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Abstract

The local Langlands correspondence can be used as a tool for making verifiable predictions
about irreducible complex representations ofp-adic groups and their Langlands parameters, which
are homomorphisms from the local Weil-Deligne group to theL-group. In this paper we refine a
conjecture of Hiraga-Ichino-Ikeda, which relates the formal degree of a discrete series representa-
tion to the value of the local gamma factor of its parameter. We attach a rational function inx with
rational coefficients to each discrete parameter, which specializes to this local gamma value when
x = q, the cardinality of the residue field. The order of this rational function atx = 0 is also an
important invariant of the parameter - it leads to a conjectural inequality for the Swan conductor of
a discrete parameter acting on the adjoint representation of theL-group. We verify this conjecture
in many cases. When we impose equality, we obtain a prediction for the existence of simple wild
parameters and simple supercuspidal representations, both of which are found and described in this
paper.
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1 Introduction

LetG be a reductive algebraic group over the local fieldk. The local Langlands conjecture predicts
that the irreducible complex representationsπ of the locally compact groupG(k) should correspond
to objects of an arithmetic nature: homomorphismsϕ from the Weil-Deligne group ofk to the
complexL-group ofG, together with an irreducible representationρ of the component group of the
centralizer ofϕ. In light of this conjecture - which has been established foralgebraic tori, as well as
for some non-abelian groups likeGLn(k) [23],[25], andSLn(k) [27] - it is reasonable to predict
how representation-theoretic invariants ofπ relate to the arithmetic invariants of its parameters
(ϕπ, ρπ).

An early example of this was the paper [19], which predicts branching laws for the restriction
of irreducible representations of the groupSOn(k) to the subgroupSOn−1(k), using theε-factor
of a distinguished symplectic representation of theL-group ofSOn × SOn−1. These conjectures
have now been verified in several cases; see [21] and [22].

For general groups, one invariant of a discrete series representationπ is its formal degree.
Recently, Hiraga, Ichino, and Ikeda have formulated a conjecture [26] for the formal degree of a
discrete series representation, in terms of theL-function andε-factor of the adjoint representation
of theL-group.

For the rest of this paper we suppose the local fieldk is non-archimedean, with residue fieldf

of finite cardinalityq a power of a primep. We also assume the center ofG(k) is compact.
We reformulate the conjecture of [26], using Serre’s Euler-Poincare measureµG on G(k),

which is ideally constructed for the study of the discrete series. In this form, the conjecture ex-
presses the formal degree in terms of a ratio of adjoint gammafactorsγ(ϕ)/γ(ϕ

0
), whereϕ is a

discrete series parameter andϕ
0

is theprincipal parameter(corresponding to the Steinberg repre-
sentation). Ifπ is induced from an open compact subgroup ofG(k), the formal degreedegµG

(π)
is a rational number. Our first main result, Proposition4.1, is that the ratioγ(ϕ)/γ(ϕ

0
) is also

rational. In fact, for any discrete parameterϕ we define a rational functionΓϕ(x) with rational
coefficients and show thatγ(ϕ)/γ(ϕ

0
) = Γϕ(q).

We then calculate the order ofΓϕ(x) at the pointx = 0. This leads to a conjectural inequality
on the Swan conductorb(ϕ) of the Galois representationAdϕ = Ad ◦ϕ, which we verify in some
cases by studying the permutation representation of the Weyl group on the roots. We next focus on
parameters withminimal Swan conductor, i.e., those for which the inequality onb(ϕ) becomes an
equality.

When we combine this condition onb(ϕ) with the formal degree conjecture, the tension be-
tween Galois and Lie theory yields strong conditions onϕ. For example, in a large family of cases
we can determine the precise imageϕ(W), along with its ramification filtration, using the theory
of the Coxeter element. See Proposition5.6. This leads to the notion of asimple wild parameter
which will reappear later in the local Langlands correspondence. We then construct some simple
wild parameters for split simply-connected groupsG in two cases: whenp does not divide the
Coxeter number ofG and whenk = Q2.
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At this point, the formal degree conjecture almost prescribes the representationsπ for which
ϕ = ϕπ. Putting conjectures aside, this leads to our second main result: a construction ofsimple
supercuspidal representationsthat seem not to have been singled out before. Forp larger than the
Coxeter numberh of G, they appear in the constructions of [1] and [62] and are the supercuspidal
representations of minimal positive depth1/h. However, our construction is completely different
and works uniformly for any non-archimedean local field; seeProposition9.3. For simplicity, we
only give the construction in this paper whenG is split, simply-connected and absolutely simple.
Then the formal degree of an ssc representationπ with respect to Euler-Poincare measureµG is
given by the formula

(−1)dimT degµG
(π) =

|T (f)|
|Z(f)| · volµG

(J)
,

whereJ < G(k) is an Iwahori subgroup, andZ < T < G are the center and a maximal torus inG
overf respectively. We then compare this formula with the adjointgamma factor and show that the
degree conjecture implies that the Langlands parameter of an simple supercuspidal representation
is one of the simple wild parameters arising from our study ofminimal Swan conductors.

Both of our main results are of a group theoretic nature, and are unconditional: they could be
formulated with little or no reference to the local Langlands conjecture. But without the Langlands
conjecture as our guide, we would never have found them. Likewise, the existence and number
of simple supercuspidal representations leads us to conjecture some unexpected relations between
complex Lie theory and local Galois groups. For example, we predict that for any complex simple
adjoint groupĜ there should exist a uniquêG-conjugacy class of simple wild parameters

ϕ : Gal(Q̄2/Q2)→ Ĝ.

The simple wild parameters mentioned above forQ2 provide evidence for this when̂G has one of
the typesA2n, Bn, Dn, G2 orE8.

Simple wild parameters and simple supercuspidal representations are also of arithmetic interest
in the global setting. For example, the matrix coefficients of simple supercuspidal representations
provide local test functions in the trace formula which allow one to explicitly compute multiplicities
in the discrete spectrum of global automorphic representations having simple supercuspidal local
components [17]. On the other hand, the Kloosterman sheaves onGm over finite fields studied by
Deligne [13] and Katz [30] give rise to simple wild parameters when restricted to the decomposition
group at infinity (cf. [14]).

This paper is organized as follows. In the first few sections we review the basic ingredients of
the Langlands conjectures - the Weil-Deligne group and its representations, localL-functions and
ε-factors, the dual group, and theL-group. This is foundational material, and we have attempted to
fill some gaps in the literature. We then turn to the related topics of the motive ofG and the principal
parameterϕ

0
, which is used for volume computatations, and to compare ourversion of the degree

conjecture with that of [26]. Our proof of the rationality ofΓϕ(x) uses Kac’s classification [29] of
torsion automorphisms of simple Lie algebras (see also [43]). We find that the possible irreducible
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factors (inZ[x]) of the numerator and denominator ofΓϕ(x) are remarkably few in number and
can be easily listed.

In chapter5 we compute the leading term ofΓϕ and study its implications forϕ, arriving
at the notions of minimal Swan conductor and simple wild parameters. We show that a totally
ramified parameter with minimal wild ramification must be a simple wild parameter. We then
construct simple wild parameters in the two cases mentionedabove. To this point, everything
involves representations of the local Weil-Deligne group and is independent of the local Langlands
conjecture. We then turn to the Langlands correspondence itself in chapter7, where we reformulate
the conjecture of [26] in terms of Euler-Poincare measure. Chapter8 is additional foundational
material on central characters, which allows us to predict the sign in our version of the formal degree
conjecture. We conclude with chapter9 where we give a construction of simple supercuspidal
representations for a split, simply-connected groupG over k, and show how the formal degree
conjecture implies that their parameters must be simple wild parameters.

It is a pleasure for us to thank S. DeBacker, N. Katz, D. Roberts and J.K. Yu for helpful dis-
cussions, and to thank P. Deligne, A. Ichino, J.-P. Serre andZ. Yun for their comments on earlier
versions of this paper.
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2 The Weil group

Let k be a local field with finite residue fieldf of cardinalityq, a power of a primep. We will
assume thatk has characteristic zero. This assumption is only used in a few places (primarily to
simplify the discussion of Galois cohomology) and we believe that it can be easily removed.

LetA denote the ring of integers ofk,̟ a uniformizing element and letP = ̟A be the prime
ideal ofA, so thatf = A/P . We fix an algebraic closurēk of k, letK be the maximal unramified
extension ofk in k̄ and letĀ denote the integral closure ofA inK. Then̄f := Ā/̟Ā is an algebraic
closure off.

The Weil groupW = W(k) of k is the dense subgroup ofGal(k̄/k) consisting of elements
which induce on̄f an integer power of the automorphismx 7→ xq. Following the convention in
[11], we fix a geometric Frobenius elementFr ∈ W , which satisfiesFr(xq) = x on f̄. ThenW is a
semidirect product:W = 〈Fr〉⋉ I, whereI, the inertia subgroup, is the kernel of the action ofW
on f̄ and is also the absolute Galois group ofK. The inertia subgroupI is a compact group with
the profinite topology, so the open subgroups ofI all have finite index, and are also closed inI.

We normalize the isomorphismk× ≃ Wab of local class field theory so that̟ maps to the class
of the geometric FrobeniusFr inWab. The normalized valuation onk× then gives a homomorphism

| · | :W −→ qZ ⊂ R×>0

which satisfiesker | · | = I and|Fr | = q−1.
A representationρ : W → GL(V ) on a finite dimensional complex vector spaceV is called

admissibleif ker ρ is open andρ(Fr) is semisimple. The first condition implies thatρ(I) is finite.
Sinceρ(Fr) normalizesρ(I), it preserves the subspaceV I of invariants underρ(I).

The local factors ofV are defined as follows. TheL-function ofV is given by

L(V, s) := det(1− q−sρ(Fr)|V I)−1.

Theε-factor ofV is given by

ε0(V, s) := ε(V ⊗ | · |s, ψ, dx),

wheredx is the Haar measure onk+ givingA+ volume= 1, ψ is an additive character ofk+ such
thatA+ is the largest fractional ideal contained in the kernel ofψ , andε(V ⊗ | · |s, ψ, dx) is the
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localε function defined by Deligne and Tate (cf. [58]). We have

ε0(V, s) = w(V )qa(V )(
1
2−s),

wherew(V ) = ε0(V,
1
2) ∈ C× is independent ofs anda(V ) ∈ Z≥0 is the Artin conductor ofV ,

defined as follows. The inertial imageD0 = ρ(I) is the Galois group of a finite extensionK ′/K.
If A′ is the ring of integers ofK ′ with maximal idealP ′, then we define the normal subgroup
Dj ≤ D0 as the kernel of the action ofD0 on A′/(P ′)j+1. This gives the lower ramification
filtration

D0 ≥ D1 ≥ D2 ≥ · · · ≥ Dn = 1.

We letdj = |Dj|. Now theArtin conductoris defined by

a(V ) =
∑

j≥0

dim(V/V Dj )
dj
d0
.

Isolating the term forj = 0, we can write

a(V ) = dim(V/V D0) + b(V ),

where theSwan conductorb(V ) measures the action of the wild inertia groupD1 on V . We
sometimes writea(ρ) for a(V ) or b(ρ) for b(V ).

The Artin conductor is additive inV . The computation ofa(V ) can therefore be reduced to
the case whereV is an irreducible representation ofW . Since eachDj is normal inρ(W), the
subspacesV Dj areW-invariant. If V is irreducible, then eitherV Dj = 0 or V Dj = V . If
V D0 = V , we havea(V ) = 0. If V D0 = 0, the Artin conductor is given by the simpler formula

a(V ) =
dimV

d0

m∑

j=0

dj , (1)

wheredj = |Dj| andm is the largest integer such thatDm 6= 1.
The Artin conductor refines the valuation of the discriminant. We will use this relation to find

Galois representations with a given conductor, and for completeness we review it here. LetE/k be
a finite Galois extension ofk with groupD = Gal(E/k) and letR be the regular representation of
D. Via the canonical mapW → Gal(E/k), we get an admissible representationρ :W → GL(R)
with ρ(W) = D. The Artin conductor ofR is given by

a(R) = valk(dE/k),

wheredE/k is the discriminant ofE/k (see [48, VI.2]). On the other hand,

R =
∑

V ∈Irr(D)

(dimV ) · V,
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so we have
valk(dE/k) = a(R) =

∑

V ∈Irr(D)

(dimV ) · a(V ).

SinceRDj has dimension[D : Dj ] = d/dj for all j, we have

a(R) =
∑

j≥0

dj
d0

(
d− d

dj

)
=

d

d0

∑

j≥0

(dj − 1) = f(e− 1) + b(R),

whered = |D| andf = d/d0, e = d0 are the residue degree and ramification index ofE/k,
respectively. In particular, we have

valk(dE/k) ≥ f(e− 1),

with equality if and only ifE/k is tamely ramified.
More generally, ifL is the subfield ofE fixed by the subgroupC ofD andU is a representation

of C, then [48, VI.2]

a(IndDC U) = valk(dL/k) · dimU + fL/k · a(U). (2)

TakingU = 1 to be the trivial representation ofC and applying Frobenius reciprocity, we find that

valk(dL/k) = a(IndDC 1) =
∑

V ∈Irr(D)

(dimV C) · a(V ).

2.1 The Weil-Deligne group and its representations

For the local Langlands correspondence, the classical notion of a representation of the Weil group
must be refined in two ways: first by replacingGL(V ) by a reductive complex Lie groupG, and
second by the addition of a nilpotent elementN in the Lie algebrag of G; the elementN plays
the role of the nilpotent part in the Jordan decomposition ofan element ofg, while the role of
semisimple part is played by a homomorphismρ :W → G.

Precisely, arepresentation of the Weil-Deligne groupis a triple(ρ,G, N) whereG is a complex
Lie group whose identity componentG◦ is reductive,ρ : W → G is a homomorphism which is
continuous onI, with ρ(Fr) semisimple inG, andN is a nilpotent element in the Lie algebrag of
G such thatAd ρ(w)N = |w| ·N for all w ∈ W . In particular, we have thatAd ρ(I) fixesN and
Ad ρ(Fr)N = q−1N . Two representations(ρ,G, N), (ρ′,G, N ′) of the Weil-Deligne group are
considered equivalent if there is an elementg ∈ G◦ such thatρ′ = gρg−1 andN ′ = Ad(g)N .

A representation(ρ,G, N) of the Weil-Deligne group can be put on more familiar algebraic
footing by associating to it theG◦-conjugacy class of a homomorphism

ϕ :W × SL2(C)→ G.
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Since only the case ofGLn has been discussed in the literature (cf. [44]) we shall give a proof of
this correspondence.

Sinceρ(I) is finite, the centralizerh := gρ(I) is reductive, as follows easily from [6, I.6.4
Prop.5]. Moreover,Ad ρ(Fr) normalizesh. Forλ ∈ C×, leth(λ) be theλ-eigenspace ofAd(ρ(Fr))
in h. Finally, note thatN ∈ h. We need a refinement of the Jacobson-Morozov theorem, whichsays
that every nilpotent element is contained in ansl2-triple. For background on this, see [9, chap.5].

Lemma 2.1 There is ansl2-triple (e, f, h) in h such that

e = N ∈ h(q−1), h ∈ h(1) = gρ(W), f ∈ h(q).

Any two such triples are conjugate by an element ofG◦ which centralizesW and fixesN .

Proof: This was proved forq = −1 by Kostant and Rallis in [34]. We imitate their proof. Let
(e, f0, h0) be anysl2-triple containinge. Write

h0 = h+ h′, with h ∈ h(1), h′ ∈
∑

λ6=1

h(λ).

Comparing eigenvalues in the equation2e = [h, e] + [h′, e], we have

[h, e] = 2e. (3)

Likewise, write

f0 = f ′ + f ′′, with f ′ ∈ h(q), f ′′ ∈
∑

λ6=q

h(λ).

Comparing eigenvalues in the equationh+ h′ = [e, f ′] + [e, f ′′], we have

h = [e, f ′] ∈ [e, h]. (4)

Equation (3) and the containment in (4) are the conditions in [33, Cor.3.5] guaranteeing the ex-
istence of an elementf ∈ h such that(e, f, h) is an sl2-triple. Sincead(e) is injective on the
−2-eigenspace ofad(h), the relations[h, f ] = −2f , [e, f ] = h imply thatf ∈ h(q), as desired.

The proof of the conjugacy assertion is identical to that of [34]. We reproduce it here for
completeness. Suppose that(e, f1, h1) is anothersl2-triple satisfying the conditions of the Lemma.
The elementy = h1 − h belongs to the Lie subalgebram = he ∩ h(1), which is normalized byh.
By the representation theory ofsl2, we have

m =
⊕

i≥0

mi, where mi = {x ∈ m : [h, x] = ix}.

The subalgebra
u :=

⊕

i>0

mi
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is nilpotent and the corresponding subgroupU = exp(u) is unipotent. We consider the orbit
Ad(U) · h ⊆ h + u. SinceU is unipotent, the orbitAd(U) · h is closed. The tangent space to the
orbit ath is [h, u] = u, so the orbit also open. Therefore we in fact have

Ad(U) · h = h+ u. (5)

Next, we observe thatu = m∩[e, h], again by the representation theory ofsl2. Sincey = [e, f1−f ],
it follows thaty ∈ u. Hence by (5), there is an elementu ∈ U such that

Ad(u)h = h+ y = h1.

We clearly haveAd(u)e = e. It remains to show thatAd(u)f = f1. But this follows from the
same argument used to provef ∈ h(q) above. �

Now, given a representation(ρ,G, N) of the Weil-Deligne group, letH be the identity com-
ponent of the fixed-points(G◦)I of ρ(I) in G◦. ThenH has Lie algebrah = gI . Choosing an
sl2-triple (e, f, h) as in Lemma2.1gives a homomorphismϕ : SL2 → H such that

e = dϕ

(
0 1
0 0

)
,

whence a semisimple element

s = ϕ

(
q1/2 0

0 q−1/2

)
∈ H.

Note thats = exp(1
2 log(q) · h) commutes withρ(Fr), sinceh ∈ h(1). Moreover, we have

Ad(s)e = qe, and Ad(s)f = q−1f.

It follows that Ad(s · ρ(Fr)) centralizesϕ(SL2). Sinces commutes withϕ(I), we obtain the
promised extension

ϕ :W × SL2 −→ G
by makingϕ = ρ on I and settingϕ(Fr) = s · ρ(Fr). The conjugacy assertion in Lemma2.1
implies that theG◦-conjugacy class ofϕ is independent of the choice of triple(e, f, h). To get back
fromϕ to the original data(ρ,G, N), we define

ρ|I = ϕ|I , ρ(Fr) = ϕ(Fr) · ϕ
(
q−1/2 0

0 q1/2

)
, N = dϕ

(
0 1
0 0

)
.

To summarize, we have proved:

Proposition 2.2 The correpondence(ρ,G, N) ↔ ϕ just described gives a bijection between the
equivalence classes of representations of the Weil-Deligne group and theG◦-conjugacy classes of
homomorphismsϕ : W × SL2 → G for whichϕ is trivial on an open subgroup ofI, ϕ(Fr) is
semisimple and the restriction ofϕ to SL2 is algebraic.

10



If ϕ is a homomorphism as in Prop.2.2andA is a subgroup ofW (resp.SL2) we often write
ϕ(A) instead ofϕ(A× 1) (resp.ϕ(1×A)).

