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2 TERUYOSHI YOSHIDA

Part 1. Introduction to Complex Multiplication
1. The Lemniscatic Functions

1.1. The lemniscatic integrals.

1.1.1. The lemniscatic curve.

De nition 1.1.  For positive real numbersa; c, the setL (a; c) of points whose product
of distances to the two xed points P = (j a;0); Q = (a;0) on the (x;y)-plane is equal
to ¢? is called alemniscate :

L(a;0)= fA=(x;y) 2 R?j AP ¢AQ = c%g:

Exercise 1.2. Can you draw the graph ofL (a; c) for various a; c using Mathematica?

We will consider exclusively the casea = c, where the origin belongs to the curve
L(a) = L(a;a). Computing:

0]
a’= AP ¢AQ = P (xi a)2+y? (x+a)2+y?
a'=((xi %+ y)(x+a)?+y’)=(x*+a’+y)?| (2ax)?
P
gives the equation ofL(a) interms of r = x2+ y2 asa*=(r2+ a%)?; (2ax)?, or:

1) r*+2a’r? = 4a°x?

As we have, fort 2 R,

(xy)2L(a 0 (txty)2L(ta)
p_
we can assume (I0) 2 L(a) (i.e. a = 72 as (1+a)1li a) = a) without loss of

generality, so we considel. = L(* 2=2) from now on. The equation ofL is:
2) r2+ r4=2x2

orr2; r*=2y? if you want. The r varies in the range 0- r - 1, andr = 0 gives the
origin, r = 1 gives (1;0) and (; 1;0).

1.1.2. Arc length of the lemniscatic curve. Now the arc length of L from the origin to
a point (x(r);y(r)) 2 L is given by:
s « .
VAP ' BN PR A P
dx + @ dr:

0 a dr

3) z(r) =
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. . dx d . .
We want to represent this integral in terms of r. Let x°= —=; y°= 9y and integrating

dr’ dr
(2), we get:
2r +4r3 = 4xx®
2ri 4r3=4yy®
Multiplying y?;x? respectively to the squares of these equations and adding gether,
we have
y2@2r +4r3)2+ x22r i 4r3)2 = (4xx9?y? + (4yyY?x?
Y2(r +2r3)2 + x3(rj 2r3)? = 4x?y?(x® + y®)

and then using (2):
yA(r +2r3)%+ x3(r i 2r3)% = (y?+ x®)(r2+4r% + (y*i x?) ¢4r*
= r2(r2+4r% +(jr) ¢4t = r4

therefore we see that

S r4 1
Ax2y2 22 ¢2y2  (r2+ (2 r4) 1 ¥
which shows that the integral (3) is simpZIy given by:

dr

(4) z(r) = P
0 1ir

De nition 1.3.  We call this inde nite integral the lemniscatic integral

XQ+ y(2=

This is a special case of thelliptic integrals  closely studied by Euler and Legendre.
In general, integrals of the form

b dr

o (@i rAi K2

are called elliptic integrals of the 1st kind , and lemniscatic integral is the case
k?=j 1.

z(k;r) =

1.2. The lemniscatic functions. Did the integral (4) remind you of the integral
expression of the inverse sine function sintr,

oodr
o 1jr2
in the range 0- r - 1? This was computed as follows. Puttingr = sin z:

(5) sini r =

——— P
— =cosz= 1j sinfz= 1j r2
gives, in therange O0- r - 1.

sinflr=z= dz = —~dr =
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This was just the computation of the arc length of the unit circle. Also recall:

Z
cod 1z = 1pL' tani 1z = L
r (i r2’ po 1402

Exercise 1.4. In general, the inde nite integrals of rational functions of quadratic
polynomials are expressible in terms of trigopnometric funtions.

Now young Gauss was dreaming of a rich mathematical theory othe functions
represented as inverse functions of elliptic integrals, naely elliptic functions , as a
natural generalization of the theory of trigopnometric functions.

De nition 1.5. We denote byr = s(z) the inverse function of lemniscatic integral in
the range 0- z - 1, and call it lemniscatic sine function

z

. . . . . . oodr .
Recall that the increasing function sinz (as the inverse function of 9.72) in

. . . .0 i re
the range O- r - 1 is naturally extended to all z2 R and is periodic with the period
2Y, We have a similar situation here. Imitating the de nition

Ya 1

— = pL—Sinill
2 0 1 r2

of ¥4 we de ne

o 1jr4
We will see in the subsequent exercises that(z) is extendable to allz 2 R as a periodic
function with period 4% =2!.

De nition 1.6.  De ne the lemniscatic cosine function by c(z) = s(! | 2).

1.3. The addition theorems. We start the investigation of lemniscatic functions
s(z); ¢(z) from the addition theorems, similar to that of trigonometr ic functions:

sin(z + w) = sin z cosw + cosz sinw;
COS(Z + W) =Cc0SzZCcosw | Sinzsinw:
Where do these formulae come from? Recalling the Euler's fonula

eI

Z =cosz+isinz;
wherei = P i 1 and

€(@*W) = cos(z + w) + isin(z + w);

e?e"V = (cosz + isinz)(cosw + i sinw);
the above addition theorems are real part and imaginary partof
@t W) = gZgW:

This is understood by the fact that the multiplication of complex numbers on the unit
circle in the complex plane is nothing other than the additias of angles Therefore also
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in the lemniscatic case, we expect that some kind of \geomeic" operation, similar to
the \multiplication on the complex plane", will correspond to the addition theorem.
This will eventually lead to the group structure on the Riemann surface that elliptic
integrals de ne, i.e. the elliptic curve. But before proceeding, let us see that the
Euler's formula and addition theorems of trigonometric functions can be derived solely
from the de nition of functions as the inverse of integrals, without any \geomteric"
interpretation.

1.3.1. Detour on the addtion theorems of trigonometric functions. Putting q = cosz
and r = sin z, we have 7

" oodr T Tdr

o 1jr2 o0 q’

and we will regard it as a line integral along the unit circle in the rst quandrant of
(g;r)-plane. On this unit circle,

Z=

(6) o +ri=1;
@) gdqg+ rdr =0;
hence:
dr 5 o dr r
— = +r9)— =qdr+ —rdr = qdrj rd
q (g ) q q q qarij rdq
z (air)
and we havez = (qdrj rdg). Furthermore if we consider a complex variable
(1;0)
u= g+ ir and regard (q; r)-plane as a complex plane, noting (6) we have:
. 1, o _1aqjir _1du.
qdrj rdq= i—(q, ir)(dg+ idr) = i—mdu— T

and the integrated function is holomorphic near the path we ae integrating on, and
we get
z

-l

u
(8) z CL—U = i:—LIog u:

1

This is exactly the Euler's formula €? = = q+ ir: without knowing the exponential
u

. , . , du . .
function, taking the inverse function of — as the de nition, Euler's formula is
Z r 1 u Z q Z u
, . dr 1 dq du
derived as the relation between p——— (and cos “z = p—) and —.

o Llir? 1 1 1 u

Now we will do take the inverse of (8) as the de nition of the exponential function,
and derive the addition formula. Putting
Z Z
. Udx | Vodx
iz = —; iw = —;
1 X 1 X
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z z z

: &dx T Vd(ax) _  Vdx
and noting that for any constant a we have — = = —, we see that
a X 1 ax 1 X
Z Z Z Z
: Y dx vV dx U dx 4 dx
i(z+ w)= — + — = - =
1 X 1 X 1 X u X
uv dX
oL X

This says exactly €Z*W) = uv = €Z¢e". This is how the addtion of z is transferred
to the multiplication of u, and let us emphasize that we only used the de nition via
inde nite integrals. Therefore we expect the same for the lenniscatic functions, which
we shall see presently. (Of course we will expect some \geomtic" picture afterwards.)

1.3.2. The addition theorems for lemniscatic functions. De ning the functions as the
inverse of some inde nite integrals is almost equivalent tode ne them as the solution
to some di®erential equations. For example, the exponentiafunction x = € is the

inverse to 7
z=¢€ *(x)= —dx:
OERI
. o . . dz 1 . . . . dx
Taking the derivative by x, this turns into ax = 1 i.e. a di®ential equatlonE = X.
For the trigonometric function x = sin( z), taking the derivative of
1 X dx
z=sin' *(x) = p—
o 1j x2
dz 1 . dx P ——
by x we get — = p———, i.e. — = 1j x2. In exactly the same way, we see
dx 1i x2 dz

immediately from the de nition of the lemniscatic sine function x = s(z) that the
following di®ential equations hold:

Proposition 1.7. For the lemniscatic sine function x = s(z):

dx

(i) e 1j x4
d?x

(ii) el 2x3.

Proof. (i) is immediate; (ii) is obtained by di®erentiating (i):

d P—— i 4x3  dx
. 4y — P - 3.
dZ( i x9 2 Wq:dz =

Now we will prove the following addition theorem using the above di®erential equa-
tions.
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Theorem 1.8. (the addition theorem for lemniscatic functions I)
s@" Ti sw+ sw)” 11 s@)*
1+ s(z)2s(w)?

s(z+ w) =

Proof. Putting x = s(z); y = s(w), and rewrite the right hand side as a function of
Z;W as:

p
X 1j y*+ ypli x4
To show s(z + w) = A(z;w), it is enough to con rm that

A(z;w) =

(i) A(z;0) = s(z) and A(O;w) = s(w), and
(i) A(z;w) depends only onz + w.

(i) follows directly from the de nition (note s(0) = 0). To prove (ii), it suxces to show

d . . A A : o ,
_rA(Z +nwir)=0,ie. @ i @ = 0. Denoting the derivative with respect to z by

@z Ow
for simplicity, we have
Q@A Ty ey T+ x) 1 (¢ 17 yA+ yh T )+ x3y2)°
@z (L+ x2y?)?
Computing the numerator of the right hand side using Propostion 1.7:
p p—— P——
6 T yie yC 11 @90+ X321 () 11 yiey 11 x®) 6%
P—MPp —— Y p p
=( 1i x® 1iydi 28+ XAy i &y 1 xA(x 1i yi+y 1j x4
p p——
= 1 x* 1 v+ XYY i 2CY(1+ xy?)
pP—pPp —
. 2|O><2y2 1i x* 1i y4i 2xy3(1i x%)
= 1i x* 15 yALi YR i %y +2x%y) i (2% 23yP)
p
= 1i x* 1j yALi Xy i &y (xP+ yA):
Hence @A T Ty ) 1 2902+ yD)
@z (1+ x2y2)2
is exactly the same becaus@ is symmetric respect tox; y, and as %ﬁ?s again symmetric
respect to x;y, we see that the result is the same. o

. Similarly considering %@ it

1.4. The analytic continuation of lemniscatic functions. When you learned
trigonometric functions the rst time, was it introduced as the ratio of length of two
sides of a right triangle, and then extending the de nition to general angles using the
coordinates on the unit circle? That was the simple example banalytic continuation

of functions. In this case, anangleis just the arc length of a unit circle, hence under-
lying this procedure is the fact that the trigopnometric functions are de ned as inverse
functions of arc length integrals. In general, functions ae often analytically continued
when it is de ned via integrals. Here we will not bother oursdves with the rigorous



8 TERUYOSHI YOSHIDA

de nitions of analytic continuations that you learn in comp lex analysis courses, but see
them intuitively as extending the functions using the integrals and rational formulae
(but note that the uniqueness of analytic continuations is essured only when you regard
them as functions of complex variables!).

Now we can consider that the functions(z), originally de nied only for0 - z - !,
will be extended to all z 2 R using the addition theorem (Theorem 1.8). But the
ambiguity coming from square roots in the Theorem 1.8 is an anoyance: so, as in the
trigonometric case, we will transform the addition theorem to a rational formula using
the lemniscatic cosine function.

Now in order to compute ¢(z) = s(! | z) using the addition formula, we need to

dene s(j z) for 0 - z - !. For this, letting s(j z) = j s(z) will give the analytic
continuation, as we see from the following computation of itegrals:
Z. Z
: X dr X jdr .
s 1(j x) = = p—— = s Yx):

1j r2 "o 1j r2
(Also see Exercise 1.12.) Now invoking the addition theoremwe have the following
(note that the square roots are always positive, as we are daing c(z) only for O -
z- '
s

p__ _
i 1 s(2* 1§ s(2)?
Proposition 1.9. ¢(z) = 1+s@)? ~ 1+s@2)?
Proof. Use the addition theorem to computec(z) = s(! | z) (recall s(! ) =1). a

This will give us a rational expression for the addition formula:
Theorem 1.10. (the addition theorem for lemniscatic functions II)

s(z)c(w) + c(z)s(w) |
1i s(z)c(z)s(w)c(w)’

s(z+ w) =

o - li x?
Proof. Again letting x = s(z); y = s(w), by Proposition 1.9 we havec(z) = ll+ zz;

S

c(w) =

1;: 2 ) .
—1'+ ));2' hence we can transform the right hand side of the theorem as:
9 _— 4
1j y? 1j x2
X 72ty 12
RHS= — 4~ -
1 x2  1iy?

