LOCAL CLASS FIELD THEORY VIA LUBIN-TATE THEORY

TERUYOSHI YOSHIDA

ABSTRACT. We give a self-contained exposition of local class field theory, via Lubin-Tate
theory and the Hasse-Arf theorem, refining the arguments of Iwasawa [9].

RESUME. Nous présentons une démonstration compléte de la théorie du corps de classes
locale via la théorie de Lubin-Tate et le théoréeme de Hasse-Arf, en raffinant des arguments
d’'Iwasawa [9].

1. INTRODUCTION

We prove local class field theory via Lubin-Tate theory and the Hasse-Arf theorem.
The only prerequisites are Galois theory (including cyclotomic extensions, finite fields and
infinite extensions) and some basic commutative algebra summarized in Appendix I. We
have tried to make the paper self-contained, to the extent of repeating proofs of standard
results on local fields and avoiding topological arguments using compactness. Our argument
is close to Iwasawa [9], but the main innovation here is to use the relative Lubin-Tate groups
of de Shalit [5] to prove the base change property (Theorem 5.15) directly, without proving
the local Kronecker-Weber theorem first.

Theorem A (Local Class Field Theory). (i) For any local field K, there is a unique
homomorphism Arty : K* — Gal(K?/K), characterized by the two properties:
(a) If m is a uniformizer of K, then Artg (m)|gw = Frobg.
(b) If K'/K s a finite abelian extension, then Artg (N (K'™))|gr = id.
Moreover, Aty is an isomorphism onto Wi := {7 | o|xuw € Frob%} C Gal(K??/K).
(ii) If K'/K is finite separable, then Artg:(x)|gan = Artg (N /i (x)) for all z € K™,

and Artg induces an isomorphism K> [Ny g (K'™) =, Gal((K'n K*)/K).

Notation. The cardinality of a finite set X is denoted by |X|. A ring means a commutative
ring with a unit, unless stated otherwise. For a ring A, we write A* for its group of units.
For a field F, we usually (implicitly) fix its algebraic closure F and separable closure F5P,
and regard any algebraic (resp. separable) extension of F' as a subfield of F (resp. F°P).
For a finite separable extension F’/F, we denote the norm map by Nz P F X — F*. We

denote the maximal abelian extension of F in F by F2P.
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For a positive integer n not divisible by char F', the splitting field of X™ — 1 over F is
denoted by F(u,,) (cyclotomic extension), which is an abelian extension such that its Galois
group naturally injects into (Z/(n))*. We denote the set of roots of X"™ — 1 by w,,. For
r € FX, we write (x) for the subgroup 2% := {2% | a € Z} of F* generated by x. We denote
a finite field consisting of ¢ elements by F,. For each n > 1, we have Fyn = Fy(pyn_q) in

F,. The Galois group Gal(F,/F,) is isomorphic to 7 :=1imZ/(n), the profinite completion
of Z, by sending the ¢g-th power Frobenius map x — x? to 1.

2. LOCAL FIELDS AND COMPLETE EXTENSIONS

2.1. Complete discrete valuation fields (see Appendix I). Let K be the fraction
field of a CDVR O := Ok (the ring of integers of K) with maximal ideal p := pg, such
that its residue field k := O/p is a perfect field. A generator of p is called a uniformizer of
K. We denote its valuation by v = vg : K* — Z. If K'/K is a finite separable extension,
then K’ is the fraction field of a CDVR O, namely the integral closure of O in K’, and
the residue field k" of K’ is a finite extension of k. The ramification index e = e(K'/K)
and the residue degree f = f(K'/K) of K'/K are defined by pOgs = p5., and [k : k] = f.
Then [K': K| = ef, and vgs|gx = e-vk by definition. If K /K’ is another finite separable
extension, clearly e(K"/K) = e(K"/K")e(K'/K) and f(K"/K) = f(K"/K')f(K'/K). We
say K'/K is unramifiedif e = 1, and totally ramified if f = 1. By the multiplicativity of e and
f, any intermediate extension of an unramified (resp. a totally ramified) extension is again
unramified (resp. totally ramified). Now for any finite separable K'/K, if F is the Galois
closure of K’ then as the action of Gal(F/K) preserves O and hence also v, we have

vk (N k(@) = sy or (Vi (@) = %w(l«) - %v[{/(aj) = f(K'/K)vg:(z)
for all z € K'*, i.e. we have vi o Ngv/ic = [ - vgr.

For any separable extension F/K (not necessarily finite) in K®P  the ring of integers
Op of E is defined as the integral closure of O in E. If E = (J;, K, where K'/K are
finite separable, then Op = |J Oks. As pgr C pgr» whenever K/ C K", we have an ideal
pE = Ug i of O, and O = Uy O = Op \ pg. Therefore O is a local ring with
the maximal ideal pg, and E = |J K’ = Frac(Og).

Definition 2.1. We call a separable extension E/K unramified (resp. totally ramified) if
it is a union of unramified (resp. totally ramified) finite extensions of K. We say E/K is
finitely ramified if E is a finite extension of an unramified extension of K.

Lemma 2.2. Let E C K* be finitely ramified over K.

i e ring of integers O is a .

) The ring of i O is a DVR

(ii) If E'/E is finite separable, then E'E = E' and ENE' = E.

(ii) ENK®*P = E. (Hence E = F' = E = F' for E,E'/K finitely ramified.)

Proof. (i): If E/K is unramified, then pxs = pOg- for all finite intermediate K’/ K, therefore
pe = pOg and O is a DVR. If E’' is finite over F, then Op is the integral closure of the
DVR Opg in E’, hence a DVR. (ii) follows from Proposition I.1(ii). (ii) implies (iii). O
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2.2. Local fields and their complete extensions. In the rest of the article, we fix a
prime p, and let K denote a local field, i.e. a complete discrete valuation field whose residue
field k is a finite field F, of characteritic p. Then char K = 0 or p, and if char K = 0, then
K is a finite extension of the p-adic field Q,. Finite unramified extensions of local fields are
classified using the following lemma (see Appendix I for its proof):

Lemma 2.3. (Hensel’s lemma) Let n > 1 with (p,n) =1. Then p,, Ck <~ u, C K.

For n > 1, let K, := K(p4n_q) and ky be its residue field. Then K, /K is unramified
(Proposition 1.2), and Fyn C kj, by the above lemma. As Gal(K,,/K) = Gal(k,/F,) shows
that an element of Gal(k,/F,) is determined by its action on gt n_y, we have k;, = Fgn and
[K,, : K] = n. Conversely, if K'/K is unramified of degree n, then the residue field of K’
is Fgn, hence pgn_; C K’ by the above lemma, and we see K’ = K,, by comparing the
degrees. As K,, C K, for n | n/, the union K" :={J, -, K, is an infinite Galois extension
of K (the mazimal unramified extension of K), and by the above isomorphism:

Gal(K™/K) — lim Gal(F4n /F,) = Gal(F,/F,) — Z.

The arithmetic Frobenius ¢ € Gal(K" /K) is defined as the element which reduces mod p to
the ¢-th power Frobenius map of Fq, and its inverse is denoted by Froby := ¢ =1 (geometric
Frobenius). Unramified extensions of K are none other than subfields of K", hence always
abelian over K. If F'/K is a separable extension, then E' and E := E’' N K" have the
same residue fields. When E’/K is Galois, we define its Weil group by W(E'/K) := {o €
Gal(E'/K) | o|g € Frob%}, which is an extension of W (E/K) (a quotient group of Z) by
Gal(E'/E). If E/K is finite, then W(E'/K) = Gal(E'/K).

Definition 2.4. We call the completion L = Eofa finitely ramified (§2.1) extension E of K
a complete extension of K (if E/K is finite, then L = E). Then O, = Op is a CDVR with
the maximal ideal p;, = ppOr. The complete extensions correspond bijectively to finitely
ramified extensions E/K by Lemma 2.2(iii). When E/K is unramified, we call L = E a
complete unramified extension of K.

The K := K™ isa complete unramified extension of K, and we write 0:=0 % pi=p P
We consider every complete unramified extension L/K as a subfield of K, in which case
pr, = pOr, and a uniformizer of L is also a uniformizer of K. Let L' = E’ be a complete

extension of K, and set E := E' N K. Then L = Eisa complete unramified extension
of K, and L', E/ E, L all have the same residue fields, i.e. L'/L is totally ramified. We

consider every complete extension L'/K as a subfield of K*P via L C K.