Thewild inertia subgroupofW is the pro-p-Sylow subgroupI+ of I. If ϕ :W × SL2 → G is
a homomorphism as in Prop.2.2, thenϕ(I) is finite, andϕ(I+) is a finitep-group contained in the
centralizerM of ϕ(SL2). From a result of Borel and Serre [5], it follows thatϕ(I+) normalizes a
maximal torusS inM. If p does not divide the index ofS in its normalizer inM, it follows that
ϕ(I+) is contained inS and is, in particular, abelian.

2.2 Local factors for Weil-Deligne representations

The local factors for representations of the Weil group generalize to representations(ρ,G, N) of the
Weil-Deligne group as follows. Fix a finite dimensional complex representationr : G → GL(V )
which is algebraic onG◦. Then

r ◦ ρ :W −→ G −→ GL(V )

is a representation ofW , which we will again denote byρ, as r is fixed. For anyρ-invariant
subspaceU ⊂ V , letUI denote the vectors inU which are invariant underρ(I). SinceI is normal
inW , the spaceUI is preserved by the operatorρ(Fr).

Since each operator fromρ(W) commutes withN up to a scalar, the kernelVN of N onV is
an invariant subspace, hence theI-invariantsV IN are preserved byρ(Fr). The localL-function of
(ρ, V ) is defined (see [58, 4.1.6]) by

L(ρ, V, s) = det
(
1− q−sρ(Fr)|V IN

)−1
, (6)

and the localε-factor is defined by

ε(ρ, V, s) = ε0(V, s) · det
(
−q−sρ(Fr)|V I/V IN

)
, (7)

whereε0(V, s) is theε-factor defined in section2. We want to express these factors in terms of the
corresponding representation

r ◦ ϕ :W × SL2 → G → GL(V ),

which we again denote byϕ, asr is fixed. Since we will work withϕ in the rest of the paper, we
now write

L(ϕ, V, s) := L(ρ, V, s), and ε(ϕ, V, s) := ε(ρ, V, s).

SinceV is semisimple underϕ, we have

V =
⊕

n≥0

Vn ⊗ Symn, (8)
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whereSymn = Symn(C2) is the irreducibleSL2-representation of dimensionn + 1, andVn is a
semisimple complex representation ofW . Hence

V IN =
⊕

n≥0

V In ⊗ Symn
N ,

whereSymn
N , the highest weight line, is the kernel ofN in Symn. Sinceρ(Fr) = q−n/2ϕ(Fr) on

Symn
N , we can rewrite (6) and (7) as

L(ϕ, V, s) =
∏

n≥0

det
(
1− q−n

2
−sϕ(Fr)|V In

)−1
, (9)

and

ε(ϕ, V, s) = ω(ϕ, V )qα(ϕ,V )(
1
2−s), (10)

where

α(ϕ, V ) =
∑

n≥0

(n+ 1)a(Vn) +
∑

n≥1

n · dimV In , and

ω(ϕ, V ) =
∏

n≥0

w(Vn)
n+1 ·

∏

n≥1

det(−ϕ(Fr)|V In )n,
(11)

wherea(Vn) andw(Vn) are the Artin conductor and local constants of the representations(ρ, Vn)
ofW , as recalled in section2.

Finally, thegamma factorof (ϕ, V ) is defined by

γ(ϕ, V, s) =
L(ϕ, V̌ , 1− s)ε(ϕ, V, s)

L(ϕ, V, s)
,

whereV̌ is the representation ofW × SL2 dual toV .

2.3 Self-dual representations

A representation
ϕ :W × SL2 −→ GL(V )

is self-dual if it is isomorphic to the contragredient representation on the dual spacěV or equiva-
lently, if the imageimϕ = ϕ(W × SL2) preserves a non-degenerate bilinear form onV . We say
V is orthogonal ifimϕ preserves a non-degenerate symmetric bilinear form onV , and symplectic
if imϕ preserves a non-degenerate alternating bilinear form onV . In the symplectic case, the di-
mensiondim(V ) must be even and the determinantdetV := det ◦ ϕ must be trivial onW × SL2.
In the orthogonal case,

detV :W × SL2 −→ {±1}

12



is a quadratic character of the quotient groupWab = k×, sodetV (−1) = ±1 is well-defined.
Assume thatV is orthogonal. In the decomposition

V =
⊕

n≥0

Vn ⊗ Symn

(see (8)), each representationVn ofW is self-dual, and each summandVn ⊗ Symn is orthogonal.
SinceSymn is orthogonal whenn is even and symplectic whenn is odd, we have thatVn is also
orthogonal whenn is even and symplectic whenn is odd. This must also hold for the invariant
subspacesV In . SinceV ≃∑

n≥0(n+ 1)Vn as aW-module, it follows that

α(ϕ, V ) = a(V ) +
∑

n≥1

n · dimV In ≡ a(V ) mod 2,

and
ω(ϕ, V ) = w(V ) ·

∏

n≥1

det(−ϕ(Fr)|V In )n = w(V ).

SinceV is self-dual, we have (see [58, 3.6.8])

w(V )2 = detV (−1) (12)

and by [45, Thm.1] we have
a(V ) ≡ a(detV ) mod 2, (13)

so we have shown

Proposition 2.3 If ϕ : W × SL2 → GL(V ) is an orthogonal representation, thenε(ϕ, V, s) =

ω(ϕ, V )qα(ϕ,V )( 1

2
−s), with

α(ϕ, V ) ≡ a(detV ) mod 2,

ω(ϕ, V )2 = detV (−1).

For example, ifV is orthogonal anddetV is an unramified quadratic character ofW , thenα(ϕ, V )
is even andω(ϕ, V )2 = 1.

3 Reductive groups and Langlands parameters

Recall thatk is a finite extension ofQp with fixed algebraic closurēk. Let G be a connected,
reductive algebraic group overk, and letk0 be the splitting field in̄k of the quasi-split inner form
G0 of G overk. Let T ⊂ B be a maximal torus in a Borel subgroup ofG0 defined overk. Then
T splits overk0 and we letS be the maximalk-split subtorus ofT . Let r(G0) = dimS denote the
k-rank ofG0 and letr(G) denote the rank ofG overk. We haver(G) ≤ r(G0) with equality if

13



and only ifG ≃ G0 overk. Later we will letℓ0 denote the rank ofG over the maximal unramified
extensionK of k.

The Galois groupGal(k0/k) acts as automorphisms of the based root datum(X, X̂,∆, ∆̂) of
G0, whereX = Homk̄(T,Gm), X̂ = Homk̄(Gm, T ) is the dual lattice of co-weights,∆ ⊂ X
is the set of simple roots ofT in B, and∆̂ ⊂ X̂ is the corresponding set of simple co-roots. Let
Φ ⊂ X andΦ̂ ⊂ X̂ be the set of all roots and coroots ofT inG; these generate subgroupsZΦ < X
andZΦ̂ < X̂.

3.1 TheL-group

Let Ĝ be a connected, reductive group overC with the dual root datum(X̂,X, ∆̂,∆). ThenĜ
has a maximal torus in a Borel subgroupT̂ ⊂ B̂ such thatX̂ may be identified with the group of
algebraic charactersλ : T̂ → C×. ThenΦ̂ and∆̂ become the sets of roots and simple roots of
T̂ in B̂. Fix a set{xα̂ : α̂ ∈ ∆̂} of nonzero vectors in each simple root space inb̂ = Lie(B̂),
thereby giving a pinning (épinglage) E := (T̂ , B̂, {xα̂}) in Ĝ. The action ofGal(k0/k) on each
object in the pinning gives an embedding ofGal(k0/k) in the groupAut(Ĝ, E) of automorphisms
of Ĝ preserving the pinningE . The elements ofAut(Ĝ, E) are calledpinned automorphisms. See,
for example, [54] or [16] for more background on pinned automorphisms.

We define theL-group ofG as the semidirect product

LG := Gal(k0/k) ⋉ Ĝ.

The centerLZ of LG is the group ofGal(k0/k)-fixed points in the center of̂G. Kottwitz [35]
showed that the Galois cohomologyH1(k,G) ofG is in canonical bijection withHom(π0(

LZ),C×).
The groupLZ is finite if and only if the maximal torus in the center ofG is anisotropic overk. For
the rest of this paper:

We assume that the maximal torus in the center ofG is anisotropic overk.

With this assumption, we have simply

H1(k,G) ≃ Hom(LZ,C×).

3.2 Langlands parameters

Let pr : LG → Gal(k0/k) be the natural projection map with kernelĜ. A (Langlands)parameter
for G is a representation of the Weil-Deligne group(ρ, LG,N) such that the composite mapping

W ρ−→ LG
pr−→ Gal(k0/k)

is the canonical surjectionW → Gal(k0/k). Two parameters are considered equivalent if they are
conjugate byĜ.

14



By the results in section2.1 (with G = LG andG◦ = Ĝ), we may reinterpret parameters as
homomorphisms

ϕ :W × SL2 −→ LG

such that

1) ϕ : SL2 → Ĝ is a homomorphism of algebraic groups overC;

2) ϕ is continuous onI andϕ(Fr) is semisimple;

3) the compositeW ρ−→ LG
pr−→ Gal(k0/k) is the canonical surjectionW → Gal(k0/k).

As before, two parameters are considered equivalent if theyare conjugate bŷG.
Given a parameterϕ, letAϕ denote the centralizer in̂G of the imageϕ(W × SL2). We say

thatϕ is discreteif Aϕ is finite. Since we are assuming that the maximal torus in the center ofG
is k-anisotropic,ϕ is discrete if and only ifϕ(W × SL2) is not contained in a proper parabolic
subgroup ofLG [4]. In other words,ϕ is discrete when its image is “irreducible” inLG, in the
sense of Serre [51]. We always haveLZ ⊂ Aϕ.

Lemma 3.1 If ϕ : W × SL2 → LG is a discrete parameter, then the elementϕ(Fr) ∈ LG has
finite order and the imageϕ(W) is finite.

Proof: Sinceϕ(I) is finite and normalized byϕ(Fr), some powerϕ(Fr)n must centralizeϕ(I).
Sinceϕ(Fr) must also centralizeϕ(SL2), it follows thatϕ(Fr)n lies in the finite groupAϕ. Since
ϕ(Fr) andϕ(I) generateϕ(W), it follows thatϕ(W) is finite. �

For any parameterϕ, the representation

Adϕ :W × SL2
ϕ−→ LG

Ad−→ Aut(ĝ)

is a self-dual orthogonal representation. Indeed,LG preserves the Killing form on[ĝ, ĝ] and the
action ofLG on the center̂z of ĝ factors through the finite groupGal(k0/k) and preserves the co-
weight lattice of the connected center ofĜ, so that̂z is orthogonal forLG. Thus the representation
Adϕ on ĝ is the direct sum of two orthogonal representations.

We have the adjointL-functionL(ϕ, ĝ, s), the epsilon factorε(ϕ, ĝ, s) and the gamma factor

γ(ϕ, ĝ, s) =
L(ϕ, ĝ, 1− s)ε(ϕ, ĝ, s)

L(ϕ, ĝ, s)

attached, as in section2.2, to the representationAdϕ.

Proposition 3.2 A parameterϕ :W × SL2 → LG is discrete if and only if the adjointL-function
L(ϕ, ĝ, s) is regular ats = 0.
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Proof: The centralizerAϕ is finite if and only if there are no nonzero invariants ofϕ(W × SL2)
in ĝ. Writing

ĝ =
⊕

n≥0

ĝn ⊗ Symn

as in (8), we see thatAϕ is finite if and only if theϕ(W)-invariants inĝ0 are zero. Consider the
adjointL-function

L(ϕ, ĝ, s) =
∏

n≥0

det
(
1− q−s−n/2ϕ(Fr)|ĝIn

)−1
.

If ϕ is a discrete parameter then by Lemma3.1 the eigenvalues ofϕ(Fr) are roots of unity , so the
only possible pole ofL(ϕ, ĝ, s) ats = 0 can come from the factor forn = 0, which is

det
(
1− q−sϕ(Fr)|ĝI0

)−1
.

But this factor is regular ats = 0, sinceĝ
ϕ(W)
0 = 0. Conversely, ifL(ϕ, ĝ, s) is regular ats = 0

then so is its factor forn = 0, so we havêgϕ(W)
0 = 0 andϕ is discrete. �

Note thatL(ϕ, ĝ, 1) is finite for any discrete parameter, by Lemma3.1. Hence the adjoint
gamma value:

γ(ϕ, ĝ, 0) =
L(ϕ, ĝ, 1) · ε(ϕ, ĝ, 0)

L(ϕ, ĝ, 0)
(14)

is nonzero whenϕ is discrete.

For the rest of this paper we will only concern ourselves withthe values ats = 0 of local
gamma and epsilon factors attached toAdϕ, whereϕ : W × SL2 → LG is a discrete parameter.
To simplify the notation, we henceforth abbreviate:

γ(ϕ) := γ(ϕ, ĝ, 0), ε(ϕ) := ε(ϕ, ĝ, 0), ω(ϕ) := ω(ϕ, ĝ), α(ϕ) := α(ϕ, ĝ), b(ϕ) := b(ϕ, ĝ).

From our results in section2.3, we have that

ε(ϕ) = ω(ϕ)qα(ϕ)/2,

with
α(ϕ) = a(ĝ) +

∑

n≥1

n · dim ĝIn ≡ a(det ĝ) mod 2 (15)

and
ω(ϕ)2 = det ĝ(−1), (16)

where
det ĝ = detX : Gal(k0/k)→ {±1},

by results in [18], where we recall thatX = X∗(T̂ ). In particular, ifk0 is an unramified extension
of k thenα(ϕ) is even andω(ϕ) = ±1.
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3.3 The principal parameter

Recall that the torusT splits overk0, so its character groupX is aZ-representation of the finite
group

LW := Gal(k0/k) ⋉W,

whereW = NG0
(T )/T is the absolute Weyl group ofT in G0.

The choice of pinningE in Ĝ determines a principal nilpotent element

N0 =
∑

α̂∈Π̂

xα̂ ∈ ĝ := Lie(Ĝ),

which is fixed byGal(k0/k). Applying the Jacobson-Morozov theorem to the group ofGal(k0/k)-
invariants inĜ, there exists a homomorphismSL2 → Ĝ which is pointwise fixed byGal(k0/k),
whose differential maps a nonzero nilpotent element insl2 toN0. Thus, the choice of pinning gives
a homomorphism

ϕ
0

: Gal(k0/k)× SL2 → LG. (17)

The pullback ofϕ
0

toW × SL2 via the natural surjectionW → Gal(k0/k), also denoted byϕ
0
,

is called theprincipal parameter. The centralizerAϕ
0

= CĜ(ϕ
0
) of the principal parameter is just

the centerLZ of LG, which is finite by our hypothesis that the maximal torus in the center ofG is
anisotropic (see section3.2). Hence the principal parameter is discrete.

Let E = ⊕d≥1Ed be the gradedQ-vector space given by the homogeneous generators of the
W -invariants in the symmetric algebra onQ ⊗ X. The subspaceEd, spanned by the invariant
generators in degreed, is aQ-representation ofGal(k0/k). Refining results of Kostant, it was
proved in [16] that the action ofGal(k0/k)× SL2 on ĝ via Adϕ

0
decomposes as

ĝ ≃
⊕

d≥1

Ed ⊗ Sym2d−2 . (18)

In particular, we see thatGal(k0/k) →֒ Aut(Ĝ, E) acts on̂g by the representation:

⊕

d≥1

(2d− 1)Ed.

Hence the gamma factor (see section2.2)

γ(ϕ
0
) = ω(ϕ

0
)qα(ϕ

0
)/2L(ϕ

0
, ĝ, 1)

L(ϕ
0
, ĝ, 0)

(19)

can be written explicitly as follows. TheL-function is given by

L(ϕ
0
, ĝ, s) =

∏

d

det(1− q1−d−sF0|EId )−1,
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whereF0 = ϕ
0
(Fr) ∈ Aut(Ĝ, E). The Artin conductor is given by

α(ϕ
0
) = a(ϕ

0
) +

∑

d

(2d− 2) dimEId

=
∑

d

(2d− 1)a(Ed) +
∑

d

(2d− 2) dimEId

=
∑

d

(2d− 1)[dim(Ed/E
I
d ) + b(Ed)] +

∑

d

(2d− 2) dimEId

=
∑

d

(2d− 1)[dimEd + b(Ed)]− dimEI

= dim ĝ− dimEI +
∑

d

(2d− 1)b(Ed),

(20)

where we recall thatb(Ed) denotes the Swan conductor of the representation ofW onEd. SinceF0

is orthogonal and rational on eachEId , it follows thatF0 andF−1
0 have the same set of eigenvalues

and ∏

d

det(−F0|EId )−1 = det(−F0|EI)−1 = (−1)r(G0),

wherer(G0) is thek-rank ofG0. From equation (11) we find that the root number of the principal
parameter is given by

ω(ϕ
0
) =

∏

d

w(Ed)
2d−1 ·

∏

d

det(−F0|EId )2d−2 =
∏

d

w(Ed)
2d−1. (21)

If k0/k is unramified thenb(Ed) = 0 andw(Ed) = +1 for all d, so we have

α(ϕ
0
) = dim ĝ− dim t̂ and ω(ϕ

0
) = +1.

3.4 The motive ofG

The adjointL-function of the principal parameterϕ
0

is closely related to theL-function of the
Artin-Tate motiveM = MG of G [15], defined by

M = MG =
⊕

d≥1

Ed(1− d),

M̌(1) =
⊕

d≥1

Ed(d).
(22)

Here the twistingE(n) of aGal(k̄/k)-moduleE overQ is defined by:

E(n) = E ⊗Q(1)⊗n,
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and for any primeℓ (recall thatk has characteristic zero) theℓ-adic realization of the Tate motive
Q(1) is given by

Qℓ(1) = lim
←−
n

µℓn

andµℓn is theℓn-torsion subgroup of̄k×. A better definition ofM ⊗ Qℓ in terms of theℓ-adic
cohomology ofG has been given by Yu [63].

Sincek is p-adic, the Tate motiveQℓ(n) affords (for any primeℓ 6= p) the unramified character
of Gal(k̄/k) sendingFr 7→ q−n. It follows that

L(M, s) =
∏

d≥1

det
(
1− qd−1−sF0|EId

)−1
,

L(M̌(1), s) =
∏

d≥1

det
(
1− q−d−sF0|EId

)−1
.

(23)

In particular, we have
L(M̌, s) = L(ϕ

0
, ĝ, s), (24)

whereϕ
0

is the principal parameter. We are interested in the values

L(M) := L(M, 0), and L(M̌(1)) := L(M̌(1), 0).

SinceFr acts onE via a finite order automorphism defined overQ, L(M̌(1), s) is always regular
ats = 0 andL(M̌(1)) is a positive rational number.

The functionL(M, s) is regular ats = 0 if and only if Gal(k0/k) has no non-trivial invariants
in E1. SinceE1 is theQ-vector space spanned by the character group of the maximal torusC in
the center ofG, we see thatL(M) is finite precisely whenC is anisotropic overk, which we have
assumed. Thus,L(M) is a nonzero rational number with sign(−1)r(G0).

