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Abstract

The local Langlands correspondence can be used as a toolakingnverifiable predictions
about irreducible complex representationg-<afdic groups and their Langlands parameters, which
are homomorphisms from the local Weil-Deligne group to fhgroup. In this paper we refine a
conjecture of Hiraga-Ichino-lkeda, which relates the farahegree of a discrete series representa-
tion to the value of the local gamma factor of its parametes.attach a rational function inwith
rational coefficients to each discrete parameter, whichiafiees to this local gamma value when
x = q, the cardinality of the residue field. The order of this raéibfunction atz = 0 is also an
important invariant of the parameter - it leads to a conjedtimequality for the Swan conductor of
a discrete parameter acting on the adjoint representatitred.-group. We verify this conjecture
in many cases. When we impose equality, we obtain a predifbiothe existence of simple wild
parameters and simple supercuspidal representatiofispbatich are found and described in this
paper.
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1 Introduction

Let G be a reductive algebraic group over the local fleldhe local Langlands conjecture predicts
that the irreducible complex representatiarf the locally compact grou@' (k) should correspond
to objects of an arithmetic nature: homomorphism&om the Weil-Deligne group ok to the
complexL-group ofG, together with an irreducible representatjoof the component group of the
centralizer ofp. In light of this conjecture - which has been establishedifgebraic tori, as well as
for some non-abelian groups likeéL,, (k) [23],[25], and SL, (k) [27] - it is reasonable to predict
how representation-theoretic invariantsmofelate to the arithmetic invariants of its parameters
(@ms prr)-

An early example of this was the papd#], which predicts branching laws for the restriction
of irreducible representations of the grotip,,(k) to the subgrougpO,,_1(k), using thes-factor
of a distinguished symplectic representation of thgroup of SO,, x SO,,_1. These conjectures
have now been verified in several cases; 2d¢dnd [22].

For general groups, one invariant of a discrete series septationr is its formal degree.
Recently, Hiraga, Ichino, and lkeda have formulated a anje 6] for the formal degree of a
discrete series representation, in terms of fheinction ands-factor of the adjoint representation
of the L-group.

For the rest of this paper we suppose the local fleisl non-archimedean, with residue figld
of finite cardinalityq a power of a primg. We also assume the center@fk) is compact.

We reformulate the conjecture 02|, using Serre’s Euler-Poincare measurg on G(k),
which is ideally constructed for the study of the discretéese In this form, the conjecture ex-
presses the formal degree in terms of a ratio of adjoint gafawctarsy(¢)/v(p,), wherep is a
discrete series parameter apdis theprincipal parameter(corresponding to the Steinberg repre-
sentation). Ifr is induced from an open compact subgroug-gk), the formal degredeg,, ()
is a rational number. Our first main result, Propositibf, is that the ratioy(¢)/~(g,) is also
rational. In fact, for any discrete parametewe define a rational functiofi,(x) with rational
coefficients and show that¢) /v(g,) = L'y(q).

We then calculate the order bf,(z) at the pointc = 0. This leads to a conjectural inequality
on the Swan conducta(y) of the Galois representationd ¢ = Ad oy, which we verify in some
cases by studying the permutation representation of thé §¥eyp on the roots. We next focus on
parameters witminimal Swan conductor.e., those for which the inequality diip) becomes an
equality.

When we combine this condition diiyp) with the formal degree conjecture, the tension be-
tween Galois and Lie theory yields strong conditionscori-or example, in a large family of cases
we can determine the precise imag@/), along with its ramification filtration, using the theory
of the Coxeter element. See Propositnf. This leads to the notion of simple wild parameter
which will reappear later in the local Langlands correspor. We then construct some simple
wild parameters for split simply-connected grou@sn two cases: whemp does not divide the
Coxeter number off and whenk = Q.



At this point, the formal degree conjecture almost presxithe representationsfor which
» = ;. Putting conjectures aside, this leads to our second mairtrea construction o§imple
supercuspidal representatiotizat seem not to have been singled out before.pHarger than the
Coxeter numbeh of GG, they appear in the constructions &f pnd [62] and are the supercuspidal
representations of minimal positive degthh. However, our construction is completely different
and works uniformly for any non-archimedean local field; Beeposition9.3. For simplicity, we
only give the construction in this paper whéhis split, simply-connected and absolutely simple.
Then the formal degree of an ssc representatiavith respect to Euler-Poincare measuig is
given by the formula

()l

1Z(H)] - volug (1)

whereJ < G(k) is an lwahori subgroup, and < T' < G are the center and a maximal torusin
overf respectively. We then compare this formula with the adjgarhma factor and show that the
degree conjecture implies that the Langlands parameter sinaple supercuspidal representation
is one of the simple wild parameters arising from our studsnofimal Swan conductors.

Both of our main results are of a group theoretic nature, aadiaconditional: they could be
formulated with little or no reference to the local Langlamnjecture. But without the Langlands
conjecture as our guide, we would never have found them. widles the existence and number
of simple supercuspidal representations leads us to dongesome unexpected relations between
complex Lie theory and local Galois groups. For example, veelipt that for any complex simple
adjoint groupG there should exist a uniqu&-conjugacy class of simple wild parameters

¢ : Gal(Q2/Q2) — G.

The simple wild parameters mentioned above@grprovide evidence for this whefi has one of
the typesA,,,, By, D,,, G or Es.

Simple wild parameters and simple supercuspidal reprasens are also of arithmetic interest
in the global setting. For example, the matrix coefficieritsimple supercuspidal representations
provide local test functions in the trace formula whichailane to explicitly compute multiplicities
in the discrete spectrum of global automorphic represiemshaving simple supercuspidal local
components17]. On the other hand, the Kloosterman sheave&egnover finite fields studied by
Deligne [L3] and Katz BQ] give rise to simple wild parameters when restricted to thexinposition
group at infinity (cf. [L4]).

This paper is organized as follows. In the first few sectioeg@view the basic ingredients of
the Langlands conjectures - the Weil-Deligne group andejpsasentations, locdl-functions and
e-factors, the dual group, and tliegroup. This is foundational material, and we have attethjue
fill some gaps in the literature. We then turn to the relatgit®of the motive ofs and the principal
parametety,, which is used for volume computatations, and to compareversion of the degree
conjecture with that of36]. Our proof of the rationality of’, (z) uses Kac's classificatior2g] of
torsion automorphisms of simple Lie algebras (see a&8}).[We find that the possible irreducible

(~1)8 T degy,, () =
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factors (inZ[x]) of the numerator and denominator Iof () are remarkably few in number and
can be easily listed.

In chapter5 we compute the leading term &f, and study its implications fop, arriving
at the notions of minimal Swan conductor and simple wild peaeters. We show that a totally
ramified parameter with minimal wild ramification must be mpgle wild parameter. We then
construct simple wild parameters in the two cases menti@ieye. To this point, everything
involves representations of the local Weil-Deligne grond & independent of the local Langlands
conjecture. We then turn to the Langlands correspondeseléiin chaptei7, where we reformulate
the conjecture of26] in terms of Euler-Poincare measure. Chag@es additional foundational
material on central characters, which allows us to prebdesign in our version of the formal degree
conjecture. We conclude with chapteémwhere we give a construction of simple supercuspidal
representations for a split, simply-connected graupver k, and show how the formal degree
conjecture implies that their parameters must be simplé parameters.

It is a pleasure for us to thank S. DeBacker, N. Katz, D. Raband J.K. Yu for helpful dis-
cussions, and to thank P. Deligne, A. Ichino, J.-P. SerreZzandlin for their comments on earlier
versions of this paper.
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2 The Weil group

Let k& be a local field with finite residue fielflof cardinalityq, a power of a primep. We will
assume that has characteristic zero. This assumption is only used invgofaces (primarily to
simplify the discussion of Galois cohomology) and we baidvat it can be easily removed.

Let A denote the ring of integers &f o a uniformizing element and Ié? = ww A be the prime
ideal of 4, so thatf = A/P. We fix an algebraic closurk of k, let ' be the maximal unramified
extension of in k and letA denote the integral closure dfin K. Thenf := A/w A is an algebraic
closure off.

The Weil groupv = W(k) of k is the dense subgroup 6fal(k/k) consisting of elements
which induce orf an integer power of the automorphism— z¢. Following the convention in
[11], we fix a geometric Frobenius elemdnt € W, which satisfiedr(z7) = x onf. ThenW is a
semidirect productV = (Fr) x Z, whereZ, the inertia subgroup, is the kernel of the action/vf
on f and is also the absolute Galois group/of The inertia subgrouf is a compact group with
the profinite topology, so the open subgroupg @il have finite index, and are also closedin

We normalize the isomorphisii¢ ~ W2 of local class field theory so that maps to the class
of the geometric Frobenil& in YW, The normalized valuation dn* then gives a homomorphism

|- |: W — ¢%* C R,

which satisfiegker | - | = Z and| Fr | = ¢~ .

A representatiop : W — GL(V') on a finite dimensional complex vector spdces called
admissiblef ker p is open ang(Fr) is semisimple. The first condition implies thatZ) is finite.
Sincep(Fr) normalizesp(Z), it preserves the subspaké of invariants undep(Z).

The local factors ol are defined as follows. Thie-function of V' is given by

L(V, s) := det(1 — ¢~ *p(Fr)|VE) =L,
Thee-factor of V' is given by
eo(Vys):i=e(V&|-|°v,dr),

wheredz is the Haar measure dn™ giving A* volume= 1, v/ is an additive character &f* such
that A™ is the largest fractional ideal contained in the kernefafandes(V @ | - |, 1, dz) is the
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local e function defined by Deligne and Tate (c&g]). We have

1
eo(V,s) = w(V)g" VG,

wherew(V) = 9(V, 1) € C* is independent of anda (V') € Zx is the Artin conductor of/,
defined as follows. The inertial imade, = p(Z) is the Galois group of a finite extensidf / K.
If A’ is the ring of integers of<’ with maximal idealP’, then we define the normal subgroup
D; < Dy as the kernel of the action dP, on A’/(P')’*1. This gives the lower ramification
filtration

Dy>Dy>Dy>---2>Dp=1.

We letd; = |D;|. Now theArtin conductoris defined by
d,
_ : D\ %
a(V) = Zdlm(V/V J)do.
3>0
Isolating the term fofj = 0, we can write
a(V) = dim(V/VP0) +b(V),

where theSwan conductob(V') measures the action of the wild inertia groip on V. We
sometimes write(p) for a(V') or b(p) for b(V').

The Artin conductor is additive if¥. The computation of(1) can therefore be reduced to
the case wher& is an irreducible representation ¥¥. Since eachD; is normal inp()V), the
subspaced’?; are W-invariant. If V is irreducible, then eithev?i = 0 or VP = V. If
VPo =V, we havea(V) = 0. If VPo = 0, the Artin conductor is given by the simpler formula

a(vy =22V 5~ (1)
j=0

do

whered; = |D;| andm is the largest integer such thaf,, # 1.

The Artin conductor refines the valuation of the discriminafle will use this relation to find
Galois representations with a given conductor, and for detapess we review it here. L&t/k be
a finite Galois extension df with groupD = Gal(E/k) and letR be the regular representation of
D. Via the canonical mapV — Gal(E/k), we get an admissible representation/V — GL(R)
with p(W) = D. The Artin conductor of? is given by

a,(R) = Valk (DE/k)a

whered g ;. is the discriminant of2 /k (see #8, VI.2]). On the other hand,

R= > (dmV)-V,
Velrr(D)
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so we have

valg(0g) = a(R) = > (dimV)-a(V).
Velrr(D)

SinceRPi has dimensiofD : D;] = d/d; for all j, we have

a<R>=ZZ—g(d—d%) =di‘0§j<dj—1>=f<e—1>+b<m,

J=0 J=0

whered = |D| and f = d/dy, e = dy are the residue degree and ramification index.gf,
respectively. In particular, we have

valg(0p/k) > fle — 1),

with equality if and only ifE//k is tamely ramified.
More generally, ifL is the subfield o fixed by the subgroup’ of D andU is a representation
of C, then @8, VI.2]

a(Ind@ U) = val,(op ;) - dim U + f7 13, - a(U). 2)
TakingU = 1 to be the trivial representation 6f and applying Frobenius reciprocity, we find that

val, (0 /) = a(Ind2 1) = Z (dim VE) - a(V).
Velrr(D)

2.1 The Weil-Deligne group and its representations

For the local Langlands correspondence, the classicaimofia representation of the Weil group
must be refined in two ways: first by replaciog. (V') by a reductive complex Lie grou@, and
second by the addition of a nilpotent elemé¥tin the Lie algebrgy of G; the elementV plays
the role of the nilpotent part in the Jordan decompositiommfelement ofy, while the role of
semisimple part is played by a homomorphism/V — G.

Precisely, aepresentation of the Weil-Deligne groigoa triple(p, G, N) whereg is a complex
Lie group whose identity componeg? is reductive,p : W — G is a homomorphism which is
continuous orZ, with p(Fr) semisimple inG, andN is a nilpotent element in the Lie algehyaf
G such thatAd p(w)N = |w| - N for all w € W. In particular, we have thatd p(Z) fixes N and
Ad p(Fr)N = ¢~!N. Two representation§, G, N), (p’,G, N’) of the Weil-Deligne group are
considered equivalent if there is an elememt G° such thap’ = gpg~! andN’ = Ad(g)N.

A representatiorip, G, N) of the Weil-Deligne group can be put on more familiar algébra
footing by associating to it thé°-conjugacy class of a homomorphism

©: Wx SLy(C) —G.
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Since only the case @¥ L,, has been discussed in the literature (¢#4]] we shall give a proof of
this correspondence.

Sincep(Z) is finite, the centralizeh := g°*) is reductive, as follows easily fron6] .6.4
Prop.5]. MoreoverAd p(Fr) normalized). ForA € C*, leth(\) be the-eigenspace okd(p(Fr))
in h. Finally, note thatV € . We need a refinement of the Jacobson-Morozov theorem, \shich
that every nilpotent element is contained ins&ytriple. For background on this, se® chap.5].

Lemma 2.1 There is arsls-triple (e, f, k) in h such that

e=Neb@'), hepl)=g™,  fenla)
Any two such triples are conjugate by an elemer bivhich centralize$V and fixesV.
Proof: This was proved fo; = —1 by Kostant and Rallis in34]. We imitate their proof. Let
(e, fo, ho) be anysly-triple containinge. Write

ho=h+h, with henh1), Hed h).

A£L
Comparing eigenvalues in the equatisn= [h, e] + [I/, e], we have
[h,e] = 2e. (3)
Likewise, write
fo=f+1"  with  feblg), €D .
A#q

Comparing eigenvalues in the equatior- b’ = [e, f'] + [e, f”'], we have
h=le, '] € [e, ). (4)

Equation 8) and the containment ir4) are the conditions in33, Cor.3.5] guaranteeing the ex-
istence of an element € h such that(e, f, h) is ansly-triple. Sincead(e) is injective on the
—2-eigenspace afd(h), the relationsh, f] = —2f, [e, f] = h imply that f € h(q), as desired.

The proof of the conjugacy assertion is identical to that3#.] We reproduce it here for
completeness. Suppose tliatfi, k1) is anothesl,-triple satisfying the conditions of the Lemma.
The element = h; — h belongs to the Lie subalgebra= hH° N h(1), which is normalized by:.
By the representation theory of,, we have

m= EBmi, where m; ={xecm: [hz] =iz}
i>0

The subalgebra

u: = @mz

>0
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is nilpotent and the corresponding subgrdiip= exp(u) is unipotent. We consider the orbit
Ad(U) - h C h +u. SinceU is unipotent, the orbiAd(U) - h is closed. The tangent space to the
orbit ath is [k, u] = u, so the orbit also open. Therefore we in fact have

Ad(U)-h=h+u (5)

Next, we observe that = mN[e, h], again by the representation theorytf. Sincey = [e, f1— f],
it follows thaty € u. Hence by %), there is an element € U such that

Ad(u)h =h+y = hy.
We clearly haveAd(u)e = e. It remains to show thaAd(u)f = f;. But this follows from the
same argument used to proyec h(q) above. [ |

Now, given a representatiaip, G, N) of the Weil-Deligne group, lef{ be the identity com-
ponent of the fixed-pointéG°)? of p(Z) in G°. ThenH has Lie algebrdy = gZ. Choosing an
slp-triple (e, f, h) as in Lemma2.1 gives a homomorphism : SLy — H such that

0 1
e=dy (0 0> ,
whence a semisimple element
q1/2 0

Note thats = exp(3 log(q) - ) commutes withp(Fr), sinceh € h(1). Moreover, we have
Ad(s)e = qe, and Ad(s)f =q f.

