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1 Introduction

In the late 1960s, Robert Langlands proposed a new anddahirgy connection
between the representation theory of Lie groups over redbpeadic fields, and
the structure of the Galois groups of these fields [24]. Eveugh this local
Langlands correspondence remains largely conjectueatgelation that it predicts
between representation theory and number theory has prdfpechanged our
views of both fields. Moreover, we now know enough about theespondence
to address, and sometimes solve, traditional problempnesentation theory that
were previously inaccessible.

Roughly speaking, the local Langlands correspondencegisetiat complex
irreducible representations of a reductive gra@upver a local fieldk should be
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parametrized by certain homomorphisms of the Galois groupmpre generally
the Weil group) ofk into a complex Lie grougG which is dual toG, in a sense
that will be explained below.

In this article, our aim is two-fold: First, we want to introck the Lang-
lands correspondence for reductive groups over local figid#sng many exam-
ples along the way. Second, we want to show how the Langlamdsspondence,
combined with some ideas from number theory, can be useddy #te classical
problem of restricting irreducible discrete series repngations fromSO,,, | to
SOqp,.

The conjectures of Gross-Prasad [14] describe theseatests in terms of
symplectic local root numbers attached to the Langlandsrpeters of represen-
tations of orthogonal groups. These root numbers are nuthkeretic invariants
of the parameters, but to test the conjectures one needsiragoct the corre-
sponding irreducible representations. This has been dmeatly, for some inter-
esting discrete series parameters, in [9] and [22]. Speitiglthis constuction to
orthogonal groups, we verify the Gross-Prasad conjectordbese parameters.

Since the restriction problem we consider has roots in tihg eegins of rep-
resentation theory, we have tried to place our results drogdnal groups in an
historical context. Moreover, as representation theonois used in many areas
of mathematics, we have also tried to make much of this papesaible to a
wide audience, by raising the prerequisites as gradualhpasible. This aim has
forced us to omit much recent work on the local Langlandsesmpondence, such
as [18], [20] forGL,,, and [26], [27] on unipotent representations.

We begin with a discussion of spherical harmonics for themachreal group
SO(3) of rotations inR®. We will see that each irreducible representation of
SO(3) is naturally paired with a discrete series representatidtheononcompact
orthogonal groupO(2,1). This is our first example of ah-packet of represen-
tations attached to a Langlands parameter. We then inteoitheép-adic versions
of SO(3) andSO(2,1), and arrive at analogous-packets of discrete series rep-
resentations. In both cases, we discuss the restrictidmeakjpresentations to the
subgroupSO(2).

Next, we return to real groups, in a more general settingerAftreview of the
fundamental results on discrete series for real Lie grodps,to Harish-Chandra
and Schmid, we partition their representations ihtpackets, with illustrations
in the orthogonal case. This permits us to formulate the &SRyasad conjecture
on restriction fromSO,,, ., to SO, which in the real case generalizes classical
branching laws.

In section 6 we turn to a general description of Langlandarmeters, intro-
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ducing the Weil group of a local field and the complex Lie grddpmentioned
above. Here the prerequisites increase; to help the reagleyiwve some back-
ground on root data and quasi-split groups. We then show hew.{packets
constructed by Harish-Chandra and Schmid correspond kb aeglands param-
eters, and we illustrate these parameters for orthogonajpgrin more detail.

The remainder of the paper is devoted to thadic case, where much of the
Langlands correspondence remains conjectural. We focymmmeters which
we call “tame regular discrete”, and which are analogousdcrdte series param-
eters in the real case. In section 11 we briefly outline themeconstruction of
the L-packets of irreducible representations associated setharameters. Af-
ter a few words about Bruhat-Tits theory, we then give moraitdeabout this
construction, in section 13.

We then turn to the parameters fpradic orthogonal groups, and introduce
local epsilon factors from number theory, in order to staee®ross-Prasad con-
jecture on restriction fronvO,, 11 to SO, in the p-adic setting. The rest of the
paper is devoted to verifying this conjecture, for tame tagdiscrete Langlands
parameters. The proofinvokes a resultin [28] on the raginof Deligne-Lusztig
characters for finite orthogonal groups.

There is no denying that the Langlands correspondence shramy technical
barriers in the way of the interested mathematician, netgpdayd expert alike! We
hope that the mixture of general theory with explicit exaasplvill enable many
readers to hurdle, or at least to see over these barriersgén to appreciate this
fruitful interaction between representation theory anchhar theory.

We thank J.-P. Serre and N. Wallach, for helpful commentsroeaalier ver-
sion of this paper. In addition, the referees made numeraightful criticisms
which, we believe, enabled us to improve the exposition.
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2 Spherical Harmonics

One of the earliest results in harmonic analysis for a ndre@bgroup was the
decomposition of square-integrable functions on the sphi&r

L*(S?) = P (Hilbert direct sum) (1)

m>0

into eigenspaces of the spherical Laplacian. The eigeerspacotedr,, has di-
mension2m + 1, and has associated eigenvalue- —m(m + 1). It affords an
irreducible representation of the spherical rotation gré®(3).

Every irreducible complex representation of the compastpgG = SO(3)
is isomorphic to some,,,. Let H be the subgroup af fixing a point onS2. Then
H is isomorphic to the rotation group in the plane orthogoadht line through
the fixed-point and its antipode. Thus, we may identify

H=S502)={2z€C*: |z| =1}

Fork € Z, letx, : H — C* be the unitary character defined Ry(z) = z*.
Then the restriction of the representatigp from G to H decomposes as a direct
sum of irreducible representations:

Resy (m,) = @ Xk- (2)

k| <m

For all of the above see, for example, [43, 111.9]

The decompositions (1) and (2) were used by theoreticalipiysto model
energy levels of the hydrogen atom [45]. Physicists alstaieid the study of
representations of the non-compact fatih= SO(2, 1) of G; see [1]. This is the
group of orientation-preserving isometries of the quadfatrm Q = 2% +y> — 22,
and is isomorphic t’G Ly (R).

The irreducible complex representations of a Lie grgupvhich occur as
closed subspaces @f(G) are calleddiscrete series If G is compact then ev-
ery irreducible representation is in the discrete series.



ForG' = SO(2,1) the discrete series are representatigpsparametrized by
integersm > 0. The subgroug? c G’ fixing a vector inR? whose orthogonal
complement is definite is isomorphic £0(2). The representation’/, can be
characterized by its restriction £0(2):

Resy(m,) = € xx- 3)
|k|>m
To summarize, for each integer > 0 we have a set
I, = {WmﬂT;n} (4)

of irreducible representations ¢f = SO(3) andG’ = SO(2,1). Every irre-
ducible representatiog, of SO(2) occurs once in the restriction of eithey, or

m,. for everym, but not in both. We will see that this appears to be a general
phenomenon for.-packets (of whichlI,, is an example) of representations of
orthogonal groups over real apehdic fields.

3 p-adic SO(3)

A similar result holds for representations of the rotationup SO(V), for 3-
dimensional orthogonal spac&sover p-adic fields. Lett = Q, be the field of
p-adic numbers, led = Z, be the ring of integers ik, and letf = o/po ~ Z/pZ
be the residue field. Lét, be the unramified quadratic extensionkofwith ring
of integerso,, and residue field, = o05/po,, with p? elements. Ifp > 2 then
ke = k(y/u) andoy = o[y/u] for u € o* a unit which is not a square. Letbe the
nontrivial automorphism ok, which is trivial onk; on o, we have the formula

7(a) =a” mod pos.

We begin with two-dimensional spaces which are analogouea@omplex
plane. The spac& = k, is an orthogonal space ovérof rank two, whose
quadratic formu +— a - 7(a) is the norm fromk, to k. The rotation group ofV is

H=SOW)={acky: t(a)=a'}={aco): 7(a) =a'}.

There is extra structure that did not appear in the real case:also have a
quadraticf-spacelW = f, with quadratic forma — oP*!. Reduction modulo
p from o, to f gives a surjective group homomorphism

H— H=SOW)={aecf: o’ =a '}
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The groupH is cyclic of orderp + 1. We say a charactey of H is tame if it
factors throughZ, and isregular if y2 # 1.

In three dimensions, there are exactly two distinct ortmagepaces of rank
three overk, up to equivalence and scaling [32, Chap. 1V]. We denote thgm
(V,Q) and(V', Q). They both contai’” and have orthogonal decompositions

V=W e, Q(e) = p,
Vi=Wa (), Q) =1.

In the first case;-Q(e) = —pis nota norm fronk.’, Q does not represent zero
nontrivially onV’, andG = SO(V') is compact. In the second cas&)’(¢') = —1
is a norm fromk,, @)’ has nontrivial zeros o/, andG’ = SO(V’) is honcom-
pact. The grougd = SO(W) is a subgroup of bothr andG’, fixing the vectors
e ande’, respectively.

We will now construct irreducible representations and 7 of G and ¢,
starting with tame regular characterof H.

The groupG preserves the latticé = o, @ oe in V, and the form induced
by @ on L/pL has one dimensional radical. This implies a surjection—
O(W). HenceG has a normal subgroufi of index two, which surjects onto
H = SO(W). We view x as a character ok, and definer, as the induced
representation:

Ty = Ind$ y. (5)

More precisely, induced representations are defined asasll If K is a finite-
index subgroup of a grour andp : K — GL(V,) is a representation ok,
then

nd% p={f: G —V, suchthatf(kg) = p(k)f(g), forallk € K, g € G},

(6)
and the grougs acts onlnd% p by (¢ - f)(z) = f(xg) for z,g € G. We have
dimTnd% p = [G : K] - dim(V,). We will use various elementary properties of
induced representations without further comment. Seeexample, [34, chap.
7].

Returning tor,, we havedim(r,) = 2. Sincey is conjugate toy! in
O(W) c G, it follows that, is isomorphic tor,-:. Restrictingr, to H, we
find

Resp(my) = x®x " (7)



To definer, it is convenient to view the noncompact grotipas PG Ly (k),
whose Lie algebra is a three-dimensional quadratic spaeeesic to(V’, Q).
This group has a maximal compact subgroup

K' = PGLsy(0) C G

In turn, K’ maps surjectively ont6’ = PG L(§). The latter is a finite group of
orderp(p? — 1). The groupH embeds as a subgroup 6f, and a cohomologi-
cal form of induction, due to Drinfeld in this case and extethdby Deligne and
Lusztig [10], associates to the ddté, ) an irreducible representatid() of
G', of dimensiorp — 1. For the particular group’ = PG L,(f), the character of
the representatioR () was discovered by Frobenius [11, section 9] in one of his
first papers on representation theory.

The irreducible representatid®(y) of G’ is characterized by its restriction to

H:
Resg (R(X)) = €D n-

nelrr(H)
n#EXX !

We pull R(y) back to a representation df’ via the homomorphisnk’ —
PG Ls(f), and define
T, = d$, R(y). (8)

The groupK’ has infinite index inG’. Induction is defined as in (6), but now we
require the functiong € Ind%, R(x) to have compact support, and to be invariant
under a compact open subgroup(ef

The representation; is irreducible and belongs to the discrete serie&of
All characters offf appear in the restrictioRes () with multiplicity one, ex-
cept fory andy~!. See, for example, [41].

In summary, as in the real case, the representatignsf G and =} of ¢,
defined in (5) and (8), form ah-packet

HX = {va W;(}

with the property that every characterdfappears with multiplicity one imr, or
™., but not both.

4 Discrete series for real groups

It would now be helpful if the reader had some familiarity mhe basic structure
theory of semisimple Lie groups (cf. [42]). It may also hedpgtance at the next
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section, where the general ideas below are illustratedrtbpgonal groups.

A real semisimple Lie grougg: has discrete series representations precisely
when it contains a compact maximal torus. The discrete s@fissuch groups
were constructed in a uniform way, first by Harish-Chandrg @n the level of
characters, later by Schmid [30] on the level of vector space

There are many excellent treatments of discrete series&bgroups in the lit-
erature, for example [31]. The following sketch has the athge of showing how
discrete series are naturally grouped ihtpackets containing representations of
different inner forms of a compact Lie group. We also avoidaia technicalities
by restricting the class of Lie groups under discussion. t@atment applies to
all real orthogonal groups that have discrete series,Ji&€2,1) = PG Ly (R),
as well as to all semisimple Lie groups with trivial centeut i omits other Lie
groups with discrete series, likel.(2,R). The Lie groups we consider are those
obtained from compact Lie groujgs by twisting inside the complexificatio@c,
as will be explained below.