Definition 2.5. Let L’ be a totally ramified extension of a complete unramified extension
L/K. When L'/L is finite, we say L' is Galois over K if for all i € Z, the ' = Frob;(i €
Aut(L/K) extends to [L’ : L] distinct elements of Aut(L’'/K). In general, we say L' is
Galois over K if it is a union of finite extensions of L which are Galois over K. In this case
we define the Weil group of L'/K by W(L'/K) := {o € Aut(L'/K) | 0|1 € FrobZ K }» which
is an extension of W(L/K) (a quotient group of Z) by Gal(L'/L). When L = K, define

v=wvg:W(L'/K)—Zby |, = Frob}){(a).
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This terminology coincides with the usual one when L/K is finite. When L' = E' for
finitely ramified Galois E'/K, then every o € Gal(FE’/K) induces O-automorphisms of Op/
and Op /p7, for all m > 1, hence of O/ = @E/. Therefore it extends to a K-automorphism
of L', and we have a canonical injection Gal(E'/K) — Aut(L’'/K). Therefore, as a totally
ramified extension of L = E for E = E' N K", we see that L’ is Galois over K (because
[L’: L] = [E': E] by Lemma 2.2(ii)), and canonically W(E'/K) = W(L'/K). By passing
to the limit, this last isomorphism extends to the case where L' = E’L with a general Galois
extension F'/K.

3. FORMAL GROUPS AND LUBIN-TATE GROUPS

3.1. Formal groups. Let A be a ring, not the zero ring. In the formal power series ring of
one variable A[[X]] := lim A[X]/(X™) over A, the ideal (X) C A[[X]], consisting of all the

m
elements with constant term equal to 0, is a monoid under the composition fog:= f(g(X))
with X as the identity. For f € (X), there exists an f~! satisfying fo f!=flof=X
if and only if the coefficient of X in f belongs to A*. Also, we use similar notation for
f € (X) C A[[X]] and a power series of several variables F' € A[[Xy,...,X,]] with no
constant term:

foF = f(F(X1,....,Xp)), Fof:=F(fX),...,f(Xn)eAlX1,..., X

Definition 3.1. A formal group over A is a formal power series of two variables F(X,Y) €
A[[X, Y]] which satisfies the following:

(i) F(X,Y) =X +Y (moddeg2),
(ii) F(F(X,Y),2) = F(X,F(Y,2)),
(ili) F(X,Y) = F(Y, X).

Precisely speaking, these are commutative formal groups of dimension 1. TAhe basic ex-
amples are the additive group G,(X,Y) := X +Y and the multiplicative group G,,(X,Y) :=
X+Y+XY.

Let F' be a formal group over a ring A. If we let f(X) := F(X,0), we have f(X) =
X (moddeg?2) by (i), hence f~! exists. By (ii), we have fo f = f, hence we get f(X) =X
by composing with f~!. Similarly we have F(0,Y) = Y, hence F does not have a term
containing only X or Y, apart from the linear terms X + Y. Therefore we can solve
F(X,Y) = 0 with respect to Y and get a unique ip(X) € A[[X]] satisfying F/(X,ip(X)) = 0.
If we define the addition +r on the ideal (X) C A[[X]] by

f+rg:=F(f(X),9(X)),

then (X) becomes an abelian group with 0 as the identity and ip o f as the inverse of f.

Definition 3.2. Let F,G be formal groups over A. A power series f(X) € (X) C A[[X]]
is called a homomorphism from F to G if it satisfies

foF=Gof, e f(F(X)Y))=G(f(X),f(Y)),
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and we write f : F — G. Two homomorphisms compose via the composition of power
series, with f(X) = X as the identity id : F — F. If f~! exists, it defines f~! : G — F and

foft=f"1lof=id. In this case f is called an isomorphism and we write f : F =G

The set Homy (F, G) of all homomorphisms from F' to G is an abelian group under +g.
Moreover, End4(F') := Hom4(F, F') is a (not necessarily commutative) ring with +r as the
addition and o as the multiplication.

3.2. Lubin-Tate groups. We return to the notation of §2.2, i.e. K is a local field with the
ring of integers O and its maximal ideal p, and O/p = F, where ¢ is a power of p. Let L be
a complete unramified extension of K (§2.2). As pr, = pOr, we write mod p for mod pOyp.
Let ¢ be the arithmetic Frobenius, extended to a K-automorphism of L. For a € L and
i € 7, we write o' := ¢'(a). For a power series I over Or, we define F¥" by applying '
to all coefficients of F. If F' is a formal group over Oy, so is F¥".

Definition 3.3. For uniformizers m,7/of L, set ©OF , := {0 € O, | 69/0 = ' /x}. It is an
additive group. If 0 € @ﬁm, and ' € ©F, . then 0¢’ € @ﬁm,,. We have O C ©%  (actually
we will see O = ©% by Lemma 5.2(i)).

Lemma 3.4. Let m be a uniformizer of L, and let f € Or[[X]] satisfy:
(3.2.1) f(X)=nX (moddeg2), f(X)=X? (modp).

Let 7', f' be another such pair. Assume that 04,...,60; € @7]; - Then there is a unique
F € O[[X1,...,X4]] satisfying the following:

F=01X1+ -+ 60,X; (moddeg?2), foF=F%o0f.

Proof. 1t suffices to show that for each m > 1, there is a unique polynomial F;,, of degree
< m that satisfies the conditions mod deg(m +1). The case m = 1 is assumed, and suppose
we have F,,, and let Gpq1 := f' o Fy, — Fin o f. Then as Gy = Fh — Fn(X1,..., X} =
0 (mod p), its coefficients are divisible by 7’. Now we show that a homogeneous polynomial
Hpyy1 := Fpyy1— Fp, of degree m+1 is uniquely determined. We need f'o F,, 1 —F;fwrlof =
Gmir+(f'oHpmi1—HY 1 of) = G+ (7' Hypyr —n™ 1 H? 1) (mod deg(m+2)) to vanish.
For any monomial of degree m+1, if we let 7/ 3 be its coefficient in Gy, 11, and « its coefficient

in Hy,11, then 7’8+ 7'a — 7™ a¥ =0, hence o = — 3 — E;’il(7rm+1/7r/)1+“0+"'9"171ﬁ“pi. O
Proposition 3.5. Let f, f' € Op[[X]] be as above, with linear coefficients 7, 7" respectively.
(i) There exists a unique formal group Fy over Or, such that f € Homp, (Fy, F;f) (We

call Fy the Lubin-Tate group associated to f.)
(i) There is a unique map [-]7 s : ®7Lr,7r’ — (X) C O[[X]] such that:

[G]fj/(X) =0X (mod deg 2), f/ o [Q]f,f/ = [9]?,]” @) f

It gatisﬁes [e]f,f/ +Ff’ {Hl]f,f/ = [0 + 0l]f,f” [el]f’,fw o [e]f,f’ = [Hel]f,fﬂ'
(iii) We have [0]f,5r € Homo, (Ff, Fyr) for all § € ©% .
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Proof. (i): Lemma 3.4 form =n', f = f', t =2, 6 = 0 = 1 gives a unique Fy € Or[[X,Y]]
with Fy = X +Y (moddeg2) and fo Fy = F}D o f. As F¢(Y, X) enjoys the same property,
Fy(X,Y) = Fy(Y,X). Similarly, Ff(Fy(X,Y),Z) and F;(X,F(Y,Z)) both satisfy the
conditions of the lemma for ¢ = 3 and 0; = 0 = 63 = 1, hence are equal. Thus F} is
a formal group and f € HomoL(Ff,F}p). (ii): Lemma 3.4 for t = 1 gives [0]; . The
properties charcterizing [0 + 0"y (vesp. [00'] 7 y#) are shared by [0]7 4+, [6']7,p (resp.
[Hl]f/’f// o [G]f,f/) because:

o (0] +r,, 107) = (f" 0 0]) +p, (' 0 [0]) = (017 +pg, (6]7) o f = (16] 4, [6))7 0 f
(resp. "o ([0']o[0]) =[0']70 f'o[0]) = (070 [0]7 o f = ([0] o [0])? o f ).
(iii): For [0] := [0]¢ ¢, we have [0] o Fy = Fy o [0], because the equalities:
fro(lbloFy) =100 foFy=([0]" o Ff)o f=([0]oFf)?of,
flo(Fpolf])=Fpof olf]=(Ffol0]?)of=(Fpolf])?of,
show that both sides satisfy the conditions of Lemma 3.4 formr =7/, t =2, 01 =0 =0. O

~

Example 3.6. If K =Q,, t=pand f=(1+X)? -1, then Ff =G,, = X +Y + XY

Corollary 3.7. (i) The map [-]f = [t : O — Endp, (Ff) is an injective ring
homomorphism. (Hence (Fy,[-]f) is a formal O-module.)
(ii) If 6 € @ﬁ’;, = 0L N0, then [0];.p is an isomorphism with the inverse [0~ ;.