The conductor and root number of the motiveM are defined in terms of their classical counter-
parts by

a(M) =
∑

d≥1

(2d− 1)a(Ed), w(M) =
∏

d≥1

w(Ed).

Since eachEd is an orthogonal representation ofGal(k0/k) anddet(⊕Ed) = det(X) = det(ĝ) as
a character ofk×, we find that

a(M) ≡ a(⊕Ed) ≡ a(det(ĝ)) mod 2, and w(M)2 = det(ĝ)(−1).

The epsilon factor of the motive is then defined by

ε(M, s) = w(M) · qa(M)(
1
2−s).
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We setε(M) = ε(M, 0) = w(M) · qa(M)/2. Finally, the gamma factor ofM is defined by

γ(M) =
L(M̌(1)) · ε(M)

L(M)
. (25)

We now show that the nonzero complex numbersγ(M) andγ(ϕ
0
) agree up to a sign. From equation

(24), we have
L(ϕ

0
, ĝ, 1) = L(M̌(1)). (26)

Since
L(ϕ

0
, ĝ, 0) =

∏

d

det(−q1−dF0|EId )−1 · det(1− qd−1F−1
0 |EId )−1,

we have
L(ϕ

0
, ĝ, 0) = (−1)r(G0)qνL(M), (27)

where
ν =

∑

d

(d− 1) dimEId .

It follows that
γ(ϕ

0
)

γ(M)
= (−1)r(G0) ω(ϕ

0
)

w(M)
= ±1. (28)

This sign can be computed from the action ofGal(k0/k) onE. Indeed, from equation (12), we
have

ω(ϕ
0
)

w(M)
=

∏

d

w(Ed)
2d−2 =

∏

d

det(Ed)(−1)d−1
(29)

If G is absolutely simple, one can check in each case that the ratio (29) is +1 unlessG has type
D2n, and the splitting fieldk0 of G is a ramified quadratic extension ofk where−1 is not a norm.

4 Rationality of adjoint gamma factors

We have seen that our assumption that the connected centerC of G is anisotropic is equivalent to
assuming that the principal adjoint gamma value

γ(ϕ
0
) =

L(ϕ
0
, ĝ, 1) · ε(ϕ

0
, ĝ, 0)

L(ϕ
0
, ĝ, 0)

is nonzero.
We have also seen that a Langlands parameterϕ :W × SL2 → LG is discrete precisely when

the adjoint gamma value

γ(ϕ) =
L(ϕ, ĝ, 1) · ε(ϕ, ĝ, 0)

L(ϕ, ĝ, 0)
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is nonzero. Our goal in this chapter is to define a rational functionΓϕ(x) with rational coefficients,
which is an invariant of the discrete parameterϕ. We will show thatγ(ϕ) = Γϕ(q), and in particular
thatγ(ϕ) is a nonzero rational number.

To state this result precisely, we first recall from Lemma3.1 that if ϕ is a discrete parameter
the imageD = ϕ(W) is finite. Letd be the cardinality ofD and letm ≥ 1 be an integer with
m ≡ 1 mod 4d. (This congruence condition will be explained in the proof of Prop. 4.1 below.)
LetWm = I ⋉ 〈Frm〉 be the Weil group of the unramified extensionkm of k of degreem. The
restrictionϕm of ϕ toWm × SL2 is a discrete parameter forWm, as

ϕm(Frm) = ϕ(Frm) = ϕ(Fr)m = ϕ(Fr).

Hence we may consider the ratiosγ(ϕm)/γ(ϕ
0

m) ∈ C× for allm ≡ 1 mod 4d. We can now state
our rationality result as follows.

Proposition 4.1 Letϕ :W×SL2 → LG be a discrete parameter and letd = |ϕ(W)|. Then there
is a unique rational functionΓϕ(x) ∈ Q(x) such that

γ(ϕm)/γ(ϕ
0

m) = Γϕ(qm)

for all m ≥ 1 with m ≡ 1 mod 4d. In particular, the ratioγ(ϕ)/γ(ϕ
0
) = Γϕ(q) is a nonzero

rational number.

Individually, the values

ε(ϕ) = ω(ϕ)qα(ϕ)/2 and ε(ϕ
0
) = ω(ϕ

0
)qα(ϕ

0
)/2

are both powers ofi (a complex square root of−1) times an integral power ofq1/2, hence need not
be rational. Likewise, the valuesL(ϕ, ĝ, 0) andL(ϕ, ĝ, 1) are products of terms of the form
(1−qk/2λ)−1, wherek is an integer, possibly odd, andλ is a root of unity. To prove Proposition4.1
we first consider the ratioε(ϕ)/ε(ϕ

0
), and then the valuesL(ϕ, ĝ, 0) andL(ϕ, ĝ, 1). The proof will

give more information about these gamma ratios than is stated in Proposition 4.1. For example, we
will see that there is a polynomial∆G ∈ Z[x], depending only onG andk, such that∆GΓϕ ∈ Z[x].

4.1 The epsilon ratio

Sinceϕ andϕm have the same image, it is clear that their Artin conductors coincide:

α(ϕ) = α(ϕm). (30)

Though it is less obvious, the root numbers also coincide:

ω(ϕ) = ω(ϕm). (31)
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To see this, recall that

ω(ϕ) =
∏

n≥0

w(ϕ, ĝn)
n+1 ·

∏

n≥1

det(−ϕ(Fr)|ĝϕ(I)
n ),

and similarly forϕm. We haveϕm(Fr) = ϕ(Fr) sincem ≡ 1 mod d. The congruencem ≡ 1
mod 4 implies that

w(ϕ, ĝn) = w(ϕm, ĝn)

for all n. Indeed, take any integerm ≥ 1, any self-dual representationρ : W → GL(V ) and let
ρm be the restriction ofρ to the Weil groupWm of the unramified extensionkm of degreem over
k. Then sincekm/k is unramified, we have [58, 3.4]

w(ρm, V ) = w(ρ, IndWWm
V ) = w(ρ, V ⊗ IndWWm

C) = w(ρ, V )m · (−1)(m−1)a(V ).

Hence ifm ≡ 1 mod 4, we have

w(ρm, V ) = w(ρ, V ).

Thus equation (31) is verified.

Proposition 4.2 For every integerm ≡ 1 mod 4d, we have

ε(ϕm)

ε(ϕ
0
m)

= ±qm·k(ϕ),

wherek(ϕ) is an integer and the sign± is independent ofm and given byω(ϕ)/ω(ϕ
0
) = ±1.

Proof: By equations (30) and (31), it suffices to prove this form = 1. We have

ε(ϕ)

ε(ϕ
0
)

=
ω(ϕ)

ω(ϕ
0
)
· q(α(ϕ)−α(ϕ

0
))/2.

By Prop.2.3we have
α(ϕ

0
) ≡ a(det(ĝ)) mod 2.

But also
α(ϕ) ≡ a(det(ĝ)) mod 2,

by (15). Henceα(ϕ) ≡ α(ϕ
0
) mod 2. Likewise, we have

ω(ϕ
0
)2 = det(X)(−1) = det(ĝ)(−1) = ω(ϕ)2,

this last by (16). Thus we have shown thatε(ϕ)/ε(ϕ
0
) has the form±qk(ϕ), with k(ϕ) = (α(ϕ)−

α(ϕ
0
))/2 an integer, and signω(ϕ)/ω(ϕ

0
) = ±1 as claimed. �
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4.2 Rationality of L-values

Let ϕ :W × SL2 → LG be a discrete parameter and setF := ϕ(Fr). In this section we complete
the proof of Proposition4.1by analyzing the adjointL-function

L(ϕ, ĝ, s) =
∏

n≥0

det
(
1− q−s−n/2F |ĝIn

)−1
,

where we recall that
ĝ ≃

⊕

n

ĝn ⊗ Symn

as a representation ofW × SL2 underAd(ϕ).

Proposition 4.3 For eachn ≥ 0 the polynomialPn(x) = det(1−xF |ĝIn) has integral coefficients
and is an even function ofx whenn is odd. More precisely, forn ≥ 1 the factorization ofPn(x)
has the form

Pn(x) =
∏

Ri(x
ei),

where eachei is a positive integer such thatnei is even, and eachRi is one of the six cyclotomic
polynomials:

1− x, 1 + x, 1 + x+ x2, 1 + x2, 1 + x+ x2 + x3 + x4, 1− x+ x2,

satisfied by themth roots of unity for1 ≤ m ≤ 6. The polynomialP0(x) can have arbitrary
cyclotomic factors, with the single restriction thatP0(1) 6= 0.

Proof: We first prove our assertions aboutP0(x). SinceI is finite, the Lie algebrâgI is reductive,
as is theSL2-invariant subalgebrâgI0 (use [6, I.6.4 Prop.5], as in section2.1).

From [56, Thm. 7.5], it follows (see, for example, [43]) that any semisimple automorphismτ
of a complex semisimple Lie algebrah may be written as a commuting productτ = σs, wheres is
inner andσ preserves a pinning inh. The fixed-point subalgebrashτ andhσ both have rank equal
to the number ofσ-orbits on simple roots ofh. In particularhτ is nonzero.

Hence the discreteness ofϕ forces the derived subalgebra ofĝI0 to be zero. HencêgI0 is the
Lie algebra of a toruŝS ⊂ Ĝ, and is spanned by the co-weight lattice ofŜ. SinceĝI0 is preserved
by F , it follows that Ŝ and its co-weight lattice are preserved byF . HenceP0(x) has integral
coefficients. We have already noted thatP0(1) 6= 0. Finally, given an integral polynomialQ(x) of
degreed whose zeros are roots of unity such thatQ(0) = 1 andQ(1) 6= 0, there exists ad × d
integer matrixA such thatdet(1 − xA) = Q(x). TakingG to be an unramified anisotropic torus
with character groupZd on whichFr acts viaA, we haveP0(x) = Q(x).

For n ≥ 1, the factorPn(x) arises in the derived subalgebra[ĝI , ĝI ], since the center of̂gI

is contained in̂gI0 . Thus we are reduced to a question about semisimple Lie algebras. We change
notation and replace[ĝI , ĝI ] by an arbitrary complex semisimple Lie algebrag. Let Aut(g) be its
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automorphism group and letG = Aut(g)◦. Fix a pinningE = (T,B, {xα}) inG. ThenAut(G, E)
may be viewed as a subgroup ofAut(g) and we have

Aut(g) = G⋊ Aut(G, E).

We have an elementF ∈ Aut(g) of finite order, and an algebraic homomorphismϕ : SL2 →
GF whose centralizerAϕ in GF is finite. This implies the center ofGF is finite, hencegF is
semisimple. We have

g =
⊕

n≥0

gn ⊗ Symn

under〈F 〉 × SL2, and we must show that eachPn(x) = det(1 − xF |gn) has the asserted form.
SincePn(x) is the product of factors arising from the orbits ofF on the simple factors ofg, we may
assume thatg = he is a direct sum ofe copies of a simple Lie algebrah and thatF acts transitively
on these summands. Then the representation of〈F 〉×SL2 ong is induced from the representation
of 〈F e〉 × SL2 onh and we have

det(1− xF |gn) = det(1− xeF e|hn).

We may therefore assume thatg is simple.
We invoke Kac’s classification [29] of torsion automorphisms ofg, considering only those

F ∈ Aut(g) for which gF is semisimple (see also [43]). The projection ofF in Aut(G, E) is
a pinned automorphismσ ∈ Aut(g) of orderf ∈ {1, 2, 3}. Eachσ determines a Dynkin diagram
of type fX, whereX is the type ofg, whose nodes correspond to simple roots of the connected
groupGσ, which is also of adjoint type. Each nodei in the diagram is labelled with an integer
ai ≥ 1, giving the multiplicity of that root in the highest root ofG (whenf = 1), the highest short
root inGσ (whenf = 2 or 3 except in type2A2n), or twice the highest short root ofGσ in type
2A2n.

For each nodei there is an inner automorphismsi ∈ GF of ordermi = fai, andF is G-
conjugate toσsi for somei. Examining the various cases, we find thatai ≤ 6 always, thatai ≤ 3
if f = 2 andai ≤ 2 if f = 3. It follows that the orderm of F satisfiesm ≤ 6 in all cases.

We can now prove the key result for the rationality ofL-values:

Lemma 4.4 Assumeg is a simple complex Lie algebra withG = Aut(g)◦. LetF ∈ Aut(g) have
finite order and supposeϕ : SL2 → GF is an algebraic homomorphism whose centralizerAϕ in
GF is finite. Decompose

g =
⊕

n≥0

gn ⊗ Symn

as a representation of〈F 〉 × SL2. Then for eachn ≥ 0, the characteristic polynomialdet(1 −
xF |gn) has integer coefficients and its irreducible factors overQ are among the six cyclotomic
polynomials listed in Proposition4.3.
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Proof: As g is an orthogonal representation of〈F 〉, each representationgn is self-dual. It follows
thatdet(1− xF |gn) has real coefficients. We have seen that the eigenvalues ofF aremth roots of
unity with m ≤ 6. Hence the coefficients indet(1 − xF |gn) are integers, except possibly when
m = 5.

The casem = 5 occurs only once, whenG = E8. In this case,F ∈ G andGF = CG(F ) is
isogenous toSL5 × SL5. The finiteness ofAϕ forcesϕ : SL2 → GF to be principal. But thenϕ
has Bala-Carter typeE8(a7) [9] and the centralizerCG(ϕ) is the symmetric groupS5. Eachgn is
actually anS5-module, and everyS5-module is rational, sodet(1−xF |gn) has integral coefficients,
completing the proof of Lemma4.4.

Proposition4.3 is now proved in the case thatgn is nonzero only for evenn. This occurs
precisely when the mapϕ : SL2 → GF ⊂ Aut(g) factors throughPGL2. So we must consider
the cases whereϕ(−I) 6= 1, where−I is the central element ofSL2, and we must show that
det(1− xF |gn) is an even polynomial whenn is odd.

Lemma 4.5 If ϕ(−I) 6= 1, thenF has order four andϕ(−I) = F 2.

Proof: Recall thatF = σs, wheres, of orderm = fa, belongs to the connected adjont group
Gσ, andσ has orderf . HenceF f = sf has ordera and lies in the centerC of (GF )◦. In fact,C
is generated byF f [43]. SinceAϕ is finite, the mappingϕ : SL2 → (GF )◦ is distinguished and
therefore even [9]. It follows thatϕ(−I) ∈ C, so thatϕ(−I) = F kf for some integerk, taken
moduloa, with 2k ≡ 0 mod a. Sinceϕ(−I) 6= 1, we must havea even, som ∈ {2, 4, 6} by
Kac’s classification. It suffices to show thatm = 4.

If m = 2, so thatF 2 = 1, thenϕ(−I) = F , sinceϕ(−I) 6= 1. but thenAϕ is the centralizer of
ϕ(SL2) inG. SinceAϕ is finite, this meansϕ is distinguished (see [9]), hence even, soϕ(−I) = 1,
a contradiction. Thereforem ∈ {4, 6}.

If m = 6 there are only two possibilities:

G = E8 and GF = (SL2 × SL3 × SL6)/∆µ6, or

G = PSO8 and GF = (SL2 × SL2)/∆µ2,

where∆ is a diagonal mapping ofµd onto the center of each factor. In both cases, the only
distinguishedϕ : SL2 → GF is principal and we again haveϕ(−I) = 1, som 6= 6. The lemma is
proved. �

We pause to remark that a case whereϕ(−I) 6= 1 andF has order four occurs inE7. Here
σ = 1 andi corresponds to the branch node. The group(GF )◦ is isogenous toSL4 × SL2 × SL4.
Under the principal homomorphismϕ : SL2 → (GF )◦, theF -eigenspaceg(i) decomposes as

g(i) = Sym7 +2Sym5 +2Sym3 +2Sym1

andϕ(−I) = −1 on each summand.
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Returning to our task, we complete the proof of Proposition4.3as follows. By Lemma4.5, we
may assume thatF has order four, with eigenspace decomposition

g = g(1)⊕ g(−1)⊕ g(i)⊕ g(−i).

Sinceϕ(−I) = F 2 acts by−1 onSymn , we have

gn ⊗ Symn ⊂ g(i) + g(−i),

and the eigenspacesg(i) andg(−i) are dual to each other, sinceg is orthogonal forF . Hence the
only eigenvalues ofF ongn are±i and these come in pairs. It follows that

det(1− xF |gn) = (1 + x2)k

where the symplectic representationgn of 〈F 〉 has dimension2k. Thus, Proposition4.3 is proved.

For integerk ≥ 0, the polynomialP2k+1(x) in Proposition4.3 is even. LetQ2k+1(x) be the
polynomial with integer coefficients such thatP2k+1(x) = Q2k+1(x

2). LetP 0
n(x) be the analogous

polynomials for the principal parameterϕ
0
; these are zero for oddn because−I ∈ kerϕ

0
.

We have shown that
γ(ϕm)

γ(ϕ
0
m)

= Γϕ(qm),

whereΓϕ(x) ∈ Q(x) is the rational function

Γϕ(x) = ±xm(ϕ) ·
∏

k≥0

P2k(x
−k)

P2k(x−1−k)
· Q2k+1(x

−2k−1)

Q2k+1(x−2k−3)
· P

0
2k(x

−1−k)

P 0
2k(x

−k)
(32)

Here the integerm(ϕ) = (α(ϕ)− α(ϕ
0
))/2 and the sign±1 = ω(ϕ)/ω(ϕ

0
) are as in Proposition

4.2. This completes the proof of Proposition4.1.

5 An inequality for the Swan conductor

We have seen that the adjoint gamma ratioγ(ϕ)/γ(ϕ
0
) is the value atq of a rational function

Γϕ(x) ∈ Q(x). In this chapter, we find the order ofΓϕ(x) at x = 0. This leads to a conjectural
inequality for the Swan conductor of a discrete parameter, which we verify in some interesting
cases. When equality is achieved, we obtain conditions onϕ and we are led to the notion of a
simple wild parameter. Later in the paper, simple wild parameters will arise in thelocal Langlands
correspondence.
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5.1 The leading term in the gamma ratio

We will compute the order ofΓϕ(x) at x = 0 in terms of the ramification ofϕ and the variety of
Borel subalgebras of̂gϕ(I). This generalizes a result for unramified parameters in [41] which was
in turn inspired by a conjecture of Lusztig [39] on formal degrees for affine Hecke algebras.

Our result is as follows. Letϕ : W × SL2 → LG be a discrete parameter, and letN be the
image under the differentialdϕ : sl2 → ĝ of a nonzero nilpotent element insl2. Let ĝϕ(I)

N denote
the kernel ofad(N) on the spacêgϕ(I) of inertial invariants, and set

ℓϕ := dim ĝ
ϕ(I)
N .

If N is a principal nilpotent element in̂gϕ(I), then ℓϕ is the rank ofĝϕ(I). For the principal
parameterϕ

0
we write

ℓ0 := ℓϕ
0

Thenℓ0 = dimMI and is the rank ofG over the maximal unramified extensionK of k.

Proposition 5.1 Atx = 0, the rational functionΓϕ(x) has order equal to12 [ℓϕ−ℓ0+b(ϕ)−b(ϕ
0
)].

Proof: Given two rational functionsf(x), g(x) in the variablex, we write

f(x) ∼ g(x) if lim
x→0

f(x)

g(x)
= 1.