Let G be a compact connected Lie group with finite center. Up touggamy,
G contains a uniqgue maximal torgs~ (S1)", a direct product of copies of the
circle groupS*. The numben is called therank of G.

Associated toG is its complexification G¢ which is a connected complex
Lie group containing> as a maximal compact subgroup. For examplé&; if=
SO(2n+1) is the rotation group of a positive definite quadratic fapnon R?"+1,
thenGe = SO(2n + 1,C) is the subgroup of5L(2n + 1,C) preserving the
extension of) to C*"+!,

We need to recall some structure theory of complex Lie grodpgs group
G¢c contains the complexificatiofic ~ (C*)™ of S. We choose a Borel subgroup
(i.e., a maximal connected solvable subgrouplefcontainingSc.

Borel subgroups can also be characterized as follows. T&earanique (up to
isomorphism) complex projective varieof maximal dimension, on whict'c
acts transitively by holomorphic maps. The varigtys called thdlag variety of
Gc. The Borel subgroups i are the stabilizers of points in the flag variddy
In fact, Borel subgroups are their own normalizers, so wethark of 5 as the
variety of Borel subgroups afc, whereG acts by conjugation. The complex
torusSc has only finitely many fixed points i8. By choosingB¢ to containSc,
we are choosin@¢ € B to be one of thes8-fixed points. We can then identify
B = G¢/Bc.

The flag varieties of classical groups are familiar objectsnfalgebraic ge-
ometry. For example, a Borel subgroupd®(2n + 1, C) is the stabilizer of an



isotropic flag inC***!. The latter are nested chains of subspaces
0o=VycVicC---CV,ccC™

with dim V; = 4, on which the quadratic for® vanishes identically. In particular,
the flag variety ofSO(3, C) is the quadric ifCP? defined byQ, and is isomorphic
to CP!.

We now recall a bit more structure theory. The grotip acts on the Lie
algebragy andb of G¢ and B¢, respectively. Hencéc acts on the quotieng/b.
The positive rootsof S¢ are the characters of: appearing in its action og/b.
We letd* denote the set of positive roots. Within™ there is a unique subsat
of simple roots with the property that every root " can be written uniquely
as a non-negative integral combination of roote\inEach positive root appears
in g/b with multiplicity one. Sincegy/b is the tangent space ®at B¢, we have

dim B = |®7].

The negative roots®~ are those nontrivial characters §if appearing irb (this
seemingly odd convention is standard in the theory).

We have not forgotten the compact grotdghat we started with. There is an
analogue of complex conjugation, which is an automorphisoraer two of the
abstract grougz¢, denotedyg — g. This automorphism preservés, and we
have

G={g9€Gc: g=g}, S={seSc: 5=s}

Since the automorphism — g preservesSc, it permutes the roots. In fact, it
interchange®* and®~.

We will twist this automorphism to obtain various non-cortipgeal groups
insideGc, as follows. LetS; = {s € S : s = 1} be the 2-torsion subgroup of
S. Then

is an elementary abelian two-group of rank For eachs € S;, we define a
subgroup&s C G by

Gs:={g€ Gc: g=sgs}.

(Recall thats = s71.) In other words,G, consists of the fixed-points of the
nontrivial involutiong — sgs. The group’, is a real Lie group, which is usually
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non-compact. The centralizéf, of s in GG is a maximal compact subgroup@f,
and
ScK,cG,. 9)

Whens = 1, we haveKk, = G, = G.
Since the automorphisg— g interchange®* and®, it follows that

GsN Be =5,

for any s € S,. Therefore, the homogeneous spétgS can be identified with
the G ;-orbit of B¢ in . This orbit is open i3, so the manifold,/S acquires a
complex structure, via its identification with the domain

D, = GSB(C/B(C C G((:/B(C = B.

The homogenous spadé; /S also has a complex structure; it is the flag variety
of the complexification ofi;. In fact, K/S is a maximal compact complex
submanifold of the domai®, = G,/S. The fibration

K,/S — D, = G,/S — G,/ K,

of real manifolds shows thd®?, can be thought of as the family of flag varieties
of maximal compact subgroups 6%,.. ForG = SO(3), we haveD, = B = CP!
andD_; = CP! — RP! is the union of two copies of the unit disk.

The existence and parametrization of the discrete serigsbtained by Harish-
Chandra, in terms of their characters. The vector spacieatiah of the discrete
series, in terms of cohomology of line bundles on the dorfains due to Schmid,
and was in part conjectured by Langlands. We now sketch St&gonstruction.

Our line bundles will be restrictions ©, of G¢-equivariant holomorphic line
bundles or3. The latter correspond bijectively to (algebraic) chaeesbf B¢, or
even to characters ¢ic, because3c is the semidirect produdd: = S¢ x U of
Sc by the commutator subgroup: of B¢, SO we may identify the characters of
Bc andSe.

Given a charactey : S¢c — C*, we pull y back toB¢ and define

ﬁ(X) = G(C XBC CX?

which is the quotient of7c x C by the Be-action: b - (g,2) = (gb™', x(b)z).
Projection onto the left factor makeX y) a holomorphic line bundle oves on
which G¢ acts by holomorphic vector bundle maps.
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Written additively, the character group(Sc) of Sc is isomorphic toZ"; to
(X1,---,Xn) € Z™ corresponds the character Sc — C* given by

n
X(z15. s 2) = Hz;"‘
k=1

So the line bundle€(x) constructed above are parametrized by points the
lattice X (S¢). It turns out to be helpful to shift this lattice by the elerhen

p:%Za.

aedt

Note thatp does not necessarily belong 3(S¢), but2p, being a sum of roots,
does belong to{(Sc). Since2p is the sum of the characters 6f in the tangent
spaceg/b to B at B, it follows that£(—2p) is the canonical bundle @&, whose
sections are the top-dimensional holomorphic differémsians on’.

We are going to construct representationsGQfparametrized by those ele-
ments of the shifted lattice + X (S¢) which satisfy a certain positivity property.
We call elements op + X (Sc) “characters” although they may not be characters
of S¢, but rather of a two-fold cover dic.

To state the positivity property, we must first recall theimof co-root. For
each rootx € @, there is a homomorphism

wa . SLQ(C) e G(C

with differential dv,,, sending the diagonal matrices 8f.,(C) into S¢ and such

that di), ({8 (1)

in g/b. The 1-parameter subgroup

a: C* — Sg, Zl—>1/1a(|:8 z91]>

is called theco-root of a. Each co-rooty defines a homomorphism

€ g projects to a non-zero vector in theeigenspace of

(-,@): X(Sc) —Z suchthat x (d(z)) = 2%,
The charactep has the property that
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for all simple rootse € A. It follows that(y, &) € Z for every charactex €
p+ X (Sc). We say thaly € p + X (Sc) is positiveif (y,a) > 1foralla € .
By (10), the charactey = p is positive, and is the least positive of all positive
characters ip + X (Sc).

To every positive character € p + X (Sc¢), we will associate” irreducible
discrete series representation§y, s), indexed by the elements € S,. Take
s € S, giving rise, as above, to a domain C B, with D, ~ G,/S. SinceG,
acts onD, and on the restriction of the equivariant line bundigs), the group
G, acts on the holomorphic sheaf cohomology groups

H' (D, L(—x — p))-

Schmid proves thali*(D;, L(—x — p)) is nonzero only in degree= ¢(s), where
q(s) is the complex dimension df’,/S. This nonvanishing cohomology group

m(x, s) == H™)(D,, L(—x — p))

is a Féchet space affording an irreducible representation s) of G, which
Schmid proves is in the discrete series (he shows that thentzl map from
L?-cohomology to sheaf cohomology is injective with densega)a

Whens = 1, the groupG = G, = K, is compact, and(x, s) is the finite
dimensional representation 6f with highest weighty — p for S, by the Borel-
Weil-Bott theorem. In general, the cohomological resitimap

HY(G, /S, L(—x — p)) — HI(K,/S, L(—x — p))

is surjective, so that the irreduciblé,-representatiot/ 1*) (K, /S, L(—x — p)),
of highest weighty — p, appears inr(x, s), where

ps =3 Z a(s)a. (11)

aedt

(Note thata(s) = +1 for anya € ®*, sinces? = 1.) Schmid proves, more-
over, thatr(y, s) is the unique irreducible representation®f containing the
K -representation of highest weight- p, with multiplicity one and no othekK,-
representations of the forg— p, + A, whereA is a non-empty sum of roots i
which are trivial ons. Thus,(y, s) is completely characterized by its restriction
to the maximal compact subgroug), of G..
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To summarize: For every positive character p + X (Sc), we have con-
structed2” discrete series representationsy, s), one for each groug-,, with
s € S5. We call the set of these representations

I(x) == {m(x,s) : s € Sa}

anL-packet.

We still have a few loose ends to tie up. The first point is thahynof the
groupsG, will be isomorphic to one another, so we are really gettirfgecent
representations of the same group. This is because of then aiit the Weyl
group W := Ng(5)/S, the quotient of the normalizer ¢fin G by S. The Weyl
group acts ory' by conjugation (sincé is abelian), preserving the finite subgroup
So. If " is in theW-orbit of s in Sy, thens’ = s™ = n~'sn for somen € Ng(T).
We find thatGy = n='G,nin Gc and Ky = n~'K,n in G. Hence conjugation
by n gives isomorphisms

S — K, — G,

1 1 1 (12)
S — KS/ — Gs/.

The choice ofn such thats’ = s™ is not unique. However, two choices of
differ by an element ofV;(S) N K,. This implies that ifr : Gy — GL(V) is

a representation af’, on a Hilbert spacé’, then the isomorphism class of the
representation™ : G, — GL(V) given byr"(g) = n(ngn~') is independent
of the choice of.. Hence, we have two representations

m(x,s) and 7(x,s)"

of G,. It turns out that these two representationg-gfare isomorphic if and only
if s = ¢'. Thus, we have constructed exagdtly - s| distinct representations 6.
If we choose representatives, . . . s,,, of the IW-orbits in S,, then ourL-packet
II() is partitioned as

m

(x) = [0 p), (13)

wherell(x, p) consists of W : W, | distinct representations ¢f,,.

There is one more subtle point: it could even happenthat: G, with s, s/
belonging to different?’-orbits in .S,. In fact, G, ~ G if and only if there is
w € W such thats” = z¢/, for somez in the center of7. Thus, it can happen
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that the same representation of the same group appearsmaaorerice in our.-
packetlI(y). This phenomenon cannot happen for odd orthogonal groimps s
these have trivial center. However, it does happen for evifrogonal groups, as
will be illustrated in the next section.

5 Discrete series for real orthogonal groups
and branching laws

We now illustrate the previous general theory of discreteesen the case of real
orthogonal groups in higher dimensions.

Once again, we begin with spherical harmonics. Assumedhat 2. The
square-integrable functions on the sph&féehave like (1): there is a decompo-
sition A

L*(S") = Prm, (14)
m>0
into eigenspaces of the Laplacian, whetg is the eigenspace with eigenvalue
—m(m+d—1). The space,, is the restriction te¢ of the harmonic polynomials
of degreen onR4*!; it affords an irreducible representation of the rotatioougp
SO(d + 1), of dimension

dim B d+m B d+m—2
imm,, = g J )

For all of the above, see, for example, [21, p.17, Thm. 3.1].

Ford > 3, not all irreducible representations 8O (d + 1) appear inL?(S?).

A representatiomr appears in.?(S¢) precisely whenr contains a nonzero vector
invariant undeiSO(d). Equivalently, the representations, occurring in (14) are
precisely the irreducible representationsS6#(d + 1) whose restriction t&O(d)
contains the trivial representation.

