/S acquires a
complex structure, via its identification with the domain

Ds = GsBC/BC ⊂ GC/BC = B.

The homogenous spaceKs/S also has a complex structure; it is the flag variety
of the complexification ofKs. In fact, Ks/S is a maximal compact complex
submanifold of the domainDs = Gs/S. The fibration

Ks/S →֒ Ds = Gs/S −→ Gs/Ks

of real manifolds shows thatDs can be thought of as the family of flag varieties
of maximal compact subgroups ofGs. ForG = SO(3), we haveD1 = B = CP1

andD−1 = CP1 − RP1 is the union of two copies of the unit disk.

The existence and parametrization of the discrete series was obtained by Harish-
Chandra, in terms of their characters. The vector space realization of the discrete
series, in terms of cohomology of line bundles on the domainDs, is due to Schmid,
and was in part conjectured by Langlands. We now sketch Schmid’s construction.

Our line bundles will be restrictions toDs ofGC-equivariant holomorphic line
bundles onB. The latter correspond bijectively to (algebraic) characters ofBC, or
even to characters ofSC, becauseBC is the semidirect productBC = SC ⋉ UC of
SC by the commutator subgroupUC of BC, so we may identify the characters of
BC andSC.

Given a characterχ : SC → C×, we pullχ back toBC and define

L(χ) = GC ×BC
Cχ,

which is the quotient ofGC × C by theBC-action: b · (g, z) = (gb−1, χ(b)z).
Projection onto the left factor makesL(χ) a holomorphic line bundle overB on
whichGC acts by holomorphic vector bundle maps.
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Written additively, the character groupX(SC) of SC is isomorphic toZn; to
(χ1, . . . , χn) ∈ Zn corresponds the characterχ : SC → C× given by

χ(z1, . . . , zn) =
n

∏

k=1

zχk

k .

So the line bundlesL(χ) constructed above are parametrized by pointsχ in the
latticeX(SC). It turns out to be helpful to shift this lattice by the element

ρ = 1
2

∑

α∈Φ+

α.

Note thatρ does not necessarily belong toX(SC), but 2ρ, being a sum of roots,
does belong toX(SC). Since2ρ is the sum of the characters ofSC in the tangent
spaceg/b to B atBC, it follows thatL(−2ρ) is the canonical bundle ofB, whose
sections are the top-dimensional holomorphic differential forms onB.

We are going to construct representations ofGs parametrized by those ele-
ments of the shifted latticeρ+X(SC) which satisfy a certain positivity property.
We call elements ofρ+X(SC) “characters” although they may not be characters
of SC, but rather of a two-fold cover ofSC.

To state the positivity property, we must first recall the notion of co-root. For
each rootα ∈ Φ+, there is a homomorphism

ψα : SL2(C) −→ GC

with differentialdψα, sending the diagonal matrices ofSL2(C) into SC and such

thatdψα

([

0 1
0 0

])

∈ g projects to a non-zero vector in theα-eigenspace ofSC

in g/b. The 1-parameter subgroup

α̌ : C× −→ SC, z 7→ ψα

([

z 0
0 z−1

])

is called theco-root of α. Each co-rooťα defines a homomorphism

〈 · , α̌〉 : X(SC) → Z such that χ (α̌(z)) = z〈χ,α̌〉.

The characterρ has the property that

〈2ρ, α̌〉 = 2 (10)
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for all simple rootsα ∈ ∆. It follows that 〈χ, α̌〉 ∈ Z for every characterχ ∈
ρ+X(SC). We say thatχ ∈ ρ+X(SC) is positive if 〈χ, α̌〉 ≥ 1 for all α̌ ∈ Φ+.
By (10), the characterχ = ρ is positive, and is the least positive of all positive
characters inρ+X(SC).

To every positive characterχ ∈ ρ + X(SC), we will associate2n irreducible
discrete series representationsπ(χ, s), indexed by the elementss ∈ S2. Take
s ∈ S2, giving rise, as above, to a domainDs ⊂ B, with Ds ≃ Gs/S. SinceGs

acts onDs and on the restriction of the equivariant line bundlesL(·), the group
Gs acts on the holomorphic sheaf cohomology groups

H i(Ds,L(−χ− ρ)).

Schmid proves thatH i(Ds,L(−χ−ρ)) is nonzero only in degreei = q(s), where
q(s) is the complex dimension ofKs/S. This nonvanishing cohomology group

π(χ, s) := Hq(s)(Ds,L(−χ− ρ))

is a Fŕechet space affording an irreducible representationπ(χ, s) of Gs, which
Schmid proves is in the discrete series (he shows that the canonical map from
L2-cohomology to sheaf cohomology is injective with dense image).

Whens = 1, the groupG = Gs = Ks is compact, andπ(χ, s) is the finite
dimensional representation ofG with highest weightχ − ρ for S, by the Borel-
Weil-Bott theorem. In general, the cohomological restriction map

Hq(s)(Gs/S,L(−χ− ρ)) −→ Hq(s)(Ks/S,L(−χ− ρ))

is surjective, so that the irreducibleKs-representationHq(s)(Ks/S,L(−χ − ρ)),
of highest weightχ− ρs appears inπ(χ, s), where

ρs = 1
2

∑

α∈Φ+

α(s)α. (11)

(Note thatα(s) = ±1 for anyα ∈ Φ+, sinces2 = 1.) Schmid proves, more-
over, thatπ(χ, s) is the unique irreducible representation ofGs containing the
Ks-representation of highest weightχ−ρs with multiplicity one and no otherKs-
representations of the formχ−ρs+A, whereA is a non-empty sum of roots inΦ+

which are trivial ons. Thus,π(χ, s) is completely characterized by its restriction
to the maximal compact subgroupKs of Gs.
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To summarize: For every positive characterχ ∈ ρ + X(SC), we have con-
structed2n discrete series representationsπ(χ, s), one for each groupGs, with
s ∈ S2. We call the set of these representations

Π(χ) := {π(χ, s) : s ∈ S2}

anL-packet.
We still have a few loose ends to tie up. The first point is that many of the

groupsGs will be isomorphic to one another, so we are really getting different
representations of the same group. This is because of the action of the Weyl
group W := NG(S)/S, the quotient of the normalizer ofS in G by S. The Weyl
group acts onS by conjugation (sinceS is abelian), preserving the finite subgroup
S2. If s′ is in theW -orbit of s in S2, thens′ = sn = n−1sn for somen ∈ NG(T ).
We find thatGs′ = n−1Gsn in GC andKs′ = n−1Ksn in G. Hence conjugation
by n gives isomorphisms

S →֒ Ks →֒ Gs

↓≀ ↓ ≀ ↓ ≀
S →֒ Ks′ →֒ Gs′ .

(12)

The choice ofn such thats′ = sn is not unique. However, two choices ofn
differ by an element ofNG(S) ∩ Ks. This implies that ifπ : Gs′ → GL(V ) is
a representation ofGs on a Hilbert spaceV , then the isomorphism class of the
representationπn : Gs −→ GL(V ) given byπn(g) = π(ngn−1) is independent
of the choice ofn. Hence, we have two representations

π(χ, s) and π(χ, s′)n

of Gs. It turns out that these two representations ofGs are isomorphic if and only
if s = s′. Thus, we have constructed exactly|W ·s| distinct representations ofGs.
If we choose representativess1, . . . sm of theW -orbits inS2, then ourL-packet
Π(χ) is partitioned as

Π(χ) =
m
∐

p=1

Π(χ, p), (13)

whereΠ(χ, p) consists of[W : Wsp
] distinct representations ofGsp

.
There is one more subtle point: it could even happen thatGs ≃ Gs′ with s, s′

belonging to differentW -orbits inS2. In fact,Gs ≃ Gs′ if and only if there is
w ∈ W such thatsw = zs′, for somez in the center ofG. Thus, it can happen

14



that the same representation of the same group appears more than once in ourL-
packetΠ(χ). This phenomenon cannot happen for odd orthogonal groups, since
these have trivial center. However, it does happen for even orthogonal groups, as
will be illustrated in the next section.

5 Discrete series for real orthogonal groups
and branching laws

We now illustrate the previous general theory of discrete series in the case of real
orthogonal groups in higher dimensions.

Once again, we begin with spherical harmonics. Assume thatd ≥ 2. The
square-integrable functions on the sphereSd behave like (1): there is a decompo-
sition

L2(Sd) =
ˆ⊕

m≥0

πm, (14)

into eigenspaces of the Laplacian, whereπm is the eigenspace with eigenvalue
−m(m+d−1). The spaceπm is the restriction toSd of the harmonic polynomials
of degreem onRd+1; it affords an irreducible representation of the rotation group
SO(d+ 1), of dimension

dim πm =

(

d+m

d

)

−
(

d+m− 2

d

)

.

For all of the above, see, for example, [21, p.17, Thm. 3.1].
Ford ≥ 3, not all irreducible representations ofSO(d+ 1) appear inL2(Sd).

A representationπ appears inL2(Sd) precisely whenπ contains a nonzero vector
invariant underSO(d). Equivalently, the representationsπm occurring in (14) are
precisely the irreducible representations ofSO(d+1) whose restriction toSO(d)
contains the trivial representation.

The decomposition of an irreducible representation ofSO(d + 1) when re-
stricted toSO(d) is known classically as abranching law. Here we will gen-
eralize branching laws to the restriction of discrete series representations of both
compact and non-compact orthogonal groups.

We begin by describing the discrete series parameters for the groupG =
SO(2n+ 1). HereS = SO(2)n ≃ (S1)n, and the character group ofSC = (C×)n

is

X(SC) =
n

⊕

k=1

Zek,
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whereek : SC → C× is projection onto thekth factor ofSC. The Weyl group
Wn is the group of then-cube, of order2nn!. Viewed as a group of permutations
of X(SC), the groupWn is the semidirect product of the symmetric groupSn of
permutations of theei, with the normal subgroup{±1}n of sign changes in theei.
We may choose our Borel subgroupBC so that

Φ+ = {ei ± ej : 1 ≤ i < j ≤ n} ∪ {ek : 1 ≤ k ≤ n}, (15)

and

ρ = 1
2

∑

α∈Φ+

α =
n

∑

k=1

(n− k + 1
2
)ek = (n− 1

2
, n− 3

2
, . . . , 1

2
).

The positive charactersχ ∈ ρ + X(SC) are given byχ =
∑

χkek with each
χk ∈ 1

2
+ Z and

χ1 > χ2 > · · · > χn > 0.

We haveS2 = {±1}n ⊂ SO(2)n, and theWn-orbit of s ∈ S2 is determined
by the number of componentsk such thatek(s) = −1. If s ∈ S2 hasp such
components equal to−1 andp+ q = n then

Gs ≃ SO(2p, 2q + 1)

is the special orthogonal group of a real quadratic form withsignature(2p, 2q+1).
The stabilizer ofs in Wn isWp ×Wq, so theW -orbit of s has size

(

n
p

)

. This
is the number of distinct discrete series representations of Gs in the L-packet
Π(χ) = ΠG(χ).

For theL-packet{πm, π
′
m} defined in (4) forn = 1, we haveχ = (m+ 1

2
)e1.

The line bundleLm = L(−χ − ρ) on CP1 is the one traditionally denoted by
O(−2−2m). The representationsπm, π

′
m are realized on the cohomology groups

πm = H1(CP1,Lm), and π′m = H0(CP1 − RP1,Lm).

The groupH = SO(2n) contains the same maximal torus asSO(2n+ 1), so
we again haveX(SC) = ⊕n

k=1Zek. The Weyl groupW is the subgroup of index
two inWn, generated bySn and an even number of sign changes. We may choose
our Borel subgroupBC so that

Φ+ = {ei ± ej : 1 ≤ i < j ≤ n}, (16)
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and

ρ =
n

∑

k=1

(n− k)ek = (n− 1, n− 2, . . . , 1, 0).