Example 3.8. We have m € O and () e = f: Ff — F}O for f satisfying (3.2.1), by

TP

uniqueness. (Also note that F{ = Fye and [0]% = [0¥] e pro by uniquness.)

m—1

Definition 3.9. Generalizing Example 3.8, define f,,, := f¥ o---0 f¥o f € Op[[X]] for
m > 1, and set fo(X) := X. Then, by Example 3.8 and Proposition 3.5(ii):

m—1
S =777 Jppmer pom 0w 0 [1%] 4, o2 0 [T]g pe = [Tm]j pom (VM > 0),

— t
where we defined 7, € Op, by 7, := H;lol 7% and m 1= 1.
4. LUBIN-TATE EXTENSIONS AND ARTIN MAPS

4.1. Lubin-Tate extensions. Here we fix a complete unramified extension L of K.

Definition 4.1. Let f € Or[X] be a monic polynomial satisfying (3.2.1) for a uniformizer
mof L. For m > 1, let L' be the splitting field of f,, € Or[X] (Definition 3.9) over L, and

let pyp, = {a €L} | fin(a) =0}

Example 4.2. In Ezample 3.6, we have frn,(X) = [p™];(X) = 1+ X)P" =1, ps,, =
{C—1[¢€pym} and LT = L(pym) for all m > 0.

Lemma 4.3. Let m > 1 and f € Or[X] as above, and set L' := L' and [] := [];.

(i) The extension L'/L is separable and py,,, C prs. (In particular, we can substitute
the elements of py ,, into power series over Or, (see Appendiz I).)
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(ii) For x € K* with v(x) =m and o € prsep:

Q€ pyp,, = [z](a) =0 < [a|(a) =0 (Va €p™).

Proof. (i): The separability of L'/ L is automatic when char K = 0, and in general it follows
from Proposition II.1 in the Appendix II (which in turn follows from Proposition 4.4(i)
when char K = 0). Now py,, C Ops as fp, is a monic in Or[X]. If a € O, then f,(a),
being = " (mod py/), will also be in OF,. Thus My C pro. (il): By Definition 3.9, we
have [z] = [@/mm]pem § 0 frn. As [z/my] is invertible, we see the first equivalence. The
second one follows by p™ = (). O

Proposition 4.4. Let m > 1 and f € Or[X] as above, with the linear coefficient 7.

(i) The set py,, is an O-module by +p, and [-];. For any o € ;L;m = fn \ B fn—1
the following is an isomorphism of O-modules:

O/p™ > amodp™ +— [a]s(a) € phys -

(ii) If a € u?m, then L' = L(«a), NL}n/L(—oz) =7¢""" and o is a uniformizer of Lp.
The L'/ L is totally ramified Galois extension of degree ]u;m\ =q¢" (g—1).
(iii) We have canonical isomorphisms of abelian groups:

prm : Gal(L} /L) — Auto(py,,) — (O/p™)"
(o= [u]f(@), Yo € py,y,) — umod p™

Proof. We write +¢ := +p, and L' := L. (i): Lemma 4.3(ii) shows that py, is an O-
module by +¢, [-], killed by p™. The stated O-homomorphism is injective as [a](«) # 0 for
some a € p™~! by Lemma 4.3(ii), hence surjective as |O/p™| = ¢™ = deg fm > [l
(Thus |pg,,| = ¢™ and hence pr, . is the set of all roots of fn/fm-1.) (ii): We have
Kim C L(a) by (i), hence L' = L(a) and L'/L is Galois. Now the constant term of
fin/ fm_1 reads T¢" " = Haeu;m(_o‘)? and taking the vy, of both sides shows e(L'/L) =
> vp(=a) = |pj,,| by Lemma 4.3(1). But |p7, | = deg(fm/fm-1) = [L' : L] = e(L'/L),
hence all are equalities and f,/ fm—1 is irreducible. (iii): As +y, [-] have coefficients in Oy,
for all 0 € Gal(L'/L), we have o(a +5 /) = o(a) +¢ o(a/) and o([a](e)) = [a](c(e)), i.e.
Gal(L'/L) acts on py,, by O-homomorphisms. Hence we have a group homomorphism
prm ¢ Gal(L'/L) — Auto(py,,). This is injective as L' = L7, and Auto(pysy,) =
(O/p™)* by (i). It is surjective as | Gal(L'/L)| = [L' : L] = [(O/p™)*]| by (ii). O
4.2. Artin map. In this subection we use the notation ( ) := ( )“pi and p,gfzn = G
for all i« € Z. We extend Definition 3.9 to define m; € L* for all j € Z by requiring
Tjtpj = ﬂj(.f)ﬂj for all j,j’ € Z, i.e. mj := (7(':]1-)0) for j < 0. Then vy (m;) = j for all j € Z.

Lemma 4.5. If 0 € @ﬁm,, then 019) /6 = 7/ for all j € Z. Also, m; € G)iw(j).
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Proof. Using ),y /mjr1 = () /mj)(x' [m)0) = (w/m;)(6%/6)9) = (] /m;) (09D /610)), ar-
gue by induction in both directions. Take ©’ = 7% and 6 = 7 for the second claim. O

Lemma 4.6. Let f, f' € Op[X] be as above with linear coefficients w, 7', respectively. If
RS @L ", (see Corollary 3.7(ii)), then for all m > 1, it gives an isomorphism [0] = [0]7 s :
Hfm — uf/, of O-modules, and L}* = Lm

Proof. The [0] maps iy, to py ,, because f;, o [0] = [0] (™) 6 f,,. It is an O-homomorphism
by Proposition 3.5(ii),(iii), and is an isomorphism as [0~!] gives its inverse. As [],[07!] €
OL[[X]], we have pgr ., = [0](y,m) C LY and py,, C LY, thus L = LY. O

Proposition 4.7. Let m > 1 and f € Op[X] as above, with the linear coefficient .
(i) The L' is Galois over K, and the following map is bijective for any o € ,u;m
KX/(1+9p™) 2 zmod 1 +p™ +— [z7)]; i) (v EH“fm (v(z) = —j).
JEZ
(ii) Let L = K. The ptm of Proposition 4.4(iii) extend to isomorphisms:
ppm s WRT ) 0 K% J(1 4+ ™).
(¢ on B, ar fam)(0), o€ pup,) — wmod L+ 5™ (u(z) = —j)

Setting KIT .= IA(m, we get pr: W KYT/K) =5 K~ by passing to the limit.
f m>14f f f

Proof. (i): If v(z) = —j, then am; € @ (]) by Lemma 4.5, hence [z7j] : py,, =, “Sfj,zn by
Lemma 4.6. As [z7;] is O-linear, v 1(— N/(1+p™) 3z [zmj](a) € ,ugcj)’x is bijective for

each j. As L(«a) = L’J? = f<] by Proposition 4.4(ii) and Lemma 4.6, the ¢/ € Aut(L/K)
extends to L' by a — o for each o € u;) hence L is Galois over K. (ii): Let
o€ W(IA(JC”/K) with o]z = ¢/. If a € u;m, then o(a) € /chjzn , hence o(a) = [z7;](c) for
a unique x mod 1+p™ by (i). This holds for all « € p,,, because o([a] () = [a]gej)(a(a)) =
[a] i) [xms] (@) = [wm;][a] s () for all a € O (this shows the compatibility of py,, for varying
m). The map py,, is a group homomorphism because if 7(a) = [ymy](a), then o7(a) =
o([ymj)(@)) = [ym;)D[zm;](a) = [yﬂj(j) ~xm;)(a) =[xy - i) («). It is bijective because it
restricts to Gal(K}'/K) = (O/p™)* = O* /(1+p™) by Proposition 4.4(iii) and the quotient
W (K /K) = Frob% is mapped onto K*/O* = 7Z, i.e. vo Pfm = 0. O

Proposition 4.8. The map v : 0% 30— 0¥/0 0% is surjective. In particular, for any

. . , >~ K
pair of uniformizers w, 7' of K, we have @ﬂ’ﬁ #0.

Proof. As 0% 2 1im(O/p™)* = lim O* /(1 + p™) and ¥(1 + p™) C 1 + p™, it suffices to
show for every u € O% and all m > 1, there is 6, € O% with 1(6,,) = u (mod p™) and
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Oms1 = Oy (modp™). We get 6 because 0 — () = 77 is surjective on (O/p)* qu.
Suppose we have 6,,, and let u/¢(6,,) = 1+ an™ for a uniformizer m of K. Then there is
B € O with 3¢ — 8 = a (modp) because 8 — 3% — 3 = 87 — 3 is surjective on O/p = F,,
and 0,11 := 0, (1 + ™) will do. 0

Corollary 4.9. The IA(}” and pym, hence also I?]I:T and py, of Proposition 4.7(i) do not
depend on f. (We will drop the subscript f and write I/(\'m, Prms KT and p.)