The decomposition of an irreducible representatiort6f(d + 1) when re-
stricted toSO(d) is known classically as Branching law. Here we will gen-
eralize branching laws to the restriction of discrete semgpresentations of both
compact and non-compact orthogonal groups.

We begin by describing the discrete series parameters &gthupG =
SO(2n+1). HereS = SO(2)" ~ (S')", and the character group 6f = (C*)"
is

X(S@) = @ Zek,
k=1
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wheree;, : Sc — C* is projection onto thé'" factor of Sc. The Weyl group
W, is the group of thex-cube, of orde™n!. Viewed as a group of permutations
of X (S¢), the grouplV, is the semidirect product of the symmetric gragip of
permutations of the;, with the normal subgroup+1}™ of sign changes in the.
We may choose our Borel subgroie so that

Pt ={e;te;: 1<i<j<n}U{er: 1<k<n}, (15)
and

n

p=73 Za:Z(n—k—i—%)ek:(n—%,n—%,...,%).

acdt k=1

The positive characterg € p + X (S¢) are given byy = > xre, with each
Xk € 3+ Zand
X1 > X2 > > xn > 0.

We haveS, = {+1}" C SO(2)", and thel¥/,-orbit of s € S5, is determined
by the number of componentssuch thate,(s) = —1. If s € Sy hasp such
components equal te1 andp + ¢ = n then

Gs ~ SO(2p,2q + 1)

is the special orthogonal group of a real quadratic form widimaturg2p, 2¢+1).
The stabilizer ofs in W, is W, x W,, so thel-orbit of s has size(?). This
is the number of distinct discrete series representatiéns an the L-packet
I(x) = e (x).
For theL-packet{,,, 7/, } defined in (4) fom = 1, we havey = (m + 3)e;.
The line bundleZ,, = L(—x — p) on CP! is the one traditionally denoted by
O(—2—-2m). The representations,,, =, are realized on the cohomology groups

Tm = H'Y(CP', L,,), and 7/ = H°(CP'—RP' L,).
The groupH = SO(2n) contains the same maximal torus®8(2n + 1), so
we again haveX (Sc) = ®}_,Ze,. The Weyl grougl’ is the subgroup of index

two in IW,,, generated bg,, and an even number of sign changes. We may choose
our Borel subgrou@ so that

P ={e;te;: 1<i<j<n} (16)
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and

p:Z(n—k)ek: (n—1,n—-2,...,1,0).
k=1
The positive characters € p + X (Sc¢) are those of the form = ), nie;, with
nx € Z and
> > > Ny > [l

If ¢ € Sy, hasp components such thak,(¢) = —1 andp + ¢ = n then H; ~
SO(2p,2q). For each positive characterfor H, the construction of the previous
section gives us an irreducible discrete series represamtaf H,, which we will
denote by (7, t), so as not to confuse it with the analogous representatigns)
of Gs. We then have a discrete seriepacketlly (n) = {o(n,t) : t € Sy},

The W -orbit of ¢ again has sizéZ). SinceSO(2p, 2q) ~ SO(2q, 2p), we see
that there are twdl/-orbits in S, giving rise to the isomorphic grougé$, ~ H_,,
whenp # ¢. These discrete series representations occur twitkyif), once for
H, ~ SO(2p,2q), and once fo _, ~ SO(2q, 2p).

For the one-dimensional representatign of SO(2), we haven = me;. The
L-packetll;(n) consists of the two occurrences pf,, once forSO(2,0) and
once forSO(0, 2).

Let x andn be positive characters fa@r and H respectively, giving rise to
L-packetdI;(x) andIlg(n), as above.

In [14], a branching law was proposed for the multiplicityrepresentations in
15 (n) in the restriction of representationsliiy; (). According to this conjecture,
the characterg = > xxex andn = > nxei, determine elements t € S, by the
conditions

er(s) = (1", ep(t) = (=), (17)

wherev (k) is the total number of, j such thaty;,n; < xx, andu(k) is the total
number ofi, 5 such thaty;, n; > 7.

The coordinates of andt have the same numberof coordinates equal to
-1, so

m:=m(x,s) Isarepresentation @ ~ SO(2p,2q+ 1)

and
o:=o(n,t) isarepresentation df; ~ SO(2p,2q).

The prediction is that occurs in the restriction af, with multiplicity one, i.e.,
that
dim Hompg, (7,0) =1, (18)
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and that no other representation in thgacketlly (n) should appear in the re-
striction of a representation in tHepacketll ().

Formula (18) was proved in [15], in the cases where the otistni of 7 to
SO(2p,2q) decomposes discretely as a Hilbert direct sum. (In mostscdke
restriction will have continuous spectrum.) This discrééEomposition occurs
wheny = > xier, andn = > ey interlace in the following way: For some
integer0 < p < n we have

> X1 > >y > Xps Xpt1 > M1 > =+ > Xn > ] (19)
Thens = t and we have

ek(s):ek(t):{ L ?f lsksp
+1 if p<k<n.

The representations = 7(y, s) ando = o(n, s) are “small” discrete series:
their restriction to the compact subgrodi®)(2p) C H, C G, contains each
irreducible representation 6fO(2p) with finite multiplicity.

For example, if

X1> M > X2 > > > X > Tl (20)

thenp = 0, ands =t = 1. In this case(7 = SO(2n + 1) andH = SO(2n) are
compact, and we recover a classical branching law (seed2ihe finite dimen-
sional representation(, 1):

Resy (W(Xa 1)) = @U(n? 1)7

n

where we sum over all positive characteror SO(2n) satisfying (20).

The trivial representation dfO(2n) is 7(p, 1), where we recall that
p = pu = >, (n— ke for H = SO(2n). Forn, = n — k, the characters
X = > xxex satisfying (20) are those of the form

X = me; + P, m Z 07
where we recall that = p = > _;_ (n—k+3)e;, for G = SO(2n+1). The rep-

resentationr(me; + p, 1) is the representation,, appearing in the decomposition
(14) of functions on the sphers¢.
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At the other extreme, if

m>X1>Ne> X2 > > Ny > X, (21)

we havep = n, G, = SO(2n,1) andH, = SO(2n) has index two in the maximal
compact subgrouf; = O(2n) of G5. We recover another known branching law,
which is a special case of Blattner’s formula, proved by Heetd Schmid [19]:

Resi, (m(x. )) = Do (n, ).

a Hilbert direct sum over al} = > n,e;. satisfying (21).

6 Introduction to Langlands parameters

All of the results on branching laws for orthogonal groupsclhwe have dis-
cussed so far fit nicely into a general conjecture [14], uiredanguage of Lang-
lands parameters for irreducible representations of tagugroupsG over local
fieldsk. The rough idea is that irreducible representations ofetlggsups should
be parametrized by homomorphisms from the Weil group afto a group”G
which is dual toG and encodes the arithmetic structure(bfis a group ovek.
Then properties of irreducible representations, such asdhing laws, should be
determined by number-theoretic invariants of the corradpay parameters.

Historically, and in this paper so far, this connection kesgw number theory
and representation theory was not evident in the real casgulse the Galois
theory ofR is rather simple. However, it is enlightening to rephrase dbove
results onL-packets for real groups in terms of the Weil groupRof For non-
archimedean field&, the Weil group is essential for describirigpackets and
branching laws.

In this chapter we define Weil groups for real grddic local fields, and give
an introduction to some of the local number theory that isdedeto construct
p-adic L-packets. This is followed by some background on quast-gptiups,
which is preliminary to the definition of the grod.. With these ingredients in
hand, we give a preliminary definition of a Langlands parameind then consider
some refinements of this definition.
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6.1 Weil groups

Let k& be a local field of characteristic zero. That isis eitherR, C or a finite
extension ofQ,. Fix an algebraic closurk of k. The Weil group/W(k) of k is a
locally compact group, which comes with a group homomonphis

W(k) — Gal(k/k)
with dense image, and an isomorphism
W(k)® ~ k>,

HereW (k) is the quotient o#V(k) by the closure of its commutator subgroup.
Weil groups can be described concretely. For archimedetduey are given

by:
(22)

That is,W(R) is the normalizer o> in H*, the multiplicative group of Hamil-
ton’s quaternions. The grodfy(R) contains the normal subgro@p* with index
two; the nontrivial cosetC* is represented by ¢ H* wherej? = —1 and
jzj~t = zforall z € C*. Thus, we have an exact sequence

1 — C* — W(R) — Gal(C/R) —> 1 (23)

with j mapping to complex conjugation. This sequence is not sphteH is a
division algebra, the only involutions iH* are+1.

If k& is non-archimedean, then the description/¥fk) is a bit more involved.
Roughly speakingyV (k) is the Galois group of /k with the topology relaxed, so
as to allow more continuous representations. More pragi$dl has residue field
f of orderq, then we have an exact sequence

1 — T — Gal(k/k) — Gal(j/f) — 1,

whose kernell is called theinertia group of k. Any elementF’ € Gal(k/k)
whose image irGal(f /) is the automorphism: — ¢ of f is called aFrobenius
element We fix a choice off” once and for all. The image df in Gal(f/f)
generates a dense subgroup, isomorphi.to
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The Weil group oV (k) is defined to be the subgroup @hl(k/k) generated
by F' and the inertia subgroup. Thus,

W(k)=[[ZF" =T % (F),

nel

and we have an exact sequence (analogous to (23))
1—7Z—W(k) —7Z— 1. (24)

A subset oV (k) is open iff its intersection with every cosetDfs open, wher&
has the profinite topology inherited frodwl(k/k). A homomorphism fromw (k)

to a discrete group is continuous iff the image&Zas finite; such a homomorphism
extends continuously tGal(k/k) iff the image of all ofW (k) is finite.

To better understand the Weil groufp'(k) for non-archimedea#, we will
now describe some subgroupsif( k) and the corresponding extension fields of
k; these will be useful later on.

First of all, a Galois extensioh/k is unramified if a prime element in the
integers ofk remains prime in the integers éf Equivalently,/k is unramified
if the inertia grougd acts trivially onL. This implies thatGal(L/k) is generated
by the image off” under the canonical ma@al(k/k) — Gal(L/k). SinceZ has
a unique subgroup of every positive index, we see that fayeve 1, the fieldk
has a unique unramified extensignc & of degreeleg(k,/k) = d. For example,
the extensiort, of k = @, was described in section 3.

The Weil groupV(k,) of k4 is the subgroup ofV’ (k) generated by and <.
The composite field

K = U l{d

d>1

is the maximal unramified extensionof & in k; its Galois group is the inertia
group ofk: B
7 = Gal(k/K).

The residue field ofi is f, and the natural magial(K/k) — Gal(§/f) is an
isomorphism. This means that the unramified extensjgi can be constructed
asky, = k(a), wherea € K is a lift of an elementx € f which generates the
degreel extensiorf, /.

Thus, the theory of unramified extensions is more or lessvatgnt to the
theory of extensions of finite fields. At the other extreme a0 extensior. /k
of degree: is totally ramified if a prime element in the ring of integers ins the

21



' power of a prime inL. Equivalently,L/k is totally ramified if the residue field
of L is equal to the residue field &t

A general finite Galois extensioh/k is of the formk C k; C L for some
d, where L /k, is totally ramified of degree = [L : k]/d. We say thatL/k is
tameif e is not divisible by the residue characteristiof k. All of the L-packets
constructed in this paper will arise from tame extensions.

Totally ramified Galois extensions correspond to normagsoipsA < 7 of
finite index, and the extension is tameAfcontains the maximal prp-subgroup
Z7* of Z. The quotient

I,:=1I/T"

is called thetame inertia group ; it is the Galois group of the maximal tame
extensionk; of K. The field K; can be described very explicitly: it is obtained
by adjoining toK all the roots of the polynomials

Xy, for n>1,

for any fixed choice of prime element in the ring of integers of. This de-
scription of K; implies that the tame inertia group can be viewed as an iavers
limit

7, = limf), (25)

wheref,, C fis the extension of of degreen and the transition maps are the norm
homomorphismg; — ., for m | n. Under the isomorphism (25), the action of
F by conjugation or¥, corresponds to the automorphism— «a? on each finite
field .

6.2 Quasi-split groups and the L-group

More details for this section can be found, for example, iB].[3An excellent
survey on the origins of thé-group can be found in [7].