As before, we set
ĥ = ĝϕ(I), ĥn = ĝϕ(I)

n , F = ϕ(Fr),

so that
L(ϕ, ĝ, s) = Lϕ(q, s),

where
Lϕ(x, s) =

∏

n≥0

det(1− x−s−n/2F |ĥn)−1 (33)

is a rational function inx with complex coefficients. SincedetF = ±1 on ĥn, we have

Lϕ(x, 0) =
∏

n≥0

det(1− x−n/2F |ĥn)−1

=
∏

n≥0

det(−x−n/2F |ĥn)−1 · det(1− xn/2F |ĥn)−1

∼ xd(ϕ)/2 · det(−F |ĥ)−1 · det(1− F |ĥ0)
−1,

where
d(ϕ) =

∑

n≥0

ndim ĥn.
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Now ĥ is the Lie algebra of the (possibly disconnected) subgroup

Ĥ = CĜ(ϕ(I)) ⊂ Ĝ,

andĥ0 is the Lie algebra of the subgroup

Mϕ = CĤ(ϕ(SL2)) = CĜ(ϕ(I × SL2))

whose identity component
Cϕ := M◦ϕ

is a torus with finite fixed point set underF , sinceϕ is discrete. Indeed, we have

|CFϕ | = det(1− F |ĥ0).

We note thatAϕ = MF
ϕ containsCFϕ as a normal subgroup and sinceCFϕ is finite, we have

Aϕ/C
F
ϕ = π0(Mϕ)F .

Returning to our calculation, we have

Lϕ(x, 0) ∼ xd(ϕ)/2

|CFϕ | · det(−F |ĥ)
. (34)

A similar calculation gives

Lϕ(x, 1) ∼ xℓϕ+d(ϕ)/2

det(−F |ĥ)
. (35)

Thus, we find that
Lϕ(x, 1)

Lϕ(x, 0)
∼ |CFϕ | · xℓϕ . (36)

Applying this result to the principal parameterϕ
0
, we get

Lϕ
0
(x, 1)

Lϕ
0
(x, 0)

∼ |CF0

ϕ
0
| · xℓ0 , (37)

whereF0 = ϕ
0
(Fr). We note thatCϕ

0
is the identity component of the subgroup ofϕ

0
(I)-invariants

in the center ofĜ. It follows thatCϕ
0
⊂ Cϕ for any discrete parameterϕ, andCF0

ϕ
0

= CFϕ
0
, where

F = ϕ(Fr).
Turning to the epsilon ratio, we express the integerk(ϕ) = 1

2(α(ϕ)− α(ϕ
0
)) in terms of Swan

conductors. We have
α(ϕ) = a(ϕ, ĝ) +

∑

n≥1

n · dim ĥn.
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Since
dim ĥ =

∑

n≥0

(n+ 1) dim ĥn and dim ĥN =
∑

n≥0

dim ĥn = ℓϕ,

it follows that

α(ϕ) = dim ĝ− dim ĥ + b(ϕ) + dim ĥ− dim ĥN

= dim ĝ− ℓϕ + b(ϕ).
(38)

Applying this result toϕ
0
, we get

α(ϕ
0
) = dim ĝ− ℓ0 + b(ϕ

0
), (39)

so that
k(ϕ) = 1

2 [α(ϕ)− α(ϕ
0
)] = 1

2 [ℓ0 − ℓϕ + b(ϕ)− b(ϕ
0
)]. (40)

Combining equations (40), (36) and (37), we get the following formula for the leading term of
Γϕ(x):

Γϕ(x) ∼ ±|CFϕ /CFϕ
0
| · x[ℓϕ−ℓ0+b(ϕ)−b(ϕ

0
)]/2, (41)

which gives the order of vanishing

ord
x=0

(Γϕ) = 1
2 [ℓϕ − ℓ0 + b(ϕ)− b(ϕ

0
)]

asserted in Prop.5.1. �

A variant: By a result of Spaltenstein [52, 2.8] we have

ℓϕ = rank(ĝϕ(I)) + 2 dimBN , (42)

whereBN is the variety of Borel subalgebras ofĝϕ(I) containingN . Hence we may also express
the order of vanishing as

ord
x=0

(Γϕ) = dimBN + 1
2 [rank(ĝϕ(I))− ℓ0 + b(ϕ)− b(ϕ

0
)]. (43)

Example 1: Supposeϕ is tamely ramified. Then the splitting fieldk0 of G is also tamely ramified
over k and we haveb(ϕ) = b(ϕ

0
) = 0. The imageϕ

0
(I) ⊂ Gal(k0/k) is cyclic; let ϑ be a

generator. Then
ℓ0 = dim t̂ϑ.

The imageϕ(I) = D0 is also cyclic, generated by an elementσ = ϑs for somes ∈ Ĝ. Conjugating
by Ĝ, we may assume thats ∈ T̂ϑ (see [43]). Thent̂ϑ is a Cartan subalgebra ofgϕ(I) = gσ, so that

rank(ĝϕ(I)) = dim t̂ϑ = ℓ0.
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It follows that
ord
x=0

(Γϕ) = dimBN (44)

(cf. [41, (7.2)] for some cases whereϕ is unramified).

Example 2: Supposeϕ(I) ⊂ T̂ (sok0/k is unramified). Then a similar argument shows that

ord
x=0

(Γϕ) = dimBN + 1
2b(ϕ). (45)

(cf. [42, Prop. 4.1] for some cases whereN = 0).

5.2 An inequality

We conjecture that the rational functionΓϕ(x) is regular atx = 0, for any discrete parameterϕ.
By Prop.5.1, this is equivalent to the following inequality.

Conjecture 5.2 Letϕ :W × SL2 → LG be a discrete parameter, letℓϕ = dim ĝ
ϕ(I)
N and letb(ϕ)

be the Swan conductor of the representationAd(ϕ) on ĝ. Then

ℓϕ + b(ϕ) ≥ ℓ0 + b(ϕ
0
). (46)

One can also be led to Conjecture5.2by considering formal degrees. See section7.3below.
Conjecture5.2holds ifϕ is tamely ramified or ifϕ(I) is contained in a torus in̂G, by Examples

1 and 2 above. In section5.3below we will verify Conjecture5.2whenϕ(I+) ⊂ T̂ andĝϕ(I+) = t̂.
If k0/k is tamely ramified andN = 0 then

ℓϕ ≤ ℓ0, (47)

as we will show, so Conjecture5.2amounts to the nontrivial lower bound

b(ϕ) ≥ ℓ0 − ℓϕ. (48)

To see (47), let ϑ ∈ Gal(k0/k) be a generator of the inertia subgroup ofGal(k0/k) and letD0 =
ϕ(I). ThenD0 = D1 ⋉ 〈σ〉, whereσ ∈ ϑĜ is an element ofLG of order prime top. Sinceϕ is
discrete, the fixed point subalgebraĝD0 = (ĝD1)σ is contained in a Cartan subalgebra ofĝσ. The
Lie algebrâgσ has rank equal toℓ0 (see, e.g., [43]). It follows thatℓϕ = dim ĝD0 ≤ ℓ0, as claimed
in (47).
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5.3 Minimal Swan conductors

If equality holds in (46), that is, if
ord
x=0

(Γϕ) = 0,

we say thatϕ hasminimal Swan conductor. The principal parameterϕ
0

clearly has minimal Swan
conductor. Ifϕ is tamely ramified, then Example 1 above shows thatϕ has minimal Swan conductor
precisely whenN is a principal nilpotent element ingϕ(I). For example, ifgϕ(I) = t̂ we have
N = 0, which is principal in̂t. Such parameters were studied in [10]. If ϕ(I) ⊂ T̂ , as in Example
2, thenϕ can have minimal Swan conductor only ifϕ is tamely ramified, putting us in the previous
case.

In this section, we will consider some wildly ramified parameters whenG is split, simply-
connected, and simple overk. We will verify the Swan inequality (46) for these parameters, and
describe their image when equality holds. The dual groupĜ = LG is a simple complex Lie group
of adjoint type. Letϕ :W × SL2 → Ĝ be a discrete parameter forG.

Lemma 5.3 We havêgϕ(I) = 0 if and only ifL(ϕ, ĝ, s) = 1.

Proof: If ĝϕ(I) = 0 then it follows directly from the definition (6) thatL(ϕ, ĝ, s) = 1. Conversely,
supposeL(ϕ, ĝ, s) = 1. If ϕ(SL2) is nontrivial, then the representation1 ⊗ Sym2 of W × SL2

appears as a summand inĝ, so thatL(ϕ, ĝ, s) is divisible by(1 − q−1−s)−1. Henceϕ(SL2) = 1,
andL(ϕ, ĝ, s) = det(1− q−sϕ(Fr)|ĝϕ(I))−1 = 1, so we must havêgϕ(I) = 0. �

We say that a discrete parameterϕ :W → Ĝ is inertially discreteif ĝϕ(I) = 0. In this case, we
have

γ(ϕ) = ε(ϕ, ĝ, 0) = ±qa(ϕ)/2 and a(ϕ) = b(ϕ) + dim(ĝ) ≡ 0 mod 2,

asdet ĝ = 1. Sincedim ĝ = ℓ+2 · |Φ+|, whereℓ is the rank ofĜ andΦ+ ⊂ Φ is the set of positive
roots, we have the congruence

b(ϕ) ≡ ℓ mod 2.

In this situation, we haveℓϕ = b(ϕ
0
) = 0, so the Swan inequality conjecture (5.2) is simply

b(ϕ) ≥ ℓ. (49)

We will first verify the inequality (49) in the case where the residual characteristicp of k does not
divide the order of the Weyl groupW of Ĝ (or equivalently, the Weyl group ofG). A key role is
played by the elementsw ∈W for which t̂w = 0. We call such elements ofW elliptic.

Proposition 5.4 Assume thatϕ is inertially discrete and thatp does not divide|W |. LetD0 = ϕ(I)
andD1 = ϕ(I+) be the image of the inertia and wild inertia subgroups ofW in Ĝ. Then

1. D1 lies in a unique maximal toruŝT of Ĝ;
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2. D0 lies in the normalizerN(T̂ ) of T̂ in Ĝ, and the image under the projection

I ϕ−→ N(T̂ ) −→ N(T̂ )/T̂ = W

of the tame quotientD0/D1 is a cyclic subgroup〈w〉 ofW , generated by an elliptic element
w.

3. We have the inequalities
b(ϕ) ≥ |Φ/w| ≥ ℓ,

whereΦ/w is a set of representatives for the orbits of〈w〉 on the setΦ of roots ofT̂ in ĝ.

Proof: The imageD1 of wild inertia is a finitep-group insideĜ. It is therefore nilpotent, and
by a theorem of Borel and Serre [5], is contained in the normalizerN(T̂ ) of a maximal torusT̂ .
Since we have assumed thatp does not divide|W |, the projection ofD1 to W is trivial, soD1 is
contained inT̂ .

To show thatT̂ is theuniquemaximal torus containingD1, we need to show that̂gD1 = t̂. If
not, the derived subalgebra ofĝD1 is a nontrivial semisimple Lie algebras with the property that
sD0/D1 = 0. This is impossible, asD0/D1 is finite cyclic and any torsion automorphism of a
semisimple Lie algebra has nontrivial invariants (see [43], for example). This proves 1.

SinceI normalizesI+, it follows thatD0 normalizesT̂ , the connected centralizer ofD1 in Ĝ.
Let 〈w〉 be the image of the cyclic quotientD0/D1 in W = N(T̂ )/T̂ . Since

0 = ĝD0 =
(
ĝD1

)D0/D1
= t̂w,

we see thatw is elliptic. This proves 2.
As a representation ofD1 ⊂ T̂ , we have

ĝ = t̂⊕
∑

α∈Φ

ĝα,

according to the root-space decomposition ofĝ. Each root spacêgα is one-dimensional. The action
of D1 on ĝ is trivial on t̂ and non-trivial on each root spaceĝα. As a representation ofD0 ⊂ N(T̂ ),
we have

ĝ = t̂⊕
∑

α∈Φ/w

IndD0

Dα
ĝα,

whereD1 ⊂ Dα ⊂ D0 andDα is the stabilizer ofα inD0. The action ofD0 on t̂ is tame, generated
by the elliptic elementw, sob(̂t) = 0. Thus, we have

b(ϕ) =
∑

α∈Φ/w

b
(
IndD0

Dα
ĝα

)
.
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By the inductivity of the Swan conductor, we have

b
(
IndD0

Dα
ĝα

)
= b(ĝα),

where the right-hand side is the Swan conductor of the one-dimensional representation̂gα of the
local Galois groupDα. SinceD1 acts nontrivially on̂gα, we haveb(ĝα) ≥ 1 for all α ∈ Φ/w.
Hence we have shown the first inequality in 3, namelyb(ϕ) ≥ |Φ/w|.

To complete the proof, we will show that|Φ/w| ≥ ℓ for any elliptic elementw ∈ W . Letn be
a lift of w in N(T̂ ). We compute

ℓ ≤ dim ĝn = dim t̂w +
∑

α∈Φ/w

dim
(
IndD0

Dα
ĝα

)n
.

But t̂w = 0 andn permutes the root spaces in eachIndD0

Dα
ĝα transitively. Hence

dim
(
IndD0

Dα
ĝα

)n
≤ 1

for all α ∈ Φ/w, henceℓ ≤ |Φ/w|, as claimed. �

We now consider inertially discrete parametersϕ where equality holds in the Swan inequality
(49):

ĝϕ(I) = 0 and b(ϕ) = ℓ.

We will determine the structure ofD0 = ϕ(I) whenp does not divide the order ofW . From Prop.
5.4, the equalityb(ϕ) = ℓ implies that the elliptic elementw has exactlyℓ orbits on the setΦ of
roots.

Lemma 5.5 Supposew ∈W is an elliptic element with exactlyℓ orbits inΦ. LetΦ◦ ⊂ Φ be union
of the free orbits ofw in Φ. ThenΦ◦ is nonempty and the intersection

⋂
α∈Φ◦ kerα|T̂ is contained

in the2-torsion subgroup̂T [2] ⊂ T̂ . If Φ◦ = Φ thenw is a Coxeter element.

Proof: Supposew belongs to a subgroup ofW generated by reflections about roots from a proper
root-subsystemΦ′ of Φ. Sincew elliptic, the rank ofΦ′ equalsℓ, sow has at leastℓ orbits inΦ′,
hence has more thanℓ orbits inΦ, a contradiction. It now follows from [53, 8.2] thatdet(1− w|̂t)
is as small as possible, namely equal to the order|Z(Ĝsc)| of the simply-connected cover̂Gsc of
Ĝ.

Letn ∈ N(T̂ ) be a lift ofw. Sincew has exactlyℓ orbits inΦ, the inequalitydim ĝn ≥ ℓ forces
eachw-orbit in Φ to contribute a line tôgn. This implies thatn has the same order asw.

It was shown by Kostant [33, Cor. 6.8] that|Φ| = h · ℓ, whereh is the Coxeter number of̂G.
Sincew has exactlyℓ orbits inΦ, the order ofw is at leasth. All orbits are free exactly whenw
has orderh, in which casedim ĝn = ℓ andn belongs to the uniquêG-conjugacy class of regular
elements of minimal orderh, which means [33, Cor. 8.8] thatw is a Coxeter element.

33



Assume that the order ofw is greater thanh and thatdet(1 − w|̂t) = |Z(Ĝsc)|. If Ĝ has type
An, G2, F4, E6 or E8, thenW has no elliptic elements of order> h. In typeBn, Cn, the only
elliptic class withdet(1− w|̂t) = 2 is the Coxeter class.

In typeDn, the only elliptic classes withdet(1− w|̂t) = 4 are the products of Coxeter classes
for Br andBs with r + s = n. (If r = 1 or s = 1, this is the Coxeter class inDn.) The number of
orbits on roots is(r− 1) + (s− 1) +2(r, s), which is equal toℓ = r+ s precisely when(r, s) = 1.
In this case, the two “mixed” orbits, containing±ei ± ej with 1 ≤ i ≤ r andr + 1 ≤ j ≤ s, are
both free. The remaining orbits have nontrivial stabilizers and we have

⋂
α∈Φ◦ kerα|T̂ = 1.

Finally, in typeE7 with h = 18, there is a unique elliptic class of elements of order> h. An
elementw in this class has order30; it is the commuting product of−1 with Coxeter classesw2 of
A2 andw4 of A4. We may vieww2w4 = (123)(45678) as a product of cycles in the symmetric
groupS8, generated byA7 subdiagram ofE7. The simple root in this subdiagram outsideA2A4

is thene3 − e4, whose orbitO under〈−w2w4〉 is easily checked to be free. ViewinĝT in (a finite
quotient of)SL8, one also checks that

⋂
α∈Φ◦ kerα|T̂ ⊂ T̂ [2], as claimed. This completes the

proof. �

We now show that the equalityb(ϕ) = ℓ implies that the elliptic elementw appearing in an
inertially discrete parameterϕ (see Prop.5.4) is always a Coxeter element.

Proposition 5.6 Assume thatϕ :W → Ĝ is discrete parameter forG satisfying the two conditions

ĝϕ(I) = 0 and b(ϕ) = ℓ

and thatp does not divide the order of the Weyl groupW of Ĝ. LetD = ϕ(W) and letD > D0 >
D1 > · · · > Dm = 0 be the lower ramification filtration filtration of this finite Galois group, so
thatD0 = ϕ(I) andD1 = ϕ(I+). Then

1. D1 lies in a unique maximal toruŝT of Ĝ andD lies in the normalizerN(T̂ ) of T̂ in Ĝ.

2. The image ofD0/D1 in N(T̂ )/T̂ is generated by a Coxeter element of orderh.

3. D2 = 1 andD1 is a simpleFp[w]-submodule of̂T [p], whose eigenvalues forw are primitive
hth-roots of unity inF̄p. HenceD1 is an elementary abelianp-group of orderpa, wherea is
the order ofp in the group(Z/hZ)×.

4. The Galois groupD has upper breaks at the points0 and1/h.

Proof: Part 1 follows from Prop.5.4and its proof, which also shows thatw is an elliptic element
having exactlyℓ-orbits onΦ and thatb(ĝα) = 1 for all α ∈ Φ.

In Lemma5.5, we saw that the unionΦ◦ of the free orbits is nonempty. Forα ∈ Φ◦ we have

1 = b(ĝα) = 1 +
∑

j≥2

dim(ĝα/ĝ
Dj
α )

[D1 : Dj]
.
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This implies thatD2 acts trivially onĝα for all α ∈ Φ◦. By the first assertion of Lemma5.5, we
have thatD2 ⊂ T̂ [2]. Since|W | is even, we are assumingp > 2. HenceD2 = 1. We then find, for
all α ∈ Φ, that

1 = b(ĝα) =
1

[Dα : D1]
.

This shows thatw acts freely onΦ, hencew is a Coxeter element, by the last assertion of Lemma
5.5.