It follows that Ad(s - p(Fr)) centralizesp(SL2). Sinces commutes withp(Z), we obtain the
promised extension
p:WxSLy — G

by makingy = p onZ and settingpo(Fr) = s - p(Fr). The conjugacy assertion in Lemr2al
implies that th&j°-conjugacy class ap is independent of the choice of triple, f, 1). To get back
from ¢ to the original datdp, G, V), we define

—1/2
_ _ q 0 B 0 1
pr=vlz o =emo (70 D)) v=de(g ).

To summarize, we have proved:

Proposition 2.2 The correpondencép, G, N) < ¢ just described gives a bijection between the
equivalence classes of representations of the Weil-Delggoup and th&;°-conjugacy classes of
homomorphismg : W x SLy — G for which ¢ is trivial on an open subgroup df, ¢(Fr) is
semisimple and the restriction gfto S L is algebraic.
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If ¢ is a homomorphism as in Prog.2and A is a subgroup ofV (resp.SL2) we often write
©(A) instead ofp(A x 1) (resp.p(1 x A)).

Thewild inertia subgroupof W is the prop-Sylow subgrou@, of Z. If o : W x SLy — G is
a homomorphism as in Prop.2, theny(Z) is finite, andp(Z.) is a finitep-group contained in the
centralizerM of ¢(SL2). From a result of Borel and Serrg][ it follows thaty(Z) normalizes a
maximal torusS in M. If p does not divide the index & in its normalizer inM, it follows that
©(Z4) is contained irS and is, in particular, abelian.

2.2 Local factors for Weil-Deligne representations

The local factors for representations of the Weil group galiee to representatiorip, G, N) of the
Weil-Deligne group as follows. Fix a finite dimensional cdmprepresentation : G — GL(V')
which is algebraic og7°. Then

rop:W —G— GL(V)

is a representation ofY, which we will again denote by, asr is fixed. For anyp-invariant
subspacé’ C V, letU” denote the vectors il which are invariant unde#(Z). SinceZ is normal
in W, the spacé/” is preserved by the operato(Fr).

Since each operator frop()V) commutes withV up to a scalar, the kern&ly of N onV is
an invariant subspace, hence fhénvariantsV are preserved by(Fr). The localL-function of
(p, V) is defined (seed8, 4.1.6]) by

_s -1
L(p,V,s) = det (1 — g *p(Fr)|V§) (6)

and the locak-factor is defined by
e(p, V) = eo(V, s) - det (—¢~*p(Fr) [V /VR) (7)

wheree((V, s) is thee-factor defined in sectioB. We want to express these factors in terms of the
corresponding representation

rop:WxSLy —G— GL(V),

which we again denote by, asr is fixed. Since we will work withy in the rest of the paper, we
now write
L(‘Pv‘/as) = L(pa‘/as)a and 5((/7’ V, 3) = 5(p7 V, 8)'

SinceV is semisimple undep, we have

V= GB V, ® Sym", (8)
n>0
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whereSym” = Sym"(C?) is the irreducibleS Ly-representation of dimension+ 1, andV,, is a
semisimple complex representationdéf Hence

Vi = P Vi ® Sym},

n>0

whereSym?;, the highest weight line, is the kernel & in Sym™. Sincep(Fr) = ¢~"/%¢(Fr) on
Sym’y;, we can rewrite§) and (/) as

-1
Lig,V,s) = [ det (1- a5 o(m)|V7) (©)
n>0
and
a V)(l—s)
e(p,V,5) = w(p, V)g* V2™, (10)
where

alp,V) = Z(n + Da(Vy,) + Z n - dim V., and

n>0 n>1 (11)
= H w (V)" H det(—(Fr)|VE)",
n>0 n>1

wherea(V;,) andw(V},) are the Artin conductor and local constants of the reprasents(p, V,,)
of W, as recalled in sectiok
Finally, thegamma factoof (¢, V) is defined by

L((P, Vv 1- 5)5“07 ‘/7 S)

7(807 ‘/7 S) = L(SO V 3) Y

whereV is the representation o x SL, dual toV'.

2.3 Self-dual representations

A representation
©:Wx SLy — GL(V)

is self-dual if it is isomorphic to the contragredient regetation on the dual spateor equiva-
lently, if the imageim ¢ = (W x SL9) preserves a non-degenerate bilinear fornioriWe say
V is orthogonal ifim  preserves a non-degenerate symmetric bilinear foriii cand symplectic
if im o preserves a non-degenerate alternating bilinear fori o the symplectic case, the di-
mensiondim (1) must be even and the determindnat V' := det o ¢ must be trivial onV x SL,.
In the orthogonal case,

detV : W x SLy — {£1}
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is a quadratic character of the quotient grotig® = k>, sodet V(—1) = %1 is well-defined.
Assume thal’ is orthogonal. In the decomposition

V:@Vn(@Sym”

n>0

(see B)), each representatidr, of W is self-dual, and each summakbg ® Sym” is orthogonal.
SinceSym"” is orthogonal whem is even and symplectic whenis odd, we have that,, is also
orthogonal whem is even and symplectic whenis odd. This must also hold for the invariant
subspace¥Z. SinceV ~ Y~ . (n+ 1)V, as aW-module, it follows that

a(p,V)=a(V)+ Y n-dimV; =a(V) mod 2,

n>1

and
w(ep, V) =w(V) - [ det(—p(Fr)|V;H)" = w(V).

n>1
SinceV is self-dual, we have (se&§, 3.6.8])
w(V)? =det V(-1) (12)

and by B5, Thm.1] we have
a(V)=a(detV) mod 2, (13)
so we have shown
Proposition 2.3 If ¢ : W x SLy — GL(V) is an orthogonal representation, theiip, V, s) =
w(ep, V)qo‘(‘p’v)(%_s), with
alp, V) =a(detV) mod 2,
w(p, V)2 =det V(-1).

For example, iV is orthogonal andet V' is an unramified quadratic characted®f, thena(p, V)
is even andv(yp, V)? = 1.

3 Reductive groups and Langlands parameters

Recall thatk is a finite extension of), with fixed algebraic closuré. Let G be a connected,
reductive algebraic group ovér and letk, be the splitting field irk of the quasi-split inner form
Gy of G overk. LetT" C B be a maximal torus in a Borel subgroup@f defined ovelk. Then
T splits overky and we letS be the maximak-split subtorus off". Letr(Go) = dim S denote the
k-rank of G and letr(G) denote the rank off over k. We haver(G) < r(Gy) with equality if
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and only ifG ~ G overk. Later we will let{y denote the rank off over the maximal unramified
extensionk of k.

The Galois grouptal(ko/k) acts as automorphisms of the based root datiimX , A, A) of
Go, whereX = Homg (T, G,,), X = Homy (G, T) is the dual lattice of co-weightg) C X
is the set of S|mple roots df in B, andA C X is the corresponding set of simple co-roots. Let
® C X and® C X be the set of all roots and corootsBfn G; these generate subgroup$ < X
andZ® < X.

3.1 TheL-group

Let G be a connected, reductive group o@mwith the dual root datuniX, X, A, A). ThenG
has a maximal torus in a Borel subgrofipc B such thatX may be identified with the group of
algebraic characters : 7 — C*. Then® and A become the sets of roots and simple roots of
Tin B. Fix a set{zs : @ € A} of nonzero vectors in each simple root spacé i Lie(B),
thereby giving a pinningé&pinglage &€ := (T, B, {z4}) in G. The action ofGal(ko/k) on each
object in the pinning gives an embedding@l(ko/k) in the groupAut (G, €) of automorphisms
of G preserving the pinning. The elements oAut(G &) are calledpinned automorphism$See,
for example, $4] or [16] for more background on pinned automorphisms.

We define the.-group of G as the semidirect product

La .= Gal(ko/k) x G.

The center”Z of G is the group ofGal(kq/k)-fixed points in the center of!. Kottwitz [35]
showed that the Galois cohomolof (k, G) of G is in canonical bijection witfilom (7o (¥ Z), C*).
The group”Z is finite if and only if the maximal torus in the center@fis anisotropic ovek. For
the rest of this paper:

We assume that the maximal torus in the centé&r if anisotropic ovetk.

With this assumption, we have simply

H'(k,G) ~ Hom(tZ,C>).

3.2 Langlands parameters

Letpr : “G — Gal(ko/k) be the natural projection map with kerr@l A (Langlands)parameter
for G is a representation of the Weil-Deligne groip G, V) such that the composite mapping

w 2 ba 2L Gal(ko k)

is the canonigal surjection’ — Gal(ko/k). Two parameters are considered equivalent if they are
conjugate hyG.
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By the results in sectio@.1 (with G = “G andG° = G), we may reinterpret parameters as
homomorphisms
©:Wx SLy — LG

such that
1) ¢ : SLy — G is a homomorphism of algebraic groups o&r
2) @ is continuous o andy(Fr) is semisimple;
3) the compositdy - LG 25 Gal(ko/k) is the canonical surjection) — Gal(ko/k).

As before, two parameters are considered equivalent ifahegonjugate bys.

Given a parametep, let A, denote the centralizer i& of the imagep(W x SLs). We say
thatp is discreteif A, is finite. Since we are assuming that the maximal torus in émgec ofG
is k-anisotropic,p is discrete if and only ifp(W x SLs) is not contained in a proper parabolic
subgroup of“G [4]. In other words,p is discrete when its image is “irreducible” inGG, in the
sense of Serresfl]. We always havé Z C A,,.

Lemma3.1If o : W x SLy — LG is a discrete parameter, then the elemeiiFr) € “G has
finite order and the image (W) is finite.

Proof: Sincep(Z) is finite and normalized by(Fr), some powerp(Fr)” must centralizes(7).
Sincey(Fr) must also centralize(SLo), it follows thate(Fr)™ lies in the finite group4,,. Since
o(Fr) andy(Z) generatep(W), it follows thate(W) is finite. [ |

For any parametep, the representation
Adg: W x SLy 2 LG Ad, Aut(g)

is a self-dual orthogonal representation. Indeed,preserves the Killing form ofg, g] and the
action of G on the centej of g factors through the finite grou@al(kq/k) and preserves the co-
weight lattice of the connected center@f so that; is orthogonal for“G. Thus the representation
Ad ¢ ongis the direct sum of two orthogonal representations.

We have the adjoink-function L(¢, g, s), the epsilon factog(p, g, s) and the gamma factor

L((,D, gv 11— 8)5(90a ga 8)
L(p,8,9)

Y(p, 8,8) =
attached, as in sectidh2, to the representatiofid .

Proposition 3.2 A parameterp : W x SL, — LG is discrete if and only if the adjoint-function
L(y, g, s) isregular ats = 0.
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Proof: The centralizerd,, is finite if and only if there are no nonzero invariantsahV x SLs)
in g. Writing
§— P o Sym”
n>0
as in @), we see thatd,, is finite if and only if thep(W)-invariants ingo are zero. Consider the

adjoint L-function
1

L(p.8,5) = [] det (1— g~/ %p(Fv)lgk) .
n>0
If ¢ is a discrete parameter then by Lem&athe eigenvalues af(Fr) are roots of unity , so the
only possible pole of.(¢, g, s) ats = 0 can come from the factor for = 0, which is

_ N —1
det (1 — ¢ *p(Fr)|gf) .
But this factor is regular a¢ = 0, Sinceﬁg(w)

then so is its factor fon = 0, so we havﬁﬁg(w)

= 0. Conversely, ifL(¢, g, s) is regular ats = 0
= 0 andy is discrete. [ |

Note thatL(p, g,1) is finite for any discrete parameter, by Lem®4. Hence the adjoint
gamma value:
L(‘Pa gv 1) ) 5(()0’ @, 0)
L(y,8,0)

is nonzero whep is discrete.

For the rest of this paper we will only concern ourselves wiith values as = 0 of local
gamma and epsilon factors attached\idy, wherep : W x SLy, — LG is a discrete parameter.
To simplify the notation, we henceforth abbreviate:

(@) :==7(9,8,0), e(p) :=¢e(p,8,0), wlp):=wlp,g), alp):=alp,g), bly):=0blyg).

From our results in sectioh.3, we have that

e(p) = w(p)g™@?,
with
alp) =a(g) + Zn -dim ¢Z = a(det§) mod 2 (15)
n>1
and
w(p)? = det §(—1), (16)
where

det g = det X : Gal(ko/k) — {£1},

by results in L8], where we recall thak = X*(T). In particular, ifkq is an unramified extension
of k thena(yp) is even andv(yp) = +1.
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3.3 The principal parameter

Recall that the toru§” splits overkg, so its character grouff is a Z-representation of the finite
group
Lw .= Gal(ko/k) x W,
whereW = N, (T')/T is the absolute Weyl group df in G.
The choice of pinning in G determines a principal nilpotent element

No =) wa€§:=Lie(G),
aell

which is fixed byGal(ky/k). Applying the Jacobson-Morozov theorem to the grou@xef( ko /k )-
invariants inG, there exists a homomorphisfi., — G which is pointwise fixed byGal(ko/k),
whose differential maps a nonzero nilpotent elemeatidrio Ny. Thus, the choice of pinning gives
a homomorphism

@, : Gal(ko/k) x SLy — LG. 17)

The pullback ofy, to W x SLs via the natural surjectionV — Gal(ko/k), also denoted by,,

is called theprincipal parameter The centralizerd,,; = Cx () of the principal parameter is just
the cente Z of “G, which is finite by our hypothesis that the maximal torus ia tenter ot is
anisotropic (see sectidh2). Hence the principal parameter is discrete.

Let £ = @®4>1E4 be the graded-vector space given by the homogeneous generators of the
W-invariants in the symmetric algebra @h ® X. The subspacé’;, spanned by the invariant
generators in degreg is a Q-representation oGal(ko/k). Refining results of Kostant, it was
proved in [L6] that the action ofzal(ko/k) x SLy ong via Ad ¢, decomposes as

i~ Es®Sym* 2. (18)
d>1

In particular, we see tha&tal(ko/k) — Aut(G, £) acts ong by the representation:

P2 -1)E,

d>1

Hence the gamma factor (see sect2op)

alg)2 L%, 8, 1) (19)

(@) = wlw)g T(2.5.0)

can be written explicitly as follows. The-function is given by

L(g,, 8,5 Hdet ¢ IR ED) T
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whereF = ¢, (Fr) € Aut(G, ). The Artin conductor is given by
Oé(SOO) = G((,OO) + Z(2d - 2) dim Eoll—

= (2d—1)a(Eg) + Y _(2d — 2) dim EJ
d d

= (2d — 1)[dim(Eq/E]) + b(Eg)] + zd:(m — 2) dim EF (20)

= (2d — 1)[dim Ey + b(E,)] — dim E”
d

= dim § — dim BZ + "(2d — 1)b(E,),
d

where we recall that( E;) denotes the Swan conductor of the representatiofi oh £,. SinceF
is orthogonal and rational on eaélf, it follows that [y and ;! have the same set of eigenvalues
and

Hdet(—F0|E§)_1 = det(—Fo|ET)~! = (—1)"(C0),
d

wherer(Gy) is thek-rank of Gy. From equationi1) we find that the root number of the principal
parameter is given by

Hw Eq)*! Hdet (—FolE)*? Hw Eg)*1. (21)

If ko/k is unramified thed(E,;) = 0 andw(E,) = +1 for all d, so we have

alg) =dimg —dimt and w(p) = +1.