In this sectionG is a connected reductive algebraic group defined over the
local field k. We also assume that the groGjis quasi-split over k. This means
that the flag varietyB of GG has ak-rational point, that is(z has a Borel subgroup
B defined overt. (Note thatG is no longer a compact real Lie group, as it has
been until now.) Lefl’ C B be a maximal torus defined ovky contained in3,
and let

X = Hom(GL,,T), Y = Hom(T,GL,)
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be the groups of algebraic co-characters (i.e., 1-paramsatgyroups) and char-
acters ofT’, respectively. Insid@” have the rootsb of 7" in the Lie algebra of
G, and the positive rooté™ of T in the Lie algebra oB. Inside X we have the
corresponding co-root® and positive co-root®*. The Galois grougal(k/k)
acts onX andY’, preservingb* and®+. Let Gal(k/E) denote the kernel of this
action; the fieldF is a finite Galois extension df, called thesplitting field of G.
We sayG is split if £ = k.

Thus, G determines @ased root datum (X,Y, ®*, ®*) with an action of
Gal(E/k). There is a unique (up to isomorphism) complex reductivedraip
G whose based root datuf, X, ®+, ) is dual to that of7. Moreover, there is
a maximal torus and Borel subgroiipc B in G such that

X = Hom(T,GL,), Y = Hom(GLy,T),

andd is the set of roots of " in the Lie algebra of3. The action ofGal(E/k)
on this root datum extends to an action@l(E/k) by automorphisms of,
preservingl’ and B.

The L-group ofG is defined as the semi-direct product

LG .= Gal(E/k) x G.

Conversely, any continuous action@hl(k/k) on a based root datum arises from
a unique quasi-split group ovér up to isomorphism. Thus, the grotpis deter-
mined by itsL-group.
The centetZ (“G) of LG plays an important role, expecially in theadic case.
One can show that
Z(LG) _ Z(G)Gal(E/k:)

is the fixed point group oal(E/k) in the centetZ(G) of G. The groupZ(:G)
is finite precisely whei@: (k) has compact center. In particulaf(~G) is finite if
G is semisimple.

We now consider some examplesIliis a torus ovek, with character group
Y, thenT is quasi-split, with dual torus

T=Y®Cx,

and theL-group . R
T=Gal(E/k)x T

is given by the action ofzal(E/k) onY'.
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At the opposite extreme from tori, we have semisimple gspbt-groups.
Here the Galois action on the root datum is given by an autpmsm of the
Dynkin diagram ofGG. (For the passage from root data to Dynkin diagrams, see
[3, VI.4].) Let us consider the possibilities of this actifor orthogonal groups,
assuming that # C.

If G = S0O,,: is a quasi-split odd orthogonal group, there are no noatrivi
automorphisms of the Dynkin diagram, so the actiofitef(k/k) is trivial. Hence
E = k andG is split. This means there is only one quasi-split odd ortimad)
group, up tak-isomorphism. It arises from the quadratic fo€m + 23, ,, where
Qn = T1&ns1 + - - - + ToTa,. In this case, we haveG = G = Sp,,(C).

If G = SO, Is an even orthogonal group withh > 2, then the Dynkin
diagram has a symmetry of order two,Sas either split, orF is a quadratic field
extension of.. These arise from the quadratic for@s, Q,,_1 + NN, respectively,
where(Q),, is as above, and is viewed as a two-dimensionklvector space with
quadratic formN : E — k given by the norm. We call these two quasi-split
groupsS0,, and SO, , respectively. (We omit the dependence Brsince, in
this paperFE/k will always beC/R or the unramified quadratic extensibsy k.)

In the split case, we havel = G = S04, (C). In the non-split case, we have

LG = Gal(E/k) x SO,,(C),

where the Galois action 060,,(C) is given by conjugation by a reflection in
0,,,(C), and we have an isomorphism

LG ~ 0,,(C).

In summary, we have the following table btgroups for quasi-split orthogo-
nal groups.

L G | G |
SOsn11 | Span(C)
SOq, | SO2,(C)
SO, | O2,(C)
In all three cases we hav&(“G) = {+1} (except forSO,, which is not semisim-

ple).
Whenk = R, these groups have real points
SOQn—l-l(R) = SO(H + 17 n)
SO, (R) = SO(n,n) (26)
S0, (R)=SO(n+1,n—1),
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where SO(p, q) is the special orthogonal group of a quadratic formR#i? of
signaturg(p, q).

6.3 Langlands parameters

Recall thatGG is a connected quasi-split reductive group over the locél fie
whose splitting fieldF is a finite Galois extension df. In the previous sections
of this chapter we defined the Weil groop (k) of k, and theL-group*G =
Gal(E/k) x G.
In this paper, a Langlands parameter has two ingredientsfifidt is a contin-
uous homomorphism
o:W(k) — G, (27)

whose projection onto the first fact@fal( £/k) is the composition of canonical
maps B
W(k) — Gal(k/k) — Gal(E/k), (28)

and whose projection to the second fagfbconsists of semisimple elements.

For example, suppoge = k is p-adic. If ¢ is trivial on the inertia subgroup
of W(k), theny is completely determined by the semisimple eleme(it) € G.
A more general Langlands parameter replaces the elepiéntby an arithmetic
refinement: the homomorphism: W(k) — G.

For another example, léf' be a torus overk with character grouyy =
Hom(T, GL,), with dual groupl” = C* ® Y, andL-group”T = Gal(E/k) x T.
A Langlands parameter

0 :W(k) — T

amounts to a continuous one-cocycleloiik) with values inl’, whereWV (k) acts
on G via the natural mapV (k) — Gal(E/k).

The second ingredient of a Langlands parameter is an irflel@uepresenta-
tion of the finite groupd,, = 1, (C()) of connected components of the central-
izer in G of ¢. From basic homotopy theory we have a surjective homomsnphi

Trl(é ' QO) - ASO7

whereG - ¢ ¢ Hom(W(k),~G) is the G-orbit of ¢ under conjugation. So a
representation aofl, gives rise to a representation of the fundamental groupeof th
G-conjugacy class ap.

In this paper, the complete Langlands parameter is a(pais), with ¢ as
in (27) andp € Irr(A,) is an irreducible representation df,. Two parameters
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are considered equivalent if they are conjugate urdderThus, the pair(p, p)
may be thought of as a conjugacy-classdn with arithmetic and topological
enhancements.

Note that the centeX (“G) of “G is contained irC; (). We say that a Lang-
lands parameter idiscrete (some sayelliptic) if the groupCy, () has dimension
as small as possible, that is,Gf;(¢) and Z(“G) have the same identity compo-
nent. ForG semisimple, the Langlands parameteis discrete if and only if the
groupCy () is finite, in which case we havé, = Cx ().

A caveat: The Langlands parameters defined above are natisunifto ac-
count for all representations in thpeadic case; one must also add a nilpotent part
(see [37]). These more general parameters will play no rothis paper, but we
will briefly mention them again in section 9, to give some pergive.

7 Real orthogonal groups again

In this section we explicitly describe Langlands paransefer real orthogonal
groups, and show how they relate to theackets contructed in section 4.

Recall from (22) that the Weil group & is W(R) = Nyx (C*). In particular,
W(R) containsC* as a normal subgroup of index two, with quoti€htl(C/R).
It has a family of two-dimensional complex representatidfis), indexed by
a € 37, defined by

V(a) = Indg(R) (Xa);

wherey, : C* — S is the unitary character

2a

o) = (2) = =

) |zz]o

The representatiofy (a) is isomorphic toV (—a) = Ind(x,*'), and is self-dual.
It is symplectic wheru € ; + Z and orthogonal when € Z. WhenV (a) is
orthogonal, its determinant is the sign characterlgfR ) = R*. Finally, V(a)
is irreducible unlesa = 0, andV(0) is the direct sum of the trivial representation
and the sign character.

The Langlands parameters {86€),, ., overR are symplectic representations

@ : W(R) — "G = Spy(C) = Sp(V).
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Discrete series parameters 180,, ., are symplectic representatioms of the
form

V= @ V(Xi);

with
XiE%‘i‘Z, X1>X2>"'>Xn>0.

Thus,p corresponds to the positive charactee p + X (Sc¢) defined in section
5. We writeII(y) = TI(x).

The compact torus' of section 4 is conjugate undéiO,,,.;(C) to the max-
imal compact subgroup of the complex toflis Hence the involutions i% cor-
respond to involutions ifl". The latter involutions may be identified, by duality,
with characters of the group, of involutions in7'. In turn, 75 is the the center of
the subgroup

Sp(V(x1)) x == xSp(V(xn)),

and since the; are distinct, this center is exacty, = Cx(y). Thus, theL-
packetlI(y) is in bijection with the set 02" characters ofi,,.

For even orthogonal groups oveir, recall from (26) thatSO,,, denotes the
quasi-split orthogonal group witiOs,,(R) = SO(n,n), and SO}, denotes the
quasi-split orthogonal group wit0}, (R) = SO(n + 1,n — 1). A Langlands
parameter for either of these groups is an orthogonal reptaton

0 : W(R) — LG C 0,,(C) = O(W)

whose image is contained $0,,,(C) whenG = SO, and is not contained in
S0,,(C) whenG = SO}, . Discrete series parameters for real even orthogonal
groups are orthogonal representatidfiof dimensior2n, of the form

W= EBV(m),

with

ni € L, M >1g > > ).
Since eachlV (1;) is orthogonal with nontrivial determinant equal to the sitpar-
acter of W(R)*®® = R*, the resulting homomorphisgp : W(R) — O(W) has
image contained iKO(W) = SO,,(C) precisely whem is even. Thusy is a
discrete series parameter f80,,, whenn is even and5O;,, whenn is odd.
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In either caseyp corresponds to the positive character p + X (S¢) defined
in section 5. The involutions if again correspond to characters of the centralizer
A, of ¢ in SO(W), andA,, is the center of the subgroup

O (V(m)) x---xO(V(na))-

The2" characters oA, parametrize the representations in fh@acketl(y) =
I1(n) described in section 5.

The above calculations may seem more natural when vieweeatey gener-
ality, and this will also permit later comparison wijtkadic Langlands parameters.
For any quasi-split real grou@, a Langlands parameter

0 :WR) — Lq

maps the normal subgrop* ofW( ) to maximal torus inG, which, after con-
jugation, we may arrange to e To be dlscretego((CX) must contain a regular
element of(z. Then the centralizer ah(C*) in G is exactlyT, and the full Weil
groupW(R) maps to the normalizeN.(T) of 7 in “G. The elemeny, gen-
erating the quotientV(R)/C* = Gal(C/R), maps to an element € N.(T),
and conjugation by: is an involution of7’. The centralizelCs(y) is the fixed
points in7" of this involution. The discrete condition forces this ifwtion to be
inversion, and the centralizet,, of ¢ is therefore always equal to the 2-torsion
subgroup ofl'. So the character group df, may be identified with the 2-torsion
subgroup of a maximal compact torusGiR ), as in section 4.

8 Pure inner forms of p-adic groups

The examples ol.-packets fop-adic SO3 in section 3 belong to a family of dis-
crete seried.-packets fop-adic groups whose Langlands parametrization (though
not their construction) is similar to that for real groupgatér, we will discuss this
family of p-adic L-packets in more detail.

First, recall that in those examples we had two version$@f, one compact
and the other non-compact. In this section we explain howdhnieus versions of
ap-adic group are controlled by Galois conomology détsk, ). The real case
also involved Galois cohomology, but in disguise. Thersuificed to consider
involutionss, which were the concrete manifestations of real Galois nuilogy
classes. Indeed, iff is a compact real group with maximal torgsand Weyl
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groupW, then the Galois cohomology is given B (R, G) = S, /W (see [33,
111.4.5]).

In the p-adic case, we will see th@t' (k, G) is nicely described by a theorem
of Kottwitz. See [33] for an introduction to Galois cohomg{p and [9] for more
details in what follows.

For the rest of this papeyour local fieldk is non-archimedean, of character-
istic zero, with residue fielg, andp denotes the characteristic ofRecall that&
is a connected quasi-sphkitgroup.