The positive charactersη ∈ ρ + X(SC) are those of the formη =
∑

k ηkek with
ηk ∈ Z and

η1 > η2 > · · · > ηn−1 > |ηn|.
If t ∈ S2 hasp componentsk such thatek(t) = −1 andp+ q = n thenHt ≃

SO(2p, 2q). For each positive characterη for H, the construction of the previous
section gives us an irreducible discrete series representation ofHt, which we will
denote byσ(η, t), so as not to confuse it with the analogous representationπ(χ, s)
of Gs. We then have a discrete seriesL-packetΠH(η) = {σ(η, t) : t ∈ S2}.

TheW -orbit of t again has size
(

n
p

)

. SinceSO(2p, 2q) ≃ SO(2q, 2p), we see
that there are twoW -orbits inS2 giving rise to the isomorphic groupsHt ≃ H−t,
whenp 6= q. These discrete series representations occur twice inΠH(η), once for
Ht ≃ SO(2p, 2q), and once forH−t ≃ SO(2q, 2p).

For the one-dimensional representationχm of SO(2), we haveη = me1. The
L-packetΠH(η) consists of the two occurrences ofχm, once forSO(2, 0) and
once forSO(0, 2).

Let χ andη be positive characters forG andH respectively, giving rise to
L-packetsΠG(χ) andΠH(η), as above.

In [14], a branching law was proposed for the multiplicity ofrepresentations in
ΠH(η) in the restriction of representations inΠG(χ). According to this conjecture,
the charactersχ =

∑

χkek andη =
∑

ηkek determine elementss, t ∈ S2 by the
conditions

ek(s) = (−1)ν(k), ek(t) = (−1)µ(k), (17)

whereν(k) is the total number ofi, j such thatχi, ηj ≤ χk, andµ(k) is the total
number ofi, j such thatχi, ηj ≥ ηk.

The coordinates ofs and t have the same numberp of coordinates equal to
−1, so

π := π(χ, s) is a representation ofGs ≃ SO(2p, 2q + 1)

and
σ := σ(η, t) is a representation ofHt ≃ SO(2p, 2q).

The prediction is thatσ occurs in the restriction ofπ, with multiplicity one, i.e.,
that

dim HomHt
(π, σ) = 1, (18)
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and that no other representation in theL-packetΠH(η) should appear in the re-
striction of a representation in theL-packetΠG(χ).

Formula (18) was proved in [15], in the cases where the restriction of π to
SO(2p, 2q) decomposes discretely as a Hilbert direct sum. (In most cases, the
restriction will have continuous spectrum.) This discretedecomposition occurs
whenχ =

∑

χkek andη =
∑

ηkek interlace in the following way: For some
integer0 ≤ p ≤ n we have

η1 > χ1 > · · · > ηp > χp, χp+1 > ηp+1 > · · · > χn > |ηn|. (19)

Thens = t and we have

ek(s) = ek(t) =

{

−1 if 1 ≤ k ≤ p

+1 if p < k ≤ n.

The representationsπ = π(χ, s) andσ = σ(η, s) are “small” discrete series:
their restriction to the compact subgroupSO(2p) ⊂ Hs ⊂ Gs contains each
irreducible representation ofSO(2p) with finite multiplicity.

For example, if

χ1 > η1 > χ2 > η2 > · · · > χn > |ηn|, (20)

thenp = 0, ands = t = 1. In this case,G = SO(2n + 1) andH = SO(2n) are
compact, and we recover a classical branching law (see [2]) for the finite dimen-
sional representationπ(χ, 1):

ResH (π(χ, 1)) ≃
⊕

η

σ(η, 1),

where we sum over all positive charactersη for SO(2n) satisfying (20).
The trivial representation ofSO(2n) is π(ρ, 1), where we recall that

ρ = ρH =
∑

(n − k)ek for H = SO(2n). For ηk = n − k, the characters
χ =

∑

χkek satisfying (20) are those of the form

χ = me1 + ρ, m ≥ 0,

where we recall thatρ = ρG =
∑n

k=1(n−k+ 1
2
)ek forG = SO(2n+1). The rep-

resentationπ(me1 +ρ, 1) is the representationπm appearing in the decomposition
(14) of functions on the sphereSd.
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At the other extreme, if

η1 > χ1 > η2 > χ2 > · · · > ηn > χn, (21)

we havep = n,Gs = SO(2n, 1) andHs = SO(2n) has index two in the maximal
compact subgroupKs = O(2n) of Gs. We recover another known branching law,
which is a special case of Blattner’s formula, proved by Hecht and Schmid [19]:

ResHs
(π(χ, s)) =

ˆ⊕

η

σ(η, s),

a Hilbert direct sum over allη =
∑

ηkek satisfying (21).

6 Introduction to Langlands parameters

All of the results on branching laws for orthogonal groups which we have dis-
cussed so far fit nicely into a general conjecture [14], usingthe language of Lang-
lands parameters for irreducible representations of reductive groupsG over local
fieldsk. The rough idea is that irreducible representations of these groups should
be parametrized by homomorphisms from the Weil group ofk into a groupLG
which is dual toG and encodes the arithmetic structure ofG as a group overk.
Then properties of irreducible representations, such as branching laws, should be
determined by number-theoretic invariants of the corresponding parameters.

Historically, and in this paper so far, this connection between number theory
and representation theory was not evident in the real case, because the Galois
theory ofR is rather simple. However, it is enlightening to rephrase the above
results onL-packets for real groups in terms of the Weil group ofR. For non-
archimedean fieldsk, the Weil group is essential for describingL-packets and
branching laws.

In this chapter we define Weil groups for real andp-adic local fields, and give
an introduction to some of the local number theory that is needed to construct
p-adicL-packets. This is followed by some background on quasi-split groups,
which is preliminary to the definition of the groupLG. With these ingredients in
hand, we give a preliminary definition of a Langlands parameter, and then consider
some refinements of this definition.
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6.1 Weil groups

Let k be a local field of characteristic zero. That is,k is eitherR, C or a finite
extension ofQp. Fix an algebraic closurēk of k. The Weil groupW(k) of k is a
locally compact group, which comes with a group homomorphism

W(k) −→ Gal(k̄/k)

with dense image, and an isomorphism

W(k)ab ≃ k×.

HereW(k)ab is the quotient ofW(k) by the closure of its commutator subgroup.
Weil groups can be described concretely. For archimedeank they are given

by:

W(C) = C×,

W(R) = NH×(C×).
(22)

That is,W(R) is the normalizer ofC× in H×, the multiplicative group of Hamil-
ton’s quaternions. The groupW(R) contains the normal subgroupC× with index
two; the nontrivial cosetjC× is represented byj ∈ H× wherej2 = −1 and
jzj−1 = z̄ for all z ∈ C×. Thus, we have an exact sequence

1 −→ C× −→ W(R) −→ Gal(C/R) −→ 1 (23)

with j mapping to complex conjugation. This sequence is not split;sinceH is a
division algebra, the only involutions inH× are±1.

If k is non-archimedean, then the description ofW(k) is a bit more involved.
Roughly speaking,W(k) is the Galois group of̄k/k with the topology relaxed, so
as to allow more continuous representations. More precisely, if k has residue field
f of orderq, then we have an exact sequence

1 −→ I −→ Gal(k̄/k) −→ Gal(̄f/f) −→ 1,

whose kernelI is called theinertia group of k. Any elementF ∈ Gal(k̄/k)
whose image inGal(̄f/f) is the automorphismα 7→ αq of f̄ is called aFrobenius
element. We fix a choice ofF once and for all. The image ofF in Gal(̄f/f)
generates a dense subgroup, isomorphic toZ.
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The Weil group ofW(k) is defined to be the subgroup ofGal(k̄/k) generated
by F and the inertia subgroupI. Thus,

W(k) =
∐

n∈Z

IF n = I ⋊ 〈F 〉,

and we have an exact sequence (analogous to (23))

1 −→ I −→ W(k) −→ Z −→ 1. (24)

A subset ofW(k) is open iff its intersection with every coset ofI is open, whereI
has the profinite topology inherited fromGal(k̄/k). A homomorphism fromW(k)
to a discrete group is continuous iff the image ofI is finite; such a homomorphism
extends continuously toGal(k̄/k) iff the image of all ofW(k) is finite.

To better understand the Weil groupW(k) for non-archimedeank, we will
now describe some subgroups ofW(k) and the corresponding extension fields of
k; these will be useful later on.

First of all, a Galois extensionL/k is unramified if a prime element in the
integers ofk remains prime in the integers ofL. Equivalently,L/k is unramified
if the inertia groupI acts trivially onL. This implies thatGal(L/k) is generated
by the image ofF under the canonical mapGal(k̄/k) → Gal(L/k). SinceZ has
a unique subgroup of every positive index, we see that for every d ≥ 1, the fieldk
has a unique unramified extensionkd ⊂ k̄ of degreedeg(kd/k) = d. For example,
the extensionk2 of k = Qp was described in section 3.

The Weil groupW(kd) of kd is the subgroup ofW (k) generated byI andF d.
The composite field

K :=
⋃

d≥1

kd

is themaximal unramified extensionof k in k̄; its Galois group is the inertia
group ofk:

I = Gal(k̄/K).

The residue field ofK is f̄, and the natural mapGal(K/k) → Gal(̄f/f) is an
isomorphism. This means that the unramified extensionkd/k can be constructed
askd = k(a), wherea ∈ K is a lift of an elementα ∈ f̄ which generates the
degreed extensionfd/f.

Thus, the theory of unramified extensions is more or less equivalent to the
theory of extensions of finite fields. At the other extreme, a Galois extensionL/k
of degreee is totally ramified if a prime element in the ring of integers ink is the
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eth power of a prime inL. Equivalently,L/k is totally ramified if the residue field
of L is equal to the residue field ofk.

A general finite Galois extensionL/k is of the formk ⊂ kd ⊂ L for some
d, whereL/kd is totally ramified of degreee = [L : k]/d. We say thatL/k is
tame if e is not divisible by the residue characteristicp of k. All of the L-packets
constructed in this paper will arise from tame extensions.

Totally ramified Galois extensions correspond to normal subgroups∆ E I of
finite index, and the extension is tame if∆ contains the maximal pro-p subgroup
I+ of I. The quotient

It := I/I+

is called thetame inertia group ; it is the Galois group of the maximal tame
extensionKt of K. The fieldKt can be described very explicitly: it is obtained
by adjoining toK all the roots of the polynomials

Xqn−1 +̟, for n ≥ 1,

for any fixed choice of prime element̟ in the ring of integers ofk. This de-
scription ofKt implies that the tame inertia group can be viewed as an inverse
limit

It = lim
←

f×n , (25)

wherefn ⊂ f̄ is the extension off of degreen and the transition maps are the norm
homomorphismsf×n → f×m, for m | n. Under the isomorphism (25), the action of
F by conjugation onIt corresponds to the automorphismα 7→ αq on each finite
field f×n .

6.2 Quasi-split groups and the L-group

More details for this section can be found, for example, in [36]. An excellent
survey on the origins of theL-group can be found in [7].