Proof. For f, f' with linear coefficients m, 7', take 6 € @fﬁ and [0] : py,, =, K DY
Proposition 4.8. Lemma 4.6 shows K" = I?JT[} If o(a) = [z7;] () for o € W(IA(}"/K), then

o([0](a)) = [9](j)[x7rj](a) = [:mr;][e](a) by Lemma 4.5, hence py ., = pgr m- O

Definition 4.10. For any f € Or[X] with L/K finite, set K™ := K" L". Then K™ /K is
finitely ramified, and Galois by Proposition 4.7(i). By Lemma 2.2, the completion of K™
is KL;” = K™ and K™ = K™ N K%P, thus independent of f. Setting KT := Umzl K™=
KY'NK*P we have W (K™ /K) = W(K"'/K) by the remark after Definition 2.5. We call

a finite extension of K a Lubin-Tate extension if it is contained in KT, We call the inverse
of p the Artin map of K and write Arty : K* — W(KY'/K). We have v o Artyx = v.

5. GaLois GRoOUPS, NORM GROUPS AND THE BASE CHANGE

5.1. Galois groups. Now let L = K,,/K be the finite unramified extension of degree n.

71.l

Proposition 5.1. Let 0 € @f’x form,n" € L. Then § € Of <= Np k()= Np/g(r').

Proof. Lemma 4.5 for j = n shows 0¥ /6 = Ny i (7") /Ny /i (), so use Lemma 5.2(i). O

Lemma 5.2. (i) Forn > 1, the fixed field of ™ in K is K,,.
(ii) If L = Ky, then N = Ny, /i surjects onto v~ Y(nZ) Cc K*.

Proof. (i): As a set of representatives of O/p = F,, we can take C := {0} U Uns1 Hgn—1
by Lemma 2.3. Then ¢" acts on C, and its fixed set is C, = {0} U ppn_y C K,. Now
take a uniformizer m of K, and consider the m-adic expansion in K with respect to C
(see Appendix I). If o = 377% ) a;wt for a; € C, then z¢" = Y, affnﬂi, hence z¥" =
r < a; € C, (Vi) —= z € K,. (ii): For a uniformizer 7 of K, we have v~!(nZ) =
O* x (7™) and N(m) = 7", hence it suffices to show that N : O — O* is surjective. We
have O* = lim 0> /(1 +p™), OF = HimOf /(1 +p}'), and N(1+p}') C 1+ p™, because
N(1+4pT) C (14+p7)NO = 1+p™. Therefore it suffices to show that, for every x € O* and
all m > 1, there is u,, € O satisfying N (un,) = (mod p™) and up 41 = Uy, (mod p™). We
get uy by the surjectivity of the norm map (Op/pr)* — (O/p)* induced by N. Suppose
we have u,,, and let /N (u,,) = 1+ an™. Then there is 8 € O, whose trace = o (mod p)
because the trace map O /pr — O/p is surjective, and up,+1 = up (1 + f7"™) will do. O
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Definition 5.3. Let © € K* with v(x) = n > 0. Take a uniformizer 7 of L = K,, with
Np/k(m) = x by Lemma 5.2(ii), and a monic f € Or[X] satisfying (3.2.1) for 7. Then for
m > 1, the fields L’JTL depend only on z by Proposition 5.1 and Lemma 4.6, so we denote
them by K" := L, and set K;™ :=J,,~; K7", which are totally ramified over L.

Proposition 5.4. Forxz € K* withv(x) =n > 0, the element o := Artg(x) € W(K'T/K)
is characterized by v(o) = v(x) and o|gram = id. For all m > 1, the Artin map induces the

isomorphism K> /((1 +p™) x (z)) =, Gal(K™/K).

Proof. The o acts as Frobk on L, and m, = = implies [z7_p] = [1] = id on p;,,, hence
o fixes KM, This characterizes o because KX = KWK, [t also shows that Artg

(or p;,!) descends to the claimed map, which is bijective because it restricts to (O/p™)* =
Gal(K["/L) and induces K* /(O* x (z)) = Gal(L/K) on the quotients, as voArtx =v. O

5.2. Coleman operator and norm groups. As above, let f € Op[X] be a monic poly-
nomial satisfying (3.2.1) for a uniformizer 7 of L = K, and set x := Np g (m). We write
+y for +p, and p,, for py,, (we will not see roots of unity here), so K;* = L(,y,)-

Lemma 5.5. Let g € Op[[X]].

(i) If g(a) =0 for all « € py, then g = ¢ - f for some g' € OL[[X]].
(ii) For h € Or[[X]] and m > 1, we have ho f =0 (mod p™) = h =0 (mod p").
(iii) If g(X 4+ a) = g(X) for all « € py, then g = ho f for a unique h € Or[[X]].

Proof. (i): For a € py, if g(X) = Y225 a; X", g(a) = 0 then if we let b; := > 20 Qiyjr10d €
Oy for each i > 0, then g(X) = (X —a) - Y20 b; X" in Op/[[X]]. As f is separable (by
Proposition II.1, or Proposition 4.4(i) when char K = 0), repeating this, we get g(X) =
f(X)-¢'(X), and as g, f € Op[[X]], also ¢’ has coefficients in LNOp = Op,. (ii): f m =1,
then ho f = h(X?) (modp) proves the claim. Use induction for m > 1. If ho f = n™g, then
by induction h = 7™~ ! - K’ thus b’ o f = mg but the m = 1 case implies A’ = 0 (modp).
(iii): If (X +5 a) = g(X) for all @ € py, then we can write g(X) — g(0) = g1(X) - f(X)
by (i). Now as f(X +;a) = f(X) +5- f(a) = f(X), we have g1(X +; a) = g1(X).
Repeating this procedure and setting go := g and ¢;(X) — ¢;(0) = g;+1(X) - f(X), we get
g(X) =>"2,6i(0) f(X)?, hence h(X) := > 2, 9:(0)X* gives g = ho f. Uniqueness follows
from (ii), which implies ho f =0 = h = 0. O

Definition 5.6 (Coleman [4], de Shalit [5]). For g € OL[[X]], coeflicients of the product
[l.c 1, 9(X +5 a) are Op-polynomials in the symmetric functions of pq, hence they lie in

Or. Therefore by Lemma 5.5(iii), we get a unique N(g) € Or[[X]] satisfying:

(5.2.1) N(g)o f(X) = ] 9(X +s ).
acply

Clearly N(g1g2) = N(g1)N(g2). Also, we set N(g) := g and
N™(g) = (N "' (N ()7 )" (m>1).
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If we write N = Ny (called the Coleman operator), this means N™ = Njgm-10:--0NgooNy.

Lemma 5.7. For m > 1, we have N™(g) o fin(X) = [loep, 9(X 47 a).

Proof. The case m = 1 is the definition. Use induction on m. Fix a set C' of representatives
of w,,/p, as O-modules, and extend ¢ to a ¢ € Gal(K}"/K) (Proposition 4.7(i)). Then:

Hg(X—I—fa):H Hg(X—l-fﬁ-l-fOz HN (X +¢0),

OLEIJ/"L ﬂec Oéel“l‘l ﬁec
and f(X 4+ B) = f(X) 450 f(B), but as C > § — f(ﬁ)‘z_1 € W,,_; is a bijection,
©
RES = [ N@UX) +pa?) =( T N2 (777 (X) +5 )
(XEIJ/,,,L71 ael‘l'nL 1

equals (N1 (N(g)? ") o frn_1(f* (X)))? = N™(g) o fm(X) by inductive hypothesis. [

Lemma 5.8. (i) N(g) = g% (modp). In particular, N(OL[[X]]*) C Or[[X]]*.
(ii) Form >1,if g =1 (modp™), then N(g) =1 (modp™*1).
(iii) If g € OL[[X]]* and m > 1, then N™(g)/N™ 1(g)¥ =1 (mod p™).

Proof. (i): As f(X) = X7 (modyp), LHS of (5.2.1) = N(g)(X9) (modp). On the other hand,
if we write L' = K}, then p; C prs, hence g(X 45 a) = g(X) (modpy) for all a € p,.
Therefore RHS of (5.2.1) = g(X)? = ¢¥(X9) (modpy/), and we see N(g) = g¥ (modp).
(ii): If we let g = 1 +7™h and L' = K}, then

N(g)o f= H (14+7"h(X +7a)) = (1+7"h(X))? (modp™py)
acy
=14gr"h(X)+ - 7™h(X)! =1 (modp™pr),
hence (N(g)—1)o f =0 (mod p™pz/), and as it belongs to O [[X]] we have (N(g)—1)of =
0 (modp™*!). Therefore, by Lemma 5.5(ii), we get N(g) — 1 = 0 (mod p™*H!). (iii): As
N(g)/g® =1 (modp) from (i), apply (ii) to this m — 1 times. O

Definition 5.9. For a finite separable extension K'/K, we denote the image Ng/p (K')
of the norm map Ny i : K’ — K* by N(K'/K). For any separable extension E/K,
define N(E/K) =y N(K'/K) where K’ runs through all the finite extensions in E.