For each continuous cocycdle: Gal(k/k) — G, we define a neviral(k/k)-

action onGG by
1

Yocg=c(y) g -c(y)
This newGal(k/k)-action is that of a newk-structure orG. Let G, be the group
G with this newk-structure, so that the-rational points of,. are given by

Gk)={ge€G: yo.g=g forall ~ e Gal(k/k)}.

The k-isomorphism class of7. is determined by the image of the classcah
H'(k,G/Z), whereZ is the center of5.

For each class € H!'(k,G), we choose a cocycle € w, and by abuse of
notation we writeGG,, = G, (see [33, p.48]). We callr,, a pure inner form of
G. As in the real case, two such groufs, G, may bek-isomorphic, even if
w # w'. Usually,G,, is no longer quasi-split. In fact,, is quasi-split if and only
if w has trivial image inH'(k,G/Z), and this is equivalent to having, ~ G
overk.

The setif ! (k, G) can be made completely explicit, thanks to a theorem of Kot-
twitz [23], who showed that there is a natural bijection begwH ! (k, G') and the
set of irreducible characters of the group(Z(“G)) of connected components of
the centelZ (*G) of the L-group”G. Thus, forp-adick, the Galois cohomology
setH!(k,G) has a natural structure of a finite abelian group. Recallifh@tis
semisimple, thet (X Q) is finite, so Kottwitz’ bijection takes the simpler form

H'(k,G) ~Irr (Z(*@)). (29)

Let us use (29) to determine the pure inner forms of quasi-sghogonal
groups (see section 6.2). First, we ha¥é(k, SO,) = 1. In all other cases we
haveZ(*G) = {£1}, soG has a unique pure inner for,, corresponding to
the nontrivial element € H'(k, G). These are tabulated as follows.
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L ¢ | G |
SO2n+1 SO;n_H
SOs, | SO3,
SO, | SO,

Here, SO, | is the special orthogonal group of the summef1 hyperbolic planes
and the three dimensional anisotropic quadratic spacedmmesl in section 3, and
SO;, is the special orthogonal group of the sumnof 2 hyperbolic planes and
the four dimensional anisotropic quadratic space arigioigh the unique non-split
quaternion algebra ovér. ForG = SO, , we haveG, ~ G. Thus, we have a
total of five families of orthogonal groups to consider.

The groupsS0;,, SO; andSO; have compact groups éfrational points, and

the remaining orthogonal groups have non-compact groups-ational points.

9 Thep-adic Langlands conjecture

Unlike the real case, the discrete series representatfarsactivep-adic groups
have not yet been classified. However, there is a conjectiassification, due
initially to Langlands and then refined by others. We now haast of the in-
gredients needed to state this conjectural classificatopdre inner forms of a
guasi-split groupz. However, our Langlands parameters, as defined in section
6.3, while sufficing for the actual representations we walhsider later, are not
general enough to parametrize the whole discrete serighislisection only, we

will consider more general parameters, which are expectedffice, in order to
give the reader an idea of how our representations shouldtéitthe complete
picture.

We assumé= is semisimple, just to make the statements cleaner. Given a
Langlands parameter, the inclusionZ (*G) — C () will induce a homomor-
phism

(P Z(LG) — A,

whose image is contained in the centerAf. Hence, by (29), for every <
Irr (A,) there isw, € H'(k,G) such thatp o i, is the scalar character, on
Z(ra).

The correspondenge— w, should be the means of distributing the different
representations in the-packetlI(¢) among the different pure inner forms 6f
(cf. [44]). This is part of the conjectural Langlands copesdence, as stated
below.
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Conjecture 9.1 For each classy € H!(k, G), the discrete series of the pure inner
form G, (k) is partitioned as
[T,
%]

where
(p,w) =A{n(p,p): pElr(4y), w,=w},
and ¢ runs over the set af-conjugacy classes of Langlands parameters

¢ : W(k) x SLy(C) — LG
whose image has finite centralizerch

Note that the new ingredient here is the factorSdf,(C). This is the “nilpotent
part” that we previously ignored. It is possible to havbeing trivial onS L, (C);
that is the case for the parameters as we originally defired tto which we will
confine ourselves after this section.

The last condition in 9.1 is the “discrete series” condititinsays thatA,,
Cea(p), and is equivalent to there being Gal( £ /k)-stable proper parabollc sub-
groupP c G such that the image of lies in Gal(E/k) x P.

Assuming Conjecture 9.1, thie-packetlI(¢) would be the disjoint union

)= I e w),

weH!(k,G)

consisting of a certain number of representatiofis, p) on the various pure inner
forms of G, determined by the restriction of representationsipfto Z (“G).

10 Parameters for somep-adic discrete series

We now consider somg-adic Langlands parameteys: W(k) — LG, anal-
ogous to discrete series parameters for real groups (seers&y. In that case,
W(R) had a normal subgrou@*. In thep-adic case, the analogous normal sub-
group is the inertia group C W(k). We will only consider the simplest nontriv-
ial case, where is trivial on the wild inertia subgroup™. For similar parameters
with higher ramification, see [29].

We continue to assume thétis semisimple and quasi-split over We also
now assume that the splitting field is unramified overk. ThenGal(E/k) is
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cyclic, generated by the image of FrobenfusHence the action dkal(£/k) on
the root datum of7 and onG is completely determined by an automorphigrof
orderdeg(E/k), given by the action of thé'. We can then write

N

LG =) x G
and
H'(k,G) = Irr(Z(G)?).
10.1 Tame regular discrete parameters
Let W = W(k) be the Weil group of.. We say that a homomorphism
0: W —tQ
as in (27) isame, regular and discreteif the following three conditions hold.
1. pis trivial on the wild inertia groug *.
2. The centralizer iit; of () is the maximal torug’ in G.
3. The centralizer it of (W) is finite.

The first condition means thatfactors through the tame inertia group

T, = T/T* ~ limfX. (30)

This map induced off; by ¢ must factor throughy, for somem > 1. Sincef,
is cyclic, it follows thaty(Z) = (s) is cyclic, generated by an element 7' of
order prime tap.

The second condition means that this elemeat’ is “regular” in the sense
that its centralizer, namel¥, is as small as possible.

Outside ofZ, the homomorphisrp is determined by the single elemestF').
SinceF’ normalizesZ, the element. := ¢(F) € LG must normalize the central-
izer of o(Z), which isT', son lies in the normalizeN. (7). Letw be the image
of n in the quotient group

LW = Nog(T))T = (9) x W,

wherelV = N, (T)/T is the Weyl group of" in . Our conditions 1-3 force the
elementw to have two significant properties.
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First, recall that conjugation by’ on Z; corresponds, under (30), to tihe
power automorphism of the groups. This implies the relation

s =n"tsn = st
The second property comes from condition 3: the ceAntraillizAé}of (W) is T,
sow must have the property that its fixed-point graflip in 7' is finite, and we
have )
A, =T".

The finiteness of ™ is equivalent tav having no invariants (except zero) in the
action of .17 on the free abelian groufi = Hom(T,C*) of characters off".

In this case, the character groupf is isomorphic, by restriction of characters
from 7" to 7, to the co-invariants of in X:

Irr(Ay) = X/(1 —w)X.
In particular,A,, is an abelian group of order
|[Ap| = det(1l — w)|x
For example, ifw acts by inversion off’, hence by-1 on X, we will have
Irr(A,) = X/2X,

so that|Irr(A4,)| = 2", wheren = dim7T = rankX. This is the situation that
most closely resembles the real case.

At the other extreme, suppose tlatis split with trivial center, and leiv be
a Coxeter element df/ (see [3, V.6]). Them, = T* = Z(G) is the center of
G. We will see that, for orthogonal groups, all examples ofeaegular discrete
parameters are built from copies of this Coxeter example.

10.2 Anisotropic tori

We now begin the construction of anpacket of representations of opradic
groupG and its pure inner forms, starting from a tame regular diedranglands
parameterp : W — LG, as defined in 10.1. The first step is to associate to
a pair (7}, x,), consisting of an anisotropic tords, over k, determined by the
elementw = ¢(F) in “W and a charactey,, of T,, (k).

A torus.S is anisotropic overk if either of the following equivalent conditions
holds:
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1. No nontrivial element in the grodgom(G'L,, S) is fixed byGal(k/k).
2. The groupS(k) is compact.

Recall that we have chosen a maxinkatorus 7" contained in ak-rational
Borel subgroupB in our quasi-split grougs, and X = Hom(GL,,T) denotes
the lattice of 1-parameter subgroups/ofSince the splitting field is unramified
overk, the Galois action oX is trivial onZ, and the Frobeniug’ acts byJ. Let
w be the image op(F') in “IW, and letd be the order ofw.

We defin€eT, to have the same lattice = Hom(GL,, T,,), with Galois action
on X again trivial onZ, but now the Frobeniug’ acts byw. Thus, we have

Ty(ka) = X kS, Tulk) = [X @ k3]"". (31)

The discreteness condition 3 gn(see section 10.1) is equivalent to having
X* = {0}, which means thdf,, is anisotropic ovek, andT,, (k) is compact. In
fact, we have

T,(k) = [X @ 0;]""",

whereo, is the ring of integers iik,.
For example, iftv = —1, the torusl, is a product of one-dimensional unitary
groups, and
Tw(k) =X ® Uy,
wherel is the kernel of the norm homomorphigg — £*.
In general, the.-group ofT,, is

Note that”T;,, need not be a subgroup 6€7, sincep(F) = n can have order
greater than that of. Hencep does not, a priori, give a Langlands parameter
¢ : W(k) — LT, However, a slight modification af will give a parameter for
T,. Namely, we define

o W) — T, = (w) x T
by makingy’ equal top onZ, and defining
P(F)=wx1e (w)xT.
If v € Z andt = ¢(v), we have

Q(FyF~h) =t = o/ (FyF™),
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soy’ is a homomorphism.

By the Langlands correspondence for tori (which is essintaral class field
theory, see [9] for an elementary treatment of the tame cése)parametey’
determines a character

Xy : Tw(k) — C*.

10.3 Summary

We summarize what has been shown in this chapter. We staitie@ Wwanglands
parameterp : W(k) — LG whose restriction t@ factors through the tame
inertia groupZ;. We insisted thap satisfy the regularity condition

~

Ca(p(2)) =T,
as well as the discrete condition
A, =Culp) =T" is finite,

wherew € () x W is the image of>(F). We call these» “tame regular discrete
parameters”.

Then we constructed an anisotropic toffys splitting over the unramified ex-
tension oft of degree equal to the orderof Finally, using the abelian Langlands
correspondence, we associategta characteg,, of the compact grouf;, (k).

Note that all of this took place externally &; the torusT,, is not given as a
subgroup of~ in any natural way. In the next chapter, we shall see thatdhews
embeddings of,, into GG and its pure inner forms are controlled by the characters
of the finite abelian groupl, = 7.

11 Tame regular discrete series L-packets for p-adic
groups: introduction

Lety : W(k) — LG be atame regular discrete Langlands parameter, as inisectio
10.3. We want to construct airpacket

[(p) = {m(p,p) : p€ir(A,)}

parametrized by the irreducible representatipi$ A, in accordance with Con-
jecture 9.1.
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We saw in Kottwitz’ theorem (29) thati* (k, G) = Irr (Z(*G)), and part of
Conjecture 9.1 asserts that a representation w) € II(¢) should be a repre-
sentation of the pure inner ford,, (k) precisely wherp € Irr(A,) restricts to
w € Irr (Z(*@)).

In this chapter, we sketch the construction of suichacketslI(y). A more
detailed discussion of the construction requires morectira theory ofp-adic
groups, which we provide in the next chapter, along witstitations for orthog-
onal groups.

As in the real case, maximal compact subgroups (or largersupg of them)
will play a key role in our construction. One difference her¢hatp-adic groups
have several conjugacy-classes of maximal compact supgroAlso, instead
of the complex flag varietyB, the p-adic construction will use the Bruhat-Tits
building.