3.4 The motive ofG

The adjointL-function of the principal parametey, is closely related to thé.-function of the
Artin-Tate motiveM = Mg of G [15], defined by

M = Mg = D Ea(1 — d),
d>1

= P Eala)

d>1

(22)

Here the twistingZ (n) of a Gal(k/k)-moduleE overQ is defined by:
E(n) =E®Q(1)*"
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and for any primée (recall thatk has characteristic zero) tlieadic realization of the Tate motive
Q(1) is given by
Qe(1) = lim ppm
and i is the ¢"-torsion subgroup ok*. A better definition ofM ® Q, in terms of the/-adic
cohomology ofG has been given by Y6[3].
Sincek is p-adic, the Tate motiv€),(n) affords (for any primée # p) the unramified character
of Gal(k/k) sendingFr — ¢ . It follows that

~1
L(M,s) = [ det (1 - qd—l—SFo\Edf) :
d>1

v . (23)
L(M(1),s) = [ det (1 - q—d—SF0|E§) .
d>1
In particular, we have )
L(M,S):L(QOO,Q,S), (24)

wherey, is the principal parameter. We are interested in the values

L(M) := L(M,0), and  L(M(1)):= L(M(1),0).

SinceFr acts onF via a finite order automorphism defined o®r L(M (1), s) is always regular
ats = 0 andL(M (1)) is a positive rational number.

The functionL (M, s) is regular ats = 0 if and only if Gal(ko/k) has no non-trivial invariants
in F. SincekF; is theQ-vector space spanned by the character group of the maxame @ in
the center of7, we see thal (M) is finite precisely wheit is anisotropic ovek, which we have
assumed. Thud,()M) is a nonzero rational number with signa1)7(¢0).

The conductor and root number of the moti\eare defined in terms of their classical counter-
parts by

a(M) =Y (2d—1a(Eg),  w(M)=]]w(Ea).

d>1 d>1

Since eaclE; is an orthogonal representation@il(kq/k) anddet(®E,;) = det(X) = det(g) as
a character ok*, we find that

a(M) = a(®Ey) = a(det(g)) mod 2, and  w(M)? = det(§)(—1).

The epsilon factor of the motive is then defined by

1
e(M, s) = w(M) - @M@,
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We setz(M) = (M, 0) = w(M) - ¢**)/2, Finally, the gamma factor ¥/ is defined by

L(M(1)) - (M)

V(M) = L)

(25)

We now show that the nonzero complex numbgi®/ ) and~(, ) agree up to a sign. From equation
(24), we have

L(g,8,1) = L(M(1)). (26)
Since
L(,,8,0) = [ [ det(—¢" " Fo | E]) " - det(1 — ¢ Fy ' [ED) Y,
d
we have
L(,,8,0) = (=1)" )" L(M), (27)
where

v = Z(d— 1) dim EZ.
d

It follows that () @)

N&) r(Go) Y\H) _

—2s = (~1 — 0 = +1. 28

van ~ YV ) 29
This sign can be computed from the action(afl(ky/k) on E. Indeed, from equationl@), we
have

w(w) _ o _
o) = l;[w(Ed)Qd 2= l;[det(Ed)(—l)d ! (29)

If G is absolutely simple, one can check in each case that the (B8l is +1 unlessG has type
Dy, and the splitting field:y of G is a ramified quadratic extension bfvhere—1 is not a norm.

4 Rationality of adjoint gamma factors

We have seen that our assumption that the connected ¢gme6 is anisotropic is equivalent to
assuming that the principal adjoint gamma value

L(@ovgv 1) i 5(()007 g7 0)
L(g,,8,0)

7(900) -

is nonzero.
We have also seen that a Langlands parameteyV x SL, — G is discrete precisely when
the adjoint gamma value
L(@a @, 1) ) E(SOa @a O)
L(y,9,0)
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is nonzero. Our goal in this chapter is to define a rationattionI',, () with rational coefficients,
which is an invariant of the discrete parametekVe will show thaty(¢) = I',,(¢), and in particular
that~ () is a nonzero rational number.

To state this result precisely, we first recall from Lem&athat if ¢ is a discrete parameter
the imageD = (W) is finite. Letd be the cardinality ofD and letm > 1 be an integer with
m = 1 mod 4d. (This congruence condition will be explained in the probPoop. 4.1 below.)
Let W,, = Z x (Fr™) be the Weil group of the unramified extensibp of k£ of degreem. The
restrictiono™ of o to W,,, x SLs is a discrete parameter fov,,, as

e (Fr) = p(Fr'™) = o(Fr)™ = ¢(Fr).

Hence we may consider the ratip&o™) /(") € C* forallm =1 mod 4d. We can now state
our rationality result as follows.

Proposition 4.1 Lety : W x SLy — “G be a discrete parameter and lét= |¢()V)|. Then there
is a unique rational functio’,(x) € Q(x) such that

(™) /(@) =Tu(q™)

forall m > 1 withm = 1 mod 4d. In particular, the ratioy(¢)/v(w,) = I'x(¢) is a nonzero
rational number.

Individually, the values

e(p) = w(@)®@/? and e(g) = w(g)g* @2

are both powers af (a complex square root of1) times an integral power af'/2, hence need not
be rational. Likewise, the valuds(y, g,0) andL(y, g, 1) are products of terms of the form

(1 —qk/2)\)_1, wherek is an integer, possibly odd, ands a root of unity. To prove Propositighl
we first consider the ratio(y) /e(¢, ), and then the values(y, g,0) andL(p, g, 1). The proof will
give more information about these gamma ratios than isctatéroposition 4.1. For example, we
will see that there is a polynomidl € Z[z], depending only o andk, such thai\gI'y, € Z[x].

4.1 The epsilon ratio

Sincep andy™ have the same image, it is clear that their Artin conductonsaide:

a(p) = a(e™). (30)
Though it is less obvious, the root numbers also coincide:
w(p) = w(e™). (31)



To see this, recall that

wlp) = [T i)™ - T] det(—o ()35 @),

n>0 n>1

and similarly fore™. We havep™ (Fr) = ¢(Fr) sincem = 1 mod d. The congruence: = 1
mod 4 implies that

w(@a gn) = w(@m7 ﬁn)

for all n. Indeed, take any integer > 1, any self-dual representation: YW — GL(V) and let
P be the restriction op to the Weil groupV,,, of the unramified extensioky,, of degreem over
k. Then sincek,,, /k is unramified, we havesb, 3.4]

w(p™, V) =w(p, Ind%m V)=w(p,V® Ind%m C) = w(p, V)™ (—=1)m=balV),
Hence ifm =1 mod 4, we have
w(p™, V) =w(p, V).
Thus equation3l) is verified.
Proposition 4.2 For every integern = 1 mod 4d, we have

5(907”) _ j:qm-k(cp)
(@)

)

wherek(y) is an integer and the sigtt is independent af: and given byw(p) /w(g,) = 1.

Proof: By equations30) and @1), it suffices to prove this fom = 1. We have

£(0) _ @0) | (alo)-ata))2,
elw)  wln)

By Prop.2.3we have
a(g,) = a(det(g)) mod 2.

But also
a(p) = a(det(g)) mod 2,

by (15). Hencea(y) = a(y,) mod 2. Likewise, we have
w(g)? = det(X)(—1) = det(g)(~1) = ()%,

this last by (6). Thus we have shown thaty)/s(g,) has the formtg*(), with k() = (a(y) —
a(g,))/2 an integer, and sigr(y) /w(yg,) = +1 as claimed. [ |
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4.2 Rationality of L-values

Lety : W x SLy — LG be a discrete parameter and set= ¢ (Fr). In this section we complete
the proof of Propositiod.1 by analyzing the adjoint-function

—1
L(p,§,5) = ][ det (1 — Q‘S‘"/QFI@;;[) ,
n>0

where we recall that

as a representation ® x SLy underAd(yp).

Proposition 4.3 For eachn > 0 the polynomialP, (x) = det(1 —xF|gZ) has integral coefficients
and is an even function of whenn is odd. More precisely, fon > 1 the factorization ofP,,(x)
has the form

Po(z) = | [ Ri(2®),

where eacle; is a positive integer such thate; is even, and eaclR; is one of the six cyclotomic
polynomials:

1—z, 142, l4+z4+2% 1422 14+z+22+2°8+2% 1—2+2°

satisfied by then'® roots of unity forl < m < 6. The polynomialP,(z) can have arbitrary
cyclotomic factors, with the single restriction th&s(1) # 0.

Proof: We first prove our assertions abd@j(x). SinceZ is finite, the Lie algebra? is reductive,
as is theS Ly-invariant subalgebrg’ (use b, 1.6.4 Prop.5], as in sectich ).

From [B6, Thm. 7.5], it follows (see, for example43)]) that any semisimple automorphism
of a complex semisimple Lie algeblianay be written as a commuting product os, wheres is
inner ands preserves a pinning iln. The fixed-point subalgebr&$ andh? both have rank equal
to the number of-orbits on simple roots df. In particularh™ is nonzero.

Hence the discreteness pfforces the derived subalgebra gf to be zero. Hencé? is the
Lie algebra of a toru$' c G, and is spanned by the co-weight IatticeSbeince@% is preserved
by F, it follows that S and its co-weight lattice are preserved By HencePy(x) has integral
coefficients. We have already noted ti#t1) # 0. Finally, given an integral polynomi#)(x) of
degreed whose zeros are roots of unity such tiga0) = 1 andQ(1) # 0, there exists @ x d
integer matrix4 such thatdet(1 — zA) = Q(x). TakingG to be an unramified anisotropic torus
with character grouZ? on whichFr acts via4, we havePy(z) = Q(z).

Forn > 1, the factorP,(z) arises in the derived subalgelgg, a?], since the center of”
is contained ingZ. Thus we are reduced to a question about semisimple Lie @gele change
notation and replacg?, g*] by an arbitrary complex semisimple Lie algelara_et Aut(g) be its
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automorphism group and &t = Aut(g)°. FixapinningE = (T, B, {z,}) In G. ThenAut(G, £)
may be viewed as a subgroupfit(g) and we have

Aut(g) = G x Aut(G, €).

We have an elemerit € Aut(g) of finite order, and an algebraic homomorphigm SLy —
G whose centralizer,, in G* is finite. This implies the center a&” is finite, henceg” is
semisimple. We have

g=EP e, ©Sym”

n>0

under(F') x SLs, and we must show that eaéh, () = det(1 — xFg,) has the asserted form.
SinceP, () is the product of factors arising from the orbitsfofn the simple factors af, we may
assume thag = h© is a direct sum o€ copies of a simple Lie algebtgand thatF' acts transitively
on these summands. Then the representatigf'pi S L, ong is induced from the representation
of (F*) x SLy onh and we have

det(1 — zF|g,) = det(1 — z°F*°|h,,).

We may therefore assume thgis simple.

We invoke Kac's classification2P] of torsion automorphisms of, considering only those
F ¢ Aut(g) for which g*" is semisimple (see als@3J]). The projection ofF" in Aut(G, &) is
a pinned automorphism € Aut(g) of order f € {1,2,3}. Eacho determines a Dynkin diagram
of type /X, whereX is the type ofg, whose nodes correspond to simple roots of the connected
group G?, which is also of adjoint type. Each noden the diagram is labelled with an integer
a; > 1, giving the multiplicity of that root in the highest root 6f (when f = 1), the highest short
root in G (when f = 2 or 3 except in type* A,,,), or twice the highest short root 617 in type
2A,,,.

For each nodé there is an inner automorphism € G of orderm; = fa;, andF is G-
conjugate tars; for somei. Examining the various cases, we find that< 6 always, that; < 3
if f=2anda; <2if f = 3. It follows that the ordern of F' satisfiesn < 6 in all cases.

We can now prove the key result for the rationalityle¥alues:

Lemma 4.4 Assumey is a simple complex Lie algebra with = Aut(g)°. Let ' € Aut(g) have
finite order and supposg : SL, — G* is an algebraic homomorphism whose centraliZerin
G* is finite. Decompose

n>0
as a representation ofF) x SLo. Then for eachn > 0, the characteristic polynomialet(1 —
xF'|g,) has integer coefficients and its irreducible factors o@lare among the six cyclotomic
polynomials listed in Propositiof.3.
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Proof: As g is an orthogonal representation(df), each representatiay, is self-dual. It follows
thatdet(1 — 2F|g,) has real coefficients. We have seen that the eigenvaluBsaoém'" roots of
unity with m < 6. Hence the coefficients idet(1 — = F'|g,,) are integers, except possibly when
m = 5.

The casen = 5 occurs only once, whe@ = Eg. In this caseF € G andGY = Cq(F) is
isogenous t&Ls x SLs. The finiteness ofl,, forcesy : SLy — GI* to be principal. But thep
has Bala-Carter typ€s(a7) [9] and the centralize€;(y) is the symmetric groups. Eachg,, is
actually anS;-module, and evergs-module is rational, sdet(1—xz F'|g,,) has integral coefficients,
completing the proof of Lemmé.4.

Proposition4.3 is now proved in the case thgt, is nonzero only for evem. This occurs
precisely when the map : SL, — GF C Aut(g) factors throughPGL,. So we must consider
the cases where(—1I) # 1, where—I is the central element 0§ L,, and we must show that
det(1 — xF|g,) is an even polynomial whemis odd.

Lemma 4.5 If o(—1) # 1, thenF has order four andp(—1) = F2.

Proof: Recall thatF’ = os, wheres, of orderm = fa, belongs to the connected adjont group
G?, ando has orderf. HenceF/ = s/ has order and lies in the centef' of (GF)°. In fact,C
is generated by’ [43]. Since A, is finite, the mapping : SLy — (GF)° is distinguished and
therefore evend). It follows that o(—1) € C, so thatp(—I) = F*/ for some integek, taken
moduloa, with 2k = 0 mod a. Sincep(—I) # 1, we must have: even, som € {2,4,6} by
Kac’s classification. It suffices to show that= 4.

If m = 2, sothatF™? = 1, thenp(—1I) = F, sincep(—1) # 1. but thenA,, is the centralizer of
©(SLs) in G. SinceA, is finite, this meang is distinguished (se€]), hence even, sp(—1) =1,
a contradiction. Therefore € {4,6}.

If m = 6 there are only two possibilities:

G = FEg and GF = (SL2 X SLg X SLG)/A,LLG, or
G=PSOs and G = (SLy x SLy)/Aps,
where A is a diagonal mapping ofi; onto the center of each factor. In both cases, the only

distinguishedp : SLy — G¥ is principal and we again havg—I) = 1, som # 6. The lemma is
proved. [ |

We pause to remark that a case whefe-1) # 1 and F' has order four occurs i@v;. Here
o = 1 andi corresponds to the branch node. The gr(@f)° is isogenous t& Ly x SLy x SLy.
Under the principal homomorphism: SLy, — (GF)°, the F-eigenspaceg(i) decomposes as

g(i) = Sym” 42 Sym® 42 Sym?® +2 Sym?

andy(—I) = —1 on each summand.

25



Returning to our task, we complete the proof of Proposiicdas follows. By Lemmal.5, we
may assume that has order four, with eigenspace decomposition

g=g(l)@g(-1)®gi) ®g(—i)
Sincep(—1I) = F? acts by—1 onSym™ , we have
gn @ Sym™ C g(i) + a(—1),

and the eigenspacgs$i) andg(—i) are dual to each other, singéas orthogonal forF. Hence the
only eigenvalues of” on g,, are+i and these come in pairs. It follows that

det(1 — zF)|g,) = (1 + 22"

where the symplectic representatignof (') has dimensiok. Thus, Propositiod.3is proved.

For integerk > 0, the polynomialPs,1(x) in Propositiond.3is even. LetQsx1(x) be the
polynomial with integer coefficients such thy,, 1 (z) = Qax41(22). Let P(z) be the analogous
polynomials for the principal parametgy; these are zero for oddbecause-I € ker ¢,.

We have shown that

V(™) m
=Tplg™),
TP
wherel',(z) € Q(z) is the rational function

Por(z7%) Qo (a7 Py (a™'F)
T (z) = +2™®) . 2 ’ - i
o) lc[IO Po(x717F)  Qoppa(z=26=3) P (a7F)

(32)

Here the integem(¢) = (a(¢) — a(y,))/2 and the signt1l = w(y)/w(y,) are as in Proposition
4.2. This completes the proof of PropositidriL

5 An inequality for the Swan conductor

We have seen that the adjoint gamma rati@)/v(g,) is the value ag of a rational function
I'y(xz) € Q(x). Inthis chapter, we find the order bf,(x) atz = 0. This leads to a conjectural
inequality for the Swan conductor of a discrete parametéichvwe verify in some interesting
cases. When equality is achieved, we obtain conditiong @md we are led to the notion of a
simple wild parameterLater in the paper, simple wild parameters will arise inltdeal Langlands
correspondence.
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5.1 The leading term in the gamma ratio

We will compute the order of ,(x) atz = 0 in terms of the ramification ap and the variety of
Borel subalgebras d¢f*'Z). This generalizes a result for unramified parameterdihwhich was
in turn inspired by a conjecture of Lusztig9] on formal degrees for affine Hecke algebras.