Lixy fthe 1n2

LT Ty Ty T
PTexZ 1+yZi xy (1 xXA(i v)
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Rationalizing this:
Denominator = (L + x2)(1+ y?)i x?y’(1i x)@i y?)
14 X2+ y2+ X2+ x4 xAyt

=@+ XY+ Xy XYY

Numerator = (x 1+ x2p 1i y2+ yIO 1+y2 1 x?)
e 1@ Tryzexy @ AT v9)
X1+ T YA+ Py y?) 17 8
Fya+yd) T X+ P %) Ti v
XD Ti YA+ 4y )+ y 11 Aty X2 ¥)

p— p—
=(x 1 yt+y 1 xHA+ xP+y?i xPyO):
Hence we see
p_—— p_——
x 1lj y*+y 1j x4
and it coincides with the Theorem 1.8. a

RHS =

As this theorem does not involve taking square roots, it enakes us to extend the
function s(z) to all z 2 R without ambiguity.

Exercise 1.11. Prove the following formulae (sometimes we writes = s(z);c = ¢(z)):

() 1+ s(2)®)(1+ c(2)®) = 2.
(i) c(i z) = c(2).
(i) s(z+!')=c(2); s(z+2!')=js(z); s(z+3!')=jc(z); s(z+4!)= s(2).
(iv) c(z+!')=js(z); c(z+2!')=jc(2); c(z+3!')=5(2); c(z+4!)= c(2).
) s(z§ w)= SPWS cdD)sw) c(2)c(w) * s(z)s(w)
1" s(z)c(z)s(w)c(w)’ 18 s(z)c(z)s(w)c(w)
(vi) s@2n!')=0; s(@n+1)!)=(; D" (8n2 2).
(vii) c2n')=(i 1" c((2n+1)!)=0 (8n2 2).
2s0(1 + §%) 1j 2¢%j ¢* 1 28 §*

c(z8 w) =

(viii) s(2z) = 1+ 544 ; 8c(Zz): | Tv2@; & 14298 &
i _ s(3j 6s% s°

) sB2)= J e a5

() s(5z)= o1 2+ sB)(1j 12s*; 268% + 5252 + sl6)

(1j 2s*+5s8)(1+52s*] 2658 12512+ s16)°

Exercise 1.12. Compute the rst few terms of the Taylor expansion of x = s(z)
around z = 0:

s(z):ziiz5+iz9- 11 5, 211 g 1007

: 21
10° " 126° | 1560F T 3536006 ' 318240006 T ¢¢¢
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by the following procedure. (Recall that the Taylor expansion of sinz was:

o1 15 1o 1 450 1 43
sinz= zj §z+§z i QZ +1_l!Z |1—3|z +C¢¢¢e

this can be derived in the similar way.)

(i) Show that the Taylor expansion of p% around t = 0 is given bhy:
|

1 _,, 1,103, 1€3¢5, 1630567, . .
Pt 2' " 264" T 20406  26466068"

(i) Substituting t = x* to (i) and integrating by x, the Taylor expansion of z =
s 1(x) around x = 0 is given by:
1.1 5, 1¢3 1 9, 1¢3¢5 1 13, 1¢3¢5¢7 1 45
2= X S0 50 %t 2eacs “13¢ T 2040608 17"
(iii) As the inverse function of the above, compute the rst few terms of the Taylor
expansion ofx = s(z) around z = 0. In particular, show that the terms are
zero unless the exponent of is the form 4k +1 (k 2 Z) (which again con rms

s(i 2)= i s(2).)

(The Taylor expansion, or the holomorphy of the function, is the rigorous foundation
of the analytic continuation of the lemniscatic functions.)

+¢C¢

2. The Birth of Complex Funtion Theory

The Exercise 1.11 gives the hint for the need to consider theeimniscatic functions
as complex functions { why do the double/triple/quintuple a ngle formulae have degree
4/9/25 polynomials of s(z) in the numerator? In the trigonometric case, we had:

sin(2z) = 2sin z cosz;
sin(3z) =3sinz 4sin°z;
sin(5z) = 5sin zj 20sinz + 165sin®z;

and sin(nz) is given by a polynomial of sinz of degreen. It's even simpler for the
exponential functions { €"* = (€*)" is of degreen. But the lemniscatic analogue has
the corresponding formulae with degreen?.

Gauss who began his diary by writing down the entry on March 3@h, 1796 which
records his discovery of a method of drawing the regular semeen-gon using the com-
pass and the ruler, or equivalently the principle of solvingcyclotomic equations by the
radicals, declares in the entry,of January 8th, 1797 that he Wl \begin the study of

. . dx
the lemniscate on the integral 197 and as early as on the March 19th of the

same year, he writes \why does the d|V|S|on ton equal parts of the lemniscate give an
equation of degreen®?" (as he was born on April 30th, 1777, he was only nineteen
years old!).
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\'s(5u) = 0 is an equation of degree 25 with respect tos(u), and it has, apart from
“ve real roots, twenty imaginary roots. What meanings do they have? After twenty
years, Abel nds the rst thread of the discovery of elliptic funtions beginning from
the same inquiry. Gauss had started studyings(u); c(u) in complex variables in order
to answer this question. The birth of complex function theory!" (Takagi [13])

2.1. The lemniscatic functions as complex functions.

2.1.1. The imaginary roots of division equations. Considering the formulae of then-

multiplications of the angle from the point of view of \equations for division points",

it is explained as follows. Using the exponential functione”, as the angle, or the arc
length of the unit circle, was z=i, for the values ofz satisfying

enz — eO;

the values ofe’ satis es the \n-division equation of the circle™:
X"=1

(cyclotomic equation ). Remember that this equation is derived from the \n-multiplication
equation" € = (e*)". Similarly for the lemniscatic sine function x = s(z), as the arc
length was z and the distance from the origin wasx, n-division equation of the

lemniscate would be the equation satis ed by s(z) for the values of z which satis es
s(nz) = s(0):
Taking n =5, by Exercise 1.11, we get
s(5j 2s*+ )1 12s*; 2658 +52s'?+ s16)=0:

Thinking geometrically, the number of values ofx = s(z) which correspond to the roots
of this equation cannot be more than "ve.

In fact this equation of degree 25 has ve real roots and twent imaginary roots, and
these imaginary roots must be considered as the \5-division pints of the lemniscatic
curve" as well. To interprete these imaginary division poirts, the most natural path
would be to consider the lemniscatic function itself as a fuktion of complex variable,
and as we shall see this can be easily done (thanks to the \confgx multiplication™).
It is only through this interpretation that we can understan d the Gauss' method of
solving the division equation, similar to that of cyclotomic equation.

Exercise 2.1. Solve the 3-division equation of the lemniscate (Exercise 11(ix))
s(3; 6s*i s?)=0

and con rm that it has three real roots and six imaginary roots.
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2.1.2. De nition of lemniscatic functions in complex variables. From our modern view-
point, with the full knowledge of complex analysis, the way to extend the lemniscatic
function to complex variable is easily seen { use the power ss expansion of Exercise
1.12, and extend the function as far as possible. And we can sk that s(z); c(z) to the
whole complex plane as meromorphic functions. But Gauss caeup with the idea that
he should study lemniscatic functions in complex variable vay before the rst emer-
gence of complex analysis { rather it seems that he had discaeved the whole theory of
complex functions starting from the study of lemniscatic functions (though he did not
publish). Here we will extend the function using the addition theorem.

Recall that in the orthgd% complex function theory you just substitute the complex
variable z=u+ iv (i = j 1) to the power series expansion (Exercise 1.12):
1. 1 g 11 ;5. 211 1007
- 5. T 54 T 9. 1L 13, .
S@=2i 157" 150° | 15600° * 353600 | 318240000

But here we take advantage of the fact that the terms are non-zeo only when the
exponent of z has the form &« +1 (k 2 Z) | therefore we see that

2lycee

s(iz) = is(2):

(by i**1 = i). This kind of identity between analytic functions must be r espected by
any of analytic continuation, hence we can take this as the fandation of the extension
of variables. So we de ne, rst foriv 2 iR,

s(iv) = is(v) (8v 2 R):

Then Proposition 1.9 immediately demands the relation:

S S
1j s(iv)2 _  1+s(v)2 1
1+s(iv)2 1j s(v)2  c(v)

c(iv) =

Here the choice of the square root can be made by making it coaide to c(v) near
v = 0, but we can avoid this issue using Exercise 1.11(viii): ptting s = s(v=2); s°=
s(iv=2) = is,

1j 2% s*  1+2s2) s* 1

1+2s®; s® 1 282 s* c(v)’

Now these de nitions and the addition theorems (Theorem 1.D / Exercise 1.11(v)) will
give the de nition of s(u+ iv);c(u+ iv) for all u+ iv 2 C as meromorphic functions.

c(iv) =

Exercise 2.2. Show the following for the complex functionss;c: C{# P! = C[flg
de ned as above.

() s(z+2! +2%i )= s(2).
(i) The zeros of s(z) arez=m! + nli; (m;n 2 22Z).
(iii) The poles of s(z) arez=m! + nli; (m;n 2 2Z +1).
(iv) The zeros ofc(z) arez=m! +nli;, (mM22Z+1; n2 22).
(v) The polesofc(z) arez=m! + nli;, (M2 2Z; n22Z+1).
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Note: (ii),(iii) can be shown directly, but it can be reduced to an argument concerning a
bounded domain by rst showing (i) (see the next subsection) (iv),(v) follows directly
from (i), (iii).

Exercise 2.3. Derive the following formulae from the addition theorem (we put s =
s(z); ¢c= ¢(2)).

. 9 ig2
() s((@+i)z)= % s((1+ i)z2) = 12ilss4.
] . 4 e i 4
i) s 1+2ip) = TUETEEE) s(@r gy = LELTES )
D 4 is((; 1: 2i 4
i) s 11 22 = si(.+ (1].12i|)2+i)24); @i )2)= usl((+. (1i.1i2|)2T);)_

S((j 1+2i)s+(j 2j 6i)s?+2is*+(j 2+2i)s®+ sB)

Note: for example,s((i 1+21)z) = 1+(i 2+2i)s2+2is*+(j 2 6i)sb+(j 1+2i)s8

will be factorized and cancelled!

Though we cannot prove the general form here, note the congencess((j 1+2i)z) ~
s® (mod(j 1+2i)); s(3z) ~ s° (mod 3) (Exercise 1.11(ix)): these are the heart of the
main theorem of complex multiplication.

2.1.3. Doubly periodic functions. By extending to complex variables, the meromorphic
function s(z) on C now has two periods:

s(z+4!)= s(2);

s(z+2! +2li )= s(2):
By having this two periods linearly independent overR, the function s(z) is determined
by the behaviour on the parallelogram with verticesz =0;4!; 2! +2!i; 6! +2!i . The

general de nition of elliptic function is a doubly periodic function, or a function
having two periods that are linearly independent overR.

As this periodicity is written as
s(z+4'm +(2! +2li)n)=s(z) (8m;n 2 Z);
the additive group of periods of translations that leave s(z) invariant:
a=41Z+(2! +21i)Z=f4lm +(2! +2!i)n)jm;n 2 Zg
would be important. We call this o the period lattice . This period lattice is a free

Z-module of rank 2, but we have some freedom for the choice of bigs so here we will
choose a more symmetric basis:

a=(2! +2li)z+@2! ;i 2i)z:

Now we will consider the quotient set (or a quotient additive group) E = C=o obtained
by identifying the points translated to each other by the elements of a. Then as a
set of representatives fundamental domain ) we can take the parallelogram with
vertices corresponding to m;n) = (0;0);(1;0); (0; 1); (1; 1) this will give a square with
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verticesz = 0;2! | 2l; 41; 21 +21i . Of course we can choose the one with vertices
z=21 2; i 2 i 2 ifwe like. As the values of lemniscatic functionss(z) (and c(z))
depend only onz mod =, these functions can be regarded as functions ok = C=x:

s:tE=C==j PL

(Here, as a natural structure of compact Riemann surface is € ned on E, this will be
a holomorphic function between compact Riemann surfaces | meromorphic functions
are none other than holomorphic maps toP?.)