In this sectionG is a connected reductive algebraic group defined over the
local fieldk. We also assume that the groupG is quasi-split overk. This means
that the flag varietyB of G has ak-rational point, that is,G has a Borel subgroup
B defined overk. (Note thatG is no longer a compact real Lie group, as it has
been until now.) LetT ⊂ B be a maximal torus defined overk, contained inB,
and let

X = Hom(GL1, T ), Y = Hom(T,GL1)
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be the groups of algebraic co-characters (i.e., 1-parameter subgroups) and char-
acters ofT , respectively. InsideY have the rootsΦ of T in the Lie algebra of
G, and the positive rootsΦ+ of T in the Lie algebra ofB. InsideX we have the
corresponding co-rootšΦ and positive co-rootšΦ+. The Galois groupGal(k̄/k)
acts onX andY , preservingΦ+ andΦ̌+. Let Gal(k̄/E) denote the kernel of this
action; the fieldE is a finite Galois extension ofk, called thesplitting field of G.
We sayG is split if E = k.

Thus,G determines abased root datum (X,Y, Φ̌+,Φ+) with an action of
Gal(E/k). There is a unique (up to isomorphism) complex reductive Liegroup
Ĝ whose based root datum(Y,X,Φ+, Φ̌+) is dual to that ofG. Moreover, there is
a maximal torus and Borel subgroup̂T ⊂ B̂ in Ĝ such that

X = Hom(T̂ , GL1), Y = Hom(GL1, T̂ ),

andΦ̌+ is the set of roots of̂T in the Lie algebra of̂B. The action ofGal(E/k)
on this root datum extends to an action ofGal(E/k) by automorphisms of̂G,
preservingT̂ andB̂.

TheL-group ofG is defined as the semi-direct product

LG := Gal(E/k) ⋉ Ĝ.

Conversely, any continuous action ofGal(k̄/k) on a based root datum arises from
a unique quasi-split group overk, up to isomorphism. Thus, the groupG is deter-
mined by itsL-group.

The centerZ(LG) of LG plays an important role, expecially in thep-adic case.
One can show that

Z(LG) = Z(Ĝ)Gal(E/k)

is the fixed point group ofGal(E/k) in the centerZ(Ĝ) of Ĝ. The groupZ(LG)
is finite precisely whenG(k) has compact center. In particular,Z(LG) is finite if
G is semisimple.

We now consider some examples. IfT is a torus overk, with character group
Y , thenT is quasi-split, with dual torus

T̂ = Y ⊗ C×,

and theL-group
LT = Gal(E/k) ⋉ T̂

is given by the action ofGal(E/k) onY .
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At the opposite extreme from tori, we have semisimple quasi-split groups.
Here the Galois action on the root datum is given by an automorphism of the
Dynkin diagram ofG. (For the passage from root data to Dynkin diagrams, see
[3, VI.4].) Let us consider the possibilities of this actionfor orthogonal groups,
assuming thatk 6= C.

If G = SO2n+1 is a quasi-split odd orthogonal group, there are no nontrivial
automorphisms of the Dynkin diagram, so the action ofGal(k̄/k) is trivial. Hence
E = k andG is split. This means there is only one quasi-split odd orthogonal
group, up tok-isomorphism. It arises from the quadratic formQn + x2

2n+1, where
Qn = x1xn+1 + · · · + xnx2n. In this case, we haveLG = Ĝ = Sp2n(C).

If G = SO2n is an even orthogonal group withn ≥ 2, then the Dynkin
diagram has a symmetry of order two, soG is either split, orE is a quadratic field
extension ofk. These arise from the quadratic formsQn, Qn−1 +N, respectively,
whereQn is as above, andE is viewed as a two-dimensionalk-vector space with
quadratic formN : E → k given by the norm. We call these two quasi-split
groupsSO2n andSO′2n, respectively. (We omit the dependence onE since, in
this paper,E/k will always beC/R or the unramified quadratic extensionk2/k.)

In the split case, we haveLG = Ĝ = SO2n(C). In the non-split case, we have
LG = Gal(E/k) ⋉ SO2n(C),

where the Galois action onSO2n(C) is given by conjugation by a reflection in
O2n(C), and we have an isomorphism

LG ≃ O2n(C).

In summary, we have the following table ofL-groups for quasi-split orthogo-
nal groups.

G LG

SO2n+1 Sp2n(C)
SO2n SO2n(C)
SO′2n O2n(C)

In all three cases we haveZ(LG) = {±I} (except forSO2, which is not semisim-
ple).

Whenk = R, these groups have real points

SO2n+1(R) = SO(n+ 1, n)

SO2n(R) = SO(n, n)

SO′2n(R) = SO(n+ 1, n− 1),

(26)
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whereSO(p, q) is the special orthogonal group of a quadratic form onRp+q of
signature(p, q).

6.3 Langlands parameters

Recall thatG is a connected quasi-split reductive group over the local field k,
whose splitting fieldE is a finite Galois extension ofk. In the previous sections
of this chapter we defined the Weil groupW(k) of k, and theL-group LG =
Gal(E/k) ⋉ Ĝ.

In this paper, a Langlands parameter has two ingredients. The first is a contin-
uous homomorphism

ϕ : W(k) −→ LG, (27)

whose projection onto the first factorGal(E/k) is the composition of canonical
maps

W(k) →֒ Gal(k̄/k) −→ Gal(E/k), (28)

and whose projection to the second factorĜ consists of semisimple elements.
For example, supposeE = k is p-adic. Ifϕ is trivial on the inertia subgroupI

of W(k), thenϕ is completely determined by the semisimple elementϕ(F ) ∈ Ĝ.
A more general Langlands parameter replaces the elementϕ(F ) by an arithmetic
refinement: the homomorphismϕ : W(k) → Ĝ.

For another example, letT be a torus overk with character groupY =
Hom(T,GL1), with dual groupT̂ = C×⊗ Y , andL-groupLT = Gal(E/k) ⋉ T̂ .
A Langlands parameter

ϕ : W(k) −→ LT

amounts to a continuous one-cocycle onW(k) with values inT̂ , whereW(k) acts
on Ĝ via the natural mapW(k) → Gal(E/k).

The second ingredient of a Langlands parameter is an irreducible representa-
tion of the finite groupAϕ = π0 (CĜ(ϕ)) of connected components of the central-
izer in Ĝ of ϕ. From basic homotopy theory we have a surjective homomorphism

π1(Ĝ · ϕ) −→ Aϕ,

whereĜ · ϕ ⊂ Hom(W(k), LG) is the Ĝ-orbit of ϕ under conjugation. So a
representation ofAϕ gives rise to a representation of the fundamental group of the
Ĝ-conjugacy class ofϕ.

In this paper, the complete Langlands parameter is a pair(ϕ, ρ), with ϕ as
in (27) andρ ∈ Irr(Aϕ) is an irreducible representation ofAϕ. Two parameters
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are considered equivalent if they are conjugate underĜ. Thus, the pair(ϕ, ρ)
may be thought of as a conjugacy-class inĜ, with arithmetic and topological
enhancements.

Note that the centerZ(LG) of LG is contained inCĜ(ϕ). We say that a Lang-
lands parameter isdiscrete(some sayelliptic ) if the groupCĜ(ϕ) has dimension
as small as possible, that is, ifCĜ(ϕ) andZ(LG) have the same identity compo-
nent. ForG semisimple, the Langlands parameterϕ is discrete if and only if the
groupCĜ(ϕ) is finite, in which case we haveAϕ = CĜ(ϕ).

A caveat: The Langlands parameters defined above are not sufficient to ac-
count for all representations in thep-adic case; one must also add a nilpotent part
(see [37]). These more general parameters will play no role in this paper, but we
will briefly mention them again in section 9, to give some perspective.

7 Real orthogonal groups again

In this section we explicitly describe Langlands parameters for real orthogonal
groups, and show how they relate to theL-packets contructed in section 4.

Recall from (22) that the Weil group ofR isW(R) = NH×(C×). In particular,
W(R) containsC× as a normal subgroup of index two, with quotientGal(C/R).
It has a family of two-dimensional complex representationsV (a), indexed by
a ∈ 1

2
Z, defined by

V (a) = Ind
W(R)

C× (χa),

whereχa : C× → S1 is the unitary character

χa(z) =
(z

z̄

)a

=
z2a

|zz̄|a .

The representationV (a) is isomorphic toV (−a) = Ind(χ−1
a ), and is self-dual.

It is symplectic whena ∈ 1
2

+ Z and orthogonal whena ∈ Z. WhenV (a) is
orthogonal, its determinant is the sign character ofW (R)ab = R×. Finally,V (a)
is irreducible unlessa = 0, andV (0) is the direct sum of the trivial representation
and the sign character.

The Langlands parameters forSO2n+1 overR are symplectic representations

ϕ : W(R) −→ LG = Sp2n(C) = Sp(V ).
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Discrete series parameters forSO2n+1 are symplectic representationsV of the
form

V =
n

⊕

i=1

V (χi),

with
χi ∈ 1

2
+ Z, χ1 > χ2 > · · · > χn > 0.

Thus,ϕ corresponds to the positive characterχ ∈ ρ + X(SC) defined in section
5. We writeΠ(ϕ) = Π(χ).

The compact torusS of section 4 is conjugate underSO2n+1(C) to the max-
imal compact subgroup of the complex torusT . Hence the involutions inS cor-
respond to involutions inT . The latter involutions may be identified, by duality,
with characters of the group̂T2 of involutions inT̂ . In turn,T̂2 is the the center of
the subgroup

Sp (V (χ1)) × · · · × Sp (V (χn)) ,

and since theχi are distinct, this center is exactlyAϕ = CĜ(ϕ). Thus, theL-
packetΠ(ϕ) is in bijection with the set of2n characters ofAϕ.

For even orthogonal groups overR, recall from (26) thatSO2n denotes the
quasi-split orthogonal group withSO2n(R) = SO(n, n), andSO′2n denotes the
quasi-split orthogonal group withSO′2n(R) = SO(n + 1, n − 1). A Langlands
parameter for either of these groups is an orthogonal representation

ϕ : W(R) −→ LG ⊂ O2n(C) = O(W )

whose image is contained inSO2n(C) whenG = SO2n and is not contained in
SO2n(C) whenG = SO′2n. Discrete series parameters for real even orthogonal
groups are orthogonal representationsW of dimension2n, of the form

W =
n

⊕

i=1

V (ηi),

with
ηi ∈ Z, η1 > η2 > · · · > |ηn|.

Since eachV (ηi) is orthogonal with nontrivial determinant equal to the signchar-
acter ofW(R)ab = R×, the resulting homomorphismϕ : W(R) −→ O(W ) has
image contained inSO(W ) = SO2n(C) precisely whenn is even. Thus,ϕ is a
discrete series parameter forSO2n whenn is even andSO′2n whenn is odd.
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In either case,ϕ corresponds to the positive characterη ∈ ρ+X(SC) defined
in section 5. The involutions inS again correspond to characters of the centralizer
Aϕ of ϕ in SO(W ), andAϕ is the center of the subgroup

O (V (η1)) × · · · ×O (V (ηn)) .

The2n characters ofAϕ parametrize the representations in theL-packetΠ(ϕ) =
Π(η) described in section 5.

The above calculations may seem more natural when viewed in greater gener-
ality, and this will also permit later comparison withp-adic Langlands parameters.
For any quasi-split real groupG, a Langlands parameter

ϕ : W(R) −→ LG

maps the normal subgroupC× of W(R) to maximal torus inĜ, which, after con-
jugation, we may arrange to bêT . To be discrete,ϕ(C×) must contain a regular
element ofĜ. Then the centralizer ofϕ(C×) in Ĝ is exactlyT̂ , and the full Weil
groupW(R) maps to the normalizerNLG(T̂ ) of T̂ in LG. The elementj, gen-
erating the quotientW(R)/C× = Gal(C/R), maps to an elementn ∈ NLG(T̂ ),
and conjugation byn is an involution ofT̂ . The centralizerCĜ(ϕ) is the fixed
points inT̂ of this involution. The discrete condition forces this involution to be
inversion, and the centralizerAϕ of ϕ is therefore always equal to the 2-torsion
subgroup ofT̂ . So the character group ofAϕ may be identified with the 2-torsion
subgroup of a maximal compact torus inG(R), as in section 4.