Our result is as follows. Lep : W x SLy, — LG be a discrete parameter, and Ntbe the
image under the differentialy : sl — g of a nonzero nilpotent element éf,. Let @%(I) denote
the kernel ofad(IV) on the spacg®(?) of inertial invariants, and set

L, := dim @K,(I).
If N is a principal nilpotent element ig*(?), thent,, is the rank ofg#?). For the principal
parameter,, we write
Eo = f%

Then/y = dim M7 and is the rank o€ over the maximal unramified extensidh of k.
Proposition 5.1 Atz = 0, the rational functior",,(z) has order equal td[¢,, — (o +b(p) —b(i3, )]

Proof: Given two rational functiong(z), g(x) in the variabler, we write

if lim @ =1.

€Xr) ~ X
f(z) ~ g(x) tim S
As before, we set X X
h=g"D,  b,=g", F =),
so that
L(@» g» 8) = LLp(Qa S)a
where A
Ly(x,s) = H det(1 — ac_s_"/QFH)n)_1 (33)
n>0

is a rational function in: with complex coefficients. Sinaget F = +1 ony,,, we have

Ly(w,0) = ] det(1 —2=/2Flp,)~!
n>0
_ H det(—z~"/2F|p,) " - det(1 — 22 F|h,,) "
n>0
~ zD)/2  det(—F|h) ™" - det(1 — Flho) 7,
where

d(p) = Z n dim b,,.

n>0
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Now b is the Lie algebra of the (possibly disconnected) subgroup
H = Cglp(T) C G,
andb, is the Lie algebra of the subgroup
My = Cp(p(SL)) = Culp(Z x SLy))

whose identity component
Cy = M;

is a torus with finite fixed point set undér, sincey is discrete. Indeed, we have
CE| = det(1 — Flho).

We note thatd,, = M containsC as a normal subgroup and sinc§ is finite, we have
A¢/05 = mo(M,)F.

Returning to our calculation, we have

Lo(2.0) 24(®)/2 (34)
x,0) ~ —.
: [CE| - det(—F)
A similar calculation gives
lotd(®)/2
det(—F|h)
Thus, we find that
Lw(x7 1) F 0
L.(2,0) Cy |-, (36)
Applying this result to the principal parametgy, we get
Ly (x,1
Ly (1) ~ |0500‘ alo (37)

Lsoo (z,0)

whereFy = ¢, (Fr). We note thaC,, is the identity component of the subgroupgf{Z)-invariants
in the center of. It follows thatC,, C C, for any discrete parameter, and(]fjo0 = C};, where
F = o(Fr).

Turning to the epsilon ratio, we express the intdger) = 3(a(p) — a(y,)) in terms of Swan
conductors. We have

a(p) = alp,) + > n- dimb,.

n>1
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Since
dimbh = (n+1)dimb, and dimby =) dimb, = £,
n>0 n>0

it follows that

a(p) = dim g — dim b + b(e) + dim b — dim h

o (38)
=dimg — £, + b(y).
Applying this result tog,, we get
Oé(SOO) - dim@ — Ly + b((po)a (39)
so that
k(p) = 5lalp) — a(@)] = 5llo — by +b(e) — b(w)]. (40)

Combining equations4Q), (36) and @7), we get the following formula for the leading term of

Ly(x):
Ty (x) ~ i,(jf/(jz’ - glle—Lo+b(9)=bl)1/2, (41)

which gives the order of vanishing

22%1(Fs0) = §[le — Lo + b(w) — b()]

asserted in Profb.1 |
A variant: By a result of SpaltensteibZ, 2.8] we have

by = rank(§%)) + 2 dim By, (42)

whereBy is the variety of Borel subalgebras gfZ) containingN. Hence we may also express
the order of vanishing as

ord(I'y) = dim By + 3[rank(§*)) — fo + b(g) — b(,)]. (43)

Example 1: Supposep is tamely ramified. Then the splitting fielg of G is also tamely ramified
over k and we have)(p) = b(y,) = 0. The imagey,(Z) C Gal(ko/k) is cyclic; letd be a
generator. Then

o = dim V.

Theimagep(Z) = Dy is also cyclic, generated by an element s for somes € G. Conjugating
by G, we may assume thate 7" (see B3]). Thent” is a Cartan subalgebra gf*) = g7, so that

rank (7)) = dim ¥’ = .

29



It follows that

ord(Ty) = dim By (44)

(cf. [41, (7.2)] for some cases whegeis unramified).

Example 2: Supposes(Z) C T (soko/k is unramified). Then a similar argument shows that
ord(I'y) = dim By + 1b(e). (45)

(cf. [42, Prop. 4.1] for some cases whe¥e= 0).

5.2 Aninequality

We conjecture that the rational functidiy,(x) is regular atc = 0, for any discrete parameter.
By Prop.5.1, this is equivalent to the following inequality.

Conjecture 5.2 Lety : W x SLy — LG be a discrete parameter, |éf = dim @}f,(z) and letb(p)
be the Swan conductor of the representatiat(p) on g. Then

lo+b(p) > lo+b(w,)- (46)

One can also be led to Conjectlr by considering formal degrees. See seclidgbelow.
Conjectures.2holds if ¢ is tamely ramified or ifo(Z) is contained in a torus i, by Examples

1 and 2 above. In sectidh3below we will verify Conjectur&.2wheny(Z,.) c T andg?Z+) = .
If ko/k is tamely ramified andv = 0 then

ly, < fy, (47)
as we will show, so Conjectufe2amounts to the nontrivial lower bound
b(p) > Lo — L, (48)

To see 47), letd € Gal(ko/k) be a generator of the inertia subgrouplafl(ko/k) and letDy =
©(Z). ThenDy = D; x (o), whereo € UG is an element of G of order prime top. Sincey is
discrete, the fixed point subalgelyd® = (g”1)7 is contained in a Cartan subalgebragéf The
Lie algebrag® has rank equal té, (see, e.g.,43). It follows that/, = dim gP° < ¢, as claimed

in (47).
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5.3 Minimal Swan conductors

If equality holds in 46), that is, if
03%(1],) =0,

we say thatp hasminimal Swan conductoiThe principal parametes, clearly has minimal Swan
conductor. Ifp is tamely ramified, then Example 1 above shows ¢ghlads minimal Swan conductor
precisely whenV is a principal nilpotent element ig#X). For example, ifg#?) = t we have
N = 0, which is principal int. Such parameters were studied 19]} If ©(Z) T, as in Example
2, theny can have minimal Swan conductor onlyfis tamely ramified, putting us in the previous
case.

In this section, we will consider some wildly ramified pardaete whenG is split, simply-
connected, and simple ovér We will verify the Swan inequality46) for these parameters, and
describe their image when equality holds. The dual gr@up ~G is a simple complex Lie group
of adjoint type. Lety : W x SLy — G be a discrete parameter f6t:

Lemma 5.3 We havei*) = 0 if and only if L(y, §, s) = 1.

Proof: If g3#(*) = 0 then it follows directly from the definitior6) that L(¢, g, s) = 1. Conversely,
supposeL (¢, §,s) = 1. If ¢(SLy) is nontrivial, then the representatiare Sym? of W x SL,
appears as a summandgnso thatl (i, g, s) is divisible by (1 — ¢=17%)~1. Hencep(SLy) = 1,
andL(p, §,5) = det(1 — ¢ %o (Fr)[g*@)~! = 1, so we must havg??) = 0. n

We say that a discrete parameter W — G is inertially discreteif §#(Z) = 0. In this case, we
have

() = £(,8,0) = £¢*@©/2  and  a(p) =b(p) +dim(@) =0 mod 2,

asdet § = 1. Sincedim § = ¢+ 2-|®*|, wherel is the rank of; and®* C @ is the set of positive
roots, we have the congruence
b(p) =¢ mod 2.

In this situation, we havé, = b(y,) = 0, so the Swan inequality conjectut®2) is simply
b(p) > ¢. (49)

We will first verify the inequality 49) in tr]e case where the residual characteristié k£ does not
divide the order of the Weyl groud” of GG (or equivalently, the Weyl group dF). A key role is
played by the elemenis € W for which t* = 0. We call such elements ¥ elliptic.

Proposition 5.4 Assume thap is inertially discrete and that does not divid¢lV|. LetDy = ¢(Z)
and D; = ¢(Z;) be the image of the inertia and wild inertia subgroups/®fn G. Then

1. D, lies in a unique maximal toru$ of &3;
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2. Dy lies in the normalizetN (T' ) T) of T'in G, and the image under the projection
-2 N(T)— NT)/T =W

of the tame quotienb, /D1 is a cyclic subgrougw) of W, generated by an elliptic element
w.

3. We have the inequalities
b(p) = [®/w| > ¢,

where® /w is a set of representatives for the orbits(af) on the setb of roots of1 in g.

Proof: The imageD; of wild inertia is a finitep-group insideG. It |s therefore nilpotent, and
by a theorem of Borel and SerrB][ is contained in the normalizeV (T ) of a maximal torug".
Since we have assumed thatloes not dividé1V|, the projection ofD; to W is trivial, so D; is
contained iril".
To show thatl’ is theuniquemaximal torus containing;, we need to show that”r = t. If
not, the derived subalgebra P! is a nontrivial semisimple Lie algebsawith the property that
sDo/D1 — (0. This is impossible, a®)/D; is finite cyclic and any torsion automorphism of a
semisimple Lie algebra has nontrivial invariants (s&3, [for example). This proves 1.
SinceZ normalizesZ ., , it follows that Dy normalizesT, the connected centralizer &f; in G.
Let (w) be the image of the cyclic quotienty/D; in W = N(T')/T. Since
0_9 (gD1)D0/D1 Ew’
we see thatv is elliptic. This proves 2.
As a representation dd; c 7', we have

ﬁ:i®zga7
acd

according to the root-space decompositioj.oEach root spacg, is one-dimensional. The action
of Dy ongis trivial ont and non-trivial on each root spagg. As a representation @by ¢ N (7)),

we have
g=1to Z Indgz fas
aed/w

whereD; ¢ D, C Dy andD,, is the stabilizer ofvin Dy. The action ofD, ont is tame, generated
by the elliptic elementy, sob(t) = 0. Thus, we have

S b (1ndgg ga) .

a€d/w
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By the inductivity of the Swan conductor, we have
b (1ndf? g0 ) = b(ga).

where the right-hand side is the Swan conductor of the omeasional representatign, of the
local Galois groupD,,. SinceD; acts nontrivially ong,,, we haveb(g,) > 1 for all « € ®/w.
Hence we have shown the first inequality in 3, nanigly) > |®/w].

To complete the proof, we will show tha /w| > ¢ for any elliptic elementv € W. Letn be
a lift of w in N(7"). We compute

(<dimg" =dimt + Y dim (Indgg ga)"
aed/w

But ¥ = 0 andn permutes the root spaces in eénblgz g. transitively. Hence
Do ~ n
dim (IndDi ga> <1

foralla € ®/w, hencel < |®/w]|, as claimed. [ |

We now consider inertially discrete parametera/here equality holds in the Swan inequality
(49):
g =0 and  b(p) = L.

We will determine the structure ddy = ¢(Z) whenp does not divide the order &¥. From Prop.
5.4, the equalityb(¢) = ¢ implies that the elliptic element has exactly orbits on the se® of
roots.

Lemma 5.5 Supposev € W is an elliptic element with exacthorbits in®. Let®° c & be union
of the free orbits ofv in ®. Then®® is nonempty and the intersectifl), . 4. ker o is contained
in the 2-torsion subgroul’[2] C T'. If ®° = & thenw is a Coxeter element.

Proof: Supposev belongs to a subgroup &F generated by reflections about roots from a proper
root-subsystend’ of ®. Sincew elliptic, the rank of®’ equals?, sow has at least orbits in @',
hence has more tharorbits in®, a contradiction. It now follows fromg3, 8.2] thatdet (1 — wlt)
is as small as possible, namely equal to the of#é¢:,. )| of the simply-connected cove¥,. of
G.

Letn € N(T ) T) be alift ofw. Sincew has exactly orbits in®, the inequalitydim g" > ¢ forces
eachw-orbit in ® to contribute a line tg™. This implies that: has the same order as

It was shown by Kostant3B, Cor. 6.8] thai®| = h - ¢, whereh is the Coxeter number af.
Sincew has exactly orbits in ®, the order ofw is at leasth. All orbits are free exactly whew
has order, in which caselim §" = ¢ andn belongs to the uniqué-conjugacy class of regular
elements of minimal ordét, which means33, Cor. 8.8] thatw is a Coxeter element.
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Assume that the order af is greater thar and thatdet(1 — w|t) = | Z(G..)|. If G has type
A,,Go, Fy, Eg or Eg, thenW has no elliptic elements of order h. In type B,, C,, the only
elliptic class withdet(1 — w|t) = 2 is the Coxeter class.

In type D,,, the only elliptic classes withet(1 — w|t) = 4 are the products of Coxeter classes
for B, andB; with r + s = n. (If r = 1 or s = 1, this is the Coxeter class iR,,.) The number of
orbits onroots igr — 1) + (s — 1) + 2(r, s), which is equal td = r + s precisely wherir, s) = 1.

In this case, the two “mixed” orbits, containiage; £ e; with1 <7 < randr+1 < j < s, are
both free. The remaining orbits have nontrivial stabilizand we have) .40 ker af; = 1.

Finally, in type E7 with h = 18, there is a unique elliptic class of elements of ordeh. An
elementw in this class has ord&0; it is the commuting product of 1 with Coxeter classes, of
Ay andwy of Ay, We may viewwsw, = (123)(45678) as a product of cycles in the symmetric
group Sg, generated by, subdiagram of2;. The simple root in this subdiagram outside A,
is thenes — ey, whose orbitO under{—wswy) is easily checked to be free. Viewiﬂ@in (afinite
quotient of) SLg, one also checks th@il] .40 ker a|; C T[2], as claimed. This completes the
proof. [ |

We now show that the equality(¢) = ¢ implies that the elliptic element appearing in an
inertially discrete parameter (see Prop5.4) is always a Coxeter element.

Proposition 5.6 Assume thap : W — G is discrete parameter faf satisfying the two conditions
gD =0 and  b(p) ="/

and thatp does not divide the order of the Weyl groiipof G. LetD = ©(W) and letD > Dgy >
Dy > --- > D, = 0 be the lower ramification filtration filtration of this finiteakis group, so
that Dy = ¢(Z) andD; = ¢(Z4). Then

1. D, lies in a unique maximal torug of G and D lies in the normalizetV (7') of T'in G.
2. Theimage oDy/D; in N(T)/T is generated by a Coxeter element of orédler

3. Dy = 1 andD; is a simpleF, [w]-submodule of [p], whose eigenvalues far are primitive
h"-roots of unity inF,. HenceD; is an elementary abeliap-group of orderp®, wherea is
the order ofp in the group(Z/hZ)*.

4. The Galois grou@ has upper breaks at the poirtsand1/h.

Proof: Part 1 follows from Prop5.4 and its proof, which also shows thatis an elliptic element
having exactly-orbits on® and that)(g,) = 1 for all « € ®.
In Lemmab.5, we saw that the unio@® of the free orbits is nonempty. Farc ®° we have

dim(
b(§a) = 1_|_Z ga/ga )
j>2
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This implies thatD, acts trivially ong,, for all « € ®°. By the first assertion of Lemn&a5, we
have thatD, C T'[2]. Since|W| is even, we are assumipg> 2. HenceD, = 1. We then find, for

all o € ®, that .