We can outline the construction 8f(p), without reference to the Bruhat-Tits
building, as follows. Rather than working with the quotigmoup Irr(A,) =
X/(1 —w)X, we work in the latticeX itself. Fixw € H'(k,G) = Irr (Z(*@)).
For each\ € X whose restriction t& (LQ) is w, we will construct a-groupGy
in the k-isomorphism class af,,, along with ak-rational embedding

Tw;T,\CG)\

of the anisotropic torug;, constructed in section 10.2 onto a maximal tofiysn
G). Using this embedding, we transfer the charagteof 7,, (k) from 10.2; we
then have a charactgn, of 7)\ (k).

As a general fact, the group of rational points of any anggmtrmaximal torus
in G is contained in a uniqgue maximal compact subgrou@ of). Let K, be
the maximal compact subgroup Gf, (k) containingZ) (k). Hence we have

Ti(k) € Ky C Ga(k), (32)

in analogy with the real case, where nowplays the role that did in (9). (In
fact, the compact groufy’, will be almost, but not quite, maximal. We ignore this
difference while outlining the construction.)

From the datgT), ¢,), @ cohomological induction process, due to Deligne
and Lusztig, gives us a finite dimensional representatigof A ,. Via compact
induction, we then have a representation

Ty - — Ind[G&(k) R,\
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of G,(k), as in section 3. The regularity assumption grensures thatr, is
irreducible. Sincer, has compactly-supported matrix coefficients, it is a digcre
series representation 6f.

Thus, starting from any € X which restricts tav € H'(k, G), we will have
constructed a grougr, in the k-isomorphism class of/, and a discrete series
representatiomr, of G, (k). The isomorphism class of the pai¥,, 7,) depends
only on the restriction of\ to 7% = A, Forp € Irr(T“’), we can then define
(¢, p) to be the representation, of G (k), for any A € X whose restriction to
T is p.

This concludes our sketch of the construction of fhpacketlI(y). In fact,
the actual construction of), finds K, first, thenG, and the embedding df, (k)
in K, comes last.

12 Bruhat-Tits theory

To fill in details of the construction of.-packets just sketched, we need more
structure theory for reductive-adic groups. This was developed in great gen-
erality by Bruhat and Tits [5], but the working knowledge ttge need is not
easy to extract from the literature. We are going to covemti@mum amount

of Bruhat-Tits theory sufficient to make our story coheréte refer to [40] for a
more thorough introduction to this theory.

12.1 The building

Recall that our quasi-split grou@ splits over some unramified extensiéiof k,
and that for orthogonal groups we hakle= k or £ = k,. The field £ will now
play the role tha€ did in the real case.

The main tool for us is th8ruhat-Tits building B(G) of the groupG(E) of
E-rational points inG. This building5(G) is a simplicial complex withG(E)-
action. In this paper, one can regd#d~) as a replacement for the complex flag
variety B used in the real case.

As a set,

BG) = ] g-A

9geG(E)

is the union ofG( E)-translates of an affine space

A=R® X,
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called amapartment, where we recall thak = Hom(GL,, T') is the co-character
group ofT". The various translates- .4 are not disjoint in3(G); they are glued
together in a way that will not concern us. Ker= SO3; = PG Ls, the building
B(G) is an infinite homogeneous tree, adds a path in3(G) without ends (cf.
[35, chap II]).

A wealth of information about pure inner forms Gfand their maximal com-
pact subgroups is contained in the simplicial structur&@i). For our purposes,
it suffices to study the simplicial structure gh

12.2 The geometry of an apartment and pure inner forms

A good reference for apartments and related affine Weyl grasuf3].
Recall that, by the definition of the dual group, we have

X = Hom(T, GLy) = Hom(GL,, T)
Y = Hom(GLy,T) = Hom(T, GL,)

and these groups are in duality via a the canonical paifing : ¥ x X — Z.
Hence each element &f gives a linear functional oml = R ® X. Recall that
® C Y is the set of roots of " in G. The simplicial structure onl is given by the
family of hyperplanes

Hyp ={zreA: (a,z) =n},

indexed bya € &, n € Z. The apartmen# is a disjoint union ofacets Two
pointsz,y € A lie in the same facet if, for every € ® andn € 7Z, eitherx and
y both lie onH,, ,, or are both strictly on the same sidef, ,,. A chamberis a
facet which is open imd. Equivalently, a chamber is a connected component of

the complement
A=|JHan

of all hyperplanes ind. The setd™ of positive roots determines one particular
chamber
Ci={reA: 0<(n,z)<1 forallae d*}. (33)

The Weyl group/V is generated, as a group of linear transformationglpby
the reflections
So T =2 — (Q, T)
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(recall that each co-roat is an element ofX'). Moreover, each\ € X acts on
A by the translationt,, - * = x + X. These two actions generate an action of the
affine Weyl group

War = X x W C Aff(A) (34)

inside the group\ff(A) of affine transformations oA.
We let
Q={weWs: w-C=C}

be the stabilizer of” in W . This subgroup has a normal compleméiit in
Wasr, andWe acts simply-transitively on the set of chambers4n Hence we
have a factorization

Wast = W° x Q. (35)

Recall thatG is quasi-split overk, and the splitting field® of G is a finite
unramified extension of. We have seen thdtal(E£/k) acts onX via an au-
tomorphismy of orderdeg(E/k), which preserves the sét" of positive roots.
This means that the linear extensioniab .4 preserves the chambérdefined in
(33). Hence) acts (via conjugation itk ff(.A)) on Wy, preserving.

Note that we have used the same leti¢o denote an element 6f as well as
aclass in!(k, G). This was intentional; the projectiofl — Wt — Q induces
an isomorphism

O~ X/7Zd ~ Irr(Z(G)). (36)

Let /(1 —)$2 denote the co-invariants ofin (2. By restricting characters from
Z(G) to Z(G)?, the isomorphism (36) induces another isomorphism

Q/(1 - 9)Q = Trr (Z(é)ﬂ) = I (2(*G)) ~ H'(k, G), (37)

this last by Kottwitz’ theorem (29). Thus, each element ) corresponds, via
its image inQ2/(1 — ), to a pure inner fornd7,, of G.

To summarize, there are two automorphisms4oin play. Namely,J) gives
the action ofF under the quasi-split action o#, andw € €2 measures the inner
twisting of the quasi-split structure, via the isomorphi@v). Taken together, the
productwd C Q4 tells us what grouygr,, (k) we are looking at. For example, the
Frobenius action for thé-structure onz,, induces the operatary on A. Thus,
we see that there is a close relation between the geometnyg @igartmentd and
the arithmetic of the grou@ and its pure inner forms.
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12.3 Parahoric subgroups

In this section we describe the appropriate analogues ofmadcompact sub-
groups of real groups, using a minimum of structure theorye Wl illustrate
them for orthogonal groups in the next section.

Retain the notation of section 12.2. Recall that the Fralmehiacts on4 by
the automorphisnd. Take an element € 2, so that we have a pure inner form
G, of G, via the isomorphism (37). Recall that the Frobenius@gracts onA
via the productvd.

Let x € A~ be a point fixed bys). According to Bruhat-Tits theory, this
pointz determines a certain compact and open subgroup

K. C Gy(k),

called aparahoric subgroup. This groupk,, , is profinite; it fits into an exact
sequence )
1 B K+ — Kw,x E— Kw,m(f) — 17

where K is an inverse limit of finitep-groups, andx,, ,(f) is the group ofj-
rational points in a connected reductive grakip,. over the residue fielfl

In this paper, the only thing we need to know abéfyt, is the structure of
this f-group K, .. As in section 6.2, the groufi,, , is determined by its based
root datum withGal(j/f)-action. The root datum ok, .. is that of G, except that
d* is replaced by the subset

of ={aed": (a,x) € Z}, (38)

anddf = {& : a € ®}}. Moreover, the Frobenius automorphismGal(f/f)
acts onX via wd.

For our discrete series representations, we will only ber@sted in certain
parahoric subgroups. We call the)-stable pointz and corresponding parahoric
subgroupk, ., goodif x satisfies the two conditions

1. z € C, the closure of the chambér defined in (33).
2. The pointz is the uniquevd-fixed point in the facet containing.

If ¥ = w = 1, the good points are just the vertices of the simglexin general
there are only finitely many good points they are the vertices in the fixed-point
simplex C+?. Two good parahoric subgrougs, . and K, are conjugate in
G, (k) iff  andy are in the same san®’-orbit.
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A good parahoric subgrouly,, , is almost, and is often equal to the full stabi-
lizer G, (k). in G, (k) of the pointr € B(G). In fact, K, .. is a normal subgroup
of G, (k). with finite quotient isomorphic to the stabilizer ofin Q7. For or-
thogonal groups, we haj€’| < 2. The groups,(k), are maximal compact
subgroups of7,, (k). However, it is the good parahoric subgroups,, that play
the role in thep-adic case that the maximal compact subgrokipslid in the real
case.

13 Tame regular discrete series L-packets for p-adic
groups: completion

Now we have all the tools to carry out the construction.gbackets as outlined
in section 11, for a tame regular discrete parameter

0 :W(k) — LG,

The groupsiV x (J) and “W are canonically anti-isomorphic. Let € Wv
correspond to the image of F) in 17/ Recall that our_-packetlI(y) should be
parametrized by characters

pe€lr(A,) =X/(1—-w)X,

whereX = Hom(7', GLy).
For each\ € X, we have a translation elemeante W . Alsow is a linear
transformation o4, so the product

bhw:z— A+wr

is an element of4 ). The discrete condition 3 op (see section 10.1) is equiv-
alent to havingd® = 0. It follows thatt,w has a unique fixed-point id, namely
the point

ry = (1—w)™ "\ (39)

Recall that the paify, p) is only taken up to conjugacy i@. Replacing the pair
(p,p) by aG-conjugate if necessary, we may arrange thais contained in the
closure of the chamber' defined in (33).

We factor the elementw as in (35), to obtain

t;{w = U)\wAﬂ, (40)
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with vy, € W° andw, € Q.
The factorization (40) generates much of the inducing datauoLanglands
correspondence. Indeed, (40) has the following properties

~

1. The elemenb, € Q) corresponds to the restriction afto Z(G) under the
isomorphism (37). This implies that the pure inner fa@y := G, is the
correct one, according to Conjecture 9.1.

2. The pointz,, is fixed byw,}, and is good (see 12.3). Hence we have a good
parahoric subgroup
Ky =K, 4, (41)

of G,(k), as in section 12.3.

3. By the Lang-Steinberg theorem (see [6, p.32]), there islamentp, €
G(K) which fixesz,, such that the conjugation map

Ad(py) : Ty — T = paTpy"
is ak-isomorphism. Since, - ) = x,, it follows that7) (k) C K.
We now have our desired set-up:
Th(k) C K, C Gy(k), (42)

whereG,, is the appropriate pure inner form 6f, K, is a good parahoric sub-
group of G (k), andT) is an anisotropic maximdil-torus ofG,. Moreover, K,
is the unique parahoric subgroup@f (k) containingT) (k).

To define the representation
m(p,p) = Ind " Ry,

it remains to define the irreducible representatityof K.
Recall from section 10.2 that determines a character, of 7),(k), via the
abelian Langlands correspondence. Conjugatingia p,, we get a character

X 1= Xp 0 Ad(py) ™! € Trr (Th(K)) .
Recall thatk, fits into the exact sequence

1 — K — Ky — K\(f) — 1. (43)
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Restricting this sequence to the subgrdijgk) of K, gives an analogous se-
guence )
1 — T\(k)" — Ta(k) — T (f) — 1,

whereT) (f) is group off-rational points in a maximaj-torus of the reductive
group §-group K. Since our parametep is tame, the charactey, of T)(k)
factors through the finite group, (§). Likewise, the representatiai, will factor
through the finite groug, (f).