8 Pure inner forms of p-adic groups

The examples ofL-packets forp-adicSO3 in section 3 belong to a family of dis-
crete seriesL-packets forp-adic groups whose Langlands parametrization (though
not their construction) is similar to that for real groups. Later, we will discuss this
family of p-adicL-packets in more detail.

First, recall that in those examples we had two versions ofSO3, one compact
and the other non-compact. In this section we explain how thevarious versions of
ap-adic group are controlled by Galois cohomology setsH1(k,G). The real case
also involved Galois cohomology, but in disguise. There, itsufficed to consider
involutionss, which were the concrete manifestations of real Galois cohomology
classes. Indeed, ifG is a compact real group with maximal torusS and Weyl
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groupW , then the Galois cohomology is given byH1(R, G) = S2/W (see [33,
III.4.5]).

In thep-adic case, we will see thatH1(k,G) is nicely described by a theorem
of Kottwitz. See [33] for an introduction to Galois cohomology, and [9] for more
details in what follows.

For the rest of this paper, our local fieldk is non-archimedean, of character-
istic zero, with residue fieldf, andp denotes the characteristic off. Recall thatG
is a connected quasi-splitk-group.

For each continuous cocyclec : Gal(k̄/k) → G, we define a newGal(k̄/k)-
action onG by

γ ◦c g = c(γ) · gγ · c(γ)−1.

This newGal(k̄/k)-action is that of a newk-structure onG. LetGc be the group
G with this newk-structure, so that thek-rational points ofGc are given by

Gc(k) = {g ∈ G : γ ◦c g = g for all γ ∈ Gal(k̄/k)}.

The k-isomorphism class ofGc is determined by the image of the class ofc in
H1(k,G/Z), whereZ is the center ofG.

For each classω ∈ H1(k,G), we choose a cocyclec ∈ ω, and by abuse of
notation we writeGω = Gc (see [33, p.48]). We callGω a pure inner form of
G. As in the real case, two such groupsGω, Gω′ may bek-isomorphic, even if
ω 6= ω′. Usually,Gω is no longer quasi-split. In factGω is quasi-split if and only
if ω has trivial image inH1(k,G/Z), and this is equivalent to havingGω ≃ G
overk.

The setH1(k,G) can be made completely explicit, thanks to a theorem of Kot-
twitz [23], who showed that there is a natural bijection betweenH1(k,G) and the
set of irreducible characters of the groupπ0

(

Z(LG)
)

of connected components of
the centerZ(LG) of theL-groupLG. Thus, forp-adick, the Galois cohomology
setH1(k,G) has a natural structure of a finite abelian group. Recall thatif G is
semisimple, thenZ(LG) is finite, so Kottwitz’ bijection takes the simpler form

H1(k,G) ≃ Irr
(

Z(LG)
)

. (29)

Let us use (29) to determine the pure inner forms of quasi-split orthogonal
groups (see section 6.2). First, we haveH1(k, SO2) = 1. In all other cases we
haveZ(LG) = {±1}, soG has a unique pure inner formGω, corresponding to
the nontrivial elementω ∈ H1(k,G). These are tabulated as follows.
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G Gω

SO2n+1 SO∗2n+1

SO2n SO∗2n

SO′2n SO′2n

Here,SO∗2n+1 is the special orthogonal group of the sum ofn−1 hyperbolic planes
and the three dimensional anisotropic quadratic space considered in section 3, and
SO∗2n is the special orthogonal group of the sum ofn − 2 hyperbolic planes and
the four dimensional anisotropic quadratic space arising from the unique non-split
quaternion algebra overk. ForG = SO′2n, we haveGω ≃ G. Thus, we have a
total of five families of orthogonal groups to consider.

The groupsSO′2, SO
∗
3 andSO∗4 have compact groups ofk-rational points, and

the remaining orthogonal groups have non-compact groups ofk-rational points.

9 Thep-adic Langlands conjecture

Unlike the real case, the discrete series representations of reductivep-adic groups
have not yet been classified. However, there is a conjecturalclassification, due
initially to Langlands and then refined by others. We now havemost of the in-
gredients needed to state this conjectural classification for pure inner forms of a
quasi-split groupG. However, our Langlands parameters, as defined in section
6.3, while sufficing for the actual representations we will consider later, are not
general enough to parametrize the whole discrete series. Inthis section only, we
will consider more general parameters, which are expected to suffice, in order to
give the reader an idea of how our representations should fit into the complete
picture.

We assumeG is semisimple, just to make the statements cleaner. Given a
Langlands parameterϕ, the inclusionZ(LG) →֒ CĜ(ϕ) will induce a homomor-
phism

iϕ : Z(LG) −→ Aϕ

whose image is contained in the center ofAϕ. Hence, by (29), for everyρ ∈
Irr (Aϕ) there isωρ ∈ H1(k,G) such thatρ ◦ iϕ is the scalar characterωρ on
Z(LG).

The correspondenceρ 7→ ωρ should be the means of distributing the different
representations in theL-packetΠ(ϕ) among the different pure inner forms ofG
(cf. [44]). This is part of the conjectural Langlands correspondence, as stated
below.
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Conjecture 9.1 For each classω ∈ H1(k,G), the discrete series of the pure inner
formGω(k) is partitioned as

∐

ϕ

Π(ϕ, ω),

where
Π(ϕ, ω) = {π(ϕ, ρ) : ρ ∈ Irr (Aϕ) , ωρ = ω},

andϕ runs over the set of̂G-conjugacy classes of Langlands parameters

ϕ : W(k) × SL2(C) −→ LG

whose image has finite centralizer in̂G.

Note that the new ingredient here is the factor ofSL2(C). This is the “nilpotent
part” that we previously ignored. It is possible to haveϕ being trivial onSL2(C);
that is the case for the parameters as we originally defined them, to which we will
confine ourselves after this section.

The last condition in 9.1 is the “discrete series” condition. It says thatAϕ =
CĜ(ϕ), and is equivalent to there being noGal(E/k)-stable proper parabolic sub-
groupP̂ ⊂ Ĝ such that the image ofϕ lies inGal(E/k) ⋉ P̂ .

Assuming Conjecture 9.1, theL-packetΠ(ϕ) would be the disjoint union

Π(ϕ) =
∐

ω∈H1(k,G)

Π(ϕ, ω),

consisting of a certain number of representationsπ(ϕ, ρ) on the various pure inner
forms ofG, determined by the restriction of representations ofAϕ toZ(LG).

10 Parameters for somep-adic discrete series

We now consider somep-adic Langlands parametersϕ : W(k) −→ LG, anal-
ogous to discrete series parameters for real groups (see section 7). In that case,
W(R) had a normal subgroupC×. In thep-adic case, the analogous normal sub-
group is the inertia groupI ⊂ W(k). We will only consider the simplest nontriv-
ial case, whereϕ is trivial on the wild inertia subgroupI+. For similar parameters
with higher ramification, see [29].

We continue to assume thatG is semisimple and quasi-split overk. We also
now assume that the splitting fieldE is unramified overk. ThenGal(E/k) is
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cyclic, generated by the image of FrobeniusF . Hence the action ofGal(E/k) on
the root datum ofG and onĜ is completely determined by an automorphismϑ of
orderdeg(E/k), given by the action of theF . We can then write

LG = 〈ϑ〉 ⋉ Ĝ

and
H1(k,G) = Irr(Z(Ĝ)ϑ).

10.1 Tame regular discrete parameters

LetW = W(k) be the Weil group ofk. We say that a homomorphism

ϕ : W −→ LG

as in (27) istame, regular and discreteif the following three conditions hold.

1. ϕ is trivial on the wild inertia groupI+.

2. The centralizer in̂G of ϕ(I) is the maximal toruŝT in Ĝ.

3. The centralizer in̂G of ϕ(W) is finite.

The first condition means thatϕ factors through the tame inertia group

It = I/I+ ≃ lim
←

f×m. (30)

This map induced onIt by ϕ must factor throughf×m for somem ≥ 1. Sincef×m
is cyclic, it follows thatϕ(I) = 〈s〉 is cyclic, generated by an elements ∈ T̂ of
order prime top.

The second condition means that this elements ∈ T̂ is “regular” in the sense
that its centralizer, namelŷT , is as small as possible.

Outside ofI, the homomorphismϕ is determined by the single elementϕ(F ).
SinceF normalizesI, the elementn := ϕ(F ) ∈ LG must normalize the central-
izer ofϕ(I), which isT̂ , son lies in the normalizerNLG(T̂ ). Letw be the image
of n in the quotient group

LW := NLG(T̂ )/T̂ = 〈ϑ〉 ⋉ Ŵ ,

whereŴ = NĜ(T̂ )/T̂ is the Weyl group of̂T in Ĝ. Our conditions 1-3 force the
elementw to have two significant properties.
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First, recall that conjugation byF on It corresponds, under (30), to theq-
power automorphism of the groupsf×m. This implies the relation

sw = n−1sn = sq.

The second property comes from condition 3: the centralizerin Ĝ of ϕ(W) is T̂w,
sow must have the property that its fixed-point groupT̂w in T̂ is finite, and we
have

Aϕ = T̂w.

The finiteness of̂Tw is equivalent tow having no invariants (except zero) in the
action ofLW on the free abelian groupX = Hom(T̂ ,C×) of characters of̂T .
In this case, the character group ofAϕ is isomorphic, by restriction of characters
from T̂ to T̂w, to the co-invariants ofw in X:

Irr(Aϕ) = X/(1 − w)X.

In particular,Aϕ is an abelian group of order

|Aϕ| = det(1 − w)|X .

For example, ifw acts by inversion on̂T , hence by−1 onX, we will have

Irr(Aϕ) = X/2X,

so that| Irr(Aϕ)| = 2n, wheren = dimT = rankX. This is the situation that
most closely resembles the real case.

At the other extreme, suppose thatG is split with trivial center, and letw be
a Coxeter element of̂W (see [3, V.6]). ThenAϕ = T̂w = Z(Ĝ) is the center of
Ĝ. We will see that, for orthogonal groups, all examples of tame regular discrete
parameters are built from copies of this Coxeter example.

10.2 Anisotropic tori

We now begin the construction of anL-packet of representations of ourp-adic
groupG and its pure inner forms, starting from a tame regular discrete Langlands
parameterϕ : W −→ LG, as defined in 10.1. The first step is to associate toϕ
a pair(Tw, χϕ), consisting of an anisotropic torusTw overk, determined by the
elementw ≡ ϕ(F ) in LW and a characterχϕ of Tw(k).

A torusS is anisotropic overk if either of the following equivalent conditions
holds:
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1. No nontrivial element in the groupHom(GL1, S) is fixed byGal(k̄/k).

2. The groupS(k) is compact.

Recall that we have chosen a maximalk-torusT contained in ak-rational
Borel subgroupB in our quasi-split groupG, andX = Hom(GL1, T ) denotes
the lattice of 1-parameter subgroups ofT . Since the splitting fieldE is unramified
overk, the Galois action onX is trivial onI, and the FrobeniusF acts byϑ. Let
w be the image ofϕ(F ) in LW , and letd be the order ofw.