SinceD2 = 1, the imageD1 of wild inertia is an elementary abelianp-group and lies in̂T [p].
WriteD0 = D1 ⋊ 〈n〉, wheren is the image of a generator of tame inertia. By [48, IV.2 Prop.9],
we may identifyD1 with the additive groupF+ of the residue field of a finite unramified extension
of k, such that the action ofn onD1 is given by

ndn−1 = ζ · d,

whereζ ∈ F× is a primitivehth-root of unity. Hence the eigenvalues ofw onD1 ⊂ T̂ [p] are the
conjugates ofζ overFp, all of which have orderh. Since each primitivehth-root of unity occurs
as an eigenvalue ofw with multiplicity one [7, V.6.2 Cor.2], it follows thatD1 is a simpleFp[w]-
submodule of̂T [p] and has orderpa, wherea is the number of conjugates ofζ overFp. This proves
part 3.

Finally, the upper breaks inD follow from a calculation of the Herbrand transition function [48,
IV.3]. �

Examples: Supposep andn are odd primes, andp is a generator of the cyclic group(Z/n)×.
Then forĜ = PGLn we haveD1 = T̂ [p], and forĜ = SO2n+1, the wild inertia groupD1 is the
w-stable complement to the line in̂T [p] on whichw acts by inversion. We can choose coordinates
for T̂ = (C×)n so that

D1 = {(t1, t2, . . . , tn) ∈ T̂ [p] : t1t3 · · · tn = t2t4 · · · tn−1}.

At the other extreme, supposêG is a simple adjoint group whose Coxeter numberh is one less than
a primep. Let k have residue cardinalityp = h + 1. Then there is a uniqueW -orbit O ⊂ T̂ [p]
whose elements are regular in̂G. The wild inertia groupD1 ≃ Fp is generated by somet ∈ O, the
normalizer inW of 〈t〉 is generated by a Coxeter element with liftn ∈ N(T̂ ), and the inertia group
D0 = 〈t, n〉, of orderp(p− 1), is a Borel subgroup in aPGL2(p) embedded in̂G (see [49]).

6 Construction of simple wild parameters

Assume thatG is split overk. We say that a discrete parameterϕ : W → Ĝ is a simple wild
parameterif it satisfies the two conditions

ĝϕ(I) = 0 and b(ϕ) = ℓ.
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In Prop. 5.6 we analyzed such parameters whenp does not divide the order of the Weyl group of
G. It remains to show that simple wild parameters actually exist.

In section6.2 we will construct simple wild parameters whenp does not divide the Coxeter
numberh of G. Simple wild parameters also exist whenp does divideh; in section6.3 we give
examples of them fork = Q2. In both cases, we rely on the following construction of certain wild
extensions of an arbitrary non-archimedean local fieldk.

6.1 Some wild extensions

Let q be a power of a primep and fix an integerm ≥ 2 not divisible byp. Choose a positive integer
f such thatqf ≡ 1 mod m and choose an integerr modulom belonging to the kernel ofq − 1
onZ/m. To the datad := (q,m, f, r) we associate the groupΓd with two generatorss andF , and
relations

sm = 1, F f = sr, FsF−1 = sq.

Thus,Γd is an extension
1 −→ Z/m −→ Γd −→ Z/f −→ 1, (50)

where a generator ofZ/f acts as multiplication byq onZ/m. ReplacingF by the new generator
F ′ = sjF changesr to r′ = r +Nj, whereN = 1 + q + q2 + · · ·+ qf−1 ∈ End(Z/m), and the
class of the extension (50) is given by the class ofr in

ker(q − 1)/ imN = H2(Z/f,Z/m).

For example,r ∈ imN precisely when we can chooseF ′ so thatΓd is a semidirect product

Γd = 〈s〉⋊ 〈F ′〉.

We are interested in representations ofΓd on finite dimensional vector spaces over the prime
field Fp, or what is the same, finite modules over the group algebraFp[Γd].

Lemma 6.1 Let V be a finiteFp[Γd]-module withV s = 0. Then any extension ofΓd by V splits
uniquely.

Proof: The hypotheses imply thatHn(〈s〉, V ) = 0 for all n ≥ 0. The Hochschild-Serre spectral
sequence then shows thatHn(Γd, V ) = 0 for all n ≥ 0. Takingn = 1 andn = 2 yields the result.

Splitting can also be proved directly, as follows. SupposeΓ̃ is an extension

1 −→ V −→ Γ̃ −→ Γd −→ 1

of Γd by V . Lift s to an element of̃Γ of the same orderm, and denote it again bys. LetF0 denote
an arbitrary lift ofF to Γ̃. Then we haveF0sF

−1
0 = xsq, for somex ∈ V . SinceV s = 0 andV is
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finite, we haveV = (1− s)V . It follows that there isy ∈ V with ysy−1s−1 = F−1
0 x−1F0. If we

setF = F0y, thenFsF−1 = sq.
LetH be the subgroup of̃Γ generated bys andF . SinceF normalizes〈s〉, every element of

H is of the formF asb for some integersa andb. Suppose thatF asb = z ∈ V . Thenz normalizes
〈s〉. Hence the commutaterz−1szs−1 belongs to both〈s〉 andV . Sincep ∤ m, this commutator is
trivial, so that we haveszs−1 = z. But thenz = 1 by the assumption thats has trivial invariants in
V . Hence we haveH ∩ V = 1 and the subgroupH is a complement toV in Γ̃. �

We are interested inFp[Γd]-modulesV having a particular restriction to the group algebraFp[s]
of 〈s〉 overFp. For suchV we will construct a Galois extensionGal(L/k) with wild inertia sub-
groupV and tame quotientΓd. By Lemma6.1, we will then haveGal(L/k) = V ⋊ Γd.

Before describingV we first recall thatFp[s] is a semisimple algebra, sincep ∤ m. In the field
F = Fqf , we fix an elementζ ∈ F× of orderm, which is possible sincem | qf − 1, and view
the finite fieldFp(ζ) generated byζ as anFp[s]-module, wheres acts as multiplication byζ. Up
to isomorphism,Fp(ζ) is the unique simpleFp[s]-module containingζ as an eigenvalue ofs when
scalars are extended tōFp. We havedimFp

Fp(ζ) = a, wherea is the order ofp in (Z/mZ)×, and
Fp(ζ) has theFp-basis{1, ζ, ζ2, . . . , ζa−1}.

Suppose thatV is anFp[Γd]-module whose restriction toFp[s] is isomorphic toFp(ζ). ThenV
is determined by the action ofF onFp(ζ). Let

v := F · 1 ∈ Fp(ζ).

For1 ≤ i ≤ a− 1 we have

F · ζi = Fsi · 1 = sqiF · 1 = ζqiv = vζiq,

where the last two terms are products inFp(ζ). It follows that

F · x = vxq, ∀ x ∈ Fp(ζ).

The relationF f = sr forcesN(v) = ζr, whereN : F× → Fq
× is the norm mapping. Likewise, on

theFp-vector space underlyingF, the operators

s · x = ζx, F · x = vxq, for x ∈ F

define aFp[Γd]-module, which we denote byVd(ζ, v). Sinceζ andv belong toFp(ζ), the trace
mapping

tr : F −→ Fp(ζ)

gives an epimorphism ofFp[Γd]-modules

tr : Vd(ζ, v) −→ V.

We now construct the extensionL/k in stages. First letK be the unramified extension ofk of
degreef , with residue fieldF. IdentifyF× with the roots of unity ofK× of order prime top. Since
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N(vm) = N(v)m = ζrm = 1,Hilbert’s Theorem 90 gives an elementu ∈ F× such thatuq−1 = vm.
LetE = K(π) be the extension ofK generated by a rootπ of the Eisenstein polynomial equation
xm = u̟, where̟ is a uniformizer ink. ThenE/k is a tamely ramified Galois extension of
degree[E : k] = mf . The inertia subgroupGal(E/K) is generated by the elements such that

s(π) = ζπ.

LetF ∈ Gal(E/k) be any Frobenius element. Since

F (π)m = F (πm) = F (u̟) = uq̟ = uq−1πm = (vπ)m,

we haveF (π) = ζjvπ for some integerj. ReplacingF by s−jF , we may chooseF so that

F (π) = vπ.

Then
F f (π) = N(v)π = ζrπ = sr(π).

Finally, we have
sqF (π) = ζqvπ = F (ζπ) = Fs(π).

Thus,Gal(E/k) is generated two elementss andF satisfying the relations ofΓd. Since

|Gal(E/k)| = [E : k] = m · f = |Γd|,

It follows that
Gal(E/k) ≃ Γd,

with inertia subgroup
Gal(E/K) ≃ 〈s〉 ≃ Z/m,

and unramified quotient
Gal(K/k) ≃ Z/f.

For the final stage, we note that multiplicative groupE× is a direct product

E× = 〈π〉 × F× × (1 + πAE). (51)

Let
θ : E× −→ (1 + πAE)/(1 + π2AE)

be the map induced by projectingE× onto 1 + πAE according to the direct product (51). The
mapping1 + πAE → AE given by1 + πx 7→ x induces an isomorphism ofFp[Γd]-modules

(1 + πAE)/(1 + π2AE)
∼−→ Vd(ζ, v).
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Via the trace, we get an epimorphism

E×
θ−→ (1 + πAE)/(1 + π2AE)

∼−→ Vd(ζ, v)
tr−→ V

which corresponds, by local class field theory, to an abelianextensionL/E which is Galois overk
with wild inertia groupGal(L/E) ≃ V as modules overGal(E/k) = Γd. We have

Gal(L/k) ≃ V ⋊ Γd,

with inertia subgroup

Gal(L/k)0 = Gal(L/K) ≃ V ⋊ 〈s〉 ≃ Fp(ζ)
+ ⋊ 〈s〉,

and wild inertia subgroup

Gal(L/k)1 = Gal(L/E) ≃ V ≃ Fp(ζ)
+.

Finally, the higher ramification group

Gal(L/k)2 = 1,

since the mapE× → V giving rise toL is trivial on 1 + π2AE . This extensionL/k depends on
the initial datad = (q,m, f, r) used to defineΓd, the choice ofζ ∈ F×, and theFp[Γd]-moduleV
whose restriction toFp[s] is isomorphic toFp(ζ).

6.2 Simple wild parameters whenp does not divide the Coxeter num-
ber

Assume thatG is absolutely simple, simply connected and split overk, and that the Coxeter number
h ofG is not divisible byp. The dual groupLG = Ĝ is a simple adjoint group. Let̂T be a maximal
torus inĜ with normalizerN(T̂ ) and Weyl groupW = N(T̂ )/T̂ . Let σ ∈ N(T̂ ) be a lift of a
Coxeter element inW ; all such lifts are conjugate to one another byT̂ . SinceĜ is adjoint,σ has
orderh. Let a denote the order ofp in (Z/hZ)× and letζ ∈ F×pa have orderh.

We have seen that the semisimpleFp[σ]-moduleT̂ [p] = {t ∈ T̂ : tp = 1} contains a unique
simple submodulêT (ζ) which is isomorphic to theFp[σ]-moduleFp(ζ), on whichσ acts as mul-
tiplication byζ. Theσ-eigenvalues inFpa ⊗ T̂ (ζ) areζ, ζp, . . . , ζp

a−1

, each with multiplicity one.
Thus, we have a subgroup

T̂ (ζ) ⋊ 〈σ〉 ⊂ N(T̂ ).

From the theory of the Coxeter element, no root vanishes onT̂ (ζ). Hence the centralizer of̂T (ζ)
in ĝ is just t̂. Sinceσ has no nonzero invariant vectors int, it follows that the group̂T (ζ) ⋊ 〈σ〉
has no nonzero invariants ing. We will construct simple wild parameters whose inertial image is
D0 = T̂ (ζ) ⋊ 〈σ〉.
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Since all irreducible characters ofW are defined overQ [55, 1.15], all generators of a given
cyclic subgroup ofW are conjugate. Sincep ∤ h, the group〈σ〉 is also generated byσq. Hence there
is an elementF ∈ N(T̂ ) such thatFσF−1 = t1σ

q for somet1 ∈ T̂ . In fact, sinceT̂ = (1− σ)T̂ ,
we may chooseF in its coset modulôT so thatt1 = 1 andFσF−1 = σq.

Lemma 6.2 The centralizersN(T̂ )σ and T̂ σ of σ in N(T̂ ) and T̂ are related by:N(T̂ )σ =
T̂ σ × 〈σ〉. Moreover,T̂ σ is isomorphic to the fundamental groupπ1(Ĝ) and the exponent of̂T σ

dividesh.

Proof: The groupN(T̂ )σ projects to the centralizer of the Coxeter elementσT̂ ∈ W . Since
Coxeter elements generate their own centralizers, any elementg ∈ N(T̂ )σ is of the formg = tσn,
wheret ∈ T̂ andn is an integer. Since bothg andσ centralizeσ, we havet ∈ T̂ σ. Hence,
N(T̂ )σ = T̂ σ · 〈σ〉. The product is direct, since〈σ〉 projects injectively intoW . Let Ĝsc be the
simply-connected cover of̂G, and letT̂sc denote the preimage of̂T in Ĝsc and letσ̃ denote a lift of
σ in Ĝsc. The group generated bỹσ acts on each term in the exact sequence

1 −→ π1(Ĝ) −→ T̂sc −→ T̂ −→ 1

The coboundary from the resulting long exact sequence givesan isomorphism̂T σ ≃ π1(Ĝ). The
last assertion is a well-known property of the Coxeter number, and follows from the fact that
|π1(Ĝ)| = det(1− σ|̂t). �

SinceF aσF−a = σq
a

= σ, Lemma6.2 implies thatF a = tσb for some integerb andt ∈ T̂ σ.
It follows that some power ofF lies in 〈σ〉. Let f be the order ofF moduloσ, and letF f = σr.
The group〈F, σ〉 generated byF andσ is isomorphic toΓd, whered = (q,m, f, r).

SinceFσF−1 = σq, it follows that F permutes the set{ζ, ζq, ζq2 , . . . , ζqa−1} of σ-
eigenvalues in̄Fp ⊗ T (ζ). SinceT̂ (ζ) has multiplicity one inT̂ [p], it is preserved byF . Thus,
T̂ (ζ) is anFp[Γd]-module whose restriction toFp[σ] is isomorphic toFp[ζ]. The second part of the
proof of Lemma6.1shows that〈F, σ〉 ∩ T̂ (ζ) = 1. Thus, we have a subgroup

D = T̂ (ζ) ⋊ 〈F, σ〉 ⊂ N̂ .

The construction of section6.1gives a Galois extensionL/k with

Gal(L/k) ≃ D = T̂ (ζ) ⋊ Γd,

inertia subgroup
Gal(L/K) ≃ D0 = T̂ (ζ) ⋊ 〈σ〉

and wild inertia subgroup
Gal(L/E) ≃ D1 = T̂ (ζ)

Thus, we have a discrete parameter

ϕ : Γ
∼−→ Gal(L/k) ≃ D.
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SinceT̂ (ζ) contains a regular element in̂G, we havêgD1 = t̂. Since the Coxeter elementw is
elliptic, we havêgD0 = t̂w = 0. Finally, sinceD2 = 1, we have

b(ϕ) =
dim(ĝ/ĝD1)

[D0 : D1]
=
|Φ|
h

= ℓ,

soϕ is indeed a simple wild parameter.

6.3 Some simple wild parameters forQ2

We can also apply the construction ofL/k in section6.1 to the fieldk = Q2. Letm = 2n+ 1 be
an odd integer≥ 3. Let f be the order of2 in (Z/m)×, let F = F2f and letr = 0, so that we have
the datad = (2,m, f, 0). The groupΓd may be realized concretely as a group

Γd = A⋊ C = {x 7→ ax2c

: a ∈ A, c ∈ C},

of linear transformations of the additive groupF+, whereA ⊂ F× is the unique subgroup of order
m andC = Z/f is generated by the Frobenius automorphismγ(x) = x2. Chooseζ ∈ A of order
m and letv = 1. TheF2[Γd]-modulesV andVd(ζ, v) = F2(ζ)

+ = F+ coincide; we denote this
group byB.

The tame extension isE = K( m
√

2), whereK is the unramified extension ofk of degreef
in k̄, with Galois groupGal(E/k) = AC. We get a Galois extensionL/k whose Galois group
D = Gal(L/k) can be realized concretely as

D = BAC = {x 7→ ax2c

+ b : a ∈ A, b ∈ B, c ∈ C},

with structure2f ·m·f , consisting of Galois-twisted affine transformations ofB = F+ with dilation
factora constrained to lie inA.

There is a unique nontrivial characterχ0 : B → {±1} which is invariant underC, given by

χ0(b) = (−1)Tr(b),

whereTr : F → F2 is the absolute trace. SinceC is cyclic, χ0 extends to a characterBC; the
various extensions are determined by their values onγ. Each extension ofχ0 toBC induces to an
m-dimensional irreducible representation ofD and any such representation ofD is obtained in this
way. There is a unique extensionχ : BC → {±1} for which the induced representation

M := IndDBC χ

hasdet(M) = 1. Using [48, p.122] we find that this characterχ is given by the Jacobi symbol:

χ(γ) =

(
2

m

)
=

{
+1 if m ≡ 1, 7 mod 8

−1 if m ≡ 3, 5 mod 8.
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Thus,M is the unique irreducible representation ofD of dimensionm which is nontrivial on
B and has trivial determinant. Sinceχ is real, the representationM is orthogonal and gives a
homomorphism

ϕ : D −→ SO(M).

We now prove a uniqueness result forL/k:

Lemma 6.3 In a given algebraic closurēQ2, the fieldL is the unique Galois extension ofk = Q2

with Gal(L/k) ≃ D, inertia subgroupD0 ≃ BA, wild inertia subgroupB and Swan conductor
b(M) = 1.

Proof: Any abelian extensionL′/E which is Galois overk with Gal(L/E) ≃ F+ arises from a
surjective mapping

ϑ : E× −→ F+

which is equivariant for the action ofGal(E/k) ≃ Γd. We show thatϑ is unique, as follows. Let
s ∈ Gal(E/K) be a generator corresponding toζ ∈ A. For anyy ∈ E×, we must have

ϑ(s(y)) = ζ · ϑ(y) ∈ F+.

It follows thatϑ vanishes onK×. In particularϑ vanishes onF× and we also have

mϑ(π) = ϑ(πm) = ϑ(2) = 0,

soϑ(π) = 0. But
E× = 〈π〉 × F× × (1 + πAE),

soϑ is determined by its values on1 + πAE . To haveb(M) = 1 we must haveϑ(1 + π2AE) = 0.
Hence we have two isomorphisms

(1 + πAE)/(1 + π2AE)
∼−→ F+,

namelyϑ and the canonical map1 + πy 7→ y mod π. It follows that there isβ ∈ F× such that

ϑ(1 + πy) = βy mod π.

Since2 ∈ k, there exists a Frobenius elementF ∈ Gal(E/k) fixing π, and we have

β · F (y) ≡ ϑ(1 + πF (y)) = F (ϑ(1 + πy)) = F (β · y) = F (β) · F (y),

soβ ∈ F2, which meansβ = 1. Henceϑ is uniquely determined, as is the extensionL/k. �

Remark: The subfieldL0 of L fixed by AC has degreeq over k, and has the formL0 =
k[x]/(f(x)) wheref(x) is an Eisenstein polynomial whose roots are permuted simply-transitively
byB and generateL. Whenm = q − 1, David Roberts has pointed out that

f(x) = xq + 2x+ 2
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(see [28] for the casesm = 3, 5, 7). For q ≥ 8, the discriminantd0 = dL0/k of the ring of
integers inL0 has2-adic valuationvalk(d0) equal to the Artin conductora(V ) of the permutation
representationV = IndDAC C (cf. (2)). Since

V |BA = IndBAA C, V |B = IndB1 C,

we havedimV D0 = dimV D1 = 1 and

valk(d0) = q − 1 +
q − 1

m
.