Considering s(z) as a function of E, it is naturally seen why there are 25 of the
\5-division points".

Exercise 2.4. As seen from the determination of zeros and poles in Exercis&2, s(z) :
E = C==! Plisgenerically a 2 to 1 map, except for the values(z) =1;i 1;i;j i, for
which values there is only onez for each value, namelyz = !; j I;il; ji! modgo 2
C=n. These exceptional points are calledrami cation points

(i) There are 50 values ofz 2 E = C=o which satisfy s(5z) = 0. Plot these
points incide the fundamental domain in the complex plane (ay the square
with vertices z = 21; 2li;  2!; i 2l ).

(i) Among them, the 25 values of z gives the 5-division points of E = C=o as
an additive group, i.e.fz 2 Cj 5z 2 og. These points constitute an additive
group, written as:

E[5]=fzmode j52=02 E = C=mg:

(iii) Among the 50 values of z satisfying s(5z) = 0, each of 25 points in E[5] has
a counterpart which is sent to the same value bys. (Use for example the fact
that s(z) = s(2! | z), or s(z) is symmetrical with respect to the rotation of
180 degrees around the origin.)

The above shows that the equations(5z) = 0 which is of degree 25 with respect to
s(z):

s(5j 2s*+ s®) (1 12s*; 268 +52s?+ s1%) =0
has roots exactly corresponding to the values of(z) at the twenty- ve 5-division points
zmod = 2 E[5].

2.2. The lemniscatic integrals as complex integrals. (Reference: Ahlfors [1],
Kirwan [5])

We \complexi ed" the function Zz 7! s(z), which was de ned as the inverse function
X dx
of the lemniscatic integral x 7! pﬁ, but if that is possible, why can't we
0 i X
consider the original lemniscatic integrals in complex vaiables? Well, asz 7! s(z) is
2 to 1 as a map between compact Riemann surface® ! P!, we cannot dene its
\inverse" on P!. But, if we directly try to extend the domain of de nition lem niscatic

integrals, we naturally arrive at a Riemann surface di®erenhfrom P.
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If we try to make the argument in this subsection rigorous, weneed some knowledge
on Riemann surfaces and meromorphic functions on them. But gu can read this
subsection intuitively and heuristically { it seems appropriate to learn Riemann surfaces
starting from these examples.

2.2.1. The Riemann surface of lemniscatic integrals. We want to consider the lemnis-
. * dx . . . . .
catic integral x 7! pﬁ in complex variables, and obtain the \inverse function”
0 i X
of the complex function s(z). As this integral is expanded into a power series near
X =0, as in Exercise 1.12, we have the analytic function withinthe convergence circle
of that power series. Moreover it does agree with the compleintegral within that do-
main. (For young Gauss, considering the complex integral mat have been a challenging
perspective { imaginary numbers were not yet accepted evemithe mathematical com-
munity at that time { but he seems to have obtained an equivalent of Cauchy's theorem
at the very early stage.)

Now, if we want to extend the domain of de nition further from the neighborhood of

x = 0, the double-valuedness of 1 x* would be the issue. This issue appears most
imminently near x = 1;i; i 1;ij i (rami cation points ) where the square root becomes
0. ltis re°ected in the fact that, the domain of de nition of t he real-valued lemniscatic
function, after being de ned within 0 - x - 1, looks as if it suddenly \turns backward"
to 0. But even though x turns back, the integral z does not turn back, so if you want
to stick to considering z as a function ofx, you are forced to interprete that the domain
of de nition of x moved on to a \di®erent surface". This is exactly the same as Wwat
happens around the rami cation point O when you consider thefunction x 7! © x on
the complex pIane. Namely, if we want a proper domain of de niion of the double-
valued function = x, we prepare two discs around the rami cation point, and cut them
along say the real axis and glue them together. This is the costruction of what we call
Riemann surface of algebraic functions , and in the case of lemniscatic integrals, we
take two Riemann sphereP1 and glue them at the four rami cation points 1;i; i 1;j i.
To do this we can cut the two spheres along th% line segmentsdm 1 to i and from

i 1 toj i, and do the same thing as we did for x around the gami cation points.
. . . X dx
Thus we obtain the Riemann surface of the complex integral pﬁ, or the
0 i X
1

Riemann surface of the algebraic function pﬁ, and we call it C, and you see
i X Z,
: . N . dx
that topologically C is a torus. On this Riemann surfaceC the integral 19ﬁ
0 i X

is naturally extended as a well-de ned function.

2.2.2. The coordinates of the Riemann surface and the theory of aldpeaic curves {
towards algebraic geometry.When the Riemann surface which gives the domain of
de nition of the complex integral is constructed, the original complex variable x is
naturally a meromorphic function on it, and by taking several meromorphic functions
as coordinates, the Riemann surface can be thought of as a zero-set of a polynuoal,
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i.e. an algebraic curve . When we see the addition theorem of lemniscatic functions
from this viewpoint, there looms the possibility of reconstucting the whole theory
\algebraically" { the birth of algebraic geometry.

Let us illustrate this with our example: by constructing the Riemann surfaceC as
above, we obtain a natural bijection (an isomorphism betweea Riemann surfaces):
dx P

Pi—7 C3PTI pd74(modn)2E
0 1lj x

P dx
betweenC and E = C=0. Here p— is the complex integral along some path

on the Riemann surface. The value of mtegral does not changky the small variation
of integral path by Cauchy's theorem, but globally there would be some ambiguities.
On the torus C, the paths between two points have an ambiguity correspondig to the
homology group Z? of C, and this ambiguity is precisely the period lattice = on the
side of the value of integrals. Now recall that this integralwas supposed to become the
inverse function of the lemniscatic function

s:E3z7] s(z)2Ph:

But now that the domain of de nition has become C, to each value ofs(z) correspond
two points on C. Hence thisx = s(z) shguld naturally considered as a meromorphic

. . . dx
function on C, through the isomorphism pﬁ:

i X
Zp dx |
Xx:C3P7] z= p—— 7i x=s(z) 2 PL:
o 1j x4

Of course, recalling the construction ofC { it was glued from two copies of P! which
ought to become the domain of de nition of x = s(z) { this x is only the natural
projection to P. But this x is still a 2-to-1 map, and it cannot exactly represent the
points on C. If we want to represenbthe points onC by a certain set of \coordinates",

we can take, apart fromx, say,y = 1 x4 (analytically extended to the whole of C)

{ because it was none other than to re°ect the double-valuednss of this square root
that we prepared two copies ofP!, so this square root can distinguish these two copies!
This y will also be a meromorphic function onC, and by means of these two functions
we can distinguish any points of C, and moreover thesex;y satisfy the polynomial
equation. Hence we have the bijection:

C3P7i (X(P):y(P)) 2f(x;y)2 P*E£ PLjx*+y2=1g:

(well, to make it precise, we need a modi cation using the homogeneous coordinates
at the points of in nity.) Treating the compact Riemann surf aceC as the zero set of
the polynomial x* + y? = 1, or an algebraic curve , is the viewpoint of the theory
of algebraic curves. From this point of view, the addition theorem of the lemniscatic
functions is seen as de ning an operation called the addtior(and, moreover, a group
structure) on the algebraic curve C, by some rational formula (without any reference
to the analytic coordinate z of E = C=n). Taking this as a starting point, we can
reconstruct the whole theory using only the polynomials andrational function { the
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theory of elliptic curves in algebraic geometry . For example, the equation of
division points and its solvability can be considered by puely algebraic methods. In
general, starting from the original polynomial, the questions like \in which case is there
an addition theorem?", or \what is the number of holes genus when we consider the
Riemann surfaces topologically?" can be answered only by gébraic manipulations of
polynomials. Moreover, this approach naturally leads to the possibility of generalizing
the theory to coexcients other than complex numbers.

2.2.3. Algebraic function “elds. We cannot prove it here, but it can be shown that
all the meromorphic functions on the compact Riemann surfae C de ned above is
exhausted by the rational functions (with coezcients in C) of our speci cally chosen
X;y. The set of all meromorphic functions onC constitute a “eld with respect to the
usual addition/multiplication of functions, and we denote this "eld as:

p
C(C)=C(x;y)= C(x; 1j x%):

This eld is a quadratic extension of the rational function —eld C(x), and we can
consider it as an analogy of quadratic elds that we see in nurber theory. In general, a
“eld obtained as a nite extension of the rational function eld is called analgebraic
function eld . In fact, it is known that algebraic function elds over C are in one-
to-one correspondence with the isomorphism classes of coagi Riemann surfacesand
the algebraic theory of algebraic function elds is equivaént to the algebraic geometry
of the compact Riemann surfaces (or algebraic curves).

The reason that we consider the algebraic function "elds andnot the polynomial
de ning the algebraic curve is similar to the reason we consier the eld extensions
instead of algebraic equations: there are many choices of gerators, and considering the
algebraic function elds absorbs this freedom of choice. Foexample, in the lemniscatic
case, instead of takingx;y we could take s(z);¢c(z) on C 2 E = C=o (we can forget
about the complex coordinatez, and think of s; c as either functions onE or C!). Then
the polynomial satis ed by s;cis (Exercise 1.11(i)):

(s> +1)(c?+1)=2

and the \change of coordinate" between §;c) and (x;y) is done as follows:

e oy — n_ 2 a4 2 ..
y

1+ x2
As (x;y) and (s;c) are rational functions of each other, we have an equality ofelds

C(x;y) = C(s;0):

(10) S= X; c= (S2+1)(2+1)=2:

This kind of change of coordinate, which leaves the functioneld invariant, is called
a birational transformation , and introducing an appropriate birational transforma-
tion according to the purpose is a fundamental method in algbraic geometry. In the
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general theory of elliptic curves, the most convenient set bcoordinates is given by
Weierstrass } -function (Exercise 2.5):

l1+c l1+c |

_ . q0_ 2_ 4v34 1
(11) } = 20 o }r= sdi 9’ 192=413%+}
(12) s= f—}o; c= 2:_11 (s> +1)(2+1)=2:

This gives the same function eld as well:

C(xy)= C(s;9 = C(:} 9:
When you change the set of coordinates to whichever one you asthe meromorphic
functions and its di®erentials onC (or E, isomorphic to C) are transformed via rational
functions. In modern algebraic geometry we aim at giving a cordinate-free description
of geometric properties, through which we are freed from thespell of speci ¢ polynomial
computations and we can close in on the essential phenomenaare e®ectively.

Exercise 2.5. Weierstrass} -function is a convenient form of elliptic integrals, intro-
duced as follows in our lemniscatic case.

(i) Move the origin of the integration for lemniscatic integ ral to one of the rami -
cation points x = 1:

, = X dx _|+ZX dx
o 1j x4 1 1 x4

and then consider the linear fractional transformation which sends this rami -
cation point x = 1 to the point at in nity:
W= 1+x = 2wi 1
2(1i x)’ 2w+ 1’
Show the following formulae:

dx = 4dw X dx _ZW dw
(w+1)2" 1iX4zl w3+ w

w
(i) The inverse function of the elliptic integral p4+_+ is called the Weier-
1 w3 + w

strass } -function in this case. Namely}(zi !) = w. From this de nition,
derive the di®erential equation

192)?%=41(2)°+1(2)
and the transformation equation (11).

(i) What are the values of };} © at the three non-trivial 2-division points z =
P@i ;2 A+0)?

(iv) } has poles of order 2 at each point of =, and satis e§ (z) = } (j z). Apart
from the three non-trivial 2-division points, } : E ! P! is a 2-to-1 holomorphic
map.

(v) }%has poles of order 3 at each point of &, and satis es } 4z) = }j 2). It has
zeros at the three non-trivial 2-division points.
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Exercise 2.6. The addition theorem of lemniscatic functions, consideredvia the set of
coordinatess; con the algebraic curveE, de nes the \sum" of two points ( S1; ¢1); (S2; C2)
by

S1C2+ SpC1 . C1C2 i S1S2

1 $152C1C° 1+ S1SpCiC

Let us apply birational transformations to this formula.