Proposition 5.10. N(K'/K) = (1+p™) x (x) for all m > 1.

Proof. Write L' = K" and take o € .. By Proposition 4.4(ii) we have L'* = O, x (—a)
and Npjg(—a) = NL/K(W‘Pm_l) = x, hence it suffices to show Ny /x(OF,) = 14 p™

First we show N x(Of,) C 1+ p™. By the following Lemma 5.11, any u € Oj, can be
written as u = g(a), g € Op[[X]]*. For i > 0, set u; := N*(g)(0). Then by Lemma 5.7
we have u; = Haeﬂig(a), hence Np//p(u) = Haeu,ﬁ g(@) = Up/um—1. Lemma 5.8(iii)
shows that up,/u;,_; € 1+ p7'. Hence Np/jp(u) = Npjg (tm/um—1) = Nk (Um /1) €
Np/g(1+p7) C 1+ p™. The other inclusion (not used in the sequel) is seen as follows:
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as K" is the fixed field of Artx((1 +p™) x (x)) by Proposition 5.4, if 2’/x € 1 4 p™ then
K' = K. Therefore 2/ € N(K!}/K) = N(K}'/K) and 1+p™ C N(K]'/K). O

Lemma 5.11. If L'/ L is totally ramified and « is a uniformizer of L', then O = Of[al].

Proof. f [L' : L] = n and x = Z?;ol a;a’ (a; € L), then vy (x) = min{vy(a;at)}, as
vr/(a;at) are all distinct. Thus (i) z = 0 = a; = 0 (Vi), (ii) z € Op & a; € O, (Vi). By
(i), the set {1,,a?...,a" '} is a basis of L’ over L. This and (ii) imply Or, € Or[a]. O

Corollary 5.12. If E/L is totally ramified and E contains K*™, then N(E/K) = (z).

Proof. Proposition 5.10 and (1,5, (1 +p™) = {1} imply N(E/K) C N(K;*"/K) C (z),
and N(F/K) contains an element with valuation [L : K] by the following lemma. O

Lemma 5.13. Let P = Py, := vzl(l) be the set of all uniformizers of a local field L, and
E/L a totally ramified extension. Then N(E/L)Y := N(E/L) N P is non-empty.

Proof. If L' /L is finite totally ramified, then N(L'/L)¥ # ) as Ny g, maps Pps into P. For
a uniformizer = of L, we have P = 7 - OF = lim P/(1 + p7*), where the quotient is taken

by the multiplicative action. As Ny, /(1 +p7i) C 1+ p7 for all m > 1, the Ny is the
lim of Ny, = NL : Pp/(1+p72) — Pp/(1+ p). We show N(L'/L)P = lim(ImN,,) as
subsets of P. If 7 = (m)m € lim(ImNy,), then there is «’ € lim N,,,! () as the lim of

non-empty finite sets is non-empty, and N(7') = 7. Converse is clear. Now for general E/L,
every finite L'/ L contained in F is totally ramified, and if L', L” C E then L'L” C E and
ImNEE" ¢ ImNE NImNE”. Hence the intersection (), InN  in the finite set P/(1+4p7),

where L’ runs through all finite extensions in E, is non-empty. Thus lim (ﬂ I ImN#L/) £ 0,
and it is contained in lim(Iquﬁ/) = N(L'/L)? for all L', hence in N(E/L). O

5.3. Base change and LCFT for Lubin-Tate extensions.

Proposition 5.14. For o € W(K*P/K) with v(c) > 0, let E, C K°P be its fized field.
Then N(E,/K) = (Art™ (0| grr)).

Proof. Let x := Art™!(o|gir). By Proposition 5.4, we have KI*™ C E,, and E, N K" is
the unramified extension of K of degree v(o) = v(z). Hence Corollary 5.12 applies. O

Theorem 5.15. (Base change) For a finite separable K' /K, we have K" c K™™' and the
following commutes, i.e. for all ¥’ € K™ we have Artr(2')|gur = Artg (Ngor/x(2')).

Art o/
K% LN Gal(K/LT/K')

NK’/Kl ires

Ar
KX Gal(KVT/K)
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Proof. Take z € pgr N K%, and extend Artg(z) € W(K'VT/K') to o € W(K*P/K'). By
Proposition 5.14, we have (Ng//k(2)) = Ng//k((x)) = Ngryg(N(Es/K')) = N(E; /K) =
(Arty! (o] ). As vi(o]gar) = f(K'/K)vgr(0) = f(K'/K)vgr(2) = vie(Ngoyic (), we
obtain Ny g (x) = Art ! (o] gur). Therefore o gir = Artg(Ngr /(7)) depends only on
oo, which shows KM ¢ KM and the commutativity, as pg N K’* generates K'*. O

Corollary 5.16. (LCFT minus Local Kronecker-Weber)

(i) There is a unique homomorphism Arty : K* — Gal(K'T/K) satisfying:
(a) if m is a uniformizer of K, then Artg(m)|xuw = Frobg, and
(b) if K'/K is a Lubin-Tate extension, then Artx(N(K'/K))|k = id.
Moreover, the Arty is an isomorphism onto W (K" /K) C Gal(K"'/K).
(i) If K'/K is finite separable, then K™ ¢ K", and Artg (z)| e = Artg (N i ()

for all x € K'*. The Artg induces K*/N(K'/K) = Gal((K'n K')/K).

Proof. (i): The Artg satisfies (a) by definition, and (b) by Theorem 5.15. Conversely,
if Art}y satisfies these, then for any uniformizer 7 of K, (b) and Proposition 4.4(ii) im-
ply Arty (7)|grmm = id. This and (a) show Arty (7) = Artg(m) by Proposition 5.4. As
K* is generated by the uniformizers, we get Art, = Artgx. The last claim was seen in
Definition 4.10. (ii): The first part is Theorem 5.15, and Artx induces K*/N(K'/K) =
W(KY /K)/Im(W (K'™T/K")). This is isomorphic to Gal((K' N K1) /K), as W(K"'/K)
surjects onto Gal((K’ N K¥T)/K) and W(K"*T/K’) is the inverse image of W (KT /K)
under Gal(K""T/K') — Gal(K'T/K). O

Above proof of (i) shows that we only need totally ramified Lubin-Tate extensions for
the characterization of Artg. The classical theorems of LCFT for Lubin-Tate extensions
(instead of abelian extensions) follow easily from Corollary 5.16, for example:

(i) For any finite K’/K, we have N(K'/K) = N((K'NK'T)/K)) and [K* : N(K'/K)] <

[K': K]. Equality holds if and only if K’'/K is Lubin-Tate.

(ii) If K'/K is finite and K" /K is Lubin-Tate, then N(K'/K) C N(K"/K) <— K" C
K'. If both are Lubin-Tate, then N(K”/K)/N(K'/K) = Gal(K'/K") by Artg:.

(iii) If K', K" /K are Lubin-Tate extensions, then:
N(K'K"/K)=N(K'/K)NN(K"/K), N(K'NnK")/K)=N(K'/K)N(K"/K).

(iv) (Ewmistence theorem) For any finite index subgroup H C K* containing 1 + p" for
some m, there is a unique Lubin-Tate extension K'/K such that N(K'/K) = H.

6. THE LocAL KRONECKER-WEBER THEOREM

We finish the proof of Theorem A by proving the local Kronecker-Weber theorem, i.e.
KT = Kb This follows easily from the Hasse-Arf theorem (Gold [7] or Twasawa [9], §7.4;
see also Lubin [10], Rosen [13]). We first prove the Hasse-Arf theorem following Sen [14].
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6.1. Ramification groups. Let K'/K be a finite totally ramified Galois extension of local
fields, and set G := Gal(K'/K). For a uniformizer 7 of K', we have Ok = O[r] by Lemma
5.11. We write v := vk and ¢ = |O/p| = |Og' /pK|-

Definition 6.1. Let i(0) := v(o(m) — 7), where we set i(id) = oco. For m > 0, define
G, ={oc€eG|ilo) >n} ={0ce€G|or)/mel+pi} Then G = Gy as K'/K is
totally ramified, and G,, = {id} for sufficiently large n. They are normal subgroups of G,
independent of the choice of 7, because Gy, = {o € G | v(o(a) —a) > n for all a € O/} is
the kernel of the group homomorphism G' > o — oo, mod prtt € Aut(Ogr /ptth).