LetG be a split group overk of one of the following types:

Sp2n, SO2n+2, PGL2n+1, G2, E8.

We construct simple wild parameters for the above groupsG, using our representationM , the
natural inclusions ofL-groups

i : SO(M) →֒ SO(M ⊕C), j : SO(M) →֒ SL(M), g : G2(C) →֒ SO7(C),

and the Dempwolff subgroup inE8 [59].

Proposition 6.4 LetΓ = Gal(L/k) ≃ D be the Galois group of the unique extensionL of k = Q2

constructed above, form = 2n+ 1. Then

1. The mapϕ : Γ→ SO(M) is a simple wild parameter forG = Sp2n.

2. The composition

Γ
ϕ−→ SO(M)

i→֒ SO(M ⊕C)

is a simple wild parameter forG = SO2n+2.

3. The composition

Γ
ϕ−→ SO(M)

j→֒ SL(M)

is a simple wild parameter forG = PGL2n+1.

4. Form = 7, the mapϕ : Γ→ SO(M) = SO7(C) factors through an embedding
G2(C) →֒ SO7(C) and is a simple wild parameter forG = G2.

5. Form = 31, the groupΓ embeds inE8(C) and gives is a simple wild parameter forG = E8.

In each case above, the upper breaks ofΓ are at the points0 and1/m = 1/(2n+ 1). We note that
this is only equal to1/h whenG = PGL2n+1.
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Proof: As representations ofD, the Lie algebraŝg are given in the first three cases by

so(M) = Λ2M, so(M ⊕C) = M ⊕ Λ2M, sl(M) = Λ2M ⊕ (S2M)0,

whereΛ2M is the exterior square ofM and(S2M)0 ≃ (Sym2M)/C is the trace-zero subspace
of the symmetric square ofM . SinceM is irreducible and orthogonal forD0 = BA, the spaces
Λ2M and (S2M)0 have no nonzero invariants underD0, so ĝD0 = 0 in all cases. SinceM is
multiplicity-free onB, we have(Λ2M)D1 = 0, so

b(Λ2M) =
m(m− 1)/2

m
= n = rank(so(M)).

Sinceb(M) = 1 we have

b(M ⊕ Λ2M) = n+ 1 = rank(so(M ⊕C))

with an identical calculation forM ′ which is isomorphic toM onD0 = BA. Since all characters
of B have order two, we have

b((S2M)0) =
m(m+ 1)/2− 1− (m− 1)

m
= n

so
b(Λ2M ⊕ (S2M)0) = 2n = rank(sl(M)),

proving the result in the first three cases.
In Ĝ = G2(C) we have a subgroupB ≃ F+

8 generated by the2-torsion subgroup̂T [2], along
with an involution inN̂ acting by inversion on̂T . Each nontrivial character ofη of B appears in
ĝ|B and each eigenspaceĝη is a Cartan subalgebra ofĝ, so that the decomposition

ĝ|B =
⊕

1 6=η∈B̂

ĝη

expresseŝg as a direct sum of seven Cartan subalgebras.
The centralizer of any nontrivial element ofB is isomorphic toSO4(C). HenceB may be

viewed as the group of diagonal±1 matrices in any of these copies ofSO4(C), in which each
SO4(Z) (dot product form) normalizesB and is transitive on the noncentral elements inB. Since
SO4(Z) is a nonsplit extension ofS4, it follows that the normalizerN̂(B) of B in G2(C) is
transitive onF8 − {0} and is a nonsplit extensionB · SL(B) = 23 · SL3(2). This extension splits
over the subgroup ofSL3(2) of order7 · 3 normalizing an anisotropic torus inSL3(2). Hence for
m = 7 with f = 3, the groupD = BAC of structure23 · 7 · 3 is a subgroup of̂G. SinceĝB = 0
and[BA : B] = 7, we have

b(ĝ) =
14

7
= 2.
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It follows that the quotientΓ → Gal(L/Q2) = D →֒ G2(C) is a simple wild parameter forG2.
Composing with the mapG2(C) → SO7(C), we get a seven dimensional orthogonal representa-
tion ofD which hasdet = 1 and is nontrivial onB, hence is equivalent toM .

In Ĝ = E8(C) we have a subgroupB ≃ F+
32 generated by a maximal isotropic subspace

U ⊂ T̂ [2], along with an involution inN̂ acting by inversion on̂T . Each nontrivial character ofη
of B appears in̂g|B and each eigenspaceĝη is a Cartan subalgebra ofĝ, so that

ĝ|B =
⊕

1 6=η∈B̂

ĝη

expresseŝg as a direct sum of31 Cartan subalgebras.
The Dempwolff groupD is a nonsplit extensionD = 25 ·SL5(2) which embeds in the normal-

izer in Ĝ of B. The extension splits over the subgroup ofSL5(2) of order31 · 5 normalizing an
anisotropic torus inSL5(2). Hence, form = 31 with f = 5, the groupD = BAC of structure
25 · 31 · 5 is a subgroup ofD. SinceĝB = 0 and[BA : B] = 31, we have

b(ĝ) =
248

31
= 8,

so the compositionΓ→ Gal(L/k) = D →֒ E8(C) is a simple wild parameter forE8, as claimed.
�

Remark 1: For Ĝ = E8 (resp.G2) one can check that the restriction ofĝ toD is given by

ĝ|D = 2(V1 + V2 + V3 + V4) (resp. ĝ|D = V1 + V2),

whereVi = IndDBC χi are the irreducible representations of dimension31 (resp. 7) other thanM .

Remark 2: All of the simple wild parameters constructed in this paper have abelian wild inertia
groupsD1, but there are simple wild parameters for which this is not the case. The simplest
example is forG of typeG2 andk = Q3, whereD1 is the Heisenberg group31+2 of order27 and
D = 31+2 · 8 · 2. The upper breaks ofD are at the points0, 1/8, 1/6.

7 Euler-Poincaré measure and Formal Degrees

We sayµ is an invariant measureonG(k) if µ is a real multiple of a positive Haar measure on
G(k). The set of invariant measures forms a one-dimensional realvector space.

An irreducible admissible representation(π, V ) of G(k) belongs to thediscrete seriesif π has
a matrix coefficient which is square-integrable with respect to some (equivalently any) nonzero
invariant measureµ onG(k). When this holds, there is a real numberdegµ(π) such that

degµ(π) ·
∫

G(k)
|〈π(g)v, ṽ〉|2 µ = |〈v, ṽ〉|2, (52)
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for everyv ∈ V and ṽ ∈ Ṽ , the contragredient representation space, where〈·, ·〉 is the natural
pairing betweenV andṼ . According to [24], this is an unpublished result of Mackey; for a proof
see [32].

The real numberdegµ(π) is calledformal degreeof π. It depends on the choice of invariant
measureµ. If we replaceµ by a scalar multiplec · µ, the formal degree changes by:

degc·µ(π) = c−1 · degµ(π).

In other words, the discrete series representationπ determines a positive Haar measuredegµ(π) ·µ
onG(k) which is independent ofµ.

If π = ind
G(k)
J V is compactly induced from a finite dimensional representationV of a compact

open subgroupJ of G(k), then one can use (52) to show that

degµ(π) ·
∫

J
µ = dimV. (53)

The Steinberg representationStG of G(k) is a discrete series representation which is canonical in
the sense of being uniformly constructed for all groups. Theratio

degµ(π)

degµ(StG)
(54)

is positive and independent of the choice of invariant measureµ, and may be taken as a normalized
formal degree, equal to1 whenπ = StG. In fact, there is a natural choice of invariant measure on
G(k) which achieves this normalized formal degree, up to sign. This is the Euler-Poincaré measure
µG, which Serre introduced in [46] to study the cohomology of discrete subgroups ofG(k). In this
section we review this measure and use it to reformulate the formal degree conjecture in [26], in a
manner consistent with (54).

7.1 Invariant measures onG(k).

Serre proved the existence of an invariant measureµG onG(k) with the property that for any dis-
crete, co-compact torsion-free subgroupΓ ⊂ G(k), the Euler-Poincaré characteristic ofH•(Γ,Q)
is given by

χ(H•(Γ,Q)) =

∫

Γ\G(k)
µG.

The measureµG, calledEuler-Poincaŕe measure, is non-zero onG(k) precisely when the connected
center ofG is anisotropic overk (which we have assumed). In this case,(−1)r(G)µG is a positive
Haar measure onG(k), wherer(G) is thek-rank ofG.

The Euler -Poincaŕe measureµG is the unique invariant measure onG(k) for which

degµG
(StG) = (−1)r(G)
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(see [3] and [46]). Hence, for any discrete series representationπ of G(k), the canonical degree

degµ(π)

degµ(St)
= (−1)r(G) degµG

(π)

is indeed achieved byµG, up to sign.
The volume of any open compact subgroupJ ⊂ G(k) with respect toµG is a rational number.

Indeed, it suffices to check this for one open compact subgroup, since any two are commensurable.
Let I ⊂ G(k) be an Iwahori subgroup, which fixes (pointwise) a facet of maximal dimension in the
building ofG(k). The groupI is a semidirect product of its normal pro-p-Sylow subgroupI+ and
a finite subgroupT(q) of order prime top:

I = I+ ⋊ T(q).

The groupT(q) is the group off-rational points in an algebraic torusT over f, wheredimT =
dimEϕ0 (I) = ℓ0. Using [15, 4.11] we find that

e(G)

∫

I
µG =

L(M̌(1))

L(M) · |LZ| · |T(q)| · q−m,

wheree(G) = (−1)r(G)−r(G0) is the Kottwitz sign ofG andm =
∑
d·dim(E

ϕ
0
(I)

d ). An equivalent
formulation, using theL-function of the principal parameterϕ

0
, is

∫

I
µG =

L(ϕ
0
, ĝ, 1)

L(ϕ
0
, ĝ, 0) · |LZ| · |T(q)| · q−ℓ0. (55)

The right hand sides of these formulas are clearly rational numbers.
To reformulate the conjecture of Hiraga-Ichino-Ikeda [26] on formal degrees, we need to com-

pareµG with a positive Haar measureνG defined in [18] as follows. LetG′ be the split form ofG
overk, letφ : G→ G′ be an isomorphism over̄k, and letω′ be a differential form of top degree on
the Chevalley model ofG′ overA, which has good reduction modP . Let φ∗(ω′) be the pull-back
of ω′ toG. Then

νG = |φ∗(ω′)|.
Another measure

|ωG| := qa(M)/2νG

was used in [15], which gave the functional equation

L(M̌(1)) · |ωG| = e(G) · |LZ| · L(M) · µG. (56)

Since|ε(M)| = qa(M)/2, we obtain the following relation betweenµG andνG:

(−1)r(G) · |LZ| · µG = |γ(M)| · νG = |γ(ϕ
0
)| · νG. (57)
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7.2 The Local Langlands correspondence

The conjectured degree formula in [26] depends on the conjectural local Langlands correspondence,
of which there is more than one version. For example, the correspondence discussed in [10] and
[21] involvesH1(k,G0), which parametrizes the pure inner forms of the quasi-splitgroupG0.
Here however, we want to include all inner forms in our conjecture, so we use another version,
influenced by Arthur [2] and involvingH1(k,Gad), whereGad = G0/Z is the adjoint group ofG,
which parametrizes the inner forms ofG0.

The dual group ofGad is the simply-connected cover̂Gsc of the derived subgroup of̂G. The
pinned action ofGal(k0/k) onĜ lifts to Ĝsc, andLGad = Gal(k0/k)⋉Ĝsc is theL-group ofGad.
Let LZ be the center ofLGad. Explicitly, LZ is the subgroup ofGal(k0/k)-invariants in the center
Ẑsc of Ĝsc. We may identify [35]

H1(k,Gad) ≃ Hom(LZ,C×). (58)

Thus, the inner forms ofG0 are parametrized by irreducible characters ofLZ, in such a way that
G0 itself corresponds to the trivial character ofLZ. We fix a characterζG of Ẑsc whose restriction
to LZ corresponds to the inner formG of G0. If G = G0 we takeζG to be the trivial character.

Recall our standing assumption that the maximal torus in thecenter ofG is anisotropic overk,
which is equivalent to assuming that the centerLZ of LG is finite.

Given a discrete parameterϕ : W × SL2 → Ĝ, the groupAϕ/LZ is a finite subgroup of the
adjoint group(Ĝ)ad = Ĝ/Z(Ĝ). LetAϕ be the full preimage ofAϕ/LZ in Ĝsc under the adjoint
isogenyĜsc → (Ĝ)ad. Thus,Aϕ is a central extension

1 −→ Ẑsc −→ Aϕ −→ Aϕ/
LZ −→ 1.

We letIrr(Aϕ, ζG) be the set of irreducible characters ofAϕ whose restriction tôZsc is a multiple
of ζG. For the principal parameterϕ

0
, we haveAϕ

0
= Ẑsc andIrr(Aϕ

0
, ζG) = {ζG}.

Let Π2(G/k) be the set of equivalence classes of irreducible discrete series representations of
G(k) and letL(G/k) be the set of̂G-conjugacy classes of pairs(ϕ, ρ), whereϕ :W×SL2 → LG
is a discrete parameter andρ ∈ Irr(Aϕ, ζG).

Conjecture 7.1 LetG be a connected reductive group overk and assume the maximal torus in the
center ofG is anisotropic. There is a bijection

Π2(G/k)
∼−→ L(G/k),

which we denote byπ 7→ (ϕπ, ρπ), with the following properties.

1. If π0 is the Steinberg representation ofG(k) thenϕπ0
is the principal parameterϕ

0
and

ρπ0
= ζG.

2. If π, π′ ∈ Π2(G/k) haveϕπ = ϕπ′ thenπ andπ′ have the same central character.
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3. If ρπ is trivial thenπ is generic.

4. For a given discrete parameterϕ, the following are equivalent:

(i) All π ∈ Π2(G/k) withϕπ = ϕ are supercuspidal.

(ii) If ϕπ = ϕ andρπ = 1 thenπ is supercuspidal.

(iii) ϕ(SL2) = 1.

5. The formal degree ofπ ∈ Π2(G/k), with respect to the Euler-Poincaré measureµG, is given
by

(−1)r(G) · degµG
(π) = ± dim(ρπ)

|Aϕπ/
LZ| ·

γ(ϕπ)

γ(ϕ
0
)
, (59)

where the sign is that ofω(ϕπ)/ω(ϕ
0
) = ±1.

In part2, note that we may identify the centers of the inner forms ofG, so it makes sense to
compare the central character on these various groups. We will specify this central character in the
next section. In part3, note that ifρπ = 1 thenζG = 1 soπ is a representation ofG0(k), which
has generic representations sinceG0 is quasi-split.

Formula (59) is a reformulation of the formal degree conjecture in [26]. To see this, we note
that Hiraga et al. use the invariant measureνG to calculate formal degrees, and they conjecture that

degνG
(π) =

dim ρπ
|Aϕπ |

· |γ(ϕπ)|. (60)

Comparing conjecture (60) with the relation (57) betweenµG andνG, we obtain the formula

(−1)r(G) degµG
(π) =

dim ρ

|Aϕπ/
LZ| ·

|γ(ϕπ)|
|γ(ϕ

0
)| . (61)

We have seen thatγ(ϕπ)/γ(ϕ0
) is a rational number. From equations (36) and (37) it follows that

the sign ofγ(ϕπ)/γ(ϕ0
) is that ofω(ϕπ)/ω(ϕ

0
). Hence we may remove the absolute value signs in

formula (61) to obtain the formula (59) in conjecture7.1. In chapter8, we will make a conjecture
relating the sign±1 = ω(ϕπ)/ω(ϕ

0
) in (59) to the value of the central character ofπ on a certain

element inZ(k).

Remark: The bijection conjectured to exist in7.1has been established for tori [38], for the groups
GLn(k) [23], [25] and thence forSLn(k) [27]. In the first two cases, the groupsAϕ are trivial. In
the general case, one expects to have a natural parametrizationϕ 7→ Πϕ for theL-packets

Πϕ(G/k) := {π ∈ Π2(G/k) : ϕπ = ϕ}

but the labeling of the individual representations in eachL-packet by the irreducible representations
ρ ∈ Irr(Aϕ, ζG) is perhaps not canonical, and may depend on auxiliary choices.
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We give a simple example for the groupG = SL2 to illustrate this ambiguity. Assume thatk
has odd residual characteristic. We then have a surjective homomorphism

W →Wab → k× → k×/k×2

onto a finite group of type(2, 2) which embeds (uniquely up to conjugacy) as a finite subgroup
of the complex Lie groupLG = Ĝ = SO3(C), given by rotations by180 degrees around three
orthogonal axes. Hence there is a unique Langlands parameter

ϕ :W × SL2 → LG,

trivial on SL2, whose image is a finite group of type(2, 2). The subgroupAϕ < SL2(C) is
quaternion of order eight; it has four irreducible representationsρ of dimension one and trivial on
Ẑsc = {±I}, and one irreducible representation of dimension two whichis non-trivial onẐsc.

TheL-packetΠϕ(G/k) consists of the constituents of the restriction of a single irreducible
representation ofGL2(k). These constituents are given as follows. LetK0, K1 be hyperspecial
maximal compact subgroups ofG(k) = SL2(k) which fix adjacent vertices in the building (which
is a homogeneous tree). BothKi surject ontoSL2(Fq) via reduction modulo̟ . Letκ0 andκ1 be
the two irreducible cuspidal representations ofSL2(Fq) of dimension(q − 1)/2. For i, j ∈ {0, 1},
let πij be the compactly-induced representation

πij = ind
G(k)
Ki

κj .

TheL-packet ofϕ for G/k = SL2/k is

Πϕ(G/k) = {πij : i, j ∈ {0, 1} }.

The four representationsπij havedegµG
(πij) = −1/2 and all have central character taking−I

to the scalar(−1)(q+1)/2. Eachπij is generic for one of the four orbits of generic characters of
the unipotent radical of a Borel subgroup ofSL2(k), but we see no natural way of deciding which
πij is to haveρπij

= 1, without making additional choices of a hyperspecial vertex or a generic
character.

This ambiguity does not arise for the non-split inner formG′/k, whereG′(k) is the compact
groupSL1(D) of norm-one elements of a quaternion division algebraD overk. HereG′(k) has a
unique characterπ of order two which factors through the natural map

SL1(D)→ U1(Fq),

whereU1(Fq) is the kernel of the norm mappingF×
q2
→ Fq

×. We havedegµG
(π) = 1, in accor-

dance with the formal degree conjecture (59), whereρπ is the two-dimensional representation of
Aϕ.
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7.3 The Swan inequality revisited

The formal degree conjecture leads to our conjectured inequality for the Swan conductor in the
following way. Suppose

π = ind
G(k)
K V

is a supercuspidal representation compactly-induced froma finite dimensional representationV of
a parahoric subgroupK of G(k). Then

dimV = degµG
(π) · volµG

(K).