(s1;c1) +(s2;C2) =

(i) By Theorem 1.8, using the coordinates §;y) satisfying x* + y2 = 1, the sum of
two points (X1;Y1); (X2;Yy2) is as follows:

Maya + oy (L xBBaya i 2xaxa(G+ X))
1+ x3x3 ' (1 + x2x3)? '
(y-coordinate was, in this case, the \derivative byz" of the x-coordinates. This
derivative was computed in the proof of Theorem 1.8.)

(i) The right hand side of these formulae actually satis es the de ning equations
(x*+ y? =1; (s®+1)(c?+1) = 2) of the algebraic curve. The formula with
respect tox;y is obtained from that of s; ¢ by the birational transformation (9).

(iii) What is the addition formula with respect to };} %

(X1;¥1) + (X2;¥2) =

3. The Birth of Galois theory

The reason why Gauss had studied the divison equations of thiemniscate is because
he already knew how to solve cyclotomic equations, and thisan be thought of as the
origin of Galois theory. As the \birth" of Galois thoery, the proof of insolvability of
quintic equations by Abel or the criterion of solvability by Gauss are often quoted.
But, why did people want to solve algebraic equations in terns of radical roots, or, in
other words, how did they realize the fact that there was a clas of equations which
are solvable by radical roots? Abel reached his discovery dhe basic class of solvable
equations, namely ofabelian equations (= equations whose Galois group is abelian)
through his study of division equations and transformation equations of elliptic func-
tions. And the division equations of elliptic functions with complex multiplication
are the rst non-trivial example of abelian equations apart from cyclotomic equations.
And the method for solving this equations was essentially fand by Gauss when he was
nineteen years old, at least in the lemniscatic case. In thisense, the Galois theory as
the method of solving equations had a rmly established exarple already by Gauss.
(Of course, the insight of Galois, which extracted the strudure of Galois groups and
made it amenable for future generalization, can never be ungerestimated.

Returning to Gauss' diary again, on March 21st of 1797 he reauals the discovery of
how to divide lemniscatic curve into ve equal parts using orly the ruler and the com-
pass. This is the consequence of the fact that the 5-divisionguation of the lemniscate:

s(5j 2s*+ ) (1 12s*; 268 +52s?+ s1%) =0

can be solved by the square roots only. We will follow this method in elementary way,
after recalling how to solve the cyclotomic equations.
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3.1. Solving cyclotomic equations. Have you heard of the way to solve the cyclo-
tomic equation X°j 1=0or X*+ X3+ X2+ X +1=0by putting t= X + 5 and
rewriting it as

X4+ X3+ X2+ X +1=t?+1t] 1=0;
hence reducing to solving quadratic equation twice? Why cold we solve this equation
by focusing on the rational expressiont = X + Xi of X? The Galois group tells us

the answer, and the ultimate reason why we can determine the @lois group of this
group is its origin in the cyclotomic theory. Namely, the fact that the 4 roots are the
5-division points of the circle tells us the rational relation between them.

Let ®; ;°;* by the four roots:
X4+ X3+ X2+ X +1=(X | (X i )X °)NXi 3

The procedure of solving the equation via Galois theory is raghly the following:

(i) discover the rational relations between the roots;
(i) determine the Galois group (the group of permutations of the roots which re-
spects the rational relations between the roots) and its sulgroups;
(i) look at each intermediate eld corresponding to the subgroups, and then solve
the equation.

() : As in the cyclotomic case or the division equation of the lemiscate, if the
equation has a precise geometric or analytic origin, this \@igin" tells us the rational
relations between the roots. In this case, if® is a root, ® = 1 shows that @;®; @
are also roots as well, hence the desired relation is:

f®;°+g= f® & @ ®'g
This comes from the fact that the ve numbers 1;®; ;°;+ are the image of the additive
1234 : .
group Z=5Z = f0; 5; 5; E,; 3 (modl1)g by the exponential function. In other words,

_ . - 1234 v ,
®; ;°;x are obtained by substituting z = —; E; 5; 3 to z 7! 2 and if we denote
one of them® = €77, the rest must be e?/#(22); @?/4(32). g2/4(42) ' Hence the \addition
theorem" of the exponential function tells us that the rest of the roots are ®?; ®®; .

(i) : In the above argument, we only denoted an arbitrary root by ®, therefore the
same argument could have done if we chose any other root @s This is the symmetry
of the equation, and this symmetry is represented by the Gals group.i.e. the set of
roots are left invariant by the automorphisms

%:®71 ® (i=1;2,34);
and the roots are permuted:

f®, & &;®'g= f@;(®)? (@)% (@)%
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The group of these permutations is easily seen to be isomorphto (Z=52)%, i.e. the
multiplicative group of f1;2;3;4 (mod 5)g. This group is no other than the automor-
phism group of the additive group Z=5Z, which were the preimage of the roots under
the exponential function. As the addition theorem of exponential function is given by
a rational formula with Q-coezcients, these relations between the roots are respedale
by the eld automorphims. Hence, the automorphism group mus have been already
realized before sending them by the exponential functionsnamely the automorphisms
of the additive group Z=5Z.

(i) : The essential work is nished; now we only need to remark thathere is a
subgroup f 1;4 (mod 5)g inside f1;2; 3;4 (mod 5)g, so we can focus on some exprees-
sion left invariant by the subgroup f%; %ag, for example ® + ®". Let us sort out the
argument { as 2 is a primitive root of (Z=5Z)% , the element¥%= ¥, generates the Galois
group: f¥a;¥%; ¥a; Yag = fid; ¥ %; ¥%g. Hence we put

T= YY) = @ ° = V(@) = & = B(@®) = @

and we will nd a quadratic equation satis ed by ®+ °. This ®+ ° is invariant under
id; 3%, and is mapped to~ + + by ¥ %, hence these are the two roots of the quadratic
equation we are after. By:

@+ °)+(T+8)=i1
®+°)( +H=0® +®+° +°%
=@+ @+ ®+® =1

_ i 18 5
we see that®+ °; ~ + +are the two roots oft?+tj 1 = 0, namely % Now, by ®° =

i1§p§

+ = @ = 1, we see that the desired four roots are the roots of? t+1=0;

. pP__ P ——"p=
®; 7% = | 18 58 4' 1025 (‘rst and third sign should match) :

3.2. Solving the 5-division equation of the lemniscate. Now we will turn to the
5-division equation of the lemniscate:
s(5j 2s*+ s®)(1 i 126*; 2658 +525'2+ s16) =0:

Apart from the root s = 0 corresponding to the origin, we are led to two natural
guestions:

() Why is it an equation with respect to s*?
(i) Why is it factored into the above form?

Recall that by Exercise 2.4, the roots of this equation is thevalues ofs(z) corresponding
to the twenty- ve 5-division points z mod @ 2 E[5]. Therefore the form of this equation
should re°ect the structure of the group of 5-division points E[5].
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3.2.1. 5-division points and (2 § i)-division points. The above two questions are both
related to the phenomenon ofcomplex multiplication of the lemniscate. This prop-
erty assures the solvability of the division equation, so weneed to clarify this structure.

The complex multiplication of an elliptic function is, as the formulae
(13) s(iz) = is(z)

in the lemniscatic case, the transformation formula of the \multiplication by complex
numbers" on z to the rational formulae of s(z). By the addition theorem, the \multi-
plication by integers” on z is transformed into a rational formula of s(z), but we have
additional formulae. This property depends on the arithmetic property of the period
lattice @ and does not hold for an arbitrary lattice. In this ¢ ase, for the period lattice
a=2!1 (1 1)Z+2! (1+1)Z of s(z), the important fact is that the function z 7! s(iz)
is agaln doubly periodic with respect to the same lattice:

SI(Z+2'(1| |)m+2|(1+|)n) -S|z+2|(1| (i n)+2'(1+|)m¢-s(|z)

Thus s(iz), or more generally s((x + yi)z) for x;y 2 Z will be elliptic functions with

respect to @, and hence written as rational function of s(z); c(z) with coezcients in
Q(i) (see Exercise 2.3). We say that @ (or the elliptic function eld / elliptic curve with

respect to @) has complex multiplication by the ring Z[i]. (Here Z[i] = fx + yi |
X;y 2 Zgis the integer ring of the quadratic eld Q(i).) This property comes from the
fact that & can be writtenasa =2 ! (1 i) ¢Z[i] and therefore (x + yi)a Y2 o hold for
any X + yi 2 Z[i]. In general, if the ratio of two fundamental periods is an eément of
imaginary quadratic “eld, then a subring of the integer ring of that imaginary quadratic
“eld acts on the period lattice =, and consequently gives thecomplex multiplication
formulae like (13). (In general we have much more complicateé formulae than (13)!)

Now let us return to the two questions. First, the fact that th e 5-division equation
is an equation ofs* (except for the factor s corresponding tos = 0) re°ects the fact
that

sisaroot =) is is aroot.

Moreover, taking (13) into account, this corresponds to thefact s(z) is a root =)
s(iz) is a root, or, in other words, by Exercise 2.4:

z2 E[5]=) iz 2 E[5]:

This is a natural consequence of 52 & =) b5iz 2 1, i.e. the existence of the action of
i on @. Here, one value ofs* represents the four rootss;is; i s;j is, hence corresponds
to a quadruple z;iz; i z;i iz on the 5-division point side.

Moreover, as we have X + yi)-multiplication formulae for x + yi 2 ZJ[i], we must
have (x + yi)-division points! From this view point, we should not think o f the additive
group E[5] of twenty- ve 5-division points only as an abelian group isomorphic to
Z=5Z © Z=5Z, but as a nite Z[i]-module isomorphic to Z[i]=(5). Here noticing that,
in the ring Z[i], 5 is not a prime but decomposes as

5=@2+ i)2j i)
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we can see why the 5-division equation of the lemniscate is by factored. In the
cyclotomic case, if we considen-division equation of the circle for a non-primen, we
have factorization like

X6 1=(X i (X +1)(X%+ X +1)(X?%; X +1):

This comes from the fact that, among the 6-division points (6th roots of unity), apart
from the ones which do not become 1 unless raised to 6th powethe primitive 6th
roots of unity, there are 2nd roots of unity and 3rd roots of unity. Similarly, among the
twenty- ve 5-division points in the additive group E[5], thought of as a Z[i]-module,
apart from the \primitive" 5-division points which do not bec ome 0 unless multiplied
by 5, there are (2 +i)-division points and (2 i i)-division points. Therefore, going back
to the Exercise 2.3, nding the (2 + i)-division equation and (2 i)-division equation,
we get:

s((i 1+2i)+ (i 1i 2)+ s%) = s(5) 2s*+ s?);
which recovers the factor of our 5-division equation. Hence @ see that the remaining
factor of degree 16 is the equation with the \primitive" 5-div ision points as roots.
Con rm these facts in the following exercise:

Exercise 3.1. For the diagram of E[5] drawn in Exercise 2.4, do the following:

(i) Conrm z 2 E[5] =) iz 2 EJ[5], and subdivide the 24 points ofE[5] (apart
from z = 0) into six quadruples of the form fz;iz;| z;i izg.

(i) Among these six quadruples, one are (2 +i)-division points, one are (2 i)-
division points. Which are they?

The remaining four quadruples will give the 16 roots of the egation 1 12s*; 26s%+
52512 + s = 0, namely the \primitive" 5-division points. Regarding it a s an equation
of X = s*, the four roots of
X4+52X3; 26X2j 12X +1=0
are the four values ofs(z)* for each of the quadruples.
(iii) We want to permute these 16 values by the multiplicative group @Z[i]=(5))%,

exactly as in the cyclotomic case. First, con rm the following isomorphism of
multiplicative groups:

(Z[i1=(5))% 2 f1;i;; 1;i ig£f1; 1+1i; 2i; j 2+2i (mod 5)g
2£1:0:0%0%gEf L 1+0; (1+i0)% 1+ i) (mod 5)g
2 7=A7 £ 747
(This shows that, ignoring the multiplication by units (1 ;i; i 1;i i), the number

1+ i plays the role of a primitive root in Z[i]=(5).)