Proposition 6.2. For n € Z>o, we have the following injective group homomorphisms,
independent of the choice of m (they show that G is supersoluble):

0o : Go/G1 2 0+ o(r)/m modpg: € (Ok/prr)* =Ty,
On : Gn/Gpi1 30— (o(m)/m) — 1 modpidt € plt /piit =2 Fy (n > 1).

Proof. The maps are well-defined and injective by definition of G,,. For a different uni-
formizer 7’ = ur with u € OF,, we have o(n’) /7’ = (o(7)/7) - (0(u)/u), and if o € Gy, then
o(u) = u (mod pit), hence o(u)/u € 1+ p7%t!, hence the maps 6,, do not depend on the
choice of w. For o,7 € G, if u = 7(7) /7, then o7(7w)/7m = (o(7)/7) - (7(7)/7) - (o(u)/u),
and as u € Oy, we have o(u)/u € 1+ p”Kfl, therefore 6,, are group homomorphisms. O

Corollary 6.3. If G is abelian and Gy, # Gpt1, then eg := |Go/G1]| divides n.

Proof. Let 7 € G, and 0 € G. We compute 0,(c70~!) using 7’ = o~ (7). If 7(7) =
(14 a) for a € p%,, then 6,(7) = amod pit! by definition. Then o7~ (7) = o7(n') =
o(7'(1 + a)) = 7(1 + a(a)), hence 0,(c70) = o(a)mod p’it. If we write a = br™ for
b e Ok and o(m) = ur for u € OF,, then o(a) = o(b)o(n)" = o(b)u"r", and as o(b) =
bmod px, we have o(a) = bu™r" = u"a (mod p74'). Therefore 0, (c70~) = u"amod p’i™.
If G is abelian, then o0~ = 7, hence a = u amodp"“. If G,, # Gn+1, we can choose
T € Gy with 0,(7) £ 0, i.e. a € pl, \ piitt. Also, choose ¢ € G which generates Go/G1, i.e.
0o(0) = umod p has order ey in (Og+/pg/)*. Then a = u"a (mod p"“) implies eg | n. O

Lemma 6.4. For o € G1, we have v(3_%_, Loi(a )) > v() for all € K'™.

Proof. Replacing a by ax for x € K*, we can assume o € Ogr. Let (0 —1)(a) :=o(a) — a.
Then o € Gy implies v((o — 1)P"1(a)) > --- > v((6 — 1)(a)) > v(a). The claim follows by
Sy 0 0'(a) = (0 — 1)P"(a) (mod pa), which follows from (—1)*(?7') =1 (mod p). This is
seen from YP~J X = (XP —1)/(X —1) = (X — 1)P~! in F,[X]. O
Lemma 6.5. Let 0 € G1. For each n € Z, there exists a € K'* such that v(a) = n and
v(o(a) — ) =n+i(c™). Moreover, any x € K'* can be written as a sum x = ZZO:U(@ T
(see Appendiz I) where each x,, satisfies above two properties for n if x, # 0.

Proof. For the first part, if n > 0, then let o = []/Z 01 o!(m) for a uniformizer 7 of K’ (set
a = 1 for n = 0). Then clearly v(a) = n, and o(«a)/a = o™(n) /7, thus v(oc(a) — a) =
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v(a)+v((o(a)/a)—1) = n+i(c™). Also, a~! satisfies the properties for —n. For the second
part, note that C':= {0} U g1 is a complete set of representatives for O mod pg, and o
acts trivially on C as C' C K. Hence we can write x = Zfzv(x) cnoy, where ¢, € C' and «,
is the a we constructed above. Thus z,, := ¢,a,, has the required properties if ¢, #0. [
Proposition 6.6 (Sen [14]). Let 0 € Gy, and |(o)| = p™ for m > 1 (by Proposition 6.2).
Let Hy, := G, N (o) forn>1 and ij := i(o?") for j >0 (and ij := 00 for j >m). Then:

i) i1 <1y if j <m. Also, H, = o”) if and only if i,_1 <n <i;.
j J j J
(ii) i(0*) =ty (a) forla > 1, where vy 1= v, .
(iii) ij—1 =i; (modp’), where 0o is understood to be congruent to any integer.

Proof. (i): Lemma 6.4 for & = o ' (1) — 7 shows ij—1 < i;. We have (o7 C H, if
and only if o” € H,, i.c. i; > n. As all subgroups of (o) are of the form (67"}, we have
(") D H, & (0¥ ) ¢ H, < ij—1 < n. (ii): This is co = 00 if p™ | a. If j := vp(a) < m,
then H;,_1 = (o) and H;; = (o? ") by (i), therefore 0@ € Hy, 1\ H,, i.e. i(0®) = ij. (iii):
We can assume 7; < oo, and use induction on j. The assertion is empty when j = 0. Let
j =1, and assume the Inductive Hypothesis (the assertion of (iii) for j — 1). We first prove
the Claim: the ij—1 and n+i(c™) for n € Z, vy(n) < j are all distinct from each other.
As vp(n) < j — 1, the Inductive Hypothesis shows i(0™) = i, () = ij-1 (mod ptr(M+1),
i.e. vp(ij—1 — i(c™)) > wvp(n), hence i;_1 # n + i(c"). Now assume n + i(c") = n' +
i(0™). Tfvy(n) # vy(n'), then v,(n—n') = min{v,(n),v,(n’)}, but the Inductive Hypothesis
shows v,(i(0™) — (™)) > min{v,(n),v,(n')}, which is impossible. Hence v,(n) = v,(n’),
therefore i(0") = i(¢™) and n = n/. Thus the Claim is proven. Now applying the Inductive
Hypothesis to o? € Gq, we have i;_1 = i; (modp’~'). Let s := i;_; — i; and assume
vp(s) = j — 1, to see it leads to contradiction. The first part of Lemma 6.5 for o shows
that there is z € K'* with v(z) = s and v(o?(z) —z) = s+i((oP)®) = s+1; = 1. Letting
Y= Zf;& o'(z), we have v(y) > v(x) = s by Lemma 6.4 and v(c(y) —y) = v(oP(z) — 1) =
ij—1. Now expand y = ZZ‘;v(y) Yn as in Lemma 6.5: v(o(y,) — yn) = n+i(c™) if y, # 0.
Let z := o(y) —y. Then v(z) =41 and z = 3372
v(zn) = n+i(c™) whenever z, # 0. The Claim shows U(Z_va(n)<j zn) <ij1. Hop(n) > j
and z, # 0, then v(z,) = n+i(c") > n+i; > v(y)+1i; > i;_1, hence U(va(n)zj Zn) > i1,
a contradiction. O

) Zn, Where 2, 1= 0(Yn) — Yn, hence

Corollary 6.7. Assume G = Z/p™Z. Then there exist ng,n1,...,Nm—1 € Z>1 such that,
for 1 <j <m—1, we have |G| = p™ 7 if and only if Zg;& nipt <n <31 nip'

6.2. The Hasse-Arf theorem. Let G = Gal(K'/K) with K'/K totally ramified as before,
and let G > H with G/H = Gal(K"/K). For o € G, let @ = cH € G/H be its image.
Lemma 6.8. For all 0 € G, we have i(7) = ﬁ Y oreilor).

Proof. For @ = id, we understand the equality as co = co. Let @ # id, and take uniformizers
7' and 7" of K’ and K" respectively, so that O = O[n'] and Og» = O[x"] by Lemma
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5.11. As i(o) = vgr(a(n") —n") = ﬁ cvgr(a(n”) — 7)), if we let a = 7(n”) — 7" and
b=1[I,cp(or(x")—7"), it suffices to show vgs(a) = vgs (D). Let the minimal polynomial of 7’
over Ogr be f =[] cy(X—7(7")) € Ogn[X]. Applying o, we get f7 =[], .y (X —o7(n")),
where f7 € Ogn[X] is obtained by applying & to the coefficients of f. Hence f7(n') =
[I.cqx(n" —o7(n’)) = £b. First we prove a | b. As Ogn = O[r"], we have a | 7(z) — x for
any x € Ogn, hence a | f7 — f, therefore a | f7(n’) — f(n') = +£b. Now we prove b | a.
Write 7" = g(n’) for g € O[X]. The polynomial g(X) — 7" € Og»[X] has 7" as a root,
hence divisible by f in Og»[X]. Applying &, we have f7 | g(X) — o(r") in Og~[X], hence
g(7") —7(n") = —a is divisible by f7(n’) = +b. O

Proposition 6.9 (Herbrand). Define ¢pg(n) := —1+ﬁ > rep min{i(7),n+1} forn € Rxo.
Also, for n € Rxq, define G, := {0 € G | i(0) > n+ 1}, i.e. G, = G, if i € Z>o and
n € (i —1,i]. Then GoH/H = (G/H )4, n) for all n € Rxq.