The termvolµG
(K) belongs to the setQp′ of rational numbers whose numerator and denominator

are prime top. If the degree conjecture holds, then by our calculation (41) of the leading term of
Γϕ(x), the formal degreedegµG

(π) is a rational number inQp′ times

rϕ · qν ,

whererϕ is a rational number depending onϕ andν is the order ofΓϕ atx = 0. There is a finite
setS of primesp with the property that everyrϕ is a product of powers of primes fromS. Hence if
p is sufficiently large, we have

dimV = Rϕ · qν ,
whereRϕ ∈ Qp′ . SincedimV is an integer, it follows thatν ≥ 0, as conjectured in5.2, and
indicates thatϕ has minimal Swan conductor exactly whendimV is prime top.

8 Central characters and root numbers

In view of part 2 of Conjecture7.1, it is natural to try to predict the central character of the discrete
series representationsπ of G(k). Recall thatG is quasi-split overk and split overk0. We continue
to assume that the maximal torus in the centerZ of G is anisotropic overk. The aim of this section
is to construct a characterωϕ of Z(k) from a discrete parameterϕ : W × SL2 → LG. This
was done by Langlands for real groups in [37]. In [4] Borel outlined a non-Archimedean version
of Langlands’ method, but Borel’s account omits an essential point, namely the vanishing of the
Schur multiplier ofGal(k̄/k), due to Tate [47, Thm. 4].

Our approach toωϕ relies instead on Tate local duality, and is more convenientfor our later
study of of root numbers. At first sight our approach may appear to be different from that of
Langlands, so we will also complete the non-Archimedean version of Langlands’ construction and
we will show that the two constructions give the same characterωϕ.
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8.1 Tate Duality

Recall thatΦ is the set of roots ofT in G andZΦ is the sublattice ofX∗(T ) generated byΦ. The
character groupA = X∗(Z) = X∗(T )/ZΦ is a finitely generated abelian group with an action of
Gal(k0/k) and we may identify

Z = Hom(A,Gm).

SinceZ(k) is compact, the natural pairingA × Z → Gm gives, by Tate local duality [50, II.5.8],
a pairing

H2(k,A)×H0(k, Z)
〈 , 〉−→ H2(k,Gm) = Q/Z

which identifies
H2(k,A) = Hom(Z(k),Q/Z).

Via the exponential mapx 7→ exp(2πix) (which depends on a choice ofi =
√
−1) we thus identify

H2(k,A) with the group of charactersω : Z(k)→ C× having finite order.

8.2 An approach via the fundamental group

Let π1(Ĝ) denote the fundamental group of the Lie groupĜ, the dual group ofG, based at the
identity of Ĝ. We first show how to identify the groupA = X∗(Z) with the fundamental group
π1(Ĝ). Let p : Ĝsc → Ĝder be the simply-connected covering of the derived group ofĜ, and let
T̂sc be the maximal torus of̂Gsc mapping ontoT̂ ∩ Ĝder. The Lie algebrat of T̂ has a canonical
decomposition

t̂ = t̂sc ⊕ ẑ,

wherêtsc andẑ are the Lie algebras of̂Tsc and the center of̂G, respectively. Let

exp : t̂ −→ T̂

be the exponential map, defined by

λ(exp(x)) = e2πi〈λ,x〉 ∀λ ∈ X∗(T̂ ),

where we make the same choice ofi =
√
−1 as before, to embedQ/Z into C×.

Let
G̃ = Ĝsc × ẑ

and extendp to the analytic surjective mapping

p̃ : G̃ −→ Ĝ (62)

given by p̃(t, z) = p(t) · exp(z). SinceG̃ is simply-connected of the same dimension asĜ, it
follows that the mapping (62) is the universal covering of̂G, and that

ker p̃ = π1(Ĝ).
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It is clear thatker p̃ is contained inT̂sc × ẑ. SinceZΦ = X∗(T̂sc), the restriction of̃p to T̂sc× ẑ fits
into a commutative diagram

1 −−−−→ X∗(T̂ )/ZΦ −−−−→ (̂tsc/ZΦ)⊕ ẑ −−−−→ t̂/X∗(T̂ ) −−−−→ 1

≃

yexp ≃

yexp×1 ≃

yexp

1 −−−−→ ker p̃ −−−−→ T̂sc × ẑ
p̃−−−−→ T̂ −−−−→ 1

where the rows are exact and the vertical maps are isomorphisms. SinceX∗(T̂ ) = X∗(T ), we have
A = X∗(T̂ )/ZΦ. It follows that the exponential map gives an isomorphism

A
exp−→ ker p̃ = π1(Ĝ).

Since the isomorphism is canonical, it respects the action of Γ = Gal(k0/k) onĜ andG̃ by pinned
automorphisms. Thus we have aΓ-equivariant exact sequence

1 −→ A −→ G̃ −→ Ĝ −→ 1. (63)

Now, given a parameterϕ : Gal(k̄/k)→ LG, any set-theoretic lifting

ϕ̃ : Gal(k̄/k) −→ Γ ⋉ G̃

gives a well-defined cohomology classcϕ ∈ H2(k,A) which measures the failure of̃ϕ to be a
homomorphism. In other words,cϕ = δ(ϕ), where

δ : H1(k, Ĝ)→ H2(k,A)

is the coboundary map of the exact sequence (63). By Tate duality as in section8.1, we get a
character

ωϕ : Z(k)→ C×

of finite order whose inverse is given by

ωϕ(z)−1 = 〈cϕ, z〉, ∀z ∈ Z(k).

As a special case, supposeZ is connected. Then

Ẑ = Ĝab

is the quotient ofĜ by its derived group. Letζ : Ĝ −→ Ẑ be the natural projection. We have a
smaller exact sequence

1 −→ A −→ ẑ −→ Ẑ −→ 1
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with coboundaryδZ : H1(k, Ẑ)→ H2(k,A). The composition

H1(k, Z)
δZ−→ H2(k,A) −→ Hom(Z(k),C×)

is the Langlands correspondence for the torusZ. From the commutative diagram

H1(k, Ĝ)
δ−−−−→ H2(k,A)

ζ

y
∥∥∥

H1(k, Ẑ)
δZ−−−−→ H2(k,A),

it follows thatωϕ is the inverse of the character ofZ(k) corresponding to the parameterζ ◦ ϕ ∈
H1(k, Ẑ).

8.3 Langlands’ approach

Fork = R, Langlands had a different way to construct central characters IfG has connected center,
the example at the end of the previous section is identical toLanglands’ construction, now in the
p-adic case. We consider the opposite case, whereG is semisimple, which we now assume. We
adapt Langlands’ method to thep-adic case, and compare with our previous construction.

We start by embeddingG in a groupG1 with connected center such that the quotientG1/G
is an induced torus. The eventual central character is independent ofG1. Our aim is to relate this
construction to the previous one. For concreteness, we takethe group

G1 := G×Z T,

with center
Z ×Z T ≃ T.

The quotientG1/G = T/Z is a maximal torus in the adjoint groupGad, hence is induced, sinceΓ
permutes a basis ofX∗(T/Z) consisting of simple roots ofT/Z in Gad. The dual group of̂G1 is

Ĝ1 ≃ G̃×A T̃ ,

where
G̃ = Ĝsc × ẑ, and T̃ = T̂sc × ẑ

and
A = ker[Ĝsc → Ĝ] = π1(Ĝ)

are as in the previous section. The natural maps

τ : Ĝ1 → T̃ /A = T̂ and ι̂ : Ĝ1 → G̃/A = Ĝ
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are the abelianization quotient and the map dual to the embedding ι : G →֒ G1, respectively. From
Shapiro’s lemma and Tate’s resultH2(k,C×) = 0, it follows that

H2(k, T̃ ) = H2(k, T̂sc) = 0,

so that any parameterϕ ∈ H1(k, Ĝ) may be lifted toϕ1 ∈ H1(k, Ĝ1) (cf. [37, Lemma 2.10] for
k = R). As in the last paragraph of the previous section, the imageof ϕ1 inH1(k, Ẑ1) = H1(k, T̂ )
gives a characterωϕ1

of T (k), which we then restrict to get a characterω′ϕ : Z(k) → C×. Two
lifts ϕ1, ϕ

′
1 are related by:

ϕ′1 = η · ϕ1,

whereη is a parameter forT/Z. Applying functorality to the mapT → T/Z, we see thatωϕ1

agrees withωϕ′

1
onZ(k), so the characterω′ϕ is well-defined.

We now show thatω′ϕ is is equal to the characterωϕ constructed in the previous section. Con-
sider the diagram

Γ
yτ◦ϕ1

1 −−−−→ A −−−−→ T̃ −−−−→ T̂ −−−−→ 1
∥∥∥

y
y

1 −−−−→ A −−−−→ G̃ −−−−→ Ĝ −−−−→ 1
xϕ

Γ

For eachγ ∈ Γ, we choosẽϕ(γ) ∈ G̃, τ̃(γ) ∈ T̃ such thatϕ1(γ) is the class of(ϕ̃(γ), τ̃(γ)) in
Ĝ1 = G̃×A T̃ . Then

ϕ̃ : Γ→ G̃ and τ̃ : Γ→ T̃

are set-theoretic liftings ofϕ andτ ◦ ϕ1 which give rise to the 2-cocycles inA whose classes in
H2(k,A) giveω−1

ϕ andω′ϕ, respectively. Sinceϕ1 does not fail to be a homomorphism, it follows
thatωϕ = ω′ϕ = 1, as claimed.

8.4 Deligne’s formula for orthogonal root numbers

Recall thatk has characteristic zero, with Galois groupΓ = Gal(k̄/k). Let

̺ : Γ −→ O(V )

be an orthogonal complex representation ofΓ. The root numberw(̺) satisfies

w(̺)2 = det ̺(−1) = ±1.
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Sincedet ̺ is also an orthogonal representation ofΓ with the same determinant as̺, the quotient

c(̺) =
w(̺)

w(det ̺)
= ±1.

Letw2(̺) be the second Stiefel-Whitney class of̺ in H2(k,Z/2). If det ̺ = 1, thenw2(̺) = δ̺,
where

δ : Hom(Γ, SO(V )) = H1(k, SO(V ))→ H2(k,Z/2)

is the coboundary map of the central extension

1 −→ Z/2 −→ Spin(V ) −→ SO(V ) −→ 1

with trivial Γ-action. We mapZ/2 → µ2, taking a 7→ (−1)a and letc2(̺) be the image of
w2(̺) ∈ H2(k, µ2) = {±1}. Deligne’s formula for orthogonal root numbers [12] is as follows.

Proposition 8.1 We have
c(̺) = c2(̺) ∈ H2(k, µ2) = {±1}.

Corollary 8.2 Assume thatdet ̺ = 1, so thatc(̺) = w(̺) = ±1. Then
w(̺) = +1 if and only if the homomorphism̺ : Γ → SO(V ) lifts to a homomorphism̺̃ : Γ →
Spin(V ).

8.5 Lifting Ad to Spin

The adjoint representationAd : Ĝ −→ SO(ĝ) lifts uniquely to a homomorphism̃Ad : G̃ →
Spin(ĝ), whereG̃ is the simply-connected cover of̂G, as in section8.2. LetA = X∗(T̂ )/ZΦ̂ be
the fundamental group of̂G; we obtain a homomorphism

e : A −→ Z/2

making the following diagram commute:

1 −−−−→ A
exp−−−−→ G̃ −−−−→ G −−−−→ 1

e
y fAd

y Ad

y

1 −−−−→ Z/2 −−−−→ Spin(ĝ) −−−−→ SO(ĝ) −−−−→ 1.

The valueǫ(a) = (−1)e(a) is the scalar by whicha ∈ A acts on the spaceV of spinors of̂g, via
the homomorphism̃Ad. This scalar can be calculated as follows. Choose maximal torus and Borel
subgroupT̂ ⊂ B̂ in Ĝ and let2ρ̌ be the sum of the roots of̂T in B̂. Let T̂sc be the preimagêT
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in G̃. ThenX∗(T̂ ) ⊆ X∗(T̂sc) andρ̌ ∈ X∗(T̂sc) is a weight ofT̂sc in V . Givenλ ∈ X∗(T̂ ) with
cosetaλ ∈ A, we have

ǫ(aλ) = ρ̌(exp(aλ)) = e2πi〈λ,ρ̌〉 = eπi〈λ,2ρ̌〉 = (−1)〈λ,2ρ̌〉. (64)

This proves, in particular, the well-known fact thatAd : G → SO(ĝ) lifts to a homomorphism
Ãd : G→ Spin(ĝ) if and only if ρ̌ ∈ X∗(T̂ ).

Recall thatA = Hom(Z,Gm), whereZ is the center of ourp-adic groupG whose dual group
is Ĝ, so that the characterǫ may be viewed as an element ofZ. The torusT̂ is also dual to our
maximal torusT in G, so2ρ̌ ∈ X∗(T ). Equation (64) shows that

ǫ = 2ρ̌(−1) ∈ Z. (65)

This involution inZ does not depend on any choices of maximal tori or Borel subgroups. Since the
Γ action onZ is independent of inner twisting, andΓ preserves a pinning on the quasi-split form,
we see thatǫ is k-rational. Thus, we have acanonical involutionǫ = 2ρ̌(−1) ∈ Z(k), of order one
or two.

8.6 On the root number of the adjoint representation

In this section we conjecture a relation between root numbers and central characters. To motivate
this conjecture, let us first suppose thatG is an inner form of a split group overk, so thatLG = Ĝ.
Let ϕ : Γ→ Ĝ be a discrete parameter and letw(ϕ) = w(ĝ) be the root number of the orthogonal
Galois representation

Adϕ : Γ
ϕ−→ Ĝ

Ad−→ SO(ĝ).

Thenw(ϕ) = ±1 andw(ϕ) = +1 if and only if Adϕ lifts to Spin(ĝ), by Deligne’s formula8.1.
On the other hand, from the diagram

Γ

ϕ

y

1 −−−−→ A
exp−−−−→ G̃ −−−−→ G −−−−→ 1

e
y fAd

y Ad

y

1 −−−−→ Z/2 −−−−→ Spin(ĝ) −−−−→ SO(ĝ) −−−−→ 1,

we see thatAdϕ lifts to Spin(ĝ) if and only if the classcϕ ∈ H2(k,A) from section8.2 belongs
to the kernel of the map

ǫ∗ : H2(k,A)→ H2(k, µ2) = {±1}
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induced byǫ. Viewing ǫ = 2ρ̌(−1) as the canonical involution inZ, this means thatAdϕ lifts to
Spin(ĝ) if and only if ωϕ(ǫ) = +1, whereωϕ is the character ofZ(k) corresponding tocϕ under
Tate duality. Combining these two criteria forAdϕ lifting to Spin(ĝ), we find that

w(ϕ) = ωϕ(ǫ) = ±1

whenG is an inner form of a split group.
This suggests the following more general conjecture.

Conjecture 8.3 LetG be a connected reductive group overk and assume the maximal torus in the
center ofG is anisotropic. Letπ ∈ Π2(G/k) be a discrete series representation corresponding
to the discrete parameterϕπ : W × SL2 → LG as in conjecture7.1 and letϕ

0
be the principal

parameter forG. Then the ratio
ω(ϕπ)

ω(ϕ
0
)

= ±1

of orthogonal root numbers is equal to the scalar by which thecanonical involutionǫ ∈ Z(k) acts
on the representationπ.

We note that D. Prasad [40] has shown that the action ofǫ on a self-dual irreducible generic
representation often determines the sign of the invariant bilinear form on the space of the represen-
tation.

9 Minimal Swan conductors and simple supercuspidal rep-
resentations

By Prop.4.1, the formal degree conjecture in part 4 of Conjecture7.1can be expressed as

(−1)r(G) · degµG
(π) = ± dim(ρπ)

|Aϕπ/
LZ| · Γϕπ(q), (66)

whereΓϕπ(x) ∈ Q(x) is a certain rational function whose leading term was studied in section
5.1. In section5.3, this analysis led to the notion of discrete parametersϕ with “minimal Swan
conductor”; recall that these are the parametersϕ for which

dim ĝ
ϕ(I)
N + b(ϕ) = ℓ0 + b(ϕ

0
). (67)

If G is split andĝϕ(I) = 0, thenN = 0 and the condition (67) simplifies to

b(ϕ) = ℓ, (68)

whereℓ is the rank ofG.
The tension between the two conditions (66) and (68) is strong enough to forceπ to be a

particularly simple kind of supercuspidal representation. We give here the construction of these
simple supercuspidal representations, which is based on a curious fact about the geometry of affine
Coxeter groups.
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9.1 Affine Coxeter groups

As a general reference for this section we recommend [7]. Let Ψ be an affine root system on
a Euclidean affine spaceA. Each rootψ ∈ Ψ is a non-zero affine function onA, denoted by
x 7→ 〈ψ, x〉. LetHψ := {x ∈ A : 〈ψ, x〉 = 0} denote the corresponding root hyperplane, with
positive sideH+

ψ := {x ∈ A : 〈ψ, x〉 > 0}. An alcoveis a connected component of the set
{x ∈ A : 〈ψ, x〉 6= 0 ∀ψ ∈ Ψ} of points inA not lying on any root hyperplane. Awall of an
alcove is a root hyperplaneHψ whose intersection with the closure of the alcove contains an open
subset ofHψ. Every alcove is the intersection of the positive sides of its walls.

Fix an alcoveC and let

Ψ+ := {ψ ∈ Ψ : 〈ψ, x〉 > 0 ∀x ∈ C}

be the correspondingpositiveaffine roots. There is a unique finite subsetΠ ⊂ Ψ+, thesimpleaffine
roots, such thatΨ+ consists of those affine roots of the form

∑

ψ∈Π

nψψ,

with nψ integers≥ 0. There are unique positive integersaψ such that the sum
∑

ψ∈Π

aψψ = 1

is the constant function≡ 1 onA. The walls ofC are the hyperplanesHψ for ψ ∈ Π. The aim of
this section is to prove:Each alcoveC ′ lies on the positive side of some wall ofC that is not a wall
ofC ′.

This is reformulated and proved in Lemma9.1below, after some preparation.

The closure ofC is partitioned into a disjoint union

C̄ =
⋃

J(Π

CJ ,

of non-empty facetsCJ , indexed by the subsetsJ ⊂ Π with J 6= Π, andCJ is the set of points
x ∈ C̄ where〈ψ, x〉 = 0 for ψ ∈ J and〈ψ, x〉 > 0 for ψ ∈ Π − J (see [7, V.1.6]). Forψ ∈ Ψ,
let rψ denote the orthogonal reflection inA about the hyperplaneHψ. These reflections generate a
group

W (Ψ) := 〈rψ : ψ ∈ Ψ〉
of Euclidean affine transformations ofA. In fact, W (Ψ) is an affine Coxeter group generated
by {rψ : ψ ∈ Π}, andW (Ψ) acts simply-transitively on the set of alcoves [7, V.3.2]. The
corresponding action ofW (Ψ) onΨ is given by:

〈wψ, x〉 = 〈ψ,w−1x〉, ∀ψ ∈ Ψ, x ∈ A.

We reformulate the above geometric statement as follows.
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Lemma 9.1 Givenw ∈W (Ψ) withw 6= 1, there existsψ ∈ Π such thatwψ ∈ Ψ+ −Π.