We defineTw to have the same latticeX = Hom(GL1, Tw), with Galois action
onX again trivial onI, but now the FrobeniusF acts byw. Thus, we have

Tw(kd) = X ⊗ k×d , Tw(k) =
[

X ⊗ k×d
]w⊗F

. (31)

The discreteness condition 3 onϕ (see section 10.1) is equivalent to having
Xw = {0}, which means thatTw is anisotropic overk, andTw(k) is compact. In
fact, we have

Tw(k) =
[

X ⊗ o×d
]w⊗F

,

whereod is the ring of integers inkd.
For example, ifw = −1, the torusTw is a product of one-dimensional unitary

groups, and
Tw(k) = X ⊗ U1,

whereU1 is the kernel of the norm homomorphismk×2 → k×.
In general, theL-group ofTw is

LTw = 〈w〉 ⋉ T̂ .

Note thatLTw need not be a subgroup ofLG, sinceϕ(F ) = n can have order
greater than that ofw. Henceϕ does not, a priori, give a Langlands parameter
ϕ : W(k) → LTw. However, a slight modification ofϕ will give a parameter for
Tw. Namely, we define

ϕ′ : W(k) −→ LTw = 〈w〉 ⋉ T̂

by makingϕ′ equal toϕ onI, and defining

ϕ′(F ) = w ⋉ 1 ∈ 〈w〉 ⋉ T̂ .

If γ ∈ I andt = ϕ(γ), we have

ϕ(FγF−1) = tw = ϕ′(FγF−1),
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soϕ′ is a homomorphism.
By the Langlands correspondence for tori (which is essentially local class field

theory, see [9] for an elementary treatment of the tame case), the parameterϕ′

determines a character
χϕ : Tw(k) −→ C×.

10.3 Summary

We summarize what has been shown in this chapter. We started with a Langlands
parameterϕ : W(k) −→ LG whose restriction toI factors through the tame
inertia groupIt. We insisted thatϕ satisfy the regularity condition

CĜ (ϕ(I)) = T̂ ,

as well as the discrete condition

Aϕ = CĜ(ϕ) = T̂w is finite,

wherew ∈ 〈ϑ〉⋉ Ŵ is the image ofϕ(F ). We call theseϕ “tame regular discrete
parameters”.

Then we constructed an anisotropic torusTw, splitting over the unramified ex-
tension ofk of degree equal to the order ofw. Finally, using the abelian Langlands
correspondence, we associated toϕ a characterχϕ of the compact groupTw(k).

Note that all of this took place externally toG; the torusTw is not given as a
subgroup ofG in any natural way. In the next chapter, we shall see that the various
embeddings ofTw intoG and its pure inner forms are controlled by the characters
of the finite abelian groupAϕ = T̂w.

11 Tame regular discrete series L-packets for p-adic
groups: introduction

Letϕ : W(k) → LG be a tame regular discrete Langlands parameter, as in section
10.3. We want to construct anL-packet

Π(ϕ) = {π(ϕ, ρ) : ρ ∈ Irr(Aϕ)}

parametrized by the irreducible representationsρ of Aϕ, in accordance with Con-
jecture 9.1.
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We saw in Kottwitz’ theorem (29) thatH1(k,G) = Irr
(

Z(LG)
)

, and part of
Conjecture 9.1 asserts that a representationπ(ϕ, ω) ∈ Π(ϕ) should be a repre-
sentation of the pure inner formGω(k) precisely whenρ ∈ Irr(Aϕ) restricts to
ω ∈ Irr

(

Z(LG)
)

.
In this chapter, we sketch the construction of suchL-packetsΠ(ϕ). A more

detailed discussion of the construction requires more structure theory ofp-adic
groups, which we provide in the next chapter, along with illustrations for orthog-
onal groups.

As in the real case, maximal compact subgroups (or large subgroups of them)
will play a key role in our construction. One difference hereis thatp-adic groups
have several conjugacy-classes of maximal compact subgroups. Also, instead
of the complex flag varietyB, the p-adic construction will use the Bruhat-Tits
building.

We can outline the construction ofΠ(ϕ), without reference to the Bruhat-Tits
building, as follows. Rather than working with the quotientgroup Irr(Aϕ) =
X/(1 − w)X, we work in the latticeX itself. Fixω ∈ H1(k,G) = Irr

(

Z(LG)
)

.
For eachλ ∈ X whose restriction toZ(LG) is ω, we will construct ak-groupGλ

in thek-isomorphism class ofGω, along with ak-rational embedding

Tw
∼−→ Tλ ⊂ Gλ

of the anisotropic torusTw constructed in section 10.2 onto a maximal torusTλ in
Gλ. Using this embedding, we transfer the characterχϕ of Tw(k) from 10.2; we
then have a characterχλ of Tλ(k).

As a general fact, the group of rational points of any anisotropic maximal torus
in Gλ is contained in a unique maximal compact subgroup ofGλ(k). LetKλ be
the maximal compact subgroup ofGλ(k) containingTλ(k). Hence we have

Tλ(k) ⊂ Kλ ⊂ Gλ(k), (32)

in analogy with the real case, where nowλ plays the role thats did in (9). (In
fact, the compact groupKλ will be almost, but not quite, maximal. We ignore this
difference while outlining the construction.)

From the data(Tλ, ϕλ), a cohomological induction process, due to Deligne
and Lusztig, gives us a finite dimensional representationRλ of Kλ. Via compact
induction, we then have a representation

πλ := Ind
Gλ(k)
Kλ

Rλ
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of Gλ(k), as in section 3. The regularity assumption onϕ ensures thatπλ is
irreducible. Sinceπλ has compactly-supported matrix coefficients, it is a discrete
series representation ofG.

Thus, starting from anyλ ∈ X which restricts toω ∈ H1(k,G), we will have
constructed a groupGλ in the k-isomorphism class ofGω and a discrete series
representationπλ of Gλ(k). The isomorphism class of the pair(Gλ, πλ) depends
only on the restriction ofλ to T̂w = Aϕ. For ρ ∈ Irr(T̂w), we can then define
π(ϕ, ρ) to be the representationπλ of Gλ(k), for anyλ ∈ X whose restriction to
T̂w is ρ.

This concludes our sketch of the construction of theL-packetΠ(ϕ). In fact,
the actual construction ofπλ findsKλ first, thenGλ, and the embedding ofTλ(k)
in Kλ comes last.

12 Bruhat-Tits theory

To fill in details of the construction ofL-packets just sketched, we need more
structure theory for reductivep-adic groups. This was developed in great gen-
erality by Bruhat and Tits [5], but the working knowledge that we need is not
easy to extract from the literature. We are going to cover theminimum amount
of Bruhat-Tits theory sufficient to make our story coherent.We refer to [40] for a
more thorough introduction to this theory.

12.1 The building

Recall that our quasi-split groupG splits over some unramified extensionE of k,
and that for orthogonal groups we haveE = k or E = k2. The fieldE will now
play the role thatC did in the real case.

The main tool for us is theBruhat-Tits building B(G) of the groupG(E) of
E-rational points inG. This buildingB(G) is a simplicial complex withG(E)-
action. In this paper, one can regardB(G) as a replacement for the complex flag
varietyB used in the real case.

As a set,
B(G) =

⋃

g∈G(E)

g · A

is the union ofG(E)-translates of an affine space

A := R ⊗X,
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called anapartment, where we recall thatX = Hom(GL1, T ) is the co-character
group ofT . The various translatesg · A are not disjoint inB(G); they are glued
together in a way that will not concern us. ForG = SO3 = PGL2, the building
B(G) is an infinite homogeneous tree, andA is a path inB(G) without ends (cf.
[35, chap II]).

A wealth of information about pure inner forms ofG and their maximal com-
pact subgroups is contained in the simplicial structure onB(G). For our purposes,
it suffices to study the simplicial structure onA.

12.2 The geometry of an apartment and pure inner forms

A good reference for apartments and related affine Weyl groups is [3].
Recall that, by the definition of the dual group, we have

X = Hom(T̂ , GL1) = Hom(GL1, T )

Y = Hom(GL1, T̂ ) = Hom(T,GL1)

and these groups are in duality via a the canonical pairing〈 , 〉 : Y × X → Z.
Hence each element ofY gives a linear functional onA = R ⊗ X. Recall that
Φ ⊂ Y is the set of roots ofT in G. The simplicial structure onA is given by the
family of hyperplanes

Hα,n := {x ∈ A : 〈α, x〉 = n},

indexed byα ∈ Φ, n ∈ Z. The apartmentA is a disjoint union offacets. Two
pointsx, y ∈ A lie in the same facet if, for everyα ∈ Φ andn ∈ Z, eitherx and
y both lie onHα,n or are both strictly on the same side ofHα,n. A chamber is a
facet which is open inA. Equivalently, a chamber is a connected component of
the complement

A−
⋃

α,n

Hα,n

of all hyperplanes inA. The setΦ+ of positive roots determines one particular
chamber

C := {x ∈ A : 0 < 〈α, x〉 < 1 for all α ∈ Φ+}. (33)

The Weyl groupW is generated, as a group of linear transformations onA, by
the reflections

sα · x = x− 〈α, x〉α̌
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(recall that each co-rooťα is an element ofX). Moreover, eachλ ∈ X acts on
A by the translationtλ · x = x + λ. These two actions generate an action of the
affine Weyl group

Waff = X ⋊W ⊂ Aff(A) (34)

inside the groupAff(A) of affine transformations onA.
We let

Ω = {ω ∈ Waff : ω · C = C}
be the stabilizer ofC in Waff . This subgroup has a normal complementW ◦ in
Waff , andW ◦ acts simply-transitively on the set of chambers inA. Hence we
have a factorization

Waff = W ◦ ⋊ Ω. (35)

Recall thatG is quasi-split overk, and the splitting fieldE of G is a finite
unramified extension ofk. We have seen thatGal(E/k) acts onX via an au-
tomorphismϑ of orderdeg(E/k), which preserves the setΦ+ of positive roots.
This means that the linear extension ofϑ toA preserves the chamberC defined in
(33). Henceϑ acts (via conjugation inAff(A)) onWaff , preservingΩ.

Note that we have used the same letterω to denote an element ofΩ as well as
a class inH1(k,G). This was intentional; the projectionX →֒ Waff → Ω induces
an isomorphism

Ω ≃ X/ZΦ̌ ≃ Irr(Z(Ĝ)). (36)

Let Ω/(1− ϑ)Ω denote the co-invariants ofϑ in Ω. By restricting characters from
Z(Ĝ) toZ(Ĝ)ϑ, the isomorphism (36) induces another isomorphism

Ω/(1 − ϑ)Ω ≃ Irr
(

Z(Ĝ)ϑ
)

= Irr
(

Z(LG)
)

≃ H1(k,G), (37)

this last by Kottwitz’ theorem (29). Thus, each elementω ∈ Ω corresponds, via
its image inΩ/(1 − ϑ)Ω, to a pure inner formGω of G.

To summarize, there are two automorphisms ofA in play. Namely,ϑ gives
the action ofF under the quasi-split action onA, andω ∈ Ω measures the inner
twisting of the quasi-split structure, via the isomorphism(37). Taken together, the
productωϑ ⊂ Ωϑ tells us what groupGω(k) we are looking at. For example, the
Frobenius action for thek-structure onGω induces the operatorωϑ onA. Thus,
we see that there is a close relation between the geometry of the apartmentA and
the arithmetic of the groupG and its pure inner forms.
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12.3 Parahoric subgroups

In this section we describe the appropriate analogues of maximal compact sub-
groups of real groups, using a minimum of structure theory. We will illustrate
them for orthogonal groups in the next section.

Retain the notation of section 12.2. Recall that the FrobeniusF acts onA by
the automorphismϑ. Take an elementω ∈ Ω, so that we have a pure inner form
Gω of G, via the isomorphism (37). Recall that the Frobenius forGω acts onA
via the productωϑ.