(iv) Con rm that the four quadruples on your diagram are permuted cyclicly by
(1 + i)-multiplication. This fortells us that the (1 + i)-multiplication formula
gives us the \rational relation between the roots".
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3.2.2. Solving the equation.Now by the above exercise, the relation between the four
roots of the equation:

X4+52X3) 26X2; 12X +1=(X i ®)(X i NXi °)NXiH=0

can be derived deliberately from the (1 +i)-multiplication formula. Here we are inter-
ested in the values ofX = s? so looking at the (1 + i)-multiplication formula for s*
(Exercise 2.3(i)):

i 48t
1i sH?
From this formula for s*, we obtain the following \rational relation" between the ro ots:

s((L+ i)z)* =

i 4®
1i ®2
As we know that, by repeating the (1 + i)-multiplication, we will get all four roots:

@ o rgs Jp 1 AR 16B(1J ©)2 j 64(1j @)*(1+ @)%
R8T B e @ ef ¢ (@ 6e+D)s

These are just the formulae for (1 +i)-multiplication, (1 + )2 = 2i-multiplication,
(1+i)% = ; 2+2i-multiplication for s*, but the fact that applying (1+ i)-multiplication
once again will get you back to where you started ((1 +i)* = j 4~ 1 (mod 5)) is
precisely because® was a 5-division point. Using this fact, we can simplify these
formulae a bit as follows. By the original equation which shavs that ® is a primitive
5-division point:

®is a root =) is a root.

® +52® | 2687 120+1=0;
we can Compute as.

161 ®)?2 _ 1681 ®)%?
1+®% ~ (1+®% (@ +52@%; 262 12®+1)
_ 168(1 ®)%? _ 168(1; ®)%?
T | 48RB +32@% +16® 16®(j 3@3 +2@2 + ®)
1681 ®* 1§ ®,

T 1681 ®1+3®) 1+3®
Thus we can rewrite the previous expression as follows:
© . . . a
@ otgs ® 4® ; 1j ®; 1 ®1+3® :
1i ®2" 1+3® i 4®2
Now, in order to make an explicit computation of the roots using the Galois group, we
take

i 4®
3/ . 9 |
Ya: ® 7 1 2
as a generator of the Galois group, and let
— i 4® 1li ® 1i ®1+3®)
=3 = ™ e = 32 = I L 4= 3/3 - | .
AO= 1 o2 MO 130 77O i 482
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We want to nd a quadratic equations which have ® + °;®° as roots. First, as®°

is invariant by id ; %%, and mapped to * by %3, we can nd the quadratic equation
having these two as roots:

_+=®(li ®)+ i4® (1 ®1l+3®)

o 2 1+3®@ (1 ®°2 i 4@7?
®1lj ® (1+3® @l ®2+(L+3®)?%
= + =
1+3® ®1j ®) i 3BB+2@%+ ®
@ 2P+ 10@7+6®@+1 554®2+16®+18_18_
- i 3B +2@2+ ® T3 +2@+®
® ¢+ =1:

_ p_ .
Thus ®°; + are two roots 98 4 5 of t? 18 +1 = 0. We will do the same for
®+ °; + +. By looking at the original equation:

(@+°)+("+3)= {52
®+°)( +H=(® +®x+° +°++®° + )i (®+ )
= 26i 18=j 44
. _ p_
which shows that ®+ °; , + + are two roots j 268 12 5 oft?j 52t 44 =0. Now we
can choose either of 8 4 5 as our®°, but this choice will force us to make a particular

choice for®+ °. This combination is determined by using the remaining one elation
that we haven't used yet:

R°( +H+ x(®+°)=12
as folllows:
®+°=;26+12°5 ® =9 4 5
T4 £z | 26| 12p§; E

+=9+4 G5
Therefore ®; ; °; + are the four roots oft?> (j 268§ 12ID )t +(9 " 4p 5) = 0:
q

®; 5%+ =(j 138 6p§)§ (i 138 6p§)21 CH 4“5)
q

= (1356 5)8 (3495156 5); (9" 4 B)

9 ——p—
= (i 138 ep 5)§ 2 858§ 38 5 (rstand third signs should match):

This solution shows that the division points of the lemniscae are roots of abelian
equations. The essential point of this solution lies inreplacing the element of Galois
group (permutation of roots) by the complex multiplication of the lemniscate (1 + i)-
multiplication formula) . As this equation has no arbitrary coezcient but it comes from
a highly symmetric geometric object, namely the lemniscate so it is natural that the
symmetry of its geometric origin is re°ected in the roots. Gauss was not interested in
\general" equations, but discovered beautiful thoroughbred equations as cyclotomic or
lemniscatic equations, which paved the way for an entirely ew theory of equations.
And surely he was aware of the arithmetic structure that these equations possess,
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which was graduatelly illuminated by the later mathematicians of 19th century such
as Kronecker.

From a modern point of view, the argument of this section is the most basic example
of the Galois module (Galois representation) with an additional structure (some
automorphisms). This is essentially the only basic tool to ©nnect the theory of equation
(Galois theory) with number theory, even in the today's highly developed framework
of non-abelian class eld theory.

In the above computation the coexcients were inQ because we used the 4th power
of the s-coordinate, but if we were after the values ofs itself, we will see the 4th roots
of unity i popping up when we take the 4th roots ofs*. If we treated the Galois
action on the values ofs itself from the outset, the (1 + i)-multiplication formula would
necessarily containi, therefore gave an element of the Galois group of an equation
over Q(i). Even for the values of s*, at the (2 § i)-division points they are already
elements of Q(i). These facts show that the most natural coetcient eld to tr eat
the division equation of the lemniscate was the imaginary gadratic eld Q(i) of the
original complex multiplication.

By exactly the same principle as we saw above, in generdahe division equations
of an elliptic curve with complex multiplication will give abelian equations over the
corresponding imaginary quadratic eld Q(' j d). For simplicity, if we assume that
the complex multiplication formulae have coexzcients in the imaginary quadratic eld,
then if we take that eld as the base eld, the Galois group acton on the division
point will preserve those equations. Therefore the Galois up action is forced to
give automorphisms as modules over the ring of complex mulglication, i.e. complex
multiplication itself, hence abelian. These division equdions gave the rst inspiration
to Abel and Galois for the subsequent developments of Galoitheory.

3.2.3. Further remarks. Gauss had already new that cyclotomic equations control the
arithmetic in Z, the integer ring of Q, e.g. the theory of quadratic forms (see Gauss [4]).
The theory of complex multiplication has given rise to an intricate arithmetic theory,
beyond what we saw as simply the theory of abelian equationsThe beginning of this
can be seen in the following fact: the generation of abelianxensions over imaginary
guadratic elds gives a striking analogue of the fact that all abelian extension ofQ is
generated by solving cyclotomic equations (cyclotomic €k), but the abelian extensions
generated by division points of elliptic curves with complex multiplication are related
to the cyclotomic extensions ofQ.

By the argument in this section, the 5-division equation of the lemniscate is com-
pletely solved, but in modern algebra we try to capture the esential structure by
looking at the elds generated by adjoining the roots, instead of looking at individual
equations and roots. Here we will consider the eld obrainedby adjoining the values
of s(z)* at the 5-division points of the lemniscate to Q:

. - q
¢ ——p_¢
Q'fs(z)*jz2 E[5lg = Q'i; 85; 38 5
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This “eld and the “eld obtained from the cyclotomic equation X°; 1:

g ~¢
QCs=Q 10 25

(3n = €™ is a primitive n-th root of unity) are related to each other { namely we

have: q
' ¢ i — _p-=-¢
Q'fsz)*jz2E[Blg = Q'i; 85 38 5
. q
— p=-¢
=Q'i; 10j 2 5 = Q(i;%s):
This can be seen by the following computation:

p_ _p S—p— S — —
85{ 38 5_ 85385 _ (85 38 5)(j 10+ 2" 5)

P51012§_Si10i 5 ] 80
1230 +550° 5 M5, 117572 p__ 25, 11°5
- g0 PPy TRt e

HereQ(i;35) = Q(34;35) = Q(320), and using the fact that its Galois group is Gal(Q(320)=Q) 2
(2=20Z)% 2 7=27 © =47, we have the following diagram of sub elds:

QGZO)M
QGS)M Ka o 75" %
]
Q( 5>M i 5) Q(3a)
Q
q q

By the above argument, the quartic eld Q' 85; 38 5 ¢ (or Q' 10+2 5 ¢), ob-
tained by solving the quartic equation that we solved in this section, has Galois group
Z=4Z over Q, is di®erent from Q(35), and as it becomesQ(3,g) after adjoining i, it
must be equal to the "eld K4 in the above diagram.

The 5-division equation of the circleX*+ X3+ X2+ X +1 = 0 and the equation
coming from the 5-division of the lemniscateX 4 + 52X 3 26X 2 12X +1 =0 have
nothing to do with each other on the surface, with di®erent (athough analogous)
origins. But over Q(i), solving these two equations will give the same eld extemsi!
This shows that the cyclotomic equations and division equaibns of the lemniscate are
not just examples of beautiful equations. In fact these equions have the power of
generating all the abelian extension ofQ and Q(i), and all the abelian extensions are
classi ed according to its arithmetic properties (namely, decomposition of primes) { this
was discovered by the proof of class “eld theory, starting fom Kronecker-Weber and
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completed by Takagi-Artin. From the arithmetic properties o f the 5-division equations,
we can clearly state the reason why these two abelian equatioshould give the same eld
extension. Did Gauss expect that the equations he discovedeshould have generality
to this extent? Well, it was undoubtedly the rst clear footp rint on the path towards

class eld theory and its modern non-abelianizations.

Part 2. Modular Functions and Complex Multiplication
4. Motivation { Exponential functions and roots of unity

In the theory of complex multiplication, we have two analogues of the primitive
roots of unity 3y which appears in the cyclotomic theory { special values of elliptic
modular functions  and special values of elliptic functions . For a positive integer
N 2 Z., the primitive root of unity 3y is a special value of an analytic function, namely
the exponential function

e:R3z7] exp(viz) 2 St=fz2Cjjzj=1g (i = pi_12 C);
s -

. 1 . L .

ie.3y = e N In order to obtain the primitive roots of unity 3y for all N, we can

evaluate e(z) at all rational values z 2 Q. Now recall that the de nition of the function
e is entirely analytic, hence it is a priori not trivial why we get algebraic numbers 3y

when we evaluate it at a rational number z = N

The goal of the explicit class eld theory (Hilbert's twelfth problem ) is to solve
arbitrary abelian equations over algebraic number elds, ly making use of this general
phenomenon, namely algebraic numbers are obtained as special values of analyfunc-
tions" { its special cases being cyclotomic theory and theory of coplex multiplication.
Since Hilbert raised the question, the strong candidates fothe \good" analytic func-
tion, which are expected to play the role of exponential funtions in general case, have
been found, namely the class of functions calle@utomorphic functions which possess
a high degree of symmetry. These functions are still object®f active research in the
recent development of mathematics.

In the theory of complex multiplication, elliptic modular function j and elliptic
functions appear as the examples of automorphic functions. We will stet from the
meanings of special values of exponential functions, and #n introduce the elliptic
modular function on the upper half plane H:

ji:C¥%H=fz2Cjlmz>093z7{} j(2)2C:

Eventually, we will see that the values ofj evaluated atz 2 K for a quadratic imaginary
“eld K will generate abelian extensions oK .



TUTORIAL SPRING 2005 29
3

. , . 1 .
We will examine the fact that the special values®y = e N of the exponential

function z 7! e(z) satisfy the equations with coezcients in Q in detail, with a view
towards the generalization to the theory of complex multiplication.

4.1. The domain of de nition. The exponential functione: R 3 z 7§ exp(2V4iz) 2
C is an analytic function which is de ned over R, which is the completion of Q with
respect to its unique in nite place. The notion of \special value" of e stems from the
fact that we can consider the values ofe(z) for z 2 Q, by the inclusion Q 2 R.

In the theory of complex multiplication, the function we are after would be an ana-
lytic function whose domain of de nition is C, the completion of a imaginary quadratic
eld K at its unique in nite place (or its subset, the upper half plane H). Then we
can consider the \special value" of the function for the valuesz 2 K, by means of the
inclusion K ¥ C.

4.2. Symmetry of the functions. The exponential function e is a periodic function
with period 1, i.e. has the property ¢(z + 1) = ¢e(z). This is interpreted as follows:
when we consider the action oR as anadditive groupon R as thereal line:

RER3 (»2 7] »+z2R;
the function e has a symmetry or an invariance under the action of adiscrete sub-
group ZofR,or»2 Z =) e(»+ z)= &2).

Directly extending this de nition by considering the actio n of C as anadditive group
on C as the complex plane
CEC3(»27) »+z2C;

the functions which are invariant under the action of a discrete subgroup(a period
lattice ) @ would be the doubly periodic functions, or elliptic functions  (later we will
consider the case where 842 K so that evaluating elliptic functions at z 2 K will have
a well-de ned meaning).