[Dy : D1]’
This shows thatv acts freely onb, hencew is a Coxeter element, by the last assertion of Lemma
5.5

SinceDs = 1, the imageD; of wild inertia is an elementary abeliangroup and lies irjf[p].
Write Dy = D1 x (n), wheren is the image of a generator of tame inertia. Bg[IV.2 Prop.9],
we may identifyD; with the additive groug* of the residue field of a finite unramified extension
of k, such that the action of on D is given by

1= b(ga) =

ndn~'=¢-d,

where¢ € §* is a primitive hM-root of unity. Hence the eigenvaluesfon D; C T[p] are the
conjugates ot overF,, all of which have ordeh. Since each primitivé."-root of unity occurs
as an eigenvqlue ab with multiplicity one [7, V.6.2 Cor.2], it follows thatD; is a simpleF),[w]-
submodule of"[p] and has ordep”, wherea is the number of conjugates ¢overF,,. This proves
part 3.

Finally, the upper breaks if follow from a calculation of the Herbrand transition furorti[48,
IV.3]. [ |

Examples: Supposep andn are odd primes, ang is a generator of the cyclic groufZ/n)*.
Then forG: = PGL, we haveD; = T'p], and forG = SOa,1, the wild inertia groupD; is the
w-stable complement to the line if{p] on whichw acts by inversion. We can choose coordinates
for 7' = (C*)" so that

Dy ={(t1,ta, ... tn) € T[p] : tits---t, =toty---t,_1}.

At the other extreme, suppoégis a simple adjoint group whose Coxeter numbés one less than
a primep. Let k have residue cardinality = h + 1. Then there is a uniquB/-orbit O C T[p]
whose elements are regularGh The wild inertia groupD; ~ F, is generated by somec O, the
normalizer inl¥V’ of (¢) is generated by a Coxeter element with4ife N (7'), and the inertia group
Dy = (t,n), of orderp(p — 1), is a Borel subgroup in G L2 (p) embedded i (see p9)).

6 Construction of simple wild parameters

Assume thatG is split overk. We say that a discrete paramejer. W — G is asimple wild
parameterif it satisfies the two conditions

@ =0 and b(y) =L
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In Prop. 5.6 we analyzed such parameters whetoes not divide the order of the Weyl group of
G. It remains to show that simple wild parameters actuallgtexi

In section6.2 we will construct simple wild parameters wherdoes not divide the Coxeter
numberh of G. Simple wild parameters also exist whemoes divideh; in section6.3 we give
examples of them fok = Q5. In both cases, we rely on the following construction of aerivild
extensions of an arbitrary non-archimedean local field

6.1 Some wild extensions

Let g be a power of a primg and fix an integemn > 2 not divisible byp. Choose a positive integer
f such that” = 1 mod m and choose an integermodulom belonging to the kernel of — 1
onZ/m. To the datal := (¢, m, f, r) we associate the grody with two generators andF’, and
relations

s =1, Ff =g, FsF~1 =44,

Thus,Iy is an extension
1—Z/m-—Ty —Z/f —1, (50)

where a generator &/ f acts as multiplication by onZ/m. ReplacingF' by the new generator
F' = s/F changes tor’' = r 4+ Nj,whereN =1+ ¢+ ¢*> +--- +¢/~' € End(Z/m), and the
class of the extensio®() is given by the class of in

ker(q —1)/im N = H*(Z/f, Z/m).
For exampler € im N precisely when we can choo$# so thatly is a semidirect product

Ty = (s) » (F").

We are interested in representationd’gfon finite dimensional vector spaces over the prime
field F,, or what is the same, finite modules over the group algepjiay].

Lemma 6.1 Let V' be a finiteF,[I'y]-module withV* = 0. Then any extension &f by V' splits
uniquely.

Proof: The hypotheses imply tha{™((s), V) = 0 for all n > 0. The Hochschild-Serre spectral
sequence then shows thdt' (Iy, V) = 0 for all n > 0. Takingn = 1 andn = 2 yields the result.
Splitting can also be proved directly, as follows. Suppbs$e an extension

1—>V—>f—>Fd—>1

of I'y by V. Lift s to an element of' of the same ordem, and denote it again by Let F, denote
an arbitrary lift of £ to I". Then we haveFosF(j1 = zs%, for somez € V. SinceV?® =0 andV is
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finite, we havel” = (1 — s)V. It follows that there ig/ € V with ysy~'s™! = F; 'a~ ' Fy. If we
setF = Fyy, thenFsF~1 = s,

Let H be the subgroup df generated by and F. SinceF normalizes|s), every element of
H is of the formF?s® for some integera andb. Suppose thaF“s® = 2 € V. Thenz normalizes
(s). Hence the commutater'szs~! belongs to boti{s) andV'. Sincep { m, this commutator is
trivial, so that we havezs—! = 2. But thenz = 1 by the assumption thathas trivial invariants in
V. Hence we havél N V = 1 and the subgroufl is a complement t¢” in T [ |

We are interested iR, [I'y]-modulesl” having a particular restriction to the group algeBjs]
of (s) overF,. For suchlV” we will construct a Galois extensidhal(L/k) with wild inertia sub-
groupV and tame quotierity. By Lemma6.1, we will then haveGal(L/k) =V x Iy.

Before describing” we first recall thaf, [s| is a semisimple algebra, sinpg m. In the field
§ = Fgyr, we fix an element € §* of orderm, which is possible since: | qf — 1, and view
the finite fieldF,({) generated by as anF,[s]-module, wheres acts as multiplication by. Up
to isomorphismF,(¢) is the unique simpl&,[s]-module containing as an eigenvalue afwhen
scalars are extended K. We havedimg, F,(¢) = a, wherea is the order op in (Z/mZ)*, and
F,(¢) has theF,-basis{1,¢, 3, ..., (%1}

Suppose that’” is anF,[I'y]-module whose restriction 1, [s] is isomorphic tdF,(¢). ThenV'
is determined by the action @f onF,((). Let

vi=F-1cF, ().
Forl <i<a—1we have
F.-('=Fs-1=3s"F.1= (% = v,
where the last two terms are productEj{(). It follows that
F-z=wvx, Ve F,(Q).

The relationF/ = s forcesN(v) = (", whereN : §* — F,* is the norm mapping. Likewise, on
the F,,-vector space underlying, the operators

s x={(x, F.z=uvxi, for x€§

define aF,[I'4]-module, which we denote by, (¢, v). Since¢ andv belong toF,(¢), the trace

mapping
tr: § — F,(¢)

gives an epimorphism df, [I4]-modules
tr: Vy(¢,v) — V.

We now construct the extensidi/k in stages. First lef{ be the unramified extension &fof
degreef, with residue fields. Identify §* with the roots of unity ofl{* of order prime tg. Since
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N(v™) = N(v)™ = ¢"™ = 1, Hilbert’s Theorem 90 gives an element §* such that4~! = v™.
Let £ = K (m) be the extension ok generated by a roat of the Eisenstein polynomial equation
2™ = uw, wherew is a uniformizer ink. ThenE/k is a tamely ramified Galois extension of
degredE : k| = mf. The inertia subgroufral( £/ K) is generated by the elemensuch that

s(m) = (.
Let F' € Gal(E/k) be any Frobenius element. Since
F(m)™ = F(a™) = F(uw) = wlw = u? 7™ = (vm)™,
we haveF () = ¢Jvr for some integey. ReplacingF by s~/ F', we may choosé’ so that
F(m) = vm.

Then
FI(n) =N@w)r = ("1 = s"(n).

Finally, we have
s1F(m) = (tvr = F((m) = Fs(m).

Thus,Gal(E/k) is generated two elemenisand F' satisfying the relations dfy. Since
|Gal(E/K)| = [E: k| =m- f = T,

It follows that
Gal(E/k) ~ Ty,

with inertia subgroup
Gal(E/K) ~ (s) ~ Z/m,

and unramified quotient
Gal(K/k)~Z/f.

For the final stage, we note that multiplicative graip is a direct product
EX =(m) xF* x (1+7AEg). (51)

Let
0:FE* — (1+7Ag)/(1+mAg)

be the map induced by projectinfg* onto1 + wAg according to the direct producsl). The
mappingl + 7Ar — Ag given byl 4+ 7z — z induces an isomorphism &, [Iy]-modules

(1+7Ag)/(1 + 7*Ag) — V4(¢,v).
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Via the trace, we get an epimorphism

B 2 (14 7Ap) /(1 + 72 Ap) =5 Vi(Cov) S v

which corresponds, by local class field theory, to an abelidension’./ E which is Galois oveFk:
with wild inertia groupGal(L/E) ~ V as modules oveGal(E/k) = I'y. We have

Gal(L/k) ~V x Iy,
with inertia subgroup
Gal(L/k)o = Gal(L/K) = V % {s) =~ F,(¢)* x (s),
and wild inertia subgroup
Gal(L/k); = Gal(L/E) ~ V ~ F,({)*.
Finally, the higher ramification group
Gal(L/k)s =

since the mag* — V giving rise toL is trivial on 1 4 w2 Ag. This extension./k depends on
the initial datad = (¢, m, f, r) used to defindy, the choice off € §*, and theF,[I'y]-moduleV’
whose restriction td, [s] is isomorphic tdF}, ().

6.2 Simple wild parameters wherp does not divide the Coxeter num-
ber

Assume that is absolutely simple, simply connected and split dyeand that the Coxeter number
h of GG is not divisible byp. The dual group G = Gisa S|mple adjomt group. Léf be a maximal
torus inG with normalizerN (T') and Weyl grouplV = N(1)/1. Leto € N(T ') be a lift of a
Coxeter element ifi’; all such lifts are conjugate to one anotherBySinceG is adjoint,o has
orderh. Leta denote the order gfin (Z/hZ)* and let¢ € F,. have ordet.

We have seen that the semisimlglc]-moduleT’[p] = {t € T : t” = 1} contains a unique
simple submodulé’(¢) which is isomorphic to th&,[¢]-moduleF,(¢), on whicho acts as mul-
tiplication by (. Theo-eigenvalues i« ® T(() are(,(?, ..., CP‘H, each with multiplicity one.
Thus, we have a subgroup X X

T(¢) x (o) C N(T).

From the theory of the Coxeter element, no root vanishe&(@). Hence the centralizer af(¢)
in g is justf. Sinceo has no nonzero invariant vectorstinit follows that the groug’(¢) x (o)
has no nonzero invariants ;1 We will construct simple wild parameters whose inertiahge is
Do =T(¢) x (o).
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Since all irreducible characters @f are defined ove@ [55, 1.15], all generators of a given
cyclic subgroup ofV are conjugate. Singef h, the group(o) is also generated b;:ﬂ Hence there
is an elemenf’ € N(T) such thatF'o F~! = t,0 for somet; € 7. In fact, sincel’ = (1 — )T,
we may choosé’ in its coset moduld’ so thatt; = 1 andFoF~! = ¢4,

Lemma 6.2 The centralizersN (7' [')? and 77 of o in N(T) and T are related by: N (17
T7 x (o). Moreover, 17 is isomorphic to the fundamental group(G) and the exponent dF”
dividesh.

Proof: The groupN(T)" projects to the centralizer of the Coxeter elemeiit € W. Since
Coxeter elements generate their own centralizers, anyesige N(Zf’)” is of the formg = to™,
wheret € T andn is an integer. Since both and o centralizes, we havet € 7. Hence,
N(T)? = T° - (o). The product is direct, sincgr) projects injectively intdV. Let G be the
S|mply -connected cover af, and letl,. denote the preimage @fin G.. and lets denote a lift of
o in G,.. The group generated ldyacts on each term in the exact sequence

1 —m(GQ) — Ty — T — 1

The coboundary from the resulting long exact sequence giwésomorphisni’® ~ m(é). The
last a}ssertion is a well-known property of the Coxeter nurrdred follows from the fact that
171(G)| = det(1 — ot). |

SinceFcF~* = 4" = ¢, Lemma6.2implies thatF'® = to? for some integeb andt € 7°.

It follows that some power of” lies in (). Let f be the order of" modulos, and letFf = o".
The group(F’, o) generated by ando is isomorphic td’y, whered = (¢, m ).

Since FoF~! = o, it follows that F' permutes the sef¢, ¢7, ¢*°, ..., ¢*" '} of o-
elgenvalues iF, ® T(g) SlnceT(C) has multiplicity one |riT[ |, it is preserved by'. Thus,
T(¢)is anF [Fd] -module whose restriction #, o] is isomorphic td,[(]. The second part of the
proof of Lemmab.1shows that F, o) N T'(¢) = 1. Thus, we have a subgroup

D=T()x(F,o)CN.
The construction of sectiofi1 gives a Galois extensiah/k with
Cal(L/k) ~ D = T(¢) x Ty,

inertia subgroup X
Gal(L/K) ~ Dy =T(¢) x (o)

and wild inertia subgroup X
Gal(L/FE) ~ Dy =T(()

Thus, we have a discrete parameter

0:T — Gal(L/k)~ D
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SinceT'(¢) contains a regular element @, we haveg” = {. Since the Coxeter element is
elliptic, we haveg”® = t* = 0. Finally, sinceD, = 1, we have
dim(g/g" P
bg) = Tm/8 ) _ 2],
[Do:D1  h

soyp is indeed a simple wild parameter.

6.3 Some simple wild parameters forQ,

We can also apply the constructionbfk in section6.1to the fieldk = Q. Letm = 2n + 1 be
an odd integep 3. Let f be the order of in (Z/m)*, let§ = Fy; and letr = 0, so that we have
the datad = (2, m, f,0). The grouply may be realized concretely as a group

Iy=AxC={z—azr*: acA ccC},

of linear transformations of the additive grogp, whereA C §* is the unique subgroup of order
m andC = Z/ f is generated by the Frobenius automorphigm) = x2. Choosel € A of order
m and letv = 1. TheFy[[y]-modulesV andVy4(¢,v) = F»(¢)" = F* coincide; we denote this
group byB.

The tame extension i8 = K ( %/2), whereK is the unramified extension @f of degreef
in k, with Galois groupGal(E/k) = AC. We get a Galois extensioh/k whose Galois group
D = Gal(L/k) can be realized concretely as

D=BAC={z—az> +b: ac A, be B, ceC},

with structure2’ -m- f, consisting of Galois-twisted affine transformationglof= F+ with dilation
factora constrained to lie im.

There is a unique nontrivial charactey : B — {£1} which is invariant unde€’, given by
Xo(b) = (=)™,

whereTr : § — Fs is the absolute trace. Sinceis cyclic, yo extends to a characté?C’; the
various extensions are determined by their values.dBach extension of, to BC' induces to an
m-~dimensional irreducible representation/dfand any such representationiofis obtained in this
way. There is a unique extensign BC — {£1} for which the induced representation

M :=TndB. x

hasdet(M) = 1. Using (48, p.122] we find that this charactgris given by the Jacobi symbol:

()<2) +1 if m=1,7 modS§
A= ] -1 if m=3,5 mod 8.

41



Thus, M is the unique irreducible representation of of dimensionm which is nontrivial on
B and has trivial determinant. Singeis real, the representatiall is orthogonal and gives a
homomorphism

p: D — SO(M).

We now prove a uniqueness result fofk:

Lemma 6.3 In a given algebraic closur€),, the fieldL is the unique Galois extensionbf= Qa
with Gal(L/k) ~ D, inertia subgroupDy ~ BA, wild inertia subgroupB and Swan conductor
b(M) = 1.

Proof: Any abelian extensioil’/E' which is Galois ovek with Gal(L/E) ~ §* arises from a
surjective mapping
9:EX — FT

which is equivariant for the action @kal(E/k) ~ I'y. We show that} is unique, as follows. Let
s € Gal(F/K) be a generator correspondingite A. For anyy € E*, we must have

(s(y)) =¢-I(y) €F.
It follows that) vanishes o< *. In particulard vanishes o™ and we also have
mi(m) =J9(x"™) =9(2) =0,

sod(mw) = 0. But
EX=(m)x§*  x (1+7Ag),

sod is determined by its values dnt- 7 Ag. To haveb(M) = 1 we must have)(1 + 72 Ag) = 0.
Hence we have two isomorphisms

(14 7Ag)/(1 +7%Ap) — FT,
namelyd and the canonical map+ 7y — y mod =. It follows that there is? € §* such that
(14 my) = Py mod .
Since2 € k, there exists a Frobenius elemént Gal(E/k) fixing =, and we have
B-F(y) =91 +nF(y) =FW(1+my))=F(B-y)=F(B)- Fly),
sof € Fy, which meang = 1. Henced is uniquely determined, as is the extensiofk. [ |

Remark: The subfieldLy of L fixed by AC has degree over k, and has the fornl, =
klx]/(f(x)) wheref(x) is an Eisenstein polynomial whose roots are permuted shinahgitively
by B and generaté. Whenm = ¢ — 1, David Roberts has pointed out that

flz) =242z 42
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(see g for the casesn = 3,5,7). Forg > 8, the discriminanb, = 2/, of the ring of
integers inLy has2-adic valuationval, (2¢) equal to the Artin conductat(V') of the permutation
representatioy’ = Ind%,, C (cf. (2)). Since

Viga=mmdf4C, Vip=mdPcC,
we havedim V0 = dim V1 = 1 and
—1
valy(d) =q— 1+ L—.
m

Let G be a split group ovet of one of the following types:
Span, SO2n42, PG Loy, Ga, Es.