Let x ∈ Aωϑ be a point fixed byωϑ. According to Bruhat-Tits theory, this
pointx determines a certain compact and open subgroup

Kω,x ⊂ Gω(k),

called aparahoric subgroup. This groupKω,x is profinite; it fits into an exact
sequence

1 −→ K+
ω,x −→ Kω,x −→ K̄ω,x(f) −→ 1,

whereK+
ω,x is an inverse limit of finitep-groups, andK̄ω,x(f) is the group off-

rational points in a connected reductive groupK̄ω,x over the residue fieldf.
In this paper, the only thing we need to know aboutKω,x is the structure of

this f-groupK̄ω,x. As in section 6.2, the group̄Kω,x is determined by its based
root datum withGal(̄f/f)-action. The root datum of̄Kω,x is that ofG, except that
Φ+ is replaced by the subset

Φ+
x := {α ∈ Φ+ : 〈α, x〉 ∈ Z}, (38)

andΦ̌+
x = {α̌ : α ∈ Φ+

x }. Moreover, the Frobenius automorphism inGal(̄f/f)
acts onX via ωϑ.

For our discrete series representations, we will only be interested in certain
parahoric subgroups. We call theωϑ-stable pointx and corresponding parahoric
subgroupKω,x good if x satisfies the two conditions

1. x ∈ C̄, the closure of the chamberC defined in (33).

2. The pointx is the uniqueωϑ-fixed point in the facet containingx.

If ϑ = ω = 1, the good points are just the vertices of the simplexC̄. In general
there are only finitely many good pointsx: they are the vertices in the fixed-point
simplex C̄ωϑ. Two good parahoric subgroupsKω,x andKω,y are conjugate in
Gω(k) iff x andy are in the same sameΩϑ-orbit.
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A good parahoric subgroupKω,x is almost, and is often equal to the full stabi-
lizerGω(k)x in Gω(k) of the pointx ∈ B(G). In fact,Kω,x is a normal subgroup
of Gω(k)x with finite quotient isomorphic to the stabilizer ofx in Ωϑ. For or-
thogonal groups, we have|Ωϑ| ≤ 2. The groupsGω(k)x are maximal compact
subgroups ofGω(k). However, it is the good parahoric subgroupsKω,x that play
the role in thep-adic case that the maximal compact subgroupsKs did in the real
case.

13 Tame regular discrete series L-packets for p-adic
groups: completion

Now we have all the tools to carry out the construction ofL-packets as outlined
in section 11, for a tame regular discrete parameter

ϕ : W(k) −→ LG.

The groupsW ⋊ 〈ϑ〉 and LW are canonically anti-isomorphic. Letw ∈ Wϑ
correspond to the image ofϕ(F ) in LW . Recall that ourL-packetΠ(ϕ) should be
parametrized by characters

ρ ∈ Irr(Aϕ) = X/(1 − w)X,

whereX = Hom(T̂ , GL1).
For eachλ ∈ X, we have a translation elementtλ ∈ Waff . Alsow is a linear

transformation onA, so the product

tλw : x 7→ λ+ wx

is an element ofWaff ϑ. The discrete condition 3 onϕ (see section 10.1) is equiv-
alent to havingAw = 0. It follows thattλw has a unique fixed-point inA, namely
the point

xλ := (1 − w)−1 · λ. (39)

Recall that the pair(ϕ, ρ) is only taken up to conjugacy in̂G. Replacing the pair
(ϕ, ρ) by a Ĝ-conjugate if necessary, we may arrange thatxλ is contained in the
closure of the chamberC defined in (33).

We factor the elementtλw as in (35), to obtain

tλw = vλωλϑ, (40)
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with vλ ∈W ◦ andωλ ∈ Ω.
The factorization (40) generates much of the inducing data of our Langlands

correspondence. Indeed, (40) has the following properties:

1. The elementωλ ∈ Ω corresponds to the restriction ofλ to Z(Ĝ) under the
isomorphism (37). This implies that the pure inner formGλ := Gωλ

is the
correct one, according to Conjecture 9.1.

2. The pointxλ is fixed byωλϑ, and is good (see 12.3). Hence we have a good
parahoric subgroup

Kλ := Kωλ,xλ
(41)

of Gλ(k), as in section 12.3.

3. By the Lang-Steinberg theorem (see [6, p.32]), there is anelementpλ ∈
G(K) which fixesxλ, such that the conjugation map

Ad(pλ) : Tw −→ Tλ := pλTp
−1
λ

is ak-isomorphism. Sincepλ · xλ = xλ, it follows thatTλ(k) ⊂ Kλ.

We now have our desired set-up:

Tλ(k) ⊂ Kλ ⊂ Gλ(k), (42)

whereGλ is the appropriate pure inner form ofG, Kλ is a good parahoric sub-
group ofGλ(k), andTλ is an anisotropic maximalk-torus ofGλ. Moreover,Kλ

is the unique parahoric subgroup ofGλ(k) containingTλ(k).

To define the representation

π(ϕ, ρ) = Ind
Gλ(k)
Kλ

Rλ,

it remains to define the irreducible representationRλ of Kλ.
Recall from section 10.2 thatϕ determines a characterχϕ of Tw(k), via the

abelian Langlands correspondence. Conjugatingχϕ via pλ, we get a character

χλ := χϕ ◦ Ad(pλ)
−1 ∈ Irr (Tλ(k)) .

Recall thatKλ fits into the exact sequence

1 −→ K+
λ −→ Kλ −→ K̄λ(f) −→ 1. (43)
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Restricting this sequence to the subgroupTλ(k) of Kλ gives an analogous se-
quence

1 −→ Tλ(k)
+ −→ Tλ(k) −→ T̄λ(f) −→ 1,

where T̄λ(f) is group off-rational points in a maximalf-torus of the reductive
group f-group K̄λ. Since our parameterϕ is tame, the characterχλ of Tλ(k)
factors through the finite group̄Tλ(f). Likewise, the representationRλ will factor
through the finite group̄Kλ(f).

These representationsRλ are famous in the world of finite reductive groups.
As mentioned in our example in section 3 forSO3(f), the representationRλ has
dimensionq − 1 and was known to Frobenius. In the late 1960s, Macdonald con-
jectured, based on the known character tables forGLn(f) andSp4(f), that to every
maximal torusT̄ in a finite connected reductive group̄K and sufficiently regular
characterχ of T̄ (k), there should correspond an irreducible characterR(T̄ , χ) of
K̄(f) whose dimension

dimR(T̄ , χ) = [K̄(f) : T̄ (f)]p′

is the maximal factor of the index[K̄(f) : T̄ (f)] which is not divisible by the
characteristicp of f. Moreover, the restriction ofR(T̄ , χ) to sufficiently general
elements of̄T (k) should agree up to sign with the sum ofχ over the Weyl group
of T̄ .

In the mid 1970s Macdonald’s conjecture was proved by Deligne and Lusztig,
building on the work of Drinfeld forSL2(f). They found a cohomological con-
struction ofR(T̄ , χ) that bears some resemblance to Schmid’s construction of real
discrete series. Besides the original paper [10], we refer the reader to any of the
several good expositions of the Deligne-Lusztig construction, such as [6].

These Deligne-Lusztig representations are the final ingredient in our construc-
tion ofL-packets: we define

Rλ := R(T̄λ, χλ). (44)

This is a representation of the finite group̄Kλ(f), which we view as a representa-
tion of the good parahoric subgroupKλ, via the exact sequence (43).

Putting everything together, we finally have our representation

π(ϕ, ρ) = Ind
Gλ(k)
Kλ

Rλ,

whereλ ∈ X projects toρ ∈ X/(1 − w)X = Irr(Aϕ), and ourL-packetΠ(ϕ) is
then defined as

Π(ϕ) := {π(ϕ, ρ) : ρ ∈ Irr(Aϕ)}.
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The simplest case of this construction is the following. Every semisimple
group has a quasi-split form for which somew ∈ LW acts by inversion on̂T ,
and thisw is unique. In this casêTw = T̂2 is the2-torsion subgroup of̂T , and
Aϕ = X/2X. We have

xλ = 1
2
λ,

and the root datum of̄Kλ is that of the centralizer of the involutionλ(−1) ∈ G
(recall that characters of̂T are 1-parameter subgroups ofT ). TheL-packetΠ(ϕ)
has2n elements, wheren = dimT . Thesep-adicL-packets look quite similar to
the realL-packets described in section 4. However, the Galois theoryof a p-adic
field k is richer than that ofR. There are other tame regular discrete Langlands
parameters, corresponding to other elementsw ∈ LW for which T̂w is finite. Thus
the groupsAϕ will vary, and the cardinality|Aϕ| is not always a power of2.

14 L-packets forp-adic orthogonal groups

We first describe the regular discrete parameters explicitly for orthogonal groups.
As in the real case, we need a supply of some simple induced representations. For
the moment, we make no assumption on tameness, since that plays no role in the
following construction.

We fix a prime element̟ in the ring of integers ofk. Recall that the Weil
groupW(k) is a semidirect product

W(k) = 〈F 〉 ⋉ I.

We change and simplify the notation slightly. Let

K := k2d

be the unramified extension ofk of degree2d. The Weil group ofW(K) is

W(K) = 〈F 2d〉 ⋉ I,

a normal subgroup ofW(k), with cyclic quotient of order2d. The tautological
embeddingW(k) →֒ Gal(k̄/k) induces an isomorphism

W(k)/W(K) ≃ Gal(K/k),

sending the coset ofF d to the unique elementτ of order two in the cyclic group
Gal(K/k).
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Let η : W(K) → C× be a character of finite order. Applying local class field
theory toK, we have a homomorphism

W(K) −→ W(K)ab ∼−→ K×, (45)

sendingF 2d to ̟, and sendingI onto the unit groupO× in the ring of integers
O of K. We viewη as a character ofK×, via (45). Note thatη(̟) = η(F 2d) in
these two viewpoints. We define

V (η) = Indk
K η := Ind

W(k)
W(K) η. (46)

This gives a representation

ϕ : W(k) −→ GL (V (η)) (47)

of dimension2d.
We assume further that the conjugatesησ of η by the elements ofGal(K/k) are

pairwise distinct, and thatητ = η−1. Sinceη has finite order, we haveη−1 = η̄.
The first hypothesis implies, by Mackey’s theorem (cf. [34, II.7]) that V (η) is
irreducible andV (η) ≃ V (ησ) for anyσ ∈ Gal(K/k). Since the dual ofV (η) is
V (η̄), the second hypothesis implies thatV (η) is self-dual.

Hence there is a nondegenerate bilinear formB on V (η) which is invariant
underW(k), and unique up to scaling. SinceV (η) is irreducible, the formB
either symplectic or orthogonal. We have an orthogonal decomposition into two
dimensional subspaces

V (η) =
d−1
⊕

i=0

V (η, i),

whereI acts onV (η, i) asηqi⊕ η̄qi

, andϕ(F d) interchanges these two summands.
The formBi on V (η, i) is either symplectic for alli, or orthogonal for alli. Let
i = 0. Sinceητ = η̄, we can choose eigenvectors forη and η̄ so that the matrix

of ϕ(F d) on V (η, 0) has the form

(

0 η(F 2d)
1 0

)

. This matrix preservesB0. It

follows thatη(F 2d) = ±1, with η(F 2d) = +1 if B0 is orthogonal,η(F 2d) = −1
if B0 is symplectic. Recalling thatF 2d corresponds to̟ under (45), we conclude
that

V (η) is

{

orthogonal if η(̟) = +1,

symplectic if η(̟) = −1.
(48)

Moreover, in the orthogonal case, we havedetϕ(F ) = −1, sodetϕ is the unique
quadratic character ofW(k) which is trivial onI.
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14.1 L-packets for odd p-adic orthogonal groups

HereG = SO2n+1 and we haveLG = Sp2n(C), and a regular discrete Langlands
parameter is a homomorphism

ϕ : W(k) −→ Sp(V ),

with
V = V1 ⊕ V2 ⊕ · · · ⊕ Vs, and Vi = V (ηi) = Indk

Ki
ηi,

as in (46), where theKi are unramified extensions ofk of even degree2di ≥ 2,
such that

∑

di = n. By (48), the charactersηi of K×i satisfyηi(̟) = −1. For
ϕ to be regular and discrete (see 10.1), the representationsVi must be pairwise
non-isomorphic. Hence ifKi = Kj, we must assume thatηj is not equal to any
conjugateησ

i of ηi. In order to apply the construction ofL-packets as described in
section 13, we now assume that eachηj factors through the tame inertia groupIt

(see 6.1), so thatϕ will be tame.
We now describe explicitly the pair(Tw, χϕ) associated toϕ in section 10.2.