Proof: Sincew 6= 1, the alcoveCw := w−1C is distinct fromC. Each rootψ ∈ Ψ is either always
positive or always negative onCw; ψ is positive onCw if and only if wψ ∈ Ψ+. Write Π as a
disjoint unionΠ = Π+ ⊔ Π−, whereΠ+ andΠ− are the sets of roots inΠ which are positive and
negative, respectively, onCw. SinceCw 6= C, the setΠ− is non-empty,

We must show that there existsψ ∈ Π+ for which wψ /∈ Π. Suppose on the contrary that
wΠ+ ⊆ Π. SinceΠ− is non-empty, we have|Π+| < |Π|. HencewΠ+ ⊂ Π andwΠ+ 6= Π.
TakingJ = wΠ+, we have a (non-empty) facetCJ ⊂ C̄. Let x ∈ CJ and lety = w−1x ∈ C̄w.
For allψ ∈ Π+ we have〈ψ, y〉 = 〈wψ, x〉 = 0. But then

1 =
∑

ψ∈Π

aψ〈ψ, y〉 =
∑

ψ∈Π−

aψ〈ψ, y〉 ≤ 0,

a contradiction. ThereforewΠ+ is contained inΨ+ but is not contained inΠ. �

Remark: The lemma is false for finite root systems: If∆ is a base of a finite root systemΦ, then
there is a unique elementw0 ∈W (Φ) such thatw0∆ = −∆.

9.2 Affine generic characters

In this section we assume thatG is simply-connected, almost simple, and split overk. Letℓ = r(G)
denote the rank ofG. Let T be a maximalk-split torus inG, let T0 be the maximal compact
subgroup ofT (k) and letN be the normalizer ofT in G(k). Let Φ be the set of roots ofT in G.
Fix a Chevalley basis in the Lie algebra ofG. This determines, for each rootα ∈ Φ, an embedding

xα : k+ →֒ G(k)

such thattxα(c)t−1 = xα(α(t)c), for all t ∈ T and c ∈ k. Our choice ofT determines an
apartmentA, which is an affine Euclidean space under the vector spaceR⊗X∗(T ), together with
a systemΨ of affine roots onA. The choice of Chevalley basis determines a base-pointo ∈ A,
which we use to identify

A = R⊗X∗(T ), and Ψ = {α+ n : α ∈ Φ, n ∈ Z}.

Each affine rootψ = α + n indexes anaffine root groupUψ = xα(Pn) which pointwise-fixes the
positive side of the hyperplaneHψ in A and is normalized byT0. An elementt ∈ T0 acts on the
quotient

Uψ/Uψ+1 ≃ Pn/Pn+1 ≃ f+

as scalar multiplication by the image ofα(t) in f×. The canonical action ofN onA identifies the
affine Weyl groupN/T0 with W (Ψ); if n ∈ N has imagew in W (ψ), we have

nUψn
−1 = Uwψ.
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Fix an alcoveC in A with corresponding simple and positive affine rootsΠ ⊂ Ψ+. The stabilizer
of C in G(k) is the Iwahori subgroup

I := 〈T0, Uψ : ψ ∈ Ψ+〉.

Let
T1 := 〈t ∈ T0 : λ(t) ∈ 1 + P ∀λ ∈ X∗(T )}.

The subgroup
I+ := 〈T1, Uψ : ψ ∈ Ψ+〉 ⊆ I

is the pro-p-Sylow subgroup ofI and we have

I = T (q) ⋉ I+, G(k) = I+NI+,

whereT (q) = {t ∈ T0 : tq = t} projects isomorphically ontoT0/T1. Finally, we consider the
subgroup

I++ := 〈T1, Uψ : ψ ∈ Ψ+ −Π〉.

Lemma 9.2 The subgroupI++ is normal inI+ with quotient

I+/I++ ≃
⊕

ψ∈Π

Uψ/Uψ+1

asT0-modules.

Proof: Each affine rootφ ∈ Ψ+ may be uniquely written as

φ =
∑

ψ∈Π

nψψ,

where thenψ are integers≥ 0. We haveφ ∈ Ψ+ − Π if and only if
∑
nψ > 1. The commutator

[Uφ, Uη] is contained in the subgroup ofI+ generated byUiφ+jη for i, j positive integers with
iψ + jη ∈ Ψ. Also [T1, Uφ] ⊂ Uφ+1. It follows that I++ is normal inI+ and contains the
commutator subgroup ofI+, so thatI+/I++ is abelian.

For eachψ ∈ Π, the inclusionUψ →֒ I+ factors through a map

f ≃ Uψ/Uψ+1 −→ I+/I++.

SinceI+/I++ is abelian, we get a well-defined homomorphism

⊕

ψ∈Π

Uψ/Uψ+1 −→ I+/I++, (69)
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which is surjective, from the definition ofI++. From uniqueness-of-expression [60, 3.1.1] the
product

∏
ψ∈Π Uψ (taken in any order) intersectsI++ trivially. It follows that the map in (69) is

also injective.
�

Remark: For every pointx in the Bruhat-Tits building ofG(k), Moy and Prasad have defined
filtration subgroupsG(k)x,r+ ≤ G(k)x,r indexed byr ∈ R≥0, of the parahoric subgroupG(k)x at
x. Letx0 be the unique point in the alcoveC on which all simple affine rootsψ ∈ Π take the same
value. This common value is1/h, whereh is the Coxeter number ofG, and we have

I+ = G(k)x0,0+ = G(k)x0,1/h, I++ = G(k)x0,1/h+ = G(k)x0,2/h.

Recall thatZ is the center ofG. LetZ(q) = Z ∩ T (q). Note thatZ(k)I+ = Z(q) × I+. We
say that a characterχ : Z(k)I+ → C× is affine genericif

(i) χ is trivial on I++ and

(ii) χ is nontrivial onUψ for everyψ ∈ Π.

There are|Z(q)| · (q − 1)ℓ+1 affine generic characters. They are permuted freely by the group
T (q)/Z(q) (see the proof of Prop.9.3below). Hence, there are|Z(q)|2 · (q − 1) orbits ofT (q) on
the set of affine generic characters ofZ(k)I+.

9.3 Simple supercuspidal representations

For each affine generic characterχ : Z(k)I+ → C×, let πχ be the compactly-induced representa-
tion

πχ := ind
G(k)
Z(k)I+

χ (70)

of G(k) in the space of functionsf : G(k)→ C having the properties:

• f(hg) = χ(h)f(g) for all h ∈ Z(k)I+, g ∈ G(k).

• The support off consists of finitely many left cosets ofZ(k)I+ in G(k).

Proposition 9.3 Letχ andη be affine generic characters ofZ(k)I+. Then

1. the representationπχ is irreducible (and supercuspidal) forG(k);

2. the representationsπχ andπη are equivalent as representations ofG(k) if and only ifη = χt

for somet ∈ T (q).

Proof: To ease the notation we write (in this proof only)G = G(k), H = Z(k)I+, so that
G = HNH, by the affine Bruhat decomposition [60, 3.3.1]. We first prove the second assertion.
By Mackey’s theorem [36], we have

HomG(πη, πχ) ≃
⊕

n∈H\G/H

HomH∩Hn(η, χn).
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Supposen ∈ N andη = χn onH∩Hn. Letw be the image ofn inW (Ψ). Assume first thatw 6= 1.
By Lemma9.1there existsψ ∈ Π such thatwψ ∈ Ψ+ −Π. Then we haveUψ = Unwψ ∈ H ∩Hn.
Sinceη = χn onH ∩Hn we also haveη = χn onUψ.

ButnUψn−1 = Uwψ is contained inI++, sincewψ ∈ Ψ+−Π. And I++ ⊂ kerχ by condition
(i) above. Thereforeχ is trivial onnUψn−1, soχn is trivial onUψ. But we have seen thatη = χn

onUψ. Soη is trivial onUψ, contradicting condition (ii) above forη. Thereforew = 1, son, which
we now callt, lies inT0. SinceT0 = T (q)T1 andT1 ⊂ I+, we may taket ∈ T (q). The second
assertion is proved.

For irreducibility we takeχ = η. It suffices to show that the elementt above lies inZ. [8,
3.11.4] Chooseψ ∈ Π and letα be the gradient ofψ. OnUψ, bothχ andχt may be viewed as
nontrivial characters ofUψ/Uψ+1 ≃ f. If t ∈ T (q) is such thatχ = χt onH thenχ−1 · χt is the
trivial character off. Forx ∈ f, we haveχ−1 · χt(x) = χ((α(t)− 1)x). Sinceχ is nontrivial onf,
we must haveα(t) = 1. Thereforet is in the kernel of every root ofT in G, sot ∈ Z, as claimed.

�

The irreducible representationsπχ constructed in Prop.9.3 will be calledsimple supercuspidal
representationsof G(k). By part 2 of Prop.9.3 there are|Z(q)|2 · (q − 1) equivalence classes of
simple supercuspidal representations.

Remark: The “spherical” analogue ofπχ, whereI+ is replaced by the unipotent radical of a Borel
subgroup ofG(k), is highly reducible. Indeed,πχ is then a Gelfand-Graev representation, whose
constituents are theχ-generic representations ofG(k). See the remark after Lemma9.1.

9.4 Formal degrees of simple supercuspidal representations

Recall thatG is split and simply-connected and thatZ is the center ofG. SinceG is simply-
connected, the Iwahori subgroupI is its own normalizer. Formula (55) gives the volume ofI with
respect to Euler-Poincaré measure as

(−1)r(G)

∫

I
µG =

L(ϕ
0
, ĝ, 1)

L(ϕ
0
, ĝ, 0)

· |T (q)| · q−ℓ, (71)

whereϕ
0

is the principal parameter. SinceG is split, the Artin conductorα(ϕ
0
) = 2N is the

number of roots ofT in G, while the root numberω(ϕ
0
) = 1. Hence the gamma factor ofϕ

0
is

γ(ϕ
0
) = qN · L(ϕ

0
, ĝ, 1)

L(ϕ
0
, ĝ, 0)

and we may write

(−1)r(G)

∫

I
µG = q−(N+ℓ) · γ(ϕ

0
) · |T (q)|.

Let χ : Z(k)I+ → C× be an affine generic character. From Prop.9.3 we have a simple
supercuspidal representationπχ compactly induced fromχ onZ(k)I+. Let us viewπχ as induced
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from I:
πχ = ind

G(k)
I κ, where κ = indIZ(k)I+

χ.

We write
Z(k) = Z+ × Z(q),

whereZ+ = Z(k) ∩ I+ is ap-group andZ(q) = Z(k) ∩ T (q) has order prime top. We have

Z(k)I+ = Z(q)× I+ and [I : Z(k)I+] = [T (q) : Z(q)].

It follows thatκ has dimension

dimκ = [I : ZI+] = [T (q) : Z(q)],

so the formal degree ofπχ is given by

(−1)ℓ degµG
(πχ) =

dimκ

volµG
(I)

=
qN+ℓ

|Z(q)| · γ(ϕ
0
)
. (72)

9.5 Predictions for the Langlands parameter

While guided by conjecture7.1, our construction of simple supercuspidal representations did not
depend on any conjectures. In this section we again use the degree conjecture7.1 to analyze the
putative Langlands parameterϕπ for a simple supercuspidal representationπ = πχ. SinceG is
split and simply-connected we have

LG = Ĝ = Aut(ĝ)◦

andLZ = 1. As in Prop.4.1, we view formal degrees as rational functions. This means wemust
consider simple supercuspidal representations of the groupsG(km) wherekm/k is the unramified
extension of degreem ≥ 1. LetK be the maximal unramified extension ofk (in a given algebraic
closure ofk) and letF be the endomorphism ofG(K) given byFrob, so thatG(km) = G(K)F

m
.

ThenF preservesT (K) and each affine root groupUψ(K), for ψ ∈ Ψ. For each integerm ≥ 1, let

I(m), I(m)
+ , andI(m)

++ be the subgroups ofG(km), defined as in section9.2, with k replaced bykm.
Then

I
(m)
+ /I

(m)
++ ≃

⊕

ψ∈Π

fm,

wherefm is the residue field ofkm. The mappingg 7→ gF(g) · · ·Fm−1(g) on I(m) gives a group
homomorphism

τm : Z(km)I
(m)
+ /I

(m)
++ −→ Z(k)I+/I++

whose image containsI+/I++. Given an affine generic characterχ of Z(k)I+, we get an affine
generic character

χm := χ ◦ τm : Z(km)I
(m)
+ −→ C×
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and a simple supercuspidal representationπm := πχm of G(km) whose formal degree is given by

(−1)ℓ degµm
G

(πm) =
qm(N+ℓ)

|Z(qm)| · γ(ϕ
0
m)
, (73)

whereµmG is Euler-Poincaŕe measure onG(km). The right side of equation (73) determines a
rational function∆(x) ∈ Q(x) such that

(−1)ℓ degµm
G

(πm) = ∆(qm), (74)

for all m ≡ 1 mod e, whereFe is trivial onZ(K).
For each suchm, conjecture7.1 gives a discrete parameterϕm = ϕπm We also assume that

these parameters are compatible, via the base-change formula

ϕπm = ϕπ|W(km). (75)

SinceF = ϕ(Frob) has finite order, there is a positive integerf such thatAϕm = Aϕ for allm ≡ 1
mod f . Then it makes sense to require that

ρπm = ρπ. (76)

Then conjecture7.1predicts the formula

(−1)ℓ degµm
G

(πm) = ω(ϕπ)
dim(ρπ)

|Aϕπ |
· γ(ϕ

m)

γ(ϕ
0
m)
, (77)

for all m ≡ 1 mod 4def , 1 In terms of rational functions, this means that

∆(x) = ω(ϕπ)
dim(ρπ)

|Aϕπ |
· Γϕm(x).

Comparing equations (73) and (77) we find that we must have

xα(ϕπ)/2 · Lϕπ(x, 1)

Lϕπ(x, 0)
= ω(ϕπ) · γ(ϕπ) = xN+ℓ |Aϕπ |

|Z(q)| · dim ρ
, (78)

whereLϕπ(x, s) is the rationalL-factor defined in (33). Since the right side of (78) has no poles, it
follows from (33) thatϕπ is trivial onSL2 and thatLϕπ(x, s) ≡ 1, forcing

ĝD0 = 0. (79)

The derived subalgebra ofĝD1 has zero invariants under the cyclic groupD0/D1, hence this derived
subalgebra is zero. It follows thatĝD1 is the Lie algebra of a torus. We must also have

a(ϕπ) = 2(N + ℓ) = dim ĝ + ℓ.

1Note thatω(ϕ0) = 1 andω(ϕπ) = ±1 sinceG is split overk.
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sincea(ϕπ) = dim ĝ + b(ϕπ), this means that

b(ϕπ) = ℓ. (80)

Thus, the degree conjecture7.1implies that the parameter of a simple supercuspidal representation
is a simple wild parameter, as defined in section6.

To say more aboutϕπ, we confine ourselves here to the simplest case, namely whenp does not
divide the order of the Weyl groupW of G. In this case we have, by Prop.5.6, thatD2 = 1,D1 is
contained in a maximal torus of̂G and the tame quotientD0/D1 is generated by a Coxeter element
w in the Weyl group ofĜ. SinceG is split and the exponent ofZ(K) divides the Coxeter number
h ofG, the congruence condition in (77) can be simplified tom ≡ 1 mod 2d, whered is the order
of q in (Z/h)×.

To complete our analysis of the parameter of a simple supercuspidal representation, we now turn
to the groupAϕπ , still under the assumption thatp ∤ |W |. We have seen thatD1 is an elementary
abelianp-group. By [57, Thm 2.28(c)], the centralizerCĜ(D1) is connected. SincêgD1 = t̂, we
have

CĜ(D1) = T̂ and CĜ(D0) = T̂w.

The imageϕπ(F ) of Frobenius normalizesD1, so we haveϕπ(F ) ∈ N̂ , projecting to an element
u ∈ W such thatu−1wu = wq. Recall thatG is simply-connected and̂G is adjoint. LetY =
X∗(T ) = X∗(T̂ ), and identifyT̂ = C× ⊗ Y . We have canonical isomorphisms

T̂w
exp←− (1− w)−1Y/Y

1−w−→ Y/(1− w)Y = Hom(Tw,Gm).

Sincew is a Coxeter element,(1−w)Y is the root lattice ofT andu acts trivially onY/(1−w)Y .
From the equation

u−1(1− w) = (1− w)(1 + w + · · ·+ wq−1)u−1,

it follows that qu−1 acts trivially on(1 − w)−1Y/Y , so thatu acts as theq-power map onT̂w.
Thus, we find that

Aϕπ = [T̂w]q=1.

SinceAϕπ is abelian, we havedim ρ = 1. SinceTw = Z is the center ofG, it also follows that

|Aϕπ | = | Irr(Z(k))|.

The assumption thatp ∤ |W | implies thatp ∤ |Z|, soZ(q) = Z(k). Thus, in equation (78) we have

|Aϕπ | = |Z(q)| = |Z(k)| and dim(ρπ) = 1.

We summarize what we have proved in this section:
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Proposition 9.4 Suppose thatG is simply-connected, almost simple and isk-split of rankℓ. As-
sume that the simple supercuspidal representationπ = πχ ofG(k) corresponds to the pair(ϕπ, ρπ)
as in conjecture7.1. We also assume that conjecture7.1 and the base-change relations(75) and
(76) hold forπχm andϕm whenm ≡ 1 mod 2df . LetL be the fixed-field ofkerϕπ in k̄. Thenϕπ
is a simple wild parameter:

ĝϕπ(I) = 0 and b(ϕπ) = ℓ.

If moreoverp does not divide the order of the Weyl group ofG, then we also have:

1. The imageϕπ(W) = Gal(L/k) is contained in the normalizerN(T̂ ) of a maximal toruŝT
in Ĝ and has ramification filtration of the form

Gal(L/k) = D ≥ D0 > D1, D2 = 1.

2. Leth be the Coxeter number ofG and letd be the order ofq moduloh. ThenD/D0 is cyclic
of orderdc wherec divides the exponent ofZ.

3. We haveD0 = D1 ⋊ 〈σ〉, whereσ ∈ N(T̂ ) has orderh and projects to a Coxeter element in
W .

4. The wild inertia groupD1 has orderpa, wherea is the order ofp in (Z/h)×, andD1 is
the unique simpleFp[σ]-submodule of̂T [p] containing theσ-eigenvalueζ = σ(π)/π where
π is a uniformizing parameter of the tame extensionE = LD1 of k such thatπh ∈ ED0 .
Moreover, we have

ĝD1 = t̂ and CĜ(D1) = T̂ .

5. The centralizerAϕπ = {t ∈ T̂ σ : t = tq} is abelian and has order equal to that ofZ(q).

Remark: We have seen thatG(k) has|Z(q)|2 · (q− 1) simple supercuspidal representations. One
can check that each orbit of simple supercuspidal representations underGad(k), whereGad is the
adjoint group ofG, has cardinality|Z(q)|. Prop.9.4suggests that for split simply-connected groups
G the simple supercuspidal representations ofG(k) should be partitioned into|Z(q)|·(q−1) distinct
L-packets, each of cardinality|Z(q)| and consisting of a singleGad(k)-orbit. On the arithmetic
side, we believe that further analysis of our construction of the extensionL/k and the embeddings
of Gal(L/k) into Ĝ will show that there are exactly|Z(q)| · (q − 1) equivalence classes of simple
wild parameters.
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