We construct simple wild parameters for the above grotpsising our representatiol/, the
natural inclusions of.-groups

i:SO(M) — SO(M @ C), j:SO(M) — SL(M), g : G2(C) — SO7(C),
and the Dempwolff subgroup ify [59].

Proposition 6.4 LetI’ = Gal(L/k) ~ D be the Galois group of the unique extensiloof £ = Qs
constructed above, for, = 2n + 1. Then

1. Themapy : I' — SO(M) is a simple wild parameter fa& = Spa,,.
2. The composition
I %, SO(M) < SO(M & C)
is a simple wild parameter fo& = SO, 2.
3. The composition
I -2, SO(M) < SL(M)
is a simple wild parameter far = PG Loy, 1.

4. Form =T7,themapp : I' — SO(M) = SO7(C) factors through an embedding
G2(C) — SO-(C) and is a simple wild parameter f@¥ = G».

5. Form = 31, the groupl’ embeds irfs(C) and gives is a simple wild parameter f6r= FEj.

In each case above, the upper break§ @fre at the point$) and1/m = 1/(2n + 1). We note that
this is only equal td /h whenG = PG Lay, 1.
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Proof: As representations dp, the Lie algebrag are given in the first three cases by
so(M) =AM, so(M@®C)=Ma@A*M,  s(M)=AMae (5*M),

whereA? M is the exterior square ¥/ and(S*M), ~ (Sym? M)/C is the trace-zero subspace
of the symmetric square af/. SinceM is irreducible and orthogonal fdp, = B A, the spaces
A2M and(S%2M), have no nonzero invariants undBy, sog”° = 0 in all cases. Sincé/ is
multiplicity-free on B, we have(A2M )Pt = 0, so

m(m —1)/2

b(A?M) = = n = rank(so(M)).

Sinceb(M) = 1 we have
b(M © A*M) =n + 1 = rank(so(M @& C))

with an identical calculation foM’ which is isomorphic ta\/ on Dy = BA. Since all characters
of B have order two, we have
m+1)/2—1—(m—1)

b((20)0) = - —n

SO
b(A’M & (S%2M)g) = 2n = rank(s((M)),

proving the result in the first three cases.

In G = G2(C) we have a subgroup ~ F generated by the-torsion subgroui’[2], along
with an involution inV acting by inversion of". Each nontrivial character of of B appears in
g|p and each eigenspagg is a Cartan subalgebra @f so that the decomposition

ils= P o

1751763

expresseg as a direct sum of seven Cartan subalgebras.

The centralizer of any nontrivial element &f is isomorphic toSO4(C). HenceB may be
viewed as the group of diagonall matrices in any of these copies 80,4(C), in which each
S0O4(Z) (dot product form) normalizeB and is transitive on the noncentral element$inSince
S04(Z) is a nonsplit extension af, it follows that the normalizeV(B) of B in G5(C) is
transitive onFy — {0} and is a nonsplit extensial - SL(B) = 23 - SL3(2). This extension splits
over the subgroup of L3(2) of order7 - 3 normalizing an anisotropic torus i$iL3(2). Hence for
m = 7 with f = 3, the groupD = BAC of structure2® - 7 - 3 is a subgroup ofs. Sinceg? = 0
and[BA : B] =7, we have



It follows that the quotienf” — Gal(L/Qz2) = D — G»(C) is a simple wild parameter faks.
Composing with the magr,(C) — SO7(C), we get a seven dimensional orthogonal representa-
tion of D which hasdet = 1 and is nontrivial onB, hence is equivalent td/.

In G = E5(C) we have a subgroup ~ Fj, generated by a maximal isotropic subspace
U c T[2], along with an involution inV acting by inversion of". Each nontrivial character of
of B appears irg| g and each eigenspagg is a Cartan subalgebra §f so that

ils= P o,
1#neB
expresseg as a direct sum df1 Cartan subalgebras.

The Dempwolff grougD is a nonsplit extensio = 25 - SL;(2) which embeds in the normal-
izer in G of B. The extension splits over the subgroup$dts (2) of order31 - 5 normalizing an
anisotropic torus ir6L5(2). Hence, form = 31 with f = 5, the groupD = BAC of structure
25 .31 -5 is a subgroup oD. Sinceg? = 0 and[BA : B] = 31, we have

248
b a = — =
@) =37 =8
so the compositiol’ — Gal(L/k) = D — Eg(C) is a simple wild parameter fdts, as claimed.

|
Remark 1: ForG = Fx (resp.Gs) one can check that the restrictiongfo D is given by
glp =21 +Va+ V3 +V)) (resp.  glp =Vi+Va),
whereV; = IndZ,, x; are the irreducible representations of dimensibifresp. 7) other than/.

Remark 2: All of the simple wild parameters constructed in this pap@rehabelian wild inertia
groups Dy, but there are simple wild parameters for which this is net thse. The simplest
example is foiG of type Gy andk = Q3, whereD; is the Heisenberg groupt T2 of order27 and
D = 31%2.8.2, The upper breaks db are at the points, 1/8,1/6.

7 Euler-Poincare measure and Formal Degrees
We sayy is aninvariant measuren G(k) if u is a real multiple of a positive Haar measure on
G (k). The set of invariant measures forms a one-dimensionavesabr space.

An irreducible admissible representation V') of G(k) belongs to theliscrete serie§ 7 has

a matrix coefficient which is square-integrable with resgecsome (equivalently any) nonzero
invariant measurg on G:(k). When this holds, there is a real numbeg,, () such that

deg, () - / (r(g)o, ) 1 = [{0, B)2, (52)
G(k)
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for everyv € V andé € V, the contragredient representation space, wkierg is the natural
pairing betweer’ andV. According to P4], this is an unpublished result of Mackey; for a proof
see B2].

The real numbedeg,, () is calledformal degreeof 7. It depends on the choice of invariant
measure.. If we replaceu by a scalar multiple - 1, the formal degree changes by:

deg,.,(m) = ¢t -deg,, (7).

In other words, the discrete series representatidatermines a positive Haar measdegu(n) -
on G(k) which is independent gi.

If 7= ind?“"’) V' is compactly induced from a finite dimensional represeaitdti of a compact
open subgroup’ of G(k), then one can us&2) to show that

deg,, () - /J,u =dimV. (53)

The Steinberg representatidit; of G(k) is a discrete series representation which is canonical in
the sense of being uniformly constructed for all groups. i&ti®

degM(w)
deg, (Stc)

is positive and independent of the choice of invariant mesgguand may be taken as a normalized
formal degree, equal tbwhenm = Sts. In fact, there is a natural choice of invariant measure on
G(k) which achieves this normalized formal degree, up to sigiis iBithe Euler-Poinc&measure
i, which Serre introduced irtf] to study the cohomology of discrete subgroups:f). In this
section we review this measure and use it to reformulatedimed| degree conjecture i2¢], in a
manner consistent witlb4).

(54)

7.1 Invariant measures onG (k).

Serre proved the existence of an invariant meagdren G(k) with the property that for any dis-
crete, co-compact torsion-free subgrdug G(k), the Euler-Poincd characteristic of7*(T", Q)
is given by
Q)= [
\G(k)
The measurg, calledEuler-Poincaé measurgis non-zero otz (k) precisely when the connected
center ofG is anisotropic ovek (which we have assumed). In this caSe,‘L)T(G)MG is a positive
Haar measure o@'(k), wherer(G) is thek-rank of G.
The Euler -Poincd@ measure.; is the unique invariant measure 6fik) for which

deg,,, (Ste) = (—1)"@
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(see B] and [46]). Hence, for any discrete series representatiaf G(k), the canonical degree

deg,, ()

m = (-1)"9 deg,,, ()

is indeed achieved by, up to sign.

The volume of any open compact subgrolip. G/(k) with respect tq.¢ is a rational number.
Indeed, it suffices to check this for one open compact sulpgiince any two are commensurable.
Let I € G(k) be an lwahori subgroup, which fixes (pointwise) a facet of imax dimension in the
building of G(k). The groupl is a semidirect product of its normal pgeSylow subgroug ;. and
a finite subgrouf (¢) of order prime tq:

I=1I,xT(q).

The groupT(q) is the group off-rational points in an algebraic tords over f, wheredim T =
dim E% @) = ¢,. Using [L5, 4.11] we find that

() [ e = % AT@)] g™,

wheree(G) = (—1)"(@)=(G0) s the Kottwitz sign ofz andm = " d-dim(E” @), An equivalent
formulation, using thed.-function of the principal parametey, is

o L(<,00, @, 1) . .o
/Iuc T(2.5.0) - EZ] IT(a)|-q ™. (55)
The right hand sides of these formulas are clearly rationailbvers.

To reformulate the conjecture of Hiraga-Ichino-lke@&][on formal degrees, we need to com-
pareju with a positive Haar measureg; defined in [L8] as follows. LetG’ be the split form of7
overk, let¢ : G — G’ be an isomorphism ovér, and letw’ be a differential form of top degree on
the Chevalley model of” over A, which has good reduction mad@. Let ¢*(w’) be the pull-back
of w' to G. Then

v = |9°(W)].
Another measure
we| == ¢*M2yq

was used in15], which gave the functional equation
L(M(1)) - |wg| = e(G) - [FZ] - L(M) - pc:. (56)
Sincele(M)| = ¢*M)/2, we obtain the following relation betweer; andvg:

(1" D1 2] e = V(M) -va = v(@)] - v (57)
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7.2 The Local Langlands correspondence

The conjectured degree formula 26 depends on the conjectural local Langlands corresporalenc
of which there is more than one version. For example, theespondence discussed it0] and
[21] involves H'(k, G), which parametrizes the pure inner forms of the quasi-gpbitp Go.
Here however, we want to include all inner forms in our conjeg, so we use another version,
influenced by ArthurZ] and involving ' (k, G.4), whereG,q = Go/Z is the adjoint group ofx,
which parametrizes the inner forms@p.

The dual group of7,, is the simply-connected covér,. of the derived subgroup a. The
pinned action of3al(ko/k) on G lifts to G, and“G g = Gal(ko/k) x Gs. is the L-group ofG .
Let “ Z be the center of G 4. Explicitly, ” Z is the subgroup oftal(kq/k)-invariants in the center
Zs. of Gy.. We may identify 5]

H'(k,Guq) ~ Hom(L 2, C*). (58)

Thus, the inner forms of/y are parametrized by irreducible character$ &f, in such a way that
G, itself corresponds to the trivial character’af. We fix a characte¢ of 7. Whose restriction
to ' Z corresponds to the inner for@ of Gy. If G = G, we take( to be the trivial character.

Recall our standing assumption that the maximal torus ircémeer ofG is anisotropic ovek,
which is equivalent to assuming that the cert&rof ~G is finite.

Given a discrete parameter: W x SLy — G, the groupASa/LZ is a finite subgroup of the
adjoint group(G),¢ = G/Z(G). Let A, be the full preimage ofl,,/* Z in G, under the adjoint
isogenyGs. — (G)qq. Thus, A, is a central extension

1 — Zgo — Ay, — Ag,/LZ — 1.
We letlrr(A,, (¢) be the set of irreducible characters4f whose restriction &, is @ multiple

of (. For the principal parametey;, we haved,, = Z, andlrr(A, ,(q) = {(a}-

Let II?(G/k) be the set of equivalence classes of irreducible discretesseepresentations of
G (k) and letZ(G/ k) be the set ofz-conjugacy classes of paif$, p), wherep : W x SLy — LG
is a discrete parameter apd: Irr(A,, (@).

Conjecture 7.1 LetG be a connected reductive group oveand assume the maximal torus in the
center ofG is anisotropic. There is a bijection

12(G/k) = L(G/k),

which we denote by — (¢x, pr), with the following properties.

1. If mp is the Steinberg representation 6f(k) then ¢, is the principal parametety, and
Py = CG-
2. Ifn, 7' € II(G/k) havey, = o, thent andn’ have the same central character.
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3. If p; is trivial thenr is generic.

4. For a given discrete parameter, the following are equivalent:
(i) All T € I1?(G/k) with ¢, = ¢ are supercuspidal.
(i) If or = ¢ andp, = 1 thenr is supercuspidal.

(i) p(SLy) =1.
5. The formal degree of € I12(G/k), with respect to the Euler-Poincameasurgg, is given
by

—1)"(@) . deg, (7) =+ )
- we(™ =207 @)

where the sign is that of(¢,) /w(p,) = £1.

In part2, note that we may identify the centers of the inner formg-pfo it makes sense to
compare the central character on these various groups. Wepecify this central character in the
next section. In pard, note that ifp, = 1 then(s = 1 sor is a representation a@F, (%), which
has generic representations sili¢gis quasi-split.

Formula 69) is a reformulation of the formal degree conjecture2g]] To see this, we note
that Hiraga et al. use the invariant measuseto calculate formal degrees, and they conjecture that

dim p,
- Jren)l (60)
|A4P7r’

Comparing conjectureés(Q) with the relation $7) betweenu andv, we obtain the formula

deg,, ()

Ne) _dimp  [y(en)|
ST = G 7 Bl e

We have seen that(¢)/v(p,) is a rational number. From equatior86) and @7) it follows that

the sign ofy () /v(y,) is that ofw(p.) /w(y,). Hence we may remove the absolute value signs in

formula 61) to obtain the formulag9) in conjecturer.1 In chapter8, we will make a conjecture

relating the signt1l = w(ex)/w(yp,) in (59) to the value of the central charactermobn a certain

element inZ (k).

Remark: The bijection conjectured to exist ihlhas been established for togid], for the groups
G L, (k) [23], [25] and thence folSL,, (k) [27]. In the first two cases, the groups, are trivial. In
the general case, one expects to have a natural paranietrizat- 11, for the L-packets

II,(G/k) :={m € I2(G/E) : or = o}

but the labeling of the individual representations in eagbacket by the irreducible representations
p € Irr(A,, () is perhaps not canonical, and may depend on auxiliary choice
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We give a simple example for the grotp= S L, to illustrate this ambiguity. Assume that
has odd residual characteristic. We then have a surjeaivemorphism

W — Wab N k>< N kX/kXZ

onto a finite group of typ€2, 2) vyhich embeds (uniquely up to conjugacy) as a finite subgroup
of the complex Lie groug'G = G' = SO3(C), given by rotations byl80 degrees around three
orthogonal axes. Hence there is a unique Langlands paramete

©:WxSL, — L@,

trivial on SL,, whose image is a finite group of tyge, 2). The subgroupd, < SL»(C) is
guaternion of order eight; it has four irreducible repreagonsp of dimension one and trivial on
Do = {£I}, and one irreducible representation of dimension two wkscion-trivial oNZse.

The L-packetIl,(G/k) consists of the constituents of the restriction of a singleducible
representation ofi Ly (k). These constituents are given as follows. k&t K; be hyperspecial
maximal compact subgroups 6f k) = SLy(k) which fix adjacent vertices in the building (which
is a homogeneous tree). Baly surject ontaSL,(F,) via reduction modulao. Let ko andx, be
the two irreducible cuspidal representationsSdf, (F,) of dimension(¢ — 1)/2. Fori, j € {0,1},
let m;; be the compactly-induced representation

. Gk
T = 1ndKE )/ij.

The L-packet ofp for G/k = SLy/k is
I, (G/k) = A{mij : 1,5 €{0,1} }.

The four representations;; havedeg,, . (m;;) = —1/2 and all have central character takirg
to the scala—1)+1/2, Eachnr;; is generic for one of the four orbits of generic characters of
the unipotent radical of a Borel subgroup$£s(k), but we see no natural way of deciding which
m;; is to havep,,, = 1, without making additional choices of a hyperspecial vedea generic
character.