The building blocks ofTw areCoxeter tori, defined as follows. The Weyl group
Wd of Sp2d(C) is the group of the hypercube inRd, and acts onRd by permuting
and changing the signs of the standard basis{e1, . . . , ed}. A Coxeter element
in Wd is an elementv ∈ Wd of order2d which acts by a single orbit on the set
{±ei : 1 ≤ i ≤ d}. Coxeter elements form a single conjugacy class inWd. A
Coxeter torusTcox over thep-adic fieldk has character groupY =

∑d
i=1 Zei,

splitting overk2d, for which F acts onY via v. The torusTcox hask-rational
points

Tcox (k) ≃ {a ∈ K× : τ(a) = a−1},
where, as above,K = k2d andτ is the nontrivial element ofGal(K/kd).

The elementw = ϕ(F ) is the product

w = w1 × w2 × · · · × ws

of Coxeter elementswi ∈ Wdi
, of order2di, in the Weyl groupWdi

of Sp (Vi),
whered1 + · · · + ds = n. The torusTw is the product

Tw = T1 × T2 × · · · × Ts

of corresponding Coxeter tori. The splitting fieldL of Tw is the composite of
the unramified extensionsKi, soL is unramified overk of degree twice the least
common multiple of{d1, . . . , ds}. EachTi hask-rational points

Ti(k) := {a ∈ K×i : τi(a) = a−1},
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whereτi is the unique element of order two inGal(Ki/k). The characterχϕ is
given by

χϕ = η1 ⊗ η2 ⊗ · · · ⊗ ηs.

The groupAϕ ≃ {±1}s is the center ofSp (V1) × · · · × Sp (Vs), and the
diagonal subgroup ofAϕ is the center{±I2n} of Ĝ = Sp2n(C). Recall that

H1(k, SO2n+1) = Irr ({±I2n}) = {1, ω},

whereω gives the pure inner formSO∗2n+1 (see section 8).
TheL-packetΠ(ϕ) contains2s representations, parametrized by characters

ρ = ρ1 ⊗ · · · ⊗ ρs ∈ Irr(Aϕ). The representationπ(ϕ, ρ) lives on the quasi-split
groupG(k) = SO2n+1(k) if an even number ofρi are nontrivial, and on the pure
inner formGω(k) = SO∗2n+1(k) otherwise .

We now determine the inducing subgroupKλ of π(ϕ, ρ) (see (41)). Replacing
(ϕ, ρ) by a conjugate inSp2n(C) if necessary, we can assume that for some0 ≤
ℓ ≤ s, the firstℓ componentsρ1, . . . , ρℓ of ρ are non-trivial and the remaining
componentsρℓ+1, . . . , ρs are trivial. We writeX = Hom(T̂ , GL1) andA = R⊗X
as

X =
n

⊕

i=1

Zxi, A =
n

⊕

i=1

Rxi,

wherexi is theith coordinate function of̂T = (C×)n. As lift λ ∈ X of ρ, we take
the sum of onexi from each blockV1, . . . , Vℓ, as long asℓ > 0. If ℓ = 0 we take
λ = 0.

As in (15), the positive roots are

Φ+ = {ei ± ej : 1 ≤ i < j ≤ n} ∪ {ek : 1 ≤ k ≤ n},

where{ei} is the dual basis of{xi}. The corresponding chamberC is the interior
of the hypertetrahedron inA, defined by the inequalities

1 − e2 > e1 > e2 > · · · > en > 0. (49)

We haveΩ = {1, ω}, where, in this viewpoint,ω acts onA as a reflection in the
first coordinate:

ω · (a1, a2, . . . , an) = (1 − a1, a2, . . . , an). (50)

Using the formula (39), we find that the unique fixed point oftλw in A is

xλ = 1
2
(x1 + x2 + · · · + xm) ∈ C̄,
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wherem = d1 + · · ·+dℓ, andxλ is read as0 ∈ A if ℓ = 0. Note thatxλ is good, in
the sense of section 12.3. According to (38), the root datum of K̄λ is determined
by the roots inΦ+ which take integer values atxλ.

In order to describe the groups̄Kλ, we need some notation for orthogonal
groups over the finite fieldf. All such groups are quasi-split, and are classified as
in section 6.2. Up tof-isomorphism, there are three families, which we denote by

SO2n+1, SO2n, SO
′
2n, (51)

corresponding to the quadratic forms

Q̄n + x2
2n+1, Q̄n, Q̄n−1 + N̄ ,

whereQ̄n = x1xn+1 + · · · + xnx2n and N̄ is the norm form on the quadratic
extensionf2, viewed as a two-dimensional space overf.

Using (38), one finds that the reductivef-groupK̄λ is given by

K̄λ =

{

SO2m × SO2(n−m)+1 for ℓ even

SO
′
2m × SO2(n−m)+1 for ℓ odd,

(52)

using the notation (51) for finite orthogonal groups.
Finally, recall thatπ(ϕ, ρ) is obtained by inducing fromKλ the representation

Rλ in (44), whose dimension is

dimRλ = [K̄λ(f) : Tw(f)]p′ .

For example, ifρ is the trivial character, we haveℓ = 0, and we get

dimR0 =
(q2 − 1)(q4 − 1) · · · (q2n − 1)

(qd1 + 1)(qd2 + 1) · · · (qds + 1)
.

14.2 L-packets for even p-adic orthogonal groups

The description of tame, regular, elliptic Langlands parameters for even orthog-
onal groups is similar, with just a few added twists, so we shall be brief. Recall
that

LG =

{

SO2n(C) if G = SO2n

O2n(C) if G = SO′2n.

48



A tame regular discrete Langlands parameter for eitherSO2n or SO′2n is a homo-
morphism

ϕ : W(k) −→ O(W ),

with

W = W1 ⊕W2 ⊕ · · · ⊕Wr, and Wj = V (µj) = Indk
Lj
µj,

as in (46), where theLj are unramified extensions ofk of even degree2d′j ≥ 2
such that

∑

d′j = n. Note that the image ofϕ lies in SO(W ) precisely ifr is
even, in which caseϕ is a parameter forSO2n. If r is odd thenϕ is a parameter
for SO′2n.

The charactersµj are orthogonal, soµj(̟) = +1. Again, forϕ to be regular
and discrete, the orthogonal representationsWj must be pairwise non-isomorphic.
Hence ifLi = Lj, the characterµj is not equal to any Galois conjugateµi.

The class ofw = ϕ(F ), the torusTw =
∏

Tj, the characterχϕ =
∏

µj, and
the component groupAϕ ≃ {±1}r are as described in the odd orthogonal case.
However, there is a minor relaxation of the irreducibility of Wj = V (µj) in the
two-dimensional case. Namely, ifLj is the unramified quadratic extension ofk,
we can takeµj = 1 or µj = the nontrivial quadratic character off×2 /f

×, but not
both. We allow this for at most onej. ThenWj = V (µj) is reducible, butϕ
remains regular.

Again we haveH1(k,G) = {1, ω}. Forr even, half of the2r representations
in Πϕ live onG(k) = SO2n(k) and the other half live onGω(k) = SO∗2n(k). For
r odd, each representation ofSO′2n(k) in Π(ϕ) will appear twice: once forG(k)
and once forGω(k). The descriptions of the inducing dataKλ, Rλ are similar to
the odd orthogonal case. We will describeK̄λ more precisely when it is needed,
in (62) below.

15 Symplectic root numbers

Our eventual aim is to show how the restriction of representations from pure inner
forms of SO2n+1 to pure inner forms of eitherSO2n or SO′2n (see section 8)
is determined by symplectic root numbers. These are signs±1 attached to the
Langlands parameters of the representations in question, using ideas from number
theory. In this section we give a short introduction to symplectic root numbers.

Fix a non-trivial additive characterψ : k+ −→ S1 whose kernel is the ring of
integerso of k, and letdx be the Haar measure onk+ giving unit volume too.

49



Letϕ : W(k) −→ GL(V ) be a continuous representation ofW(k) on a finite-
dimensionalC-vector spaceV . In the notation of [37, 3.6], theroot number of
ϕ, with respect toψ, is the number

ε(ϕ) := εD(ϕ⊗ | · |1/2, ψ, dx).

This is a non-zero complex number, which was introduced and studied by Tate,
in his thesis (see [8]), for one-dimensional representationsϕ of W (k)ab = k×.
These root numbers give a product decomposition of the constants which appear
in the functional equations of ArtinL-series (cf. [12]).

Proposition 15.1 The root numberε(ϕ) has the following properties:

1. ε(ϕ⊕ ϕ′) = ε(ϕ) · ε(ϕ′).

2. If ϕ is is trivial onI, thenε(ϕ) = 1.

3. LetK/k be a finite unramified extension and letψK = ψ ◦ trK/k. Letϕ be
a representation ofW(K), and useψK to defineε(ϕ) as above. Then

ε(Ind
W(k)
W(K) ϕ) = ε(ϕ).

4. Letχ : W(k) → C× be a tame character which is nontrivial onIt. Then
we have the formula

ε(χ) =
χ(̟)
√

|f|
∑

t∈f×

χ̄(t)ψ(
t

̟
).

Hereχ is viewed as a character of〈̟〉 × f× via class field theory; see(45).

5. If ϕ is self-dual anddetϕ = 1 thenε(ϕ) = ±1.

See [37] for proofs of these properties.
If V is a symplectic space andϕ : W(k) −→ Sp(V ), then the conditions of

item 5 hold, and we have asymplectic root number

ε(ϕ) = ±1.

Symplectic root numbers play a role in many important questions in modern
number theory. For example, ifA is an abelian variety over a global fieldF , then
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at each completion ofF the Tate module ofA defines a symplectic representation
of the local Weil group (or more generally, representationsof the type discussed
in section 9.1). Almost all of these local representations are unramified, and the
product of their symplectic root numbers is the sign in the conjectural functional
equation of theL-series ofA overF . Since this sign determines the parity of
the order of vanishing of theL-series in the center of the critical strip, it should
determine the parity of the rank of the Mordell-Weil group, by the conjecture of
Birch and Swinnerton-Dyer (cf. [13]).

Symplectic root numbers are also defined fork = R andC. The branching
laws for restrictions of discrete series of real orthogonalgroups may be expressed
in terms of real symplectic root numbers [14, section 12]. This raises the hope
thatp-adic root numbers may also determine branching laws in thep-adic case. In
the next section we recall the Gross-Prasad conjecture on this question.

16 Restriction and symplectic root numbers

Fix two parameters which satisfy the conditions of being tame, regular, and dis-
crete, as in section 14:

ϕ1 : W(k) −→ Sp(V ), V =
s

⊕

i=1

V (ηi),

ϕ2 : W(k) −→ O(W ), W =
r

⊕

j=1

V (µj).