Proof. For @ € G/H, replace o by the element in ¢ H which has the maximal value of i,
and let i(o) = m. Let 7 € H. If i(7) > m, then i(o7) > m, hence i(o7) = m. If i(7) < m,
then i(7) > min{i(o7),i(c~!)}, hence i(67) = i(7). Therefore i(o07) = min{i(7), m}. Now
the Lemma 6.8 gives i(g) = ¢ (m — 1) + 1. Therefore, as ¢y is increasing, for n € R>g we
have 7 € G, H/H <= m>n+1 <= i(@) > ¢g(n) +1 <= 7 € (G/H)y, (n)- O

Lemma 6.10. Let ¢pg(n) := —1+ ﬁ > reqmin{i(7),n + 1} for n € Rxq. Then:

(1) ¢G(O) =0, ¢G(n) = \7(1;| Z?:l ‘G2| form e ZZI'
(ii) ¢c = da/m © du on Rxo.

n

n—1
Proof. (i): Zmin{i(T),n—i—l}:Z( > (z'+1)) + > (n+1)=)_|Gil.

TEG i=0 1€G\Gis1 r€Gn i=0

(ii): As ¢(0) = 0 and ¢ is continuous and piecewise linear, we only need to compare the
derivatives of both sides at n € (i — 1,4) for i € Z~o. For LHS it is |G, |/|G|, and for RHS
it is (|(G/H) gy /|G/H]) - (|Hn|/|H]) = |G H/H||Hy|/|G| = |Gn| /|G| by Proposition 6.9
and G,,/H, = G,/(HNGy,) =2 G,H/H. O

Theorem 6.11 (Hasse-Arf). If G is abelian, n € Z>o and Gy, # Gny1, then ¢g(n) € Z>o.

Proof. First assume G = G1. Then G = @gzl Z/p"™Z by Proposition 6.2, and we proceed
by induction on j. When j = 1, i.e. G =2 Z/p™Z, if G,, # Gpy1 then n = Z{ZO nip* for
some 0 < j < m — 1 by Corollary 6.7, in which case ¢g(n) = I;%(no cp™ A nap P 4
oo+ np! - p™ ) € Z>o by Lemma 6.10(i). For j > 1, if G,, # Gp41 we can find H with
G/H = Z/p™Z,and G, H/H # Gn11H/H. We have ¢ (n) € Z>( by inductive hypothesis,
and (G/H)g, (n) # (G/H)gynt1) = (G/H)g, ()41 by Proposition 6.9. As G/H is cyclic,
we see ¢q/p(Pu(n)) € Z>o, which is ¢g(n) by Lemma 6.10(ii). Now when G # G, set
H =Gy and |[G/H| = eg. As ¢g/p(n) = n/eg for n € R>q by definition, by Lemma 6.10(ii)
it suffices to show ey | ¢r(n) when n € Z>¢ and G,, # Gp4+1 (we know ¢ (n) € Z>g). If
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n = 0 then ¢y (0) = 0. Let n > 0. For any i € Z>; (where H; = G;) with H; # H;11,
we have eg | i by Corollary 6.3, hence e | Y, |H;|. As ep and |H| are coprime, we have
eo | ¢ (n) by Lemma 6.10(i). O

Definition 6.12. For m € R>q, set G := G¢C_;1(m) (the upper numbering).

Corollary 6.13. (i) If G> H, then G"H/H = (G/H)™ for all m € Rxg.
(ii) Let K'/K and K"/K be two Galois extensions with K'K" /K totally ramified. If
Gal(K'/K)™ = Gal(K"/K)™ = {id} for m € R>o, then Gal(K'K"/K)™ = {id}.
(iii) Let G be abelian. Then |G/G™| divides (q — 1)g™ ™! for m € Zxg.

Proof. (i): By Proposition 6.9 and Lemma 6.10(ii), we compute G H/H = G¢El(m) H/H =
(G/H)¢H(¢51(m)) = (G/H)%}H(m) = (G/H)™. (ii): If G = Gal(K'K"/K) and G/H =
Gal(K"/K), then G"H/H = (G/H)™ = {id} shows G™ C H = Gal(K'K"/K"). Similarly
G™ C Gal(K'K"/K'), hence G™ = {id}. (iii): If n — 1 < ¢5'(m) < n for n € Zso, then
G™ = G,. Consider G; for integers 1 < i < n. Then, by Theorem 6.11, G;_1 # G; can only
happen when ¢g(i — 1) € Z, and as 0 < ¢g(i — 1) < ¢pg(n — 1) < m, at most m — 1 times
for i > 1. By Proposition 6.2, |G;_1/G;| divides ¢ — 1 when ¢ = 1 and ¢ when ¢ > 1. O

6.3. The Local Kronecker-Weber theorem.

Proposition 6.14. Let x € K* with v(x) =n > 0. Let L = K,, and K" as in Definition
5.3. Then we have Gal(K['/L)™ = {id} for all m > 1 (see Definition 6.12).

Proof. Let K3 = L' and a € p, .. For o € Gal(K7"/L)\{id}, we have i(0) = v(o(a) — )
by Proposition 4.4(ii), where v = vgm. If ps (o) = umodp™ € (O/p™)* (see Proposition
4.4(iii)), then o(a) = [u]f(a). For o # id, set B := [u — 1]¢(c). If vg(u — 1) = i for
0 < i < m, then 3 € ,u;’m_i by Lemma 4.3(ii). Hence 3 is a uniformizer of K™~ by
Proposition 4.4(ii), which shows v(3) = ¢'. Now o(«) = [u]f(a) = a+¢3 = a4+ (mod af),
hence i(0) = v(o(a) — a) = v(B) = ¢'. Thus for G = Gal(K]'/L) and 1 < i < m, we have
Gl = oy, (14 B)] = g™ for g1 1 <n < ¢ — 1. Thus (@™ —1) = o S0 [Gil =

W(Zﬁl(qi — qi_l) . qm_i) =m and G = Ggn_1 = {id}. O

Theorem 6.15. (Local Kronecker-Weber theorem) Every finite abelian extension of a local
field K is a Lubin-Tate extension, i.e. K'T = K2P,

Proof. Take a 0 € W(K"'/K) with v(¢) = n > 0, and let L = K,,. Extend o arbitrarily
to o € W(K?*/K), and let E, C K be its fixed field. Then E, N K" = L and E,/L is
totally ramified Galois. Now Gal(K?P/E,) = Z with o — 1 by the definition of E,. On the
other hand, Gal(K"E,/E,) = Gal(K™/L) = Z by ¢ ~ 1, as o|gw = Froby. Therefore
Gal(K®/E,) = Gal(K“E,/E,), i.e. K* = K'E,. Now set x := Art* (o). Then K*™ C
E, by Proposition 5.4. As KT = KW K™ it suffices to show £, C K. Let K'/L be any
finite Galois extension contained in E,. It is totally ramified, and Gal(K'/L)™ = {id} for a
large m. Then we have Gal(K'K}"/L)™ = {id} by Proposition 6.14 and Corollary 6.13(ii),
hence [K'K™ : L] | (g — 1)¢™ ! = [K" : L] by Corollary 6.13(iii), thus K’ C K. O
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APPENDIX I: BAsic FACTS ON DVR

Here we gather some facts on DVR that are used in this article. The proofs omitted
here can be found in Atiyah-Macdonald [1] and the Chapters I, II of Serre [15]. A ring A is
called a discrete valuation ring (DVR) if it is a local ring (i.e. has a unique maximal ideal),
a PID and not a field. Let A be a DVR with the maximal ideal P, and let K be its fraction
field. A generator of P is called a uniformizer of A. Each uniformizer 7 gives a following
isomorphism of abelian groups:

A X735 (u,b) — u -7’ € K*.

The second projection (valuation) vi : K* — Z does not depend on 7, and setting vx (0) :=
oo, we have A ={z € K |vk(z) >0} and P = {z € K | vg(z) > 0}.