The other function that appears in the theory of complex multiplication, the elliptic
modular function |, is obtained by considering a bit more sophiscated generalation,
namely the action of areal Lie group SLy(R) on a homogeneous space (or a
symmetric space ) H:

SLo(R)E H 3 (»;2 7 »z2 H,
and then looking at the functions which are invariant under the action of a discrete
subgroupSL»(Z) of the real Lie group SL»(R).

4.3. The algebraicity of specialvalues. The mechanism that the special values of

the exponential function 3y = e N prove to be roots of some algebraic equation over
Q is explained as follows:
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1 . , , : :
Q) z= N 2 Q is a torsion element of the quotient spaceR=Z, obtained by taking

the quotient of the real line R by the discrete subgroupZ, with respect to the additive
group structure conferred on it by the action of the additive group R. Moreover, as
the exponential function gives a homomorphism from theadditive group R=Z to the
multiplicative group Cf, henceNz = 0 gives rise to the equation e(z)N = e(0) = 1,

1 . .
and e N would be a root of the Q-coe+cient equation X N = 1.

Extending this to the elliptic function case, when =& % K, the valuesz 2 K are
torsion elements of the quotient spaceC=a (= division points of the elliptic curve
C=n), obtained by taking the quotient of the complex planeC by the discrete subgroup
a, with respect to the additive group structure conferred on it by the action of the
additive group C. The elliptic function f does not give a homomorphism to a group,
but in order to obtain an algebraic equation satis ed by the values off (z) whenNz =0,
we only need theN -multiplication formula of the elliptic function f. The fact that
this equation would have coezxcients in algebraic number et comes from the fact
that the elliptic curve with complex multiplication and its N -multiplication map are
actually de ned over an algebraic number eld.

(2) In order to generalize this to the elliptic modular function case, we need a bit
more complicated interpretation of the special values { we red the characterization of
\peculiarity" of special values z 2 Q without referring to the additive groupstructure of
the real line R. To do this, we look at the level structure of the exponential function,
i.e. the discrete subgroupsMZ % Z (M > 1) which are smaller than the discrete
subgroup Z that we are considering. We consider the functions which ardnvariant
under this smaller discrete subgroupM Z, thesexppnential functions of level M:

z
ev -R3z7j em 2 C:

N +1
Then, say forM = N +1, thevaluez=Thasthe property
3N+1'_esi'_e3N+1'
N N N

em (2) = ew = €2):

Apart from ey, the functions
P . z4
ey -R3z7) e —— 2C
M
foreach O- i - M j 1 are exponential functions of levelM, which has invariance
under M Z. Then if we consider a symmetric polynomial of these functios

My 1 .
©w(2) = (e(2) i en(2));
i=0
then by its form it will have invariance property under the or iginal discrete subgroup
Z, and in fact it will be a polynomial of e(z): namely ©y (z) = e(z2)™ i e(z). Now
by e(z) 6 0, if M = N + 1 and for values of z which satisfy ©y (z) = 0, we have
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e(z)N i 1=0. On the other hand ©y (z) = 0 is equivalent to \ e(z) = €}, (z) for some

i", by a simple computation z = N (0- k- N j 1) follows.

Thus the points z 2 Q which give the special values ofe are characterized as the
points which gives the same value for the functionse and ey, where latter is the
exponential function with a higher level (= lower symmetry), and from this fact it
follows that e(z) is a root of a certain polynomial. This is the notion of the modular
polynomial .

5. Elliptic Modular Functions

5.1. The upper half plane and  SL>(Z). (Reference: Serre [8].)

5.1.1. Linear fractional transformations.

De nition 5.1.  For a commutative ring R, the non-commutative ring of 2£ 2 matrices
with elements in R is denoted by M>(R). The multiplicative group of its invertible
elements is called thegeneral linear group  of degree 2 overR, and denoted by:
Ya — Y.
- £ _ - Ila b = — ad: £ !
GL2(R)= M2(R)®* = »= c d —det»= adj bc2 R
The matrices with their determinants equal to 1 consitute a ubgroup of GL 2(R), and
this subgroup is denoted by
1/2 u
SL(R)= »=

Y
det»= adj bc=1

o
Uﬂ
L1

a
Cc

(special linear group of degree 2).
3

We denote the unit matrix 0 2 by 1,, and denote the subgroup ofGL>(R)
3 .
consisting of all the scalar matricesal, = 8 0 (a2 R%) by RE1,. Note that

RE1,\ SLy(R) = f§ 1,g. In what follows we are mainly interested in the caseR =
Z;Q; R, where we will denote the subgroup ofGL 2(R) consisting of the matrices with

a positive determinant by: _
Y2 bﬂ - Ya
GLI(R)= »= 2 2 Tdet»=adj bc>0 :
2 c d

We have Rf 1; SL,(R) % GL} (R) % GL2(R).

De nition 5.2. For a complex numberz = x + yi 2 C, its imaginary part y 2 R is

denoted by Imz. The set of complex numbers with a positive imaginary partfz 2 Cj

Im z > 0g is denoted byH, and we call it the upper half plane as the subset of the
complex plane.
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The group GL; (R) acts on the upper half planeH as follows:

This action GL;(R) £ H 3 (»;2 7 »z 2 H is called by the action via linear
fractional transformations

. , I
Exercise 5.3. () Show Im(»2) = det » t]:L hence»z2 H.
jez+ dj?

(i) For »;” 2 SL»(R), show that »("z) = (»")z.
(i) Show that » acts trivially on H (822 H »z = z) if and only if » 2 RE 1,.

By (iii) of this Exercise, we can regard the group GL’Z'(R)zR£ 1, as acting on
H. As RE1, ¢SLo(R) = GL3 (R), by the homomorphism theorem SL,(R)=f§ 1,g 2
GL; (R)=Rf 1,, and we denote this quotient group by PSL»(R). (In fact, it is know
that this group is the group of all analytic automorphisms of H.)

5.1.2. SL»(Z) and the fundamental domain. In the rest of this section we will be fo-
cusing on the discrete subgroupSL,(Z) of GL; (R). The functions on H which are
invariant under the action of this discrete subgroup can be onsidered as functions on
the quotient spaceH=SL»(Z). To see the shape of this quotient space, we will take a
good set of representatives fundamental domain ).

3

Denoting | = SL»(Z), consider its action on H. Putting , = (1) iol ;1=
3 ,
1
é 1 , we see that;* 2 jand ,z = j E; 1z = z+ 1. Moreover, by,2: i 1, we

have ,2z= zforall z2 H.

S . S . . 1 . . :
De nition 5.4. The domainD = fz2 H jjzj, 1; jRezj - Eg indicated in the
diagram below is called thefundamental domain  of the action of j on H.
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1ilp D 1D

0

i 2 2
Proposition 5.5. () Any point z 2 H is mapped to some point inD by an ele-
ment of j .

(i) Two points z;z°2 D are mapped to each other by an element gf not equal to
§ 1, if and only if z°= 181z; 2= 81z in which casez; z°lie on the boundary

of D.

Proof. Let j °be the subgroup of j generated by ;® .

() We prove the following stronger statement: all z 2 H is mapped to some point
in D by some element of £ Forany z 2 H we havel"z = z+ n (n 2 Z), so we

. .1 . .
can take jRe®"zj - = for somen. Moreover by Exercise 5.3(i) we have Impz! 0 for

c;d!'1 , so there exists az®= »z which gives the maximum value of Im (>z) when we
vary » 2 i % and for this z° if jz§ < 1 then Im(,z% > Im z% so we must havejz§ | 1.
ua b‘IT
(i) Set z2°= »z; »= c d 2 i, and choose one of§ » and assumec , 0. Assuming
p_
Imz°, Imz, by Exercise 5.3(i) we havejcz+ dj - 1 and Imz | 73 which shows

1, Im(cz+d), ;candc=0;1.
_ _ 1 b _1b .0 _
(h If c=0, we have » = 01 - 1P and by z;z"2 D we haveb= 81, hence
z°= z§ 1 and z is on the boundary of D.

(I Ifc=1,byl, Re(cz+ d)we haved=0;81.
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3

(@ Ifd=0, by jzj =1, zis on the boundary of D. Here» = (_?Ll iol =12 and
. S 1
ifa=0then z°= z.Ifa60,asjzj=jzi=1and »z= .z + a, we havez = !; | T
anda= §1, and in thiscase,z = z”~ 1 andz°= z. '
(b) fd=1,by jz+1j- 1 again we havez = !, and:
y ,

_ aajl __az+(ajl)_ _. _ 121,

»Z= 1 1 2—724_1 = | Z+1_ s

Now aslz = ,z and »= 12, we havea=0;1. Hencez’= z or z°= 1z .

. ,

. 1 - .
(c) If d= i 1, similarly we havez = j —, and as» = ? : ?'1 e 1a1i13ang
! i

1ilz= 7 wehave»=12anda=0;j 1. Hencez’= z or z0= 1i 1z, o

By (i) of the above proposition, for all » 2 j, taking a z in the interior of D we see
that there exists a »°2 j ®such that »{»2) 2 D, and asz is not on the boundary of D
we have»{»2) = z by (i), and »» = § 1, hence» 2 ; ° Therefore we conclude P=j.

Corollary 5.6. If we remove a half of boundary fromD, it gives a set of representatives
of the quotient spaceH=j .

Corollary 5.7. For z 2 D, denoting the stabilizer of z byl, = f»2 j j»z= zg, we
have:

8 .
¢
§f§ 159 '26i:; ill
_ f§8 15;8, 0 (z=1)
’ §f§ ;8,0 1181 g (z=1)
g 1¢
-8 184 8119 z= -
5.2. The elliptic modular function j . (Reference: Serre [8].)

5.2.1. Complex Fourier expansions. Note that, by the exponential function with com-
plex variables:

e:C3z7) exp(iz) 2 CnfOg;

H is mapped surjectively onto the punctured unit discDg = fz2 Cj0< jzj < 1g.
Denoting the new variable by g = €(z), this g depends only on the value oz mod Z.

Now, assume that, for a meromorphic functionf : H 3 z7! f(z) 2 C[flg onH,
we have
»2272=) f(»+2)=1(2):
Then the value f (z) depends only onqg= e(z), and asz 7! qis locally biholomorphic,
we have a unigue meromorphic functionF on Do which satis es f (z) = F(qg). Here
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g = 0 is a singularity of F, but if it is at worst a pole (meromorphic), then we have the
Laurent expansion of F at q=0:

s
f(z)= F(q) = cnq";
n=j k

which is called the complex Fourier expansion  or the g-expansion off.

As g = 0 corresponds to the \point at in nity" of z, if F is meromorphic atq= 0,
we say thatf is meromorphic at 1 , and in particular if F is holomorphic at q= 0,
we say thatf is holomorphic at 1 . In this case, we denote tha valueg= (0) by f (1 ),
and the order of F at q=0 is called the order off at 1 .

5.2.2. Modular functions. For a meromorphic functionf : H 3 z 7} f(z) 2 C[flg
on H, if we have
»2 SLo(Z)=) f(»2 = 1(2);
3 .
by t = é 1 2 SLy(Z), we have in particular f (z+1) = f(*z) = f(z) and can

consider the change of variables (z) = F(Q).
De nition 5.8. A meromorphic function f on the upper half plane H is called a
modular function  (with respect to SL»(2)) if it satis es the following conditions:

() »2SL2(2)=) f(»2=1f(2),
(i) f is meromorphic at1 .

The set of all modular functions is denoted byA o, which is a "eld extension of the "eld
of constant functions C.

Here is the main theorem of this section:

Theorem 5.9. There exists a unique non-constant modular functionj satisfying the
following conditions (j -function)

(i) j has a pole of order 1 atl , and gives a bijectionH=SL,(Z) { C.
(i) Ag is a rational function eld generated byj, i.e. Ag= C(j).
(i) The g-expansion ofj starts with a

To de ne this j and prove the theorem, we slightly generalize the notion of rodular
functions.

5.2.3. Modular forms.

De nition 5.10. Let k , 1 be an integer. A meromorphic functionf on the upper
half plane H is called amodular functions of weight 2k (with respect to SL»(2))
when it satis es the follwing conditions:
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T
) »= & 4 2S5La2)=) (A =(cz+ )™ (2)

(i) f is meromorphic atl .

The modular functions we de ned previously are the modular finctions of weight 0.