Thenϕ1 is (part of) a Langlands parameter for an odd orthogonal group andϕ2

is (part of) a Langlands parameter for an even orthogonal group. To get complete
Langlands parameters, we need charactersρi of the respective centralizersAϕi

.
We define these charactersρi using symplectic root numbers, as follows.

The tensor productV ⊗W is a symplectic representation ofW(k), centralized
byAϕ1

× Aϕ2
. Hence for each pair(a, b) ∈ Aϕ1

× Aϕ2
the eigenspace

(V ⊗W )a⊗b=−1

is again a symplectic representation ofW(k). We define thebranching character

ρ : Aϕ1
× Aϕ2

−→ {±1}, (53)
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by the formula
ρ(a, b) = ε

(

(V ⊗W )a⊗b=−1
)

, (54)

where the right side of (54) is the symplectic root number of(V ⊗W )a⊗b=−1, as
in section 15 (this is simpler than the general definition ofρ in [14], because each
detV (µj) is an unramified character in the present case). It is shown in[14] that
ρ is actually a character ofAϕ1

× Aϕ2
.

Writing the branching character asρ = ρ1 ⊗ ρ2, we now have complete Lang-
lands parameters(ϕ1, ρ1) and(ϕ2, ρ2) for odd and even orthogonal groupsG and
H, respectively, whosek-isomorphism classes are determined by the values ofρ1

andρ2 on the centers ofSp(V ) andO(W ), via Kottwitz’ theorem (see sections
14.1 and 14.2). Using our notation for orthogonal groups in section 8, this works
out as follows.

G ≃
{

SO2n+1 if ρ1(−IV ) = +1

SO∗2n+1 if ρ1(−IV ) = −1.
(55)

H ≃











SO2n for r even, ρ2(−IW ) = +1

SO∗2n for r even, ρ2(−IW ) = −1

SO′2n for r odd.

(56)

Note that previously,G always denoted a quasi-split group; we have made this
slight change in order to ease the notation later on. For the rest of the paper,G and
H will be as defined in (55) and (56). Sinceρ(−IV ,−IW ) = 1, it follows from
[14, 10.9] thatH is always a subgroup ofG.

Using ourL-packets from section 11, the Langlands parameters(ϕi, ρi) define
irreducible representations

π = π(ϕ1, ρ1) of G(k),

σ = π(ϕ2, ρ2) of H(k).

The conjectures of [14] predict thatσ occurs in the restriction ofπ to H(k)
with multiplicity one. More precisely, it is proposed that

〈π, σ〉 := dim HomH(k)(π, σ) = 1. (57)

Unpublished work of Bernstein and Rallis (independently) shows that〈π, σ〉 ≤ 1.
The rest of this paper will be devoted to proving that〈π, σ〉 ≥ 1.

The conjectures of [14] also predict that no other representation in theL-
packetΠ(ϕ2) can appear in the restriction of a representation inΠ(ϕ1), but at
present we do not know how to prove this.
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17 Calculation of the branching character

We begin with the explicit determination of the branching characterρ, defined in
(53) by symplectic root numbers. The following lemma is crucial; it can be proved
using the properties 15.1, see also [12].

Lemma 17.1 Let
V = Indk

K η, W = Indk
L µ

be irreducible symplectic and orthogonal representations, respectively, ofW(k),
induced from tamely ramified characters of the unramified extensionsK andL of
k. Thenε(V ⊗W ) = +1, unlessV andW are isomorphic representations of the
inertia subgroupI ⊂ W(k), in which caseε(V ⊗W ) = −1.

We now use Lemma 17.1 to determine the characterρ of the elementary
abelian2-groupAϕ1

× Aϕ2
. Recall that the tame, regular discrete parameters

for odd and even orthogonal groups, respectively, have the form

V =
s

⊕

i=1

Vi, Vi = Indk
Ki
ηi,

W =

r
⊕

j=1

Wj, Wj = Indk
Lj
µj .

The groupAϕ1
hasZ/2Z-basis elementsai, the non-trivial central elements in

Sp(Vi), and the groupAϕ2
hasZ/2Z-basis elementsbj, the non-trivial central

elements inO(Wj). Using Lemma 17.1, we find that

ρ(ai, 1) = ε(Vi ⊗W ) =
r

∏

j=1

ε(Vi ⊗Wj)

=

{

−1 if ResI(Vi) ≃ ResI(Wj) for somej,

+1 otherwise.

Note that ifWj exists then it is unique, sinceW1, . . . ,Wr are pairwise non-
isomorphic. Similarly, we find that

ρ(1, bj) = ε(V ⊗Wj) =
s

∏

i=1

ε(Vi ⊗Wj)

=

{

−1 if ResI(Wj) ≃ ResI(Vi) for somei,

+1 otherwise.
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Again,Vi is unique, if it exists.

18 The representationsπ and σ of SO2n+1 andSO2n

Recall thatG andH are the orthogonal groups determined by the Langlands pa-
rameters(ϕ1, ρ1) and(ϕ2, ρ2) (see (55) and (56)). We now use our formula for
ρ = ρ1 ⊗ ρ2 in the previous section to determine the representations

π = π(ϕ1, ρ1) ∈ Irr (G(k)) , and σ = π2(ϕ2, ρ2) ∈ Irr (H(k)) .

Then we will show thatσ occurs in the restriction ofπ fromG(k) toH(k), in the
sense of (57).

As in section 17, we have

V =
s

⊕

i=0

Vi, W =
r

⊕

j=0

Wj.

Suppose that exactlyℓ of these factors give isomorphic representations of the in-
ertia subgroupI of W(k). Reorder the factors so that

V1 ≃ W1, V2 ≃ W2, . . . , Vℓ ≃Wℓ

as representations ofI and set2m =
∑ℓ

i=1 dimVi =
∑ℓ

j=1 dimWj.
Henceρ1 is nontrivial precisely on the basis vectorsa1, . . . , aℓ of Aϕ1

, so that
ρ1(−IV ) = (−1)ℓ, and (55) takes the more explicit form

G =

{

SO2n+1 for ℓ even

SO∗2n+1 for ℓ odd.
(58)

Recall thatX = Zn, with basis{ei}. As lift λ1 ∈ X of ρ1, we may take the
sum of oneei from each blockV1, . . . , Vℓ. Our good parahoric subgroupKλ1

⊂ G
has reductive quotient given, in the notation of (51), by

K̄λ1
= K̄ ′λ1

× K̄ ′′λ1
=

{

SO2m × SO2(n−m)+1 for ℓ even

SO
′
2m × SO2(n−m)+1 for ℓ odd.

(59)

The representationπ is then given explicitly by

π = Ind
G(k)
Kλ1

Rλ1
, (60)
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whereRλ1
is the Deligne-Lusztig representation defined in (44).

Likewise ρ2 is nontrivial precisely on the basis vectorsb1, . . . , bℓ of Aϕ2
, so

thatρ2(−IW ) = (−1)ℓ, and (56) takes the more explicit form

H ≃











SO2n for r, ℓ both even

SO∗2n for r even, ℓ odd

SO′2n for r odd.

(61)

For ρ2, we may choose the liftλ2 ∈ X so thatxλ2
= xλ1

. Using the method
of section 14.1, we find that our good parahoric subgroupKλ2

⊂ H has reductive
quotient given by

K̄λ2
= K̄ ′λ2

× K̄ ′′λ2
, (62)

where
K̄ ′λ2

= K̄ ′λ1
(63)

and

K̄ ′′λ2
=

{

SO2(n−m) for r − ℓ even

SO
′
2(n−m) for r − ℓ odd.

Finally, the representationσ is given explicitly by

σ = Ind
H(k)
Kλ2

Rλ2
, (64)

whereRλ2
is the Deligne-Lusztig representation defined in (44).

19 The multiplicity of σ in the restriction of π

In the next two sections we prove that〈π, σ〉 ≥ 1, in the sense of (57). Elementary
properties of induced representations show that

HomK̄λ2
(f) (Rλ1

, Rλ2
) ⊂ HomH(k) (π, σ) .

We will show thatHomK̄λ2
(f) (Rλ1

, Rλ2
) 6= 0.

Our inducing representationsRλi
factor as products of Deligne-Lusztig repre-

sentations
Rλi

= R′λi
⊗R′′λi

,

according to the factorizations (59) and (62).
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Recall from section 14 that forϕ1 our torus and character are products

∏

i

Ti,
∏

i

ηi, (65)

and the charactersηi factor through the reductionsTi(k) −→ T̄i(f). Likewise, for
ϕ2 our torus and character are products

∏

j

Sj,
∏

j

µj , (66)

and the charactersµj factor through the reductionsSj(k) −→ S̄j(f). By our
assumption thatV1 ≃W1, . . . , Vℓ ≃Wℓ, we have

ℓ
∏

i=1

T̄i ≃
ℓ

∏

j=1

S̄j, (67)

and the characters
ℓ

∏

i=1

η̄i,
ℓ

∏

j=1

µ̄j ,

are equal on the torus (67). Recall from (63) thatK̄ ′λ2
= K̄ ′λ1

. Hence we have
R′λ1

≃ R′λ2
.

Settingν = n−m, it remains only to show thatR′′λ2
appears in the restriction

of R′′λ1
from SO2ν+1(f) to eitherSO2ν(f) or SO

′
2ν(f) according asr − ℓ is even or

odd. This is a consequence of the result which is stated in thenext section, and
proved in [28].

20 Restriction of Deligne-Lusztig representations

This last section concerns only representations of groups over the finite fieldf, so
we will simplify our notation.

Let T be a maximalf-torus in the groupG = SO2n+1 overf, and letW (T ) be
the f-rational points in the Weyl group ofT in G. We say a character ofT (f) is
regular if it has trivial stabilizer inW (T ).

Assume thatT is anisotropic overf. ThenT =
∏s

i=1 Ti is a product of Coxeter
tori in odd orthogonal groups. Letη =

∏s
i ηi be a regular character ofT (f).
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LetS =
∏r

j=1 Sj be another such product of Coxeter tori, with
∑

dimSj = n.
ThenS is an anisotropic maximal torus in thef-groupH which isSO2n or SO

′
2n

according asr is even or odd. Letµ =
∏r

j=1 µj be a regular character ofS(f).
We then have irreducible Deligne-Lusztig representationsR(T, η) onG(f) and

R(S, µ) onH(f). The following result is proved in [28].

Theorem 20.1 TheH(f)-invariants inR(T, η) ⊗R(S, µ) have dimension

dim [R(T, η) ⊗R(S, µ)]H(f) = 0 or 1.

This dimension is 0 if any factor matches, in the sense that there arei, j such that
Ti ≃ Sj andηi is a Galois conjugate ofµj. If there is no matching, the dimension
is 1.

In the case ofR′′λ1
andR′′λ2

of the previous section, we have no matching, by
the definition ofℓ. This concludes the proof thatσ occurs inResH(k)(π).

It is a nice exercise to verify 20.1 forn = 1, given the character table of
SO3(f) = PGL2(f) (cf. [11, section 9]). One finds thatR(T, η) contains all
characters ofSO2(f), and all characters ofSO

′
2(f) exceptη andη−1. We used this

in section 3.
The main idea of the proof of 20.1 for generaln is to show that the sum over

H(f) of the the character ofR(T, η) ⊗ R(S, µ) is a rational function inq = |f| of
degree≤ 0 whose leading term can be computed explicitly. This idea goes back
to Thoma [38] for the pairGLn ⊃ GLn−1, and was used by Hagedorn [16] in his
1994 Harvard PhD thesis to give some abstract formulas for restriction for other
classical groups. Pushing this method further in [28] one obtains closed formulas
as in 20.1, as well as qualitative Deligne-Lusztig restriction formulas for a general
pair of reductivef-groupsG ⊃ H.
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