The completion of A is defined as A= lim A/P™, which is also a DVR with the maximal

m
ideal P := PA. If K = Frac(A), then K := K ®4 A is the fraction field of A, which is
called the completion of K. The canonical map A — A is always injective (hence K C K),
and if it is an isomorphism we call A a complete discrete valuation ring (CDVR). For
example, the ring of p-adic integers Z, := imZ/(p™) is a CDVR with (p) as its maximal
ideal, and its fraction field Q) is the p-adic field. A completion of a DVR is a CDVR,

~

and A/P™ — ,1/ P If Ais a DVR, choosing a complete set of representatives C' for
Amod P and elements z,, € A with v(x,) = n for all n > 0, we can write any element of
A= 1<i£1A /P™ uniquely as (anz_ol CnTy mod Pm)m with ¢, € C. (Incidentally, this shows
that if |C| < co then |A/P™| = |C|™.) We write this element as Y °  cpxy, (when z, = 7"
for a uniformizer , this is called a 7-adic ezpansion). Choosing x,, € K with v(z,) =n
for all n € Z, any x € K can be written as Y+ Zv(z)§n<0 CnTy for some y € j, hence as

o oo
T = Zn:v(:v) Cnn.-

If A is a CDVR, then we can substitute zi1,...,x, € P into any power series F €
Al[X1,...,Xy]] with coefficients in A to get F(z1,...,2,) € A. This is defined using
Al[Xq,..., Xn]] = liLn(A[Xl, ooy Xp)/(deg m)) and A = lim A/P™, by taking the limit of:

m m

AlXy,...,X,])/(degm) > Fmoddegm — F(x1,...,z,) mod P™ € A/P™.

Let A be a DVR, K its fraction field, L a separable extension of K of degree n, and
B the integral closure of A in L, so that L =2 B®4 K and L = Frac(B). Then B is a
finitely generated A-module, and as A is a PID, it is a free A-module of rank n = [L : K].
Also, B is a Dedekind domain, i.e. 1-dimensional integrally closed noetherian domain. If
PB = []{_, Q" is the prime ideal decomposition of the ideal PB of B generated by the

elements of P, then Q1,...,Q, are all the maximal ideals of B. Let EZ = lim B/Qy" for

m
1 <i<g. As B is a finite free A-module, the B® 4 and inverse limits commute, hence the
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following canonical maps are isomorphisms:

g g
BosA=Be (lmA/P") =lim B/(PB)" = lim [ | B/Qi"™ = ] B
m m m =1 i=1
Proposition I.1. (i) If A is a CDVR, then so is B.
(ii) If B is also a DVR, then the completion L of L is isomorphic to L @ K (i.e. it is
the composite field LK ), and LN K = K in L.

Proof. (i): B>~ B®4 A and B is a domain, hence g = 1 and B B. (ii): B®4 A~B
gives Log K =~ L®K(K®AA) L®pg (B®AA) LopB=TL. Nowlet K' := LNK and
[K': K] =m. As K'/K is separable, let K’ = K[X]/(f) with deg f = m. Assume m > 1.
As f has a root in K’ C L, we have L ® K' = L[X]/(f) = L x L’ with an L-algebra L’;
but then L= Log K = (Log K@ K = (Lx L) 9x K = (Log K) x (I 9k K), a
contradiction because L is a field. t

Assume g = 1 and @ = @ in the following. As Q@ N A = P, the field kg := B/Q is an
extension of kp := A/P, and as B is a finitely generated A-module, kg/kp is finite. The
ramification index e and residue degree f are defined by PB = Q° and f = [kg : kp]. As
vector spaces over kp, we have B/PB = (kg)¢ (use Q-adic expansion), and the dimension
of RHS is ef, and the dimension of LHS is the rank of B as an A-module, which is n.
Therefore n = ef. Assume moreover that L/K is Galois and kp is perfect. We say L/K is
unramified if e = 1 and totally ramified when f = 1. An element of Gal(L/K) induces an
automorphism of B which maps @ onto itself, hence we have a group homomorphism:

Gal(L/K) 3 0 — o|pmod Q € Aut(kg/kp).

We can show that kg /kp is Galois and the homomorphism is surjective. As|Gal(kg/kp)| =
f, the order of the kernel is e. The following gives an unramified example:

Proposition 1.2. Let L = K(u,,) (and g =1). If charkp fn, then L/K is unramified.

Proof. We show that the above homomorphism is injective. As any element of Gal(K (p,,)/K)
is determined by the image of a generator ( € B* of u,, it suffices to show that if
¢" = ¢ (modQ) then ¢* = (. As ¢ — ¢/ € Q implies "7 — 1 € Q, we only need to
show (" —1 ¢ Q for 1 <i < n — 1. Substituting X = 1 to the identity H?_ll(X ¢ =
(X" D/(X=1)=X""1+ X" 24 .. 4 X+ 1, weget [[/](1—¢)=n,and as n ¢ Q
we have [[72]' (1 — %) # 0 in the field kg, hence ¢! — 1 ¢ Q. O

Proof of Lemma 2.5. (<) follows from ¢! = ¢/ (modp) = ¢* = ¢/, which we showed in
the proof of Proposition 1.2. We show (=). As there is a generator of u, in k = O/p,
take its representative (; € O. As O = lim O/p™, it is enough to construct ¢, € O for

each m > 1 such that ) = 1 (modp™) and (pt1 = ¢ (modp™). If we have (, let

¢ =1+ ar™ (modp™tt). Setting (mi1 = Gn + 7™, we need (7 = (% + n(ly ™ =
1+ (a+n¢18)7™ (mod p™*!) to be = 1mod p™*!, hence 3 = —a/n¢% ! will do. O
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APPENDIX II: SEPARABILITY OF f,

Here we prove the separability of f,, of Definition 4.1 directly. It is used in the proof of
Lemma 4.3(i) only when char K = p. On the other hand, it follows from Proposition 4.4(i)
when char K = 0.

Proposition II.1. For VYm >0, f,, € Op[X] is separable.

Proof. Lemma I1.3 will show that f,,(a) =0 = f/ () # 0 for all a € L. O
Lemma II.2. Let O be an Op-algebra, and f € OL[X] as above.

(i) Let O’ be a domain and o € O'. If aw ¢ O'*, then f'(a) # 0.
(ii) Let O be a domain and integral over Or, and f(a) = for a, 3 € O'. If a € O'%,
then (a) B3 # 0, and (b) if B | 7 in O, then € O'*.

Proof. (i): As7 | qin O, we have f'(X) = m(14+ X g(X)) with g € Op[X], hence if o ¢ O,
then 1+ ag(a) # 0 and f'(«) # 0. (ii): As 8 = f(a) = o™ + wg(a) with g € Op[X], we
have f — mg(a) € O™ if a« € O'*. As © ¢ O’ because Oy, is integrally closed, we have
B#0. If =, then B(1 — F'g(a)) € O', hence 3 € O'*. O

Lemma I1.3. Let o € L, and let Op[a] be the Op-subalgebra of L generated by c.

(1) If fi(a) & Opla]* for all 0 <i < m —1, then f], (a) # 0.
(ii) If fm(a) =0, then fi(a) ¢ Orla]™ for all0 <i<m —1.

Proof. (i): The claim is empty when m = 0 as fj(X) = 1. We prove by induction
on m: assume it is true for m — 1. As fp—1(a) ¢ Ola]*, by Lemma II.2(i), we have
(f?" Y (fm-1(a)) # 0. By the induction hypothesis, we have f/ (o) # 0. Hence
f(a) # 0. (ii): If fi(a) = 0, then fj(a) = 0 for Vj > 4, so we can assume fj(a) # 0
for 0 <i < m — 1. Then we have o | f(a) | -+ | frm—1(@) | 7" " in Ola], which is finite,
hence integral, over O, as « is a root of a monic f,, € Or[X]. Now assume f;(a) € Ola]*
for some i. If i # m — 1, then fi11(«) | 7, hence fiy1(a) € Ola]* by Lemma I1.2(ii).
Therefore fr,—1(a) € Ola]*, but then f,(a) # 0 by Lemma I1.2(ii), a contradiction. O

REMARKS ON THE LITERATURE

The “relative” Lubin-Tate groups treated in §3, §4 and §5 are due to de Shalit [5],
although proofs are omitted there. The exposition is based on Iwasawa [9], with two notable
differences. Firstly, in Iwasawa [9] the norm operator N is treated only for the “classical”
Lubin-Tate groups, which proves the base change theorem for totally ramified extensions
(and the part (i) of Theorem A), and then appeals to the local Kronecker-Weber theorem
to prove the base change in the unramified case. Here we provided a uniform proof by
using the norm operator in the general setting. Secondly, we separated the “geometric”
(83, 84) and “arithmetic” (§5) parts of the theory by defining the Artin map through an
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arbitrary Lubin-Tate group over O, in the spirit of Carayol [2]. In §6 we combined Sen [14]
with the standard material from Serre [15], Chapter IV. Throughout this article we avoided
the use of topological rings/fields, and instead used the language of commutative algebra,
which might be a somewhat new way of exposition. Needless to say, there are many other
important approaches to local class field theory, see e.g. [3], [6], [8], [12], [15], and [16].
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