Moreover if f is holomorphic on the whole ofH and at 1 , we call f a modular
form of weight 2k. A modular form f satisfying f (1 ) = 0 is called a cusp form .
The set of modular functions of weight X, modular forms of weight Z, cusp forms of
weight 2k are denoted respectively byAy; G¢; S, and these are all vector spaces over
C.

Exercise 5.11. Show thatf 2 Ax; g2 Axo=) fg 2 Ax+ko. In particular, for n 2 N,
we havef 2 A=) "2 A.

M
Similar fact holds for G and S, and in particular G and G = G are commu-
k=0
tative rings (C-algebras).
Here are some examples of modular forms:
Proposition 5.12. (i) (Eisenstein series) X
1
For an integer k , 2, setting Ey(z) = ————, we have
(m;n)2Z£ Znf (0;0)g
Ex 2 G.
) i . . _ X o1¢
(i) Ex(1)=23(2k). Here?3 is the Riemann 3-function : 3(s) = F:
n=1

(i) (Ramanujan ¢ -function)

Setting g, = 60E,; g3 = 140E3; ¢ = g3 2793, we have¢ 2 Se.

17288
¢

(iv) (j-function) Settingj = , we havej 2 Agp.

Proof. (i) We show the convergence for generdt 2 R with k> 1. We write o = Zz+ Z,
and denote by P, the parallelogram with vertices 8nz 8 n for all n 2 Z. Then & has
8n points on eachP,, hence if we writer for the minimal value of jzj on P1:

A !
R X

1 1
il j2k il j2k
nnfogJ'J n=1 !2Pn\uJ'J

X Xgn_i)é 1 _ 8,

’ 2k T p2k 2ki 1~ 2k
o1 (nr) rec on r

(2ki 1),

and r has an inmum on the domainfz 2 H j Imz > Cg for a constant C, and as
3(2k j 1) converges onk > 1, we see thatEy absolutely converges uniformly on any
compact subset ofH .
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(i) By the uniform absolute convergenc)s: in (i) we can take the termwise limit. If
1

Imz!1 | the terms with m 6 O gives — 1 0, and the terms with
(mz + n)

n2ZnfOg
X

. 1
m = 0 gives K T 23(2k).
n2znf0g

(i) By E2 2 &; E32 G we have ¢ 2 Gs. Moreover, by (ii):

(1 )=60Ex(1)=120%(4) = gl/i‘; gs(1 ) = 140E3(1 ) = 280°%(6) = 2%1/5’:

which shows that ¢(1 )= gx(1 )% 27gs(1 )% =0.
(iv) By ¢3;¢ 2 Gs we havej 2 Ao. o

Proposition 5.13. For f 2 Ay; f 6 0, denote the order off at z2 H [flg by
vz(f). Putting e, = jl;j=2:

X wi(f) k.

vy (f)+ e,

22H=SL »(2)

Proof. Integrating f %f along the path in the diagram below, and using the argument

principle:
1 o X
i 197 ve(t)

Z: interior

il j1=2 0 1= 1

On the other hand, the contributions from the segments AB; D % cancell with each
other by f(1z) = f(z); d(*z) = dz, and the contributions from the arc segments
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BB 2 Ccc®DD %are given b)& setting the radius of the arc! O0:
1 1 1 1 1
i sso Wil oot 8" G o FE M)
To compute the contribution from the segment EA, we map it by z 7! g, after which
it travels around the point g =0 once in the negative direction, so if we take the path
so that in the interior of the circle F does not have any zeros or poles except fay= 0,
N FO
noting f—dz= dlogf = dlogF = Edq:
z z
1 fO 17 FO
Wi ea ]sz— i Edq— i Vo(F)=iva (f):
Now the arc BIC is mapped by, 2 SLz(Z) to the arc C®D in the negative direction,
and noting f ()= f'; Epg 2 (2):
z ¢ z
1 fo ,o & fq,2)
2V goc ! i _co T(2)

17 ZA(f(2)dz
sl _cop z2f(z) Z2
17 (4 @)°
2Y.i C z2%kf (2)
1 22 Qz) + 2 kzZi 1f (2)
2]/4| CcCD ZZkf Z)

1% o 1 é 2k

= —dz;
21/4| cD Z z

d(.z)

i
dz

dz

=
- ZT/4| COD f_
hence after cancellation there rer&ains

1 2k 1 k
Wi e 2 2T 2T E

Summing all up we arrive at the desired expression. o

This proposition tells us the size of G; Sk concretely:

Corollary 5.14. (i) E2;E3;¢ have zeros only at;i; 1 respectively, whose orders
are all equal to 1. "

(i) An arbitrary element of G = & is a polynomial of E;; E3 with coexcients

. _ k=0
in C, i.e. G= C[E2; E3].

Proof. (i) This follows immediately from Proposition 5.13. But not e that we only knew
¢ 6 0 now, by E»(i) 60; E3(i) =0 giving ¢( i) 6 0.

(i) When k =0 or 1 there are now non-negative integers satisfying the idatities in
Proposition 5.13, henceG, = C or 0 according tok = 0 or 1. By (i), the function ¢ has
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no zero onH, hence for anyf 2 Sy we havef=¢ 2 G 6, which showsSy =¢ G 6.
Therefore Sy = 0 for k < 6, and in generalSy = Ker(G; 3 f 7! f(1) 2 C), which
shows dimG, - dim Sy + 1. In particular Gy = C. Moreover fork ; 2 by Proposition
5.12(ii) we have G, 2 S (©CEy, hence we obtain inductively all the elements ofG,. ©

Proof. (of Theorem 5.9) (i) By Corollary 5.14(i) we see that j is holomorphic on the
whole of H, and has a pole of order 1 atl . To show the bijectivity, it is enough to
show that, for all a 2 C, the function f4 = 172895’ i at 2 Gs has exactly one zero
inside the fundamental domainD, but this follows immediately from Proposition 5.13.

(i) For all f 2 Ay, if f has a pole ata we can multiply it by some power ofj j j(a)
to make it holomorphic at a, so it is enough to show wherf 2 &. If the order of f at
innity is n, we havef ¢ " 2 Gs,, and by Corollary 5.14 this is a polynomial of E;; E3.
Therefore it is enough to treat the case when

f=EPE,=¢"; 6n=2@+3"
"E3 0 EZ q
But in this case, as 3j ® and 2j —, we havef = ¢—2 ¢—3
from the following identities:

Ef_ 8 _ 1 . B - .
¢ 60°C  1728¢60°" ¢  140¢  27¢14¢ ¢ ' = 27¢14® 1728 ' "
(iii) The j has a pole of order 1 atl so we can multiply by a constant to make it
satisfy the statement (in fact we will show in Theorem 7.1 tha the j we de ned already

has the g-expansion starting with 1=0). o

, and & = C[j] follows

3 . 3
% __ 1 g 1 1

5.3. The imaginary quadratic points in the upper half plane. Here we try to
give some natural characterization of the imaginary quadrdic points of the upper half
plane. We Tst start by looking at the stabilizer of the point s in GL} (Q), and nd that
there are multiplicative groups of imaginary quadratic elds hidden inside this group.
Then we will use the interpretation of the points of the quotient spaceH=SL(Z) as
homothety classes of lattices , which will give a ner classi cation of these additional
symmetry. We conclude that these points are classi ed by som natural abelian groups
appearing in algebraic number theory calledring class groups of orders of imaginary
guadratic elds, which are generalization of ideal class goups of ring of integers.

5.3.1. The stabilizer. In order to characterize the pointsz 2 H which belong to imag-
inary quadratic elds in terms of symmetry groups (in the way we sketched in sub-
section 4), it is not enough to consider the automorphism graps SL,(Z)=f§ 1g ¥
SL,(R)=f§ 1g 2 GL} (R)=R 1,, but we should focus on the groupGLj (Q) inside
GL; (R). (A reason we considerGL} (Q) instead of SL»(Q) is that the inclusion

SL2(Q)=f§ 1g ¥ GL; (Q)=Qf 1, is not an identity. An element » 2 GLj (Q) is not

represented by an element ofSL,(Q) unless det» is a square inQ!)

Consider the action ofGL ; (Q) on H. The scalar matricesQF 1, are the ones that act
trivially on H. Butin H, there are pointsz on which non-scalar elements ofsL (Q)
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act trivially. For any z 2 H, denote its stabilizer _by:

2oop o1 Ya
—_ - a b + _ - 3 £ .
T,= »= . 2GL;(Q)—»z=2z ¥%Q"1y:
Proposition 5.15. For all z2 H, we have a group isomorphism:
TR | C . Ry
7,3 &0 7 czed2 K£ (z2K=Q(Cim),
c d Q* (otherwise
Ha bﬂ
Proof. Itis trivial when T, = Q£ 1,; so assume there exist» = c d 2T;n Q£ 1:

az+ b

cz+d:) cz?+(dj a)zij b=0 (a;b;c;d2 Q)

Z=»7Z=

and we do not havea = d; b= ¢ =0, hence z is a root of a quadratic equation with
coezcients in Q, and asz 2 H it belongs to some imaginary quadratic eld.

Conversely, ifz 2 K = Q(p i m), then f1;zg is a basis ofK over Q, hence for all
x 2 K% there area; b;c;d2 Q which satisfy xz = az+ b; x= cz+ d. Therefore:

H 1
_ Xz _az+b_ __ _a b . +
2_7_C2+d_»z_) »= Ly 2T,%GL;(Q)
(here, by de nition of the norm, det » = Nk-q(x) > 0). If x 2 Qf then » 2Qf 1, and
X 7! » gives the inverse of the homomorphism in the proposition. o

Thus the points z 2 H which belong to imaginary quadratic elds are precisely the
points that have an additional symmetry insideGL} (Q). (The symmetry group is
isomorphic to K £ { the \complex multiplication"!) In particular, for a scala r matrix
»= m ¢1, 2 Qf 1, we always have deb = m? 2 (QF)?, hence if there exists a» 2 T,
whose determinant det» is not a square inQ, it is always an \additional symmetry".

5.3.2. Homothety class of lattices. Here we show that each point of the quotient space
H=SL»(Z) corresponds to ahomothety class of lattices

De nition 5.16. A subgroup = of the additive group C is called alattice of C when
it has the following properties:

(i) = is a free Z-module of rank 2.
(i) For a basis f! 1;! ,g of o, we have! 1=!, 2 R.

The lattice @ is determined by a basisf! 1;! g, we write a(! 1;! )= Z1 1 © Z! 5.

For a basisf! 1;! og of a lattice &, as Im (! 1=! ) and Im (! »=! 1) have opposite signs,
we make the convention decreeing that 1=!, 2 H in order to "x the order of f! 1;! »g.
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On the set of all bases of this type,GL (R) acts by linear transformation of the basis:

ﬂ - -
o Ha b _) »3 1, aly+bl,
T~ c d "~ 5 - cli+dl,
(By det »= adj bc > 0, the condition Im! 1=!, > 0 is preserved.)
3 ’ 3 -
| 1 0
Lemma 5.17. (! 4;12)=8(12%19) 09 »2SLy2); » ;; = 5D
Proof. If 1 $;192 a(1 ;1) and ! 45122 a(! %1 9):
07 S I S
.0 . 1= Tl 1 _ 0 "1
O»;» 2 Mo(2); [0 = : | =» |0 ;
*2 P2 -2 P2
and by »¥®= »% = 1, we have det> = det »°= § 1. By the condition Im (! 1=!,); Im(! 9=!9) >
0, we have det» = det »°= 1. The inverse is easily seen in the similar way. o
De nition 5.18.  For a lattice @ and a 2 Cf, the groupac = fa! j! 2 mgis again

a lattice. Two lattices = ;o9 are called homothetic to each other when there exists
a2 Cf such that %= am, and we write @ » ©® If we denote the set of all lattices
by L , the relation » is an equivalence relation onL , and we denote the class of @ by
[2]. We write @ , =5(1 ;z) for z2 H. Note that for any lattice @ = a( ! 1=!'5) we have
g o» o o,.

By Lemma 5.17, we obtain the following:

Proposition 5.19. The correspondenceH 3 z7{ ©, 2 L gives a bijection:
H=SL,(Z){ L =»:

5.3.3. Homomorphisms of lattices. Now we can characterize the pointsz 2 H which
belong to imaginary quadratic elds by means of the endomorism ring End(= ;) of
the corresponding lattice .