These representatiorfs, are famous in the world of finite reductive groups.
As mentioned in our example in section 3 f80;(f), the representatioR, has
dimensiony — 1 and was known to Frobenius. In the late 1960s, Macdonald con-
jectured, based on the known character table&foy () andSp4(f), that to every
maximal torus!” in a finite connected reductive group and sufficiently regular
charactery of T'(k), there should correspond an irreducible charaBtgr, ) of
K (f) whose dimension

dim R(T, x) = [K(f) : T(f)ly

is the maximal factor of the indei<(f) : 7'(f)] which is not divisible by the
characteristigp of f. Moreover, the restriction oR(T, ) to sufficiently general
elements ofl'(k) should agree up to sign with the sumypbver the Weyl group
of T

In the mid 1970s Macdonald’s conjecture was proved by Delgmd Lusztig,
building on the work of Drinfeld forSL,(f). They found a cohomological con-
struction of R(T, ) that bears some resemblance to Schmid’s constructionlof rea
discrete series. Besides the original paper [10], we réferéader to any of the
several good expositions of the Deligne-Lusztig consioactsuch as [6].

These Deligne-Lusztig representations are the final ingne¢¢h our construc-
tion of L-packets: we define

R)\ = R(T)\,X)\). (44)

This is a representation of the finite grof (f), which we view as a representa-
tion of the good parahoric subgroug,, via the exact sequence (43).
Putting everything together, we finally have our repredenrta

(. p) = md2 Y Ry,

where) € X projects top € X/(1 — w)X = Irr(A,), and ourL-packetlI(y) is
then defined as

() = {7(p,p) : p €Ir(Ay)}.
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The simplest case of this construction is the following. fgveemisimple
group has a quasi-split form for which somee “W acts by inversion off’,
and thisw is unique. In this casé™ = 75 is the2-torsion subgroup of’, and
A, = X/2X. We have

_ 1
lL')\—i)\,

and the root datum ok, is that of the centralizer of the involution(—1) € G
(recall that characters df are 1-parameter subgroupsBf The L-packetlI(y)
has2™ elements, where = dim 7. Thesep-adic L-packets look quite similar to
the realL-packets described in section 4. However, the Galois thebay-adic
field & is richer than that oR. There are other tame regular discrete Langlands
parameters, corresponding to other elements~ 1V for which 7™ is finite. Thus

the groupsA,, will vary, and the cardinalityA,| is not always a power df.

14 L-packets for p-adic orthogonal groups

We first describe the regular discrete parameters explicitlorthogonal groups.
As in the real case, we need a supply of some simple inducedsemations. For
the moment, we make no assumption on tameness, since that@aole in the
following construction.

We fix a prime elemento in the ring of integers of. Recall that the Well
groupW(k) is a semidirect product

W(k) = (F) x T.
We change and simplify the notation slightly. Let
K = kyq
be the unramified extension bfof degree2d. The Weil group oV (K) is
W(E) = (F*') x T,

a normal subgroup ofV(k), with cyclic quotient of orded. The tautological
embedding/V (k) — Gal(k/k) induces an isomorphism

W(k)/W(K) ~ Gal(K/k),

sending the coset df? to the unique element of order two in the cyclic group
Gal(K /k).
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Letn : W(K) — C* be a character of finite order. Applying local class field
theory toK, we have a homomorphism

W(K) — W(K)® = K*, (45)

sendingF?? to w, and sending onto the unit groupD* in the ring of integers
O of K. We viewn as a character ok *, via (45). Note that)(ww) = n(F?!) in
these two viewpoints. We define

V(n) = Indf n == Ind) ) 0. (46)
This gives a representation
p: W(k) — GL(V(n)) (47)

of dimensior2d.

We assume further that the conjugaté®f , by the elements dkal( K/ k) are
pairwise distinct, and that” = n~!. Sincen has finite order, we have ! = 7.
The first hypothesis implies, by Mackey’s theorem (cf. [347]) that V'(n) is
irreducible and/(n) ~ V' (n?) for anyo € Gal(K/k). Since the dual oV (n) is
V(77), the second hypothesis implies thafn) is self-dual.

Hence there is a nondegenerate bilinear fdsnon V'(n) which is invariant
underW(k), and unique up to scaling. Sindé&(n) is irreducible, the formB
either symplectic or orthogonal. We have an orthogonal ehgasition into two

dimensional subspaces
d—1

Vin) =PV,
1=0
whereZ acts onV/ (1, 1) asn? @7, andp(F?) interchanges these two summands.
The form B; on V' (n, i) is either symplectic for all, or orthogonal for all. Let
1 = 0. Sincen™ = 7, we can choose eigenvectors fpand7 so that the matrix
2d
of (F%) onV(n,0) has the form((l) 77(]3 )>. This matrix preserves,. It
follows thatn(F2?) = £1, with n(F??) = +1 if By is orthogonaly(F??) = —1
if B, is symplectic. Recalling that?? corresponds tez under (45), we conclude
that

orthogonal if n(w) = +1,

Vi(n) al it n(w) (48)
symplectic if n(w) = —1.

Moreover, in the orthogonal case, we have o(F') = —1, sodet ¢ is the unique

quadratic character of/(k) which is trivial onZ.
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14.1 L-packets for odd p-adic orthogonal groups

HereG = SO,,,; and we havéG = Sp,,(C), and a regular discrete Langlands
parameter is a homomorphism

@ : W(k) — Sp(V),

with

V=VieV,e oV, and V;=V(p)=Ind n,
as in (46), where thé(; are unramified extensions &fof even degreéd; > 2,
such thaty ©d; = n. By (48), the characterg, of K satisfyn;(w) = —1. For
© to be regular and discrete (see 10.1), the representdtiomast be pairwise
non-isomorphic. Hence if; = K;, we must assume thg} is not equal to any
conjugatey? of ;. In order to apply the construction aéfpackets as described in
section 13, we now assume that eaglfactors through the tame inertia grofip
(see 6.1), so that will be tame.

We now describe explicitly the paif’,, x,,) associated tg in section 10.2.
The building blocks off,, are Coxeter tori, defined as follows. The Weyl group
W, of Spoq(C) is the group of the hypercube &, and acts ofiR¢ by permuting
and changing the signs of the standard bdsis...,e,;}. A Coxeter element
in W, is an element € W, of order2d which acts by a single orbit on the set
{#e; : 1 < i < d}. Coxeter elements form a single conjugacy clasg/in A
Coxeter torusl.ox over thep-adic field k has character group = Zle Ze;,
splitting overky,, for which £ acts onY via v. The torusT,.x hask-rational
points

Teox (k) ~{a € K*: 7(a) = a '},
where, as abovdy = ky,; andr is the nontrivial element ofal( K /k,).
The elementv = ¢(F) is the product

W =W X Wy X -+ X Wg

of Coxeter elements; € W, of order2d;, in the Weyl groupi¥,, of Sp (V;),
whered; + - - - + dy, = n. The torusl,, is the product

T,=T1 xTy x---xT,

of corresponding Coxeter tori. The splitting fieldof T,, is the composite of
the unramified extensions;, so L is unramified ove¥ of degree twice the least
common multiple of dy, . .., ds}. EachT; hask-rational points

T,(k) = {a € K} :(a) = a™},
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where; is the unique element of order two hal(K;/k). The charactex,, is
given by
Xe =M @N2 & -+ Q1.
The groupA, ~ {£1}° is the center ofSp (Vi) x --- x Sp(V;), and the
diagonal subgroup o, is the cente{+15, } of G = Span(C). Recall that

H'(k, SOsn 1) = It ({£1,}) = {1, 0},

wherew gives the pure inner forr803,, ., (see section 8).

The L-packetll(y) contains2® representations, parametrized by characters
p=p®- - Qps € Irr(A,). The representation(y, p) lives on the quasi-split
groupG(k) = SO.,41(k) if an even number op; are nontrivial, and on the pure
inner formG,,(k) = SOs, (k) otherwise .

We now determine the inducing subgrolfp of 7 (¢, p) (see (41)). Replacing
(i, p) by a conjugate irbp,, (C) if necessary, we can assume that for sénye
¢ < s, the first/ components;, ..., p, of p are non-trivial and the remaining
componentg,. 1, . . ., p, are trivial. We writeX = Hom(T', GL,) andA = R@X

as " "
X =P za, A= PRa;,
i=1 1=1

wherez; is thei'” coordinate function of’ = (C*)". As lit A € X of p, we take
the sum of oner; from each block/, ..., V,, aslong ag > 0. If / = 0 we take
A= 0.

As in (15), the positive roots are

Pt ={e;te;: 1<i<j<n}U{er: 1<k<n},

where{e;} is the dual basis ofz;}. The corresponding chambeéris the interior
of the hypertetrahedron id, defined by the inequalities

l—ey>e; >e > >e, >0. (49)

We have) = {1,w}, where, in this viewpointy acts on4 as a reflection in the
first coordinate:

w-(ay,a9,...,a,) = (1 —ay,ag,...,a,). (50)
Using the formula (39), we find that the unique fixed pointaf in A is

l'/\:%($1+l'2+"‘+$m)60,
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wherem = d, +---+d,, andz, isread a9 € Aif £ = 0. Note thatr, is good, in
the sense of section 12.3. According to (38), the root datfifi,ois determined
by the roots ind* which take integer values aj.

In order to describe the grougs,, we need some notation for orthogonal
groups over the finite fielfl All such groups are quasi-split, and are classified as
in section 6.2. Up tg-isomorphism, there are three families, which we denote by

SO241,  SO2n, S0, (51)

corresponding to the quadratic forms

Qn + Ign_ﬂa Qna C_271—1 + N,

whereQ,, = 11Zp41 + -+ + ToTe, and N is the norm form on the quadratic
extensiory,, viewed as a two-dimensional space ojer
Using (38), one finds that the reductifsgroup K, is given by

_ {sozm X SOg(n_my41  for £ even (52)

K =
Y7150, % SOsm_mys1  for£odd

using the notation (51) for finite orthogonal groups.
Finally, recall thatr (¢, p) is obtained by inducing fronk’, the representation
R, in (44), whose dimension is

dim Ry = [Kx(f) : T (F)]r-
For example, ifp is the trivial character, we have= 0, and we get

(@ =1D(¢"=1)--- (¢ = 1)
(@ +1)(q%= +1)---(¢% +1)

dim R() =

14.2 L-packets for even p-adic orthogonal groups

The description of tame, regular, elliptic Langlands paetars for even orthog-
onal groups is similar, with just a few added twists, so wdldiebrief. Recall
that

Lo ) 90n(©) it G =S50y,
02,(C) if G =50,
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A tame regular discrete Langlands parameter for eiftt@y,, or SO, is a homo-
morphism
¢ W(k) — O(W),

with
W=WeW,® - &W,  and W;=V(y)=1Ind} u,

as in (46), where thé,; are unramified extensions éfof even degre@d; > 2
such that)  d; = n. Note that the image ap lies in SO(W) precisely ifr is
even, in which case is a parameter fofO,,. If r is odd theny is a parameter
for SO,,.

The characterg; are orthogonal, sp;(w) = +1. Again, fory to be regular
and discrete, the orthogonal representatidisnust be pairwise non-isomorphic.
Hence ifL; = L,, the character; is not equal to any Galois conjugaig

The class ofv = ¢(F'), the torusl,, = [[ 7}, the charactex,, = [] ;, and
the component grougd, ~ {£1}" are as described in the odd orthogonal case.
However, there is a minor relaxation of the irreducibilityy1o; = V/(x,) in the
two-dimensional case. Namely, if; is the unramified quadratic extension/of
we can take:; = 1 or u; = the nontrivial quadratic character gf/§*, but not
both. We allow this for at most ong ThenW; = V(y;) is reducible, butp
remains regular.

Again we haveH!' (k, G) = {1,w}. Forr even, half of the" representations
in IL, live on G(k) = SO, (k) and the other half live ot (k) = SO;, (k). For
r odd, each representation 80, (k) in II(¢) will appear twice: once fo6 (k)
and once foG, (k). The descriptions of the inducing datg,, R, are similar to
the odd orthogonal case. We will descriig more precisely when it is needed,
in (62) below.

15 Symplectic root numbers

Our eventual aim is to show how the restriction of repredemta from pure inner
forms of SO,,1 to pure inner forms of eithefO,,, or SO, (see section 8)
is determined by symplectic root numbers. These are sigihattached to the
Langlands parameters of the representations in quessorg ideas from number
theory. In this section we give a short introduction to syaefit root numbers.
Fix a non-trivial additive character : s+ — S' whose kernel is the ring of
integerso of k, and letdz be the Haar measure @ giving unit volume too.
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Lety : W(k) — GL(V) be a continuous representation®f k) on a finite-
dimensionalC-vector spacé’. In the notation of [37, 3.6], theoot number of
©, with respect tap, is the number

e(p) =eple® |- [V2 1, dx).