This ambiguity does not arise for the non-split inner fa@#tyk, whereG’(k) is the compact
groupSL; (D) of norm-one elements of a quaternion division algebraverk. HereG’ (k) has a
unique character of order two which factors through the natural map

SLi(D) — Ui (F,),

whereU, (F,) is the kernel of the norm mappir]g;2 — F;*. We havedeg,, () = 1, in accor-
dance with the formal degree conjectus®) wherep, is the two-dimensional representation of
Ag.
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7.3 The Swan inequality revisited

The formal degree conjecture leads to our conjectured méyfor the Swan conductor in the
following way. Suppose
. G(k)
m=ind, "V

is a supercuspidal representation compactly-induced &dimte dimensional representatidhof
a parahoric subgrouf” of G(k). Then

dim V' = deg,,, () - vol,, (K).

The termvol,,, (K) belongs to the sdl,, of rational numbers whose numerator and denominator
are prime top. If the degree conjecture holds, then by our calculatéd) 6f the leading term of
[',(x), the formal degredeg,, . () is a rational number iR, times

v
T(p'Qa

wherer,, is a rational number depending gnandv is the order ofl", atz = 0. There is a finite
setS of primesp with the property that every, is a product of powers of primes frof1 Hence if
p is sufficiently large, we have

dimV = R, - ¢",

whereR, € Q,. SincedimV is an integer, it follows that > 0, as conjectured i5.2, and
indicates thatp has minimal Swan conductor exactly whéim V" is prime top.

8 Central characters and root numbers

In view of part 2 of Conjectur&.l, it is natural to try to predict the central character of tiecckete
series representationsof G (k). Recall that7 is quasi-split ovek and split overky. We continue
to assume that the maximal torus in the cettef G is anisotropic ovek. The aim of this section
is to construct a character, of Z(k) from a discrete parameter : W x SL, — LG. This
was done by Langlands for real groups 87| In [4] Borel outlined a non-Archimedean version
of Langlands’ method, but Borel's account omits an esskeptisnt, namely the vanishing of the
Schur multiplier ofGal(k/k), due to Tate47, Thm. 4].

Our approach ta,, relies instead on Tate local duality, and is more converfienour later
study of of root numbers. At first sight our approach may appedde different from that of
Langlands, so we will also complete the non-Archimedeariwarof Langlands’ construction and
we will show that the two constructions give the same charact.
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8.1 Tate Duality

Recall that® is the set of roots of" in G andZ® is the sublattice oX *(7") generated byp. The
character groupl = X*(Z) = X*(T)/Z® is a finitely generated abelian group with an action of
Gal(ko/k) and we may identify

Z =Hom(A, G,).
SinceZ (k) is compact, the natural pairing x Z — G,,, gives, by Tate local duality50, 11.5.8],
a pairing

)
—_—

H?*(k,A) x H(k, Z) H?*(k,G,,) = Q/Z

which identifies
H?(k, A) = Hom(Z(k), Q/Z).

Via the exponential map — exp(2mix) (which depends on a choiceof /—1) we thus identify
H?(k, A) with the group of charactets : Z (k) — C* having finite order.

8.2 An approach via the fundamental group

Let m(é) denote the fundamental group of the Lie gra@pthe dual group of7, based at the
identity of G. We first show how to identify the group = X*(Z) with the fundamental group
m(G) Letp : Gy — Gaer be the simply-connected covering of the derived grouprpéind let
T be the maximal torus of,. mapping ontdl’ N Gg,. The Lie algebra of 7" has a canonical
decomposition

E = {sc @ 3;

wheret,. andj are the Lie algebras af,. and the center of?, respectively. Let
exp : t— 1T
be the exponential map, defined by
Mexp(z)) = ™) YA e X*(T),

where we make the same choicei of /—1 as before, to embe@/Z into C*.
Let o
G =Gs X}
and exteng to the analytic surjective mapping
p:G—G (62)

given by p(t,z) = p(t) - exp(z). SinceG is simply-connected of the same dimension(asit
follows that the mappingd@) is the universal covering a¥, and that

ker j = m(G).
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Itis clear thatker j is contained irl,. x ;. SinceZ® = X, (T}.), the restriction ofj to T, x j fits
into a commutative diagram

1 —— X (1)/2® —— (1;./Z0) @) —— /X (1) —— 1

glexp zlcxp x1 zlexp

] —— ker p —_— Tse X 3 P, T —_ 1

where the rows are exact and the vertical maps are isomanphBinceX, (7)) = X*(T'), we have
A= X,(T)/Z%. It follows that the exponential map gives an isomorphism

A Z kerp =1 (G).

Since the isomorphism is canonical, it respects the acfiéh-e Gal(ky/k) on G andG by pinned
automorphisms. Thus we havd'aequivariant exact sequence

1—A—G—G—1. (63)
Now, given a parametes : Gal(k/k) — LG, any set-theoretic lifting
¢ : Gal(k/k) — T'x G

gives a well-defined cohomology class € H?(k, A) which measures the failure gf to be a
homomorphism. In other wordg, = 6(y), where

§: HY(k,G) — H?(k, A)

is the coboundary map of the exact sequer&®. (By Tate duality as in sectio.1, we get a
character
wy : Z(k) — C*

of finite order whose inverse is given by

wo(2)" = (cp,2), Vze Z(k).

As a special case, suppogas connected. Then
7Z =Gy
is the quotient of7 by its derived group. Let : G — Z be the natural projection. We have a

smaller exact sequence

1—A—};—27—1
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with coboundany; : H'(k, Z) — H?(k, A). The composition
HY(k, 2) 22 H2(k, A) — Hom(Z(k), C)

is the Langlands correspondence for the tafu$rom the commutative diagram

HY(k,G) —2— H2(K, A)

3l H

H\(k,2) =% H’(k,A),
it follows thatw,, is the inverse of the character k) corresponding to the parametgp ¢ €
HY(k, Z).

8.3 Langlands’ approach

Fork = R, Langlands had a different way to construct central charadtG has connected center,
the example at the end of the previous section is identichhtgylands’ construction, now in the
p-adic case. We consider the opposite case, wheig semisimple, which we now assume. We
adapt Langlands’ method to theadic case, and compare with our previous construction.

We start by embedding in a groupG; with connected center such that the quotiény G
is an induced torus. The eventual central character is gxggmt ofG;. Our aim is to relate this
construction to the previous one. For concreteness, welakgroup

Gl =G Xz T,
with center
ZxgzT~T.

The quotientG, /G = T'/Z is a maximal torus in the adjoint groug,,, hence is induced,Asin(Ié
permutes a basis ot *(7'/Z) consisting of simple roots &f /Z in G,4. The dual group of7; is

él’:GXAT,

where

~ ~ A~

G=Gex3 and T="Tg,x}

and X ) A
A =ker[Gye — G] = m(G)

are as in the previous section. The natural maps

G —T/A=T and i:G; —G/A=G
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are the abelianization quotient and the map dual to the edibgd: G — G4, respectively. From
Shapiro’s lemma and Tate's resil (k, C*) = 0, it follows that

H?(k,T) = H*(k,T,.) = 0,

so that any parameter ¢ H'!(k, G‘) may be lifted top; € Hl(k,él) (cf. [37, Lemma 2.10] for
k = R). Asin the last paragraph of the previous section, the inaéige in H* (k, Zl) = H'(k, T)
gives a characten,, of T'(k), which we then restrict to get a charactgy : Z(k) — C*. Two
lifts ¢1, ¢} are related by:
Y1 =11,

wheren is a parameter fof’/Z. Applying functorality to the mag@” — 7'/Z, we see that,,
agrees withu,, on Z(k), so the charactey;, is well-defined.

We now show that, is is equal to the character, constructed in the previous section. Con-
sider the diagram

r
ropy
1 A T T 1
Il
1 A G G 1
®
r

 Foreachy € T', we choosep(v) € G, 7(7) € T such thatp; (v) is the class of3(7), 7(7)) in
Gy =G x4 T. Then B -
p:'—-G and 7: ' =T

are set-theoretic liftings ap andr o p; which give rise to the 2-cocycles iA whose classes in
H?(k, A) give w;l andw/,, respectively. Since; does not fail to be a homomorphism, it follows
thatw, = w, = 1, as claimed.

8.4 Deligne’s formula for orthogonal root numbers
Recall thatk has characteristic zero, with Galois graip= Gal(k/k). Let

0: T — O(V)
be an orthogonal complex representatiof’ofhe root numbew(p) satisfies

w(p)? = det o(—1) = +1.
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Sincedet g is also an orthogonal representatiod ofvith the same determinant asthe quotient

clg) = — 2

= ==+1.
w(det o)

Let ws (o) be the second Stiefel-Whitney class@ah H?(k, Z/2). If det o = 1, thenws (o) = do,
where
§ : Hom(T, SO(V)) = H*(k, SO(V)) — H*(k,Z/2)

is the coboundary map of the central extension
1—Z/2 — Spin(V) — SO(V) — 1

with trivial '-action. We mapZ/2 — ug, takinga — (—1)* and letca(p) be the image of
wo(0) € H%(k, u2) = {#1}. Deligne’s formula for orthogonal root numbed<] is as follows.

Proposition 8.1 We have
c(0) = ca(0) € H(k, pg) = {#1}.

Corollary 8.2 Assume thatet o = 1, so thate(p) = w(e) = £1. Then

w(o) = +1 if and only if the homomorphism: I' — SO(V) lifts to a homomorphisna : I' —
Spin(V).

8.5 Lifting Ad to Spin

The adjoint representatiofd : G — SO(g) Iiftg uniquely to a homomorphisrﬂ?} : (N} —
Spin(g), whereG is the simply-connected cover 6f, as in sectior8.2 Let A = X.(1")/Z® be
the fundamental group @¥; we obtain a homomorphism

e:A—1Z/)2
making the following diagram commute:

1l — A =2, ¢ — ¢ —1

€l A?il Adl
1 —— Z/2 —— Spin(g) —— SO(g) —— 1.

The valuee(a) = (—1)¢(®) is the scalar by whicla € A acts on the spac¥ of spinors ofg, via

the homorporphisr&i. This scalar can be calculated as follows. Choose maximas @and Borel
subgroupl” C B in G and let2p be the sum of the roots df in B. LetT,. be the preimagé&”
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in G. ThenX*(T) C X*(Ty.) andp € X*(T%.) is a weight of T} in V. Given\ € X, (T') with
cosela) € A, we have

e(ar) = plexp(ay)) = i) = (TN = ()02, (64)

This proves, in particular, the well-known fact thatl : G — SO(g) lifts to a homomorphism

Ad : G — Spin(g) ifand only if p € X*(T").

ARecaII thatd = Hom(Z, G,,,), whereZ is the center of oup-adic groupp‘ whose dual group
is G, so that the charactermay be viewed as an element @f The torusT is also dual to our
maximal torusl” in G, so2p € X.(T'). Equation 64) shows that

e=2p(—1) € Z. (65)

This involution inZ does not depend on any choices of maximal tori or Borel suiggoSince the
I" action onZ is independent of inner twisting, afddpreserves a pinning on the quasi-split form,
we see that is k-rational. Thus, we have@nonical involutiore = 25(—1) € Z(k), of order one
or two.

8.6 On the root number of the adjoint representation

In this section we conjecture a relation between root nusmbad central characters. To motivate
this conjecture, let us first suppose thiats an inner form of a split group ovér, so that*G = G.
Lety : I' — G be a discrete parameter anddefty) = w(§) be the root number of the orthogonal
Galois representation

Adp: T -2 G 2% 50(5).

Thenw(yp) = +£1 andw(y) = +1 if and only if Ad ¢ lifts to Spin(g), by Deligne’s formule8.1
On the other hand, from the diagram

r

d
exp =~

] — A — G _ G —F 1
el Ad Adl
1 —— Z/2 —— Spin(g) —— SO(g) —— 1,

we see that\d ¢ lifts to Spin(g) if and only if the class:., € H?(k, A) from section8.2 belongs
to the kernel of the map
€ H?(k, A) — H?(k, o) = {1}
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induced bye. Viewing e = 25(—1) as the canonical involution i#f, this means thahd ¢ lifts to
Spin(g) if and only if w,(e) = +1, wherew,, is the character of (k) corresponding te,, under
Tate duality. Combining these two criteria fArl ¢ lifting to Spin(g), we find that

w(p) = w,(e) = 1

whend is an inner form of a split group.
This suggests the following more general conjecture.

Conjecture 8.3 LetG be a connected reductive group oveand assume the maximal torus in the
center of( is anisotropic. Letr € I1?(G/k) be a discrete series representation corresponding
to the discrete parametes, : W x SL, — G as in conjecturé’.1and lety, be the principal
parameter forG. Then the ratio

w(er)

w()
of orthogonal root numbers is equal to the scalar by whichdaeonical involutiore € Z(k) acts
on the representation.

==+1

We note that D. Prasad{] has shown that the action efon a self-dual irreducible generic
representation often determines the sign of the invariginelar form on the space of the represen-
tation.

9 Minimal Swan conductors and simple supercuspidal rep-
resentations

By Prop.4.1, the formal degree conjecture in part 4 of Conjecfliecan be expressed as

dim(pr)

.T 66
|A<p7‘./LZ| @w(Q)ﬂ ( )
whereIl', () € Q(x) is a certain rational function whose leading term was stlidfiesection
5.1 In section5.3, this analysis led to the notion of discrete paramegergith “minimal Swan
conductor”; recall that these are the paramegeisr which

(_1)T(G) ’ deguc (T‘—) ==

dim §27F) + b(p) = €0 + b(3))- (67)
If G is splitandg®®) = 0, thenN = 0 and the condition§7) simplifies to
b(p) =¢, (68)

where/ is the rank ofG.

The tension between the two conditior&6l and ©8) is strong enough to force to be a
particularly simple kind of supercuspidal representatit¥e give here the construction of these
simple supercuspidal representations, which is based ari@us fact about the geometry of affine
Coxeter groups.
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9.1 Affine Coxeter groups

As a general reference for this section we recommétd Let ¥ be an affine root system on
a Euclidean affine spacd. Each rooty) € W is a non-zero affine function oA, denoted by
x— (p,x). LetHy := {x € A: (¢,z) = 0} denote the corresponding root hyperplane, with
positive sideH := {z € A : (¥,z) > 0}. An alcoveis a connected component of the set
{reA: (,x) #0 Yy € ¥} of points in.A not lying on any root hyperplane. #all of an
alcove is a root hyperplané,, whose intersection with the closure of the alcove contamsgen
subset offf,,. Every alcove is the intersection of the positive sidesofialls.

Fix an alcoveC and let

Ut ={pecV: (,x) >0 VreCl}

be the correspondimgpsitiveaffine roots. There is a unique finite subHet: U+, thesimpleaffine
roots, such thal' ™ consists of those affine roots of the form

> st
Yell
with n,, integers> 0. There are unique positive integers such that the sum
D> ayy =1
Yell

is the constant functios 1 on.A. The walls ofC are the hyperplane, for ¢ € II. The aim of
this section is to proveEach alcove””’ lies on the positive side of some wall@fhat is not a wall
of C'.

This is reformulated and proved in Lemr@dl below, after some preparation.

The closure of”' is partitioned into a disjoint union
c=Jcy,
JCII

of non-empty facet€’;, indexed by the subsets C II with J # 11, andC'; is the set of points
x € C where(y,z) = 0for+ € Jand(y,x) > 0for+ € 11 — J (see [, V.1.6]). Fory € ¥,
letr,, denote the orthogonal reflection.iabout the hyperplang,,. These reflections generate a

group
W(¥) :=(ry: V)

of Euclidean affine transformations of. In fact, W (¥) is an affine Coxeter group generated
by {ry, : ¢ € II}, and W (¥) acts simply-transitively on the set of alcoves V.3.2]. The
corresponding action d¥/ () on ¥ is given by:

(wp, x) = (Y, 0w 'z), Vi) €U,z € A

We reformulate the above geometric statement as follows.
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Lemma 9.1 Givenw € W (W) withw # 1, there exists) € II such thatwy € ¥+ — II.

Proof: Sincew # 1, the alcove’,,, := w~'C is distinct fromC. Each root) € U is either always
positive or always negative ofi,,; 1 is positive onC,, if and only if wy) € ¥, Write IT as a
disjoint unionll = II, L II_, wherell andII_ are the sets of roots il which are positive and
negative, respectively, afi,,. SinceC,, # C, the sefll_ is non-empty,

We must show that there exists € 11, for which wy ¢ II. Suppose on the contrary that
wlly C II. Sincell_ is non-empty, we havdl.| < |II|. HencewIl; C II andwIl; # II.
Taking J = wll,, we have a (non-empty) facét; C C. Letx € C; and lety = w 'z € C,,.
For ally € 11, we have(y, y) = (wy, z) = 0. But then

1= Z al/)<d}7y> = Z a¢(¢,y> < 07
Ppell Ppell -

a contradiction. ThereforeIl is contained int* but is not contained ifil. |

Remark: The lemma is false for finite root systems:Afis a base of a finite root systedn then
there is a unique element, € W (®) such thatvoA = —A.

9.2 Affine generic characters

In this section we assume th@ts simply-connected, almost simple, and split oveket?/ = r(G)
denote the rank of;. Let 7' be a maximalk-split torus inG, let Ty be the maximal compact
subgroup ofl'(k) and letN be the normalizer of" in G(k). Let ® be the set of roots df' in G.
Fix a Chevalley basis in the Lie algebra@f This determines, for each roatc ¢, an embedding

To kT — G(k)

such thattz,(c)t~! = z4(a(t)c), forallt € T andc € k. Our choice ofl’ determines an
apartmentA, which is an affine Euclidean space under the vector sRageX..(T'), together with
a system¥ of affine roots ond. The choice of Chevalley basis determines a base-pointA,
which we use to identify

A=R® X, (T), and Y ={a+n: a € ® necZ}

Each affine root) = o + n indexes araffine root groupl/;, = x,(P") which pointwise-fixes the
positive side of the hyperplang,, in A and is normalized byj. An element € Tj acts on the
quotient

Uy /Upsr = P" /P e

as scalar multiplication by the image @ft) in {*. The canonical action oV on A identifies the
affine Weyl groupN /Ty with W (0); if n € N has imagev in W (v), we have

nan_l = Uypy-
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Fix an alcoveC' in A with corresponding simple and positive affine robts- ¥ . The stabilizer
of C'in G(k) is the Iwahori subgroup

[:=(Tp, Uy: e Wt

Let
Ti:=(teTp: \Nt)el+P Yie X*(T)}.

The subgroup
I =(Ty,Uy: pe¥t)CI

is the prop-Sylow subgroup of and we have
I= T(Q) X I+7 G(k) = [+N[+7

whereT'(q) = {t € Ty : t? = t} projects isomorphically ont@, /7. Finally, we consider the
subgroup
I+_|_ = (Tl, UT/’ : ¢ S \/as —H>

Lemma 9.2 The subgrougd . is normal in/ with quotient

L1~ @ Uyp/Uyp+1
pell

asTy-modules.

Proof: Each affine root) € ¥ may be uniquely written as
¢ = Z nw¢a
Pell

where then,, are integers> 0. We havep € ¥+ — Il if and only if > n,, > 1. The commutator
[Uy, U] is contained in the subgroup @f. generated by/;4 , for i, j positive integers with
i + jn € W. Also [T1,Uy] C Ugyq. It follows thatZ, . is normal inZ, and contains the
commutator subgroup df,, so that/ /I, is abelian.

For each) < II, the inclusionU,, — I, factors through a map

f=Up/Upir — Ly /14

Sincel /I, is abelian, we get a well-defined homomorphism

P Uy /U1 — I /Iy, (69)
Ppell
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which is surjective, from the definition af,,. From uniqueness-of-expressids0] 3.1.1] the
productHd,EH U, (taken in any order) intersecfs , trivially. It follows that the map in §9) is
also injective.

Remark: For every pointr in the Bruhat-Tits building of7(k), Moy and Prasad have defined
filtration subgroups+ (k). + < G(k),, indexed byr € R>, of the parahoric subgroug(k), at

x. Letxg be the unique point in the alcoveé on which all simple affine roote < 11 take the same
value. This common value is/h, whereh is the Coxeter number @¥, and we have

Iy = G(E)agor = G(k)zgi/ns LTiw = G(K)go1/mt = G(K)zg,2/n-

Recall thatZ is the center of7. Let Z(q) = Z N T(q). Note thatZ(k)I; = Z(q) x I.. We
say that a character: Z (k)1 — C* is affine generidf

(i) xistrivialonl; and
(i) x is nontrivial onU,;, for everyy € II.

There arelZ(q)| - (¢ — 1)*! affine generic characters. They are permuted freely by thepgr
T(q)/Z(q) (see the proof of Pro®.3below). Hence, there at& (q)|? - (¢ — 1) orbits of T'(¢) on
the set of affine generic charactersffk) 1.

9.3 Simple supercuspidal representations

For each affine generic characiet Z(k)I;. — C*, letw, be the compactly-induced representa-
tion
Ty 1= indggllg 1 X (70)
of G(k) in the space of functiong : G(k) — C having the properties:
o f(hg)=x(h)f(g)forall h e Z(k)I;, g € G(k).

e The support off consists of finitely many left cosets &f(k) I in G(k).
Proposition 9.3 Let x andn be affine generic characters gf(k) 7. Then
1. the representation,, is irreducible (and supercuspidal) f@¥ (k);
2. the representations, andm, are equivalent as representations@(k) if and only ify = x*
for somet € T'(q).

Proof: To ease the notation we write (in this proof onl¥) = G(k), H = Z(k)I,, so that
G = HNH, by the affine Bruhat decompositiof(, 3.3.1]. We first prove the second assertion.
By Mackey'’s theorem3#g], we have

Homg (7, my) =~ @ Hompnpn (1, X").
neH\G/H
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Suppose: € N andn = x" on HNH". Letw be the image of in W (¥). Assume firstthaty # 1.
By Lemma9.1there exists) € IT such thatwy € ¥ —1II. Then we havé/, = Uy, € H N H™.
Sincen = x" on H N H™ we also have) = x" onUy,.

ButnUyn~! = U, is contained i, sincewyy € U+ —1II. And I C ker x by condition
(i) above. Thereforg is trivial on nan_l, sox" is trivial onU,,. But we have seen that= x"
onU,. Son is trivial on Uy, contradicting condition (ii) above foy. Thereforew = 1, son, which
we now callt, lies inTy. SinceTy = T'(¢)71 andTy C I, we may take € T'(¢). The second
assertion is proved.

For irreducibility we takey = n. It suffices to show that the elemenabove lies inZ. [8,
3.11.4] Choose) € II and leta be the gradient ofs. OnU,;, both x and x* may be viewed as
nontrivial characters o/, /Uy41 ~ f. If t € T(q) is such thaty = x' on H theny™! - x! is the
trivial character of. Forz € f, we havey ™! - x!(x) = x((a(t) — 1)z). Sincey is nontrivial onf,
we must have(t) = 1. Thereforet is in the kernel of every root df' in G, sot € Z, as claimed.

[ |

The irreducible representations constructed in Prop9.3 will be calledsimple supercuspidal
representationsf G(k). By part 2 of Prop.9.3there ardZ(q)|* - (¢ — 1) equivalence classes of
simple supercuspidal representations.

Remark: The “spherical” analogue of,, wherel, is replaced by the unipotent radical of a Borel
subgroup ofG;(k), is highly reducible. Indeeds, is then a Gelfand-Graev representation, whose
constituents are the-generic representations 6f k). See the remark after Lemn8al

9.4 Formal degrees of simple supercuspidal representatian

Recall thatG is split and simply-connected and thétis the center ofz. SinceG is simply-
connected, the Iwahori subgroups its own normalizer. Formul&b6) gives the volume of with
respect to Euler-Poincameasure as

(~1)7@ /I G = % 1) a7, (71)

wherey, is the principal parameter. Sin&g is split, the Artin conductory(y,) = 2N is the
number of roots of" in G, while the root number(y,) = 1. Hence the gamma factor ¢f is

N L(@Oa@a ]-)

(@) =4 L(g. 8.0)

and we may write
0" [ o= a0 o) - 1Tl

Let x : Z(k)Iy — C* be an affine generic character. From Pr&p3 we have a simple
supercuspidal representation compactly induced frony on Z(k)1,. Let us viewr, as induced
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from I;

Ty = 1ndIG(k) R, where k= indIZ(k)I+ X-

We write
Z(k) = Z+ X Z(q)a

whereZ, = Z(k) N I, is ap-group andZ(q) = Z(k) N T'(¢) has order prime tp. We have
Z(k)I, = Z(q) x I, and [I: Z(k)I,] = [T(q) : Z(q)].
It follows thatx has dimension
dimr = [1: Z1.] = [T(q) : Z(q)),
so the formal degree of, is given by

~dimk gV te
(0 et () = S D) ~ T2 Gy (72

9.5 Predictions for the Langlands parameter

While guided by conjectur@.1, our construction of simple supercuspidal representatitic not
depend on any conjectures. In this section we again use tireeleonjectur&.1to analyze the
putative Langlands parameter. for a simple supercuspidal representation= . SinceG is
split and simply-connected we have

Lg = G = Aut(g)°

and®Z = 1. As in Prop.4.1, we view formal degrees as rational functions. This meanswst
consider simple supercuspidal representations of thepgi@yk,,,) wherek,, /k is the unramified
extension of degree, > 1. Let K be the maximal unramified extension/o{in a given algebraic
closure ofk) and letF be the endomorphism @ (K) given byFrob, so thatG(k,,) = G(K)™.
ThenF preserved’(K) and each affine root group, (K), for+ € ¥. For each integen > 1, let

Im, L(rm), andlffi) be the subgroups @¥(k,,), defined as in sectio®.2, with k replaced byk,,.
Then
11 = @)
Yell

wheref,, is the residue field ok,,. The mapping; — gF(g)---F™ !(g) on I(™) gives a group
homomorphism
Tt Z (k) Y /1Y — Z(k) Ly [Ty
whose image containk. /1. Given an affine generic characterof Z(k)I,, we get an affine
generic character
Xm = XOTm: Z(k:m)L(rm) — C*
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and a simple supercuspidal representatign= ,,, of G(k,,) whose formal degree is given by

qm(N-‘rZ)
1Z@™)] (@)’
where ;i is Euler-Poinca® measure oii7(k,,). The right side of equation7@) determines a
rational functionA(z) € Q(x) such that

(—1)" degy,m (mm) = A(g™), (74)

forallm =1 mod e, whereF€ is trivial on Z (K).
For each suchn, conjecture?.1 gives a discrete parameter” = ¢, We also assume that
these parameters are compatible, via the base-changeléormu

(—1)" deg,gm (mm) (73)

Prm = Pr |W(km) : (75)

SinceF = p(Frob) has finite order, there is a positive integiesuch thatd,» = A, forallm =1
mod f. Then it makes sense to require that

Py = Pr- (76)
Then conjectur@.l1 predicts the formula

dim(px) (™)

-1 gdeg m () = w(or , (77)
() ety (tm) = (o) T S
forallm =1 mod 4def, In terms of rational functions, this means that
dim(p,
A) = wlon) D) 1 (),
| <P7r|
Comparing equationgg) and (77) we find that we must have
L, (x,1 Ay
:L,a(gaﬂ)/Q . SOTr( ) _ W(goﬂ) ’Y(ﬁpn) _ Z,N—i—é | P ’ (78)

Ly, (2,0) 1Z(q)| - dim p’

whereL,, (z, s) is the rational_-factor defined in33). Since the right side of7@) has no poles, it
follows from (33) that; is trivial on SL, and thatL,,_(z, s) = 1, forcing

gPo =o. (79)

The derived subalgebra P+ has zero invariants under the cyclic gralp/ D1, hence this derived
subalgebra is zero. It follows thgt" is the Lie algebra of a torus. We must also have

a(pr) =2(N +¢) =dimg+ /.

INote thatw(pp) = 1 andw(y,) = +1 sinceG is split overk.
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sincea(yp,) = dim g + b(¢r), this means that
b(pr) = L. (80)

Thus, the degree conjecturelimplies that the parameter of a simple supercuspidal reptagon
is a simple wild parameter, as defined in secion

To say more aboup,., we confine ourselves here to the simplest case, namely wHeas not
divide the order of the Weyl grouly” of GG. In this case we have, by Prap.6, that Dy = 1, D1 is
contained in a maximal torus ¢f and the tame quotier®,/ D; is generated by a Coxeter element
w in the Weyl group of. SinceG is split and the exponent ¢f(K) divides the Coxeter number
h of GG, the congruence condition iff{) can be simplified ten = 1 mod 2d, whered is the order
of gin (Z/h)*.

To complete our analysis of the parameter of a simple suppidal representation, we now turn
to the groupA,,_, still under the assumption thatf [IW|. We have seen thd?, is an elementary
abelianp-group. By b7, Thm 2.28(c)], the centralize¥+(D: ) is connected. Sincg”' = t, we
have

Cé(Dl) =T and CG(DO) =T".

The imagep (F) of Frobenius normalize®;, so we havep,(F') € N, projecting to an element
u € W such thatu='wu = w?. Recall thatG is simply-connected and' is adjoint. LetY =
X*(T) = X«(T), and identifyI’ = C* ® Y. We have canonical isomorphisms

exp

7w E2 (1 —w) Y)Y Z2Y/(1 — w)Y = Hom(T", Gyp).

Sincew is a Coxeter element] — w)Y  is the root lattice of” andu acts trivially onY /(1 — w)Y".
From the equation
w1l —w) =1 —-w) (A +w+ - +w™Hu ™,

it follows that qu~" acts trivially on(1 — w)~'Y/Y, so thatu acts as the-power map oril ™.
Thus, we find that
Ag, = [T,

SinceA,, is abelian, we havéim p = 1. SinceT™ = Z is the center of, it also follows that
[ A, | = [Trr(Z(K))]-
The assumption that{ |W| implies thatp t | Z|, soZ(q) = Z(k). Thus, in equation48) we have
[Ap| = 12(9)| = [2(F)]  and dim(ps) = 1.

We summarize what we have proved in this section:

66



Proposition 9.4 Suppose thafr is simply-connected, almost simple and:isplit of rank?. As-
sume that the simple supercuspidal representatien, of G(k) corresponds to the paitpr, pr)
as in conjecture’.1. We also assume that conjectutd and the base-change relatioig5) and
(76) hold for,,, and¢™ whenm =1 mod 2df. Let L be the fixed-field dfer ¢ in k. Thenp,
is a simple wild parameter:

7" @) =0 and b(p,) = L.

If moreoverp does not divide the order of the Weyl groupiafthen we also have:

1. The imagep.(W) = Gal(L/k) is contained in the normalize (7') of a maximal torug"
in G and has ramification filtration of the form

Gal(L/k) =D > Dy > D, Dy = 1.

2. Leth be the Coxeter number 6f and letd be the order off moduloh. ThenD /Dy is cyclic
of orderdc wherec divides the exponent df.

3. We haveDy = D; x (o), wheres € N(T') has orderh and projects to a Coxeter elementin
w.

4. The wild inertia groupD; has orderp®, wherea is the order ofp in (Z/h)*, and D, is
the unique simpld, [o]-submodule of [p] containing thes-eigenvalug, = o(r)/m where
7 is a uniformizing parameter of the tame extension= L' of k such thatr" € EPo,
Moreover, we have
@Dl =t and C@(Dl) = T

5. The centralized,, = {t 77 : t = t9} is abelian and has order equal to that 8{q).

Remark: We have seen thdt(k) has|Z(q)|? - (¢ — 1) simple supercuspidal representations. One
can check that each orbit of simple supercuspidal reprasens undelG,;(k), whereG,, is the
adjoint group of, has cardinalityZ(q)|. Prop.9.4suggests that for split simply-connected groups
G the simple supercuspidal representations @f) should be partitioned intd (¢)|-(¢—1) distinct
L-packets, each of cardinality(¢)| and consisting of a singlé',,(k)-orbit. On the arithmetic
side, we believe that further analysis of our constructibtihe extensior./k and the embeddings
of Gal(L/k) into G will show that there are exactly(q)| - (¢ — 1) equivalence classes of simple
wild parameters.
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