De nition 5.20. For two lattices @ ;2%in C, we write Hom(O;OC) =f®2Cj®a ¥
a%, and in particular when @ = a © we write End(a) = Hom(z ;n) = f®2 C | ® %
og. Hom(a ;=9 is an additive subgroup of C, and End(=) is a subring of C.

For two homothetic lattices & » &% by ® 1o () @ % a%we have End(r) =
End(= 9. Hence we only need to study End(e) for e = o , with z2 H.

Proposition 5.21. For all z2 H, we have a ring isomorphism:
» End(®;) 3®7{ »2 M2(Z)\ (T, [f Og)
Ul p H i

- z _ z . : : a
de ned as ® - », (®) 1 with the inverse given by R

End(o ;) is Z unless whenz belongs to an imaginary quadratic eldK , in which case
it is a subring of the integer ring Ok of K, strictly bigger than Z.

7§ cz+ d. The ring
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Proof. ®2 End(r;) is equivalent(to:

H 1
_ab ] ®z=az+ b _az+ b _ o
O» = c d 2 My(2); ®=czr+d b V%7 m—zor»_o,

and », is a ring isomorphism. If T, = Qf 1, then M»(Z)\ (T, [f 0g) = Z ¢1,. If z
belongs to an imaginary quadratic eld K, the above correspondence is the inverse of
the group isomorphismT, 3 » 7§ ®= cz+ d 2 K% of Proposition 5.15. Hence

End(r;)= f®=cz+ dj®;®z2 Z + Zzg %2K:

Moreover, as any element of End(s) acts on a nitely generatel Z-module o, it is
integral over Z, therefore End(x) is a subring of the integer ring of K, and it contains
cz for somec 2 Z, hence strictly bigger than Z. o

5.3.4. Orders in imaginary quadratic elds. The above result naturally leads us to the
study of subrings of the ring of integers of imaginary quadraic eld K. Actually, the
lattices @ whose endomorphism ring End(r) is contained inK are natural objects that
appear in the algebraic number theory ofK . Especially its homothety classes constitute
a nite abelian group called ring class group { which is the group which plays the
role analogue to Z=N)£ in the cyclotomic theory, and connects the theory of complex
multiplication to class eld theory.

We "X an imaginary quadratic eld K = Q(pm) (where m 2 Z. is square-free),
<im (i m~ 2;3 mod 4)
and let Ox = Z[x] be its integer ring. Herex = ; 1+ " | m
' 2

Lemma 5.22. Any subring O of Ox which is strictly bigger than Z is equal to a ring
Okt = Z[fx]= Z+ Z ¢fx for some integerf | 1. (The ring Ok is called theorder
of K with conductor f.)

(i m” 1 mod4)

Proof. As O\ Zx is a subgroup of the additive groupZx, it is equal to Z ¢fx for f , 1.
Then Ok = Z[fx] % O, and conversely for anya+ bx 2 O we see thatf j b, hence
O % Ok . o

Exercise 5.23. The group Oﬁ;f of units (invertible elements) of Ok is f§ 1%except
for two cases: K;f )=(Q( j L;1) whenitisf§ 1;8 j 1gand (K;f )=(Q( j 3;1)
when it is f§ 1;§33;§32g.

De nition 5.24. A lattice @ of C that is contained in K is called aproper Ok -
lattice when End(=) = Ok . A proper Ok -lattice of the form (x) = faxja2 Okt g
for x 2 K is called aprincipal Ok -lattice .

A proper Ok -lattice is a fractional ideal of Ok (i.e. a nitely generated Ok -
submodule ofK ), and the multiplication between them are de ned as that of fractional
ideals.
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Exercise 5.25. As Ok is not a Dedekind domain whenf 6 1, not all fractional
ideals are invertible, but proper Okt -lattices are invertible as fractional ideals.

The proper Okt -lattices form an abelian multiplicative group 1+ under the multi-
plication, and we denote by P; the subgroup consisting of principal Ok -lattices.

De nition 5.26.  The quotient group CI(Ox:t ) = I =P is called thering class group
(of K) of conductor f .

In particular when f =1, the group CI( Ok. 1) is none other than the ideal class group
of Ok.1 = Ok . For a generalf, there is a natural surjection Cl(Okxs ) ! CI(Ok: 1),
sending a class of propeOk: s -lattice @ to a fractional ideal of Ok generated by =.

Now we can give a re ned correspondence between the imaginaguadratic points
and the elements of ring class groups.

De nition 5.27. We call a point z 2 H belonging to K an Ok -CM point when
End(e ;) 2 Okt %K.

By the proof of Proposition 5.21,z 2 H is a Okt -CM point of conductor f if and
only if M2(Z)\ (T, [f Og) 2 Ok .

Theorem 5.28. The bijection H=SL,(Z) 3 Z 7} [®,] 2 L =» induces the following
bijection of sets for each imaginary quadratic eldK and eachf , 1

fOk:t -CM pointsg=SLy(Z) # Cl(Ok; ):

Proof. This map is clearly a surjection. The injectivity is seen as bllows; the equiva-
lence relation de ned onls modulo P; is the same as that de ned by the homotheties,
because homotheties between propeDg s -lattices must always be a multiplication by
an element ofK . o

Remark 5.29. Later, CI(Ok: ) is shown to be a nite group (Corollary 7.23). Also
one can show that it is isomorphic to a nite quotient of the idele class group oK .

6. Interlude { Elliptic Functions and Elliptic Curves over C

Elliptic functions not only give rise to division equations which are abelian equations
over imgaginary quadratic “elds, but lead us to a deeper poimn of view of the moduli
interpretation  of the modular function j.

Considering a class of doubly periodic function®lliptic functions  with respect to a
“xed lattice g, they are shown to be rational functions of the Weierstrass } -function
and its derivative. This gives a natural structure of algebraic curve (elliptic curve over
C) on the compact Riemann surfaceC=r. The homothety classes of lattices correspond
naturally to the isomorphism classes of elliptic curves ove C. On the other hand, the
isomorphism classes of elliptic curves are classi ed by thej -invariant , which turns
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out to be nothing other than the elliptic modular function j that we treated in the
previous section, giving its algebraic re-interpretation.

The proof of the fact that the elliptic function eld is an alg ebraic function eld is
analogous to that of proving that the eld of modular functio ns is a rational function
“eld of j. Along with the construction of the Riemann surfaces of algéraic functions
(subsection 2.2), taking the quotient of upper half plane / complex plane by discrete
groups is the basic method to construct compact Riemann sugces. In the cases that
we treated (modular function eld / elliptic function eld) , the meromorphic functions
on the compact Riemann surface are explicitly constructedwhich gives the concrete
examples of Riemann's existence theorem.

In this section we will denote the points on upper half planeyb¢, because we con-
tinue to represent points on the complex plane byz.

6.1. The Weierstrass } -function.

6.1.1. Elliptic Functions.

De nition 6.1. Let = be a lattice of C. A meromorphic functionf :C3 z 7! f(z) 2
C[flg on C s called anelliptic function  with respect to o if it satis es,

»2ua=) f(»+2z)=1(2):

We denote the set of all elliptic functions with respect to @ by A, . Itis a eld extension
of the "eld of constant functions C.

By Liouville's theorem, if f 2 A, has no poles it must be a constant function.

For two homothetic lattices @ ®= am, we have f (z) 2 Aso () f(az) 2 Az, and
this correspondence give®\s0 2 A,. Hence we only need to investigatéA, in the case
a=o, (¢, 2H).

Here is the main theorem of this section:

Theorem 6.2. For any lattice @ = a ;, there exists a non-constant elliptic function
} =1} (Weierstrass } -function) with respect toa:

() } has poles of order 2 at eaclz 2 @, and the functions};} °(} %is the complex
derivative of }) give the following bijection:
C=u,327¢ (}(2):}%2) 2 E.:

Here E, is a compact Riemann surface of the algebraic functiory 2 = 4X 3
o2(¢)X i ag3(¢), and the coordinates are(X;Y ).
(i) As is the “eld of rational functions of };} © i.e. As = C(};} 9.

The examples of the elliptic functions are constructed as fibows:
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Proposition 6.3. (Weierstrass } -function)  For a lattice @ = =@ ,, consider the
function } = } , de ned by the following in nite series: )
1 X P 1
D= @i 7T
! 2anfOg

(i) } is a meromorphic function on C, holomorphic outsidex, and } 2 A,.
(i) } has the following Laurent expansion az = 0:
1 X 2
1@)= 5+ @+ DB (9z™
k=1

(i) }®=4}°%i (o)} i @(2)-
Proof. (i) For j!j> 2jzj, we compute

S 11T Tz 2)=_ Zediti _ 107

(zi 12112 7 1z 1) el TR
hence, as we seen in the proof of Proposition 5.12(i), the surof the right hand side
when we vary! 2 @ converges absolutely on any compact set contained it©nza, and }

has poles of order 2 at each point of @. By this absolute convegence we can di®erentiate
termwise to get:

P X 1 .
}O(Z)— i 2!25 W,

and clearly} °2 As. Therfore by integrating 1%we get} (z+!)= }(2)+ c(!) (z Zn),
but by substituting z = j 5 we see, by} (2) = } (i 2), that ¢(! ) =0, hence} 2 As.

N 1 .
@i) }(2)i = converges absolutely and uniformly nearz = 0, so we can compute as
follows:

, A A o] ,
1 X *1% 1 2 1 X 1 R0t
P 22 = 2Tz iz T iz 7 gz
! 2onf0g ~ | 2anfOg n=0 i |
X 1 R 3 Z,“ 1 pS X Zn
= T2 (n+1) v iz T (n+1) [ n2
! 2anf0g Nn=0 | n=1 I 2anfog
R X 1 '
= (2k+1) —ar 2N
k=1 ! 2anfog

(In last identity, using the fact that the sum is 0 when n is odd by the symmetry, we
setn =2k.)

(iii) By (i), we have

H(2)= Z%+3Ez(c',)22+553(c',)24+ ¢ee 1%92) = | 2—23+6E2((',)Z+20E3(¢',)Z3+ ¢cee



46 TERUYOSHI YOSHIDA

Therfore by expanding} @i (4} 3 (o)} i 9:3(¢)), the negative powers ofz being all
0, we get an elliptic function without a pole, i.e. a constant, and as the constant term
is 0, it is identically 0. o}

Proposition 6.4. For a f 2 Ay, denoting the order off at z2 C, we have:

v.(f)=0
z2C=n

Proof. As the unit lattice is compact, f has only nite number of zeros and poles in it,

which makes the sum well-de ned. The closed path integral arand the unit lattice of

a (we can make it avoid all zeros and poles) is OXas the line iptgrals of edges cancell
e . fo

out. As f &f 2 A,, the argument principle gives vz(f)= —dz=0. o

f
z2C=n

Corollary 6.5. For all a2 C, there exists aw 2 Cne satisfying } (w) = a. The zeroes
of }(z) i }(w) in C=a are given byfw;j wg, both with order 1, if 2w 2 &, and fwg
with order 2 if 2w 2 o,

Proof. By Proposition 6.4, the sum of order of zeros of} (z) j ain C=m is 2. By
}(w) = }(j w), if 2w 2 o, 8w are the zeros off (w) | a and they both must have order
1. In particular, as } 4 w) = i } Yw) 6 0, we have } {j w) 6 } {w). The case v 2 =
occurs whenw = 1=2; ¢=2; (1+ ¢)=2, but in the cases} {w) = } i w) = i } {w) gives
} Qw) = 0, i.e. they are zeros of order 2 of} (z) | a. o

Proof. (of Theorem 6.2) (i) For all a2 C, there are either 2 or 1 values ofY satisfying
Y?2=4a%; g(c)ai gs(e) according to the two cases of Corollary 6.5 (whetherY 2 =
} Yw)2 6 0 or not), and they are given by } Yw). Therefore,

(C=m)nfOg 3z 7¢f (X;Y)2C?jY2=4X3; g(e)X i Gs(e)g

is bijective. Hence the degree of the homomorphisn€C=a, | E, between compact
Riemann surfaces is 1, i.e. it is an isomorphism.

(i) Any f 2 Ay is a sum of an even function%(f (z) + f (i 2)) and an odd function

%(f (2)i f(i 2)), and as} % is an even function for any odd functiong, it is enough to
show whenf is an even function. For an evenf , let zeros and poles of (excepting 0)

2w; 2 o, substituting z = w; to f ¥ (z) = (; 1) K)(; z), we havef ) (w;) = 0 for an
odd number k, hencevy, (f ) is even. Now let

8