This is a non-zero complex number, which was introduced audied by Tate,
in his thesis (see [8]), for one-dimensional represematio of W (k) = k*.
These root numbers give a product decomposition of the aotsstvhich appear
in the functional equations of Artif-series (cf. [12]).

Proposition 15.1 The root numbet () has the following properties:
L e(po ) =clp) - ely).
2. Ifpisistrivial onZ, thens(y) = 1.

3. LetK/k be a finite unramified extension and lgt = v o trg ;. Lety be
a representation ofV(K'), and use) to defines(yp) as above. Then

e(Indyyi) @) = £().

4. Letx : W(k) — C* be a tame character which is nontrivial dh. Then
we have the formula

|f| tefx
Here x is viewed as a character dfo) x {* via class field theory; se@5).

5. If p is self-dual andlet ¢ = 1 thens(yp) = £1.

See [37] for proofs of these properties.
If V' is a symplectic space and: W(k) — Sp(V'), then the conditions of
item 5 hold, and we havesymplectic root number

e(p) = £1.

Symplectic root numbers play a role in many important qoastin modern
number theory. For example, if is an abelian variety over a global field then
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at each completion of the Tate module ofi defines a symplectic representation
of the local Weil group (or more generally, representatiohthe type discussed
in section 9.1). Almost all of these local representatiorsumramified, and the
product of their symplectic root numbers is the sign in thejectural functional
equation of thel-series ofA over F.. Since this sign determines the parity of
the order of vanishing of thé-series in the center of the critical strip, it should
determine the parity of the rank of the Mordell-Weil group,the conjecture of
Birch and Swinnerton-Dyer (cf. [13]).

Symplectic root numbers are also defined fo= R andC. The branching
laws for restrictions of discrete series of real orthog@ralips may be expressed
in terms of real symplectic root numbers [14, section 12]isThises the hope
thatp-adic root numbers may also determine branching laws ip-théic case. In
the next section we recall the Gross-Prasad conjectureigulestion.

16 Restriction and symplectic root numbers

Fix two parameters which satisfy the conditions of beingdaregular, and dis-
crete, as in section 14:

p1:W(k) — Sp(V), V= @V(m%
@2 i W(k) — OW), W =P V(n).

Theny, is (part of) a Langlands parameter for an odd orthogonalgend o,
is (part of) a Langlands parameter for an even orthogonaimgrdo get complete
Langlands parameters, we need charagters the respective centralizer$,, .
We define these charactersusing symplectic root numbers, as follows.

The tensor produdt ® W is a symplectic representationaf(k), centralized
by A,, x A,,. Hence for each paii, b) € A,, x A,, the eigenspace

(V ® W)a®b=—1
is again a symplectic representationtf k). We define thédranching character

p: Ay x A, — {1}, (53)
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by the formula
pla,b) = e (V@ W)*=1), (54)

where the right side of (54) is the symplectic root numbeflof 17)®*=-1 as
in section 15 (this is simpler than the general definitiop of [14], because each
det V() is an unramified character in the present case). It is shoi#jthat
p is actually a character of,, x A,

Writing the branching character as= p; ® p,, we now have complete Lang-
lands parametersy,, p1) and(ps, p2) for odd and even orthogonal grou@isand
H, respectively, whosg-isomorphism classes are determined by the valugs of
and p, on the centers ofp(V') andO(1V), via Kottwitz' theorem (see sections
14.1 and 14.2). Using our notation for orthogonal group<ettien 8, this works
out as follows.

(55)

G~ SO 41 it pi(—1Iy)=+1
SO;n—&-l if p1<_IV) =L

SOs, forr even po(—Iy) = +1
H~ ¢ S03, for r even po(—Iy) = —1 (56)
SO, for r odd

Note that previouslyz always denoted a quasi-split group; we have made this
slight change in order to ease the notation later on. Fore$isof the paper; and
H will be as defined in (55) and (56). Sinpé—1Iy, —Iy) = 1, it follows from
[14, 10.9] thatH is always a subgroup @f.

Using ourL-packets from section 11, the Langlands paraméter;) define
irreducible representations

™= 7T(g01’ pl) Of G(k)a
o=m(pa,p2) Of H(k).

The conjectures of [14] predict thatoccurs in the restriction of to H (k)
with multiplicity one. More precisely, it is proposed that

(m,0) = dim Homp (7, 0) = 1. (57)

Unpublished work of Bernstein and Rallis (independenthgves that(r, o) < 1.
The rest of this paper will be devoted to proving thato) > 1.

The conjectures of [14] also predict that no other repredemt in the L-
packetll(y,) can appear in the restriction of a representatioilirp,), but at
present we do not know how to prove this.
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17 Calculation of the branching character

We begin with the explicit determination of the branchinguetterp, defined in
(53) by symplectic root numbers. The following lemma is @ljgt can be proved
using the properties 15.1, see also [12].

Lemma 17.1 Let
V=Indfn, ~ W=Ind}u

be irreducible symplectic and orthogonal representatjaaspectively, oiV(k),
induced from tamely ramified characters of the unramifiedrestbnsi” and L of

k. Thens(V @ W) = +1, unlessV and W are isomorphic representations of the
inertia subgroug ¢ W(k), in which case(V @ W) = —1.

We now use Lemma 17.1 to determine the charagtef the elementary
abelian2-group A,, x A,,. Recall that the tame, regular discrete parameters
for odd and even orthogonal groups, respectively, havedime f

=1

W=@Pw,  W;=ndj
j=1

The groupA,, hasZ/2Z-basis elements;, the non-trivial central elements in
Sp(V;), and the group4,, hasZ/2Z-basis elements;, the non-trivial central
elements irO(1V;). Using Lemma 17.1, we find that

pla;,1) =e(V;@W) = Hg(vi ® Wj)

j=1
)1 if  Resz(V;) >~ Resz(WW;) for somey,
| +1 otherwise

Note that if IV/; exists then it is unique, sincl/,..., W, are pairwise non-
isomorphic. Similarly, we find that

oL by) = (V@ W) = [V W)

=1
)1 if  Resz(W,) >~ Resz(V;) for somei,
] +1 otherwise
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Again, V; is unique, if it exists.

18 The representationsr and o of SO,,,.1 and SO»,,

Recall that and H are the orthogonal groups determined by the Langlands pa-
rameters(p1, p1) and(ys, p2) (see (55) and (56)). We now use our formula for
p = p1 @ po in the previous section to determine the representations

T =m(p1,p1) € Irr (G(k)), and o= m(ps,ps) € Irr (H(K)).

Then we will show thatr occurs in the restriction of from G (k) to H(k), in the
sense of (57).
As in section 17, we have

V:év,-, W =Pw,
=0

j=0

Suppose that exactlof these factors give isomorphic representations of the in-
ertia subgrouf of W(k). Reorder the factors so that

V1:W1, ‘/QZWQ, ce WZWE

as representations @fand selm = >'_, dim V; = Zﬁzl dim W;.
Hencep, is nontrivial precisely on the basis vectars . . ., a, of A, , so that
pi(—Iy) = (—1)*, and (55) takes the more explicit form

G:{S()Qnﬂ for ¢ even (58)

SO3,.4 for ¢ odd

Recall thatX = Z", with basis{e;}. As lift \; € X of p;, we may take the
sum of one:; from each blocK/, . .., V;,. Our good parahoric subgroup,, C GG
has reductive quotient given, in the notation of (51), by

K = f(ﬁl o KKI _ SOIQm X SOsn—my+1 for £ even (59)
SO,,, X SOgn—m)+1 for ¢ odd
The representation is then given explicitly by
= Ind%kl) R, (60)
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whereR,, is the Deligne-Lusztig representation defined in (44).
Likewise p, is nontrivial precisely on the basis vectdrs. . ., b, of A,,, so
thatps(—Iy) = (—1)%, and (56) takes the more explicit form

SOs, for r, ¢ both even
H~ <S03, for r even ¢ odd (61)
SO, for r odd

For p,, we may choose the lift, € X so thatz,, = z,,. Using the method
of section 14.1, we find that our good parahoric subgr&yp C H has reductive
guotient given by ) ) B

Ky, = K\, x K, (62)
where ) )
K, = K, (63)
and

A2 ) 50! for r—¢ odd

2(n—m)

o {SOZ(nm) for r—¢ even

Finally, the representatianis given explicitly by
o =Indi\" Ry, (64)

whereR,, is the Deligne-Lusztig representation defined in (44).

19 The multiplicity of ¢ in the restriction of =

In the next two sections we prove that o) > 1, in the sense of (57). Elementary
properties of induced representations show that

HOH][‘()Q(f) (Rx,, Ry,) C Hompyyy (7, 0) .

We will show thatHomg, ¢ (R, Ry,) # 0.
Our inducing representatiorfs,, factor as products of Deligne-Lusztig repre-
sentations
RM = Rl)\l ® R/)iﬂ

according to the factorizations (59) and (62).
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Recall from section 14 that fas; our torus and character are products

and the characters factor through the reductiori (k) — T;(f). Likewise, for
9 Our torus and character are products

IIsi  IIw (66)

and the charactersg; factor through the reductions;(k) — S;(f). By our
assumption that; ~ Wy, ..., V, ~ W,, we have

[17:~ 115 (67)
and the characters , ,
H s H My
i=1 j=1

are equal on the torus (67). Recall from (63) tlﬁ%gg = f(;l. Hence we have
R\ ~R,,.

Settingr = n — m, it remains only to show thaty appears in the restriction
of RY from SOy, (f) to eitherSO,,(f) or SO, (f) according ag — / is even or
odd. This is a consequence of the result which is stated iméesection, and
proved in [28].

20 Restriction of Deligne-Lusztig representations

This last section concerns only representations of groupstbe finite fieldf, so
we will simplify our notation.

Let 7" be a maximajf-torus in the grougs = SO, ; overf, and letiW (T be
the f-rational points in the Weyl group df in G. We say a character af(f) is
regular if it has trivial stabilizer inlW/ (7).

Assume thaf is anisotropic ovef. ThenT' = [[;_, T; is a product of Coxeter
tori in odd orthogonal groups. Let= [} 7, be a regular character &f(f).
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LetS = [[;_, S; be another such product of Coxeter tori, withdim .S; = n.
ThenS is an anisotropic maximal torus in theyroup H which isSO,,, or SO, ,
according as is even or odd. Leti = H;zl ; be aregular character 6f(f).

We then have irreducible Deligne-Lusztig representati®(is, ) onG(f) and
R(S, 1) on H(f). The following result is proved in [28].

Theorem 20.1 The H (f)-invariants inR (7', n) ® R(S, 1) have dimension
dim [R(T,n) @ R(S, )] P =0 or 1.

This dimension is O if any factor matches, in the sense tlea¢ thre:, ; such that
T; ~ S; andn; is a Galois conjugate gf ;. If there is no matching, the dimension
is 1.

In the case of?}, and R}, of the previous section, we have no matching, by
the definition of?. This concludes the proof thatoccurs inRes ) ().

It is a nice exercise to verify 20.1 for = 1, given the character table of
SO;(f) = PGLy(f) (cf. [11, section 9]). One finds thak(7,n) contains all
characters 0$0,(f), and all characters &O5(f) excepty andn~!. We used this
in section 3.

The main idea of the proof of 20.1 for generais to show that the sum over
H () of the the character a®(T",n) @ R(S, i) is a rational function iry = |f| of
degree< 0 whose leading term can be computed explicitly. This ideas d@ek
to Thoma [38] for the paitzL,, O GL,_1, and was used by Hagedorn [16] in his
1994 Harvard PhD thesis to give some abstract formulas &tricgon for other
classical groups. Pushing this method further in [28] ortaiob closed formulas
asin 20.1, as well as qualitative Deligne-Lusztig restiicformulas for a general
pair of reductivef-groupsG D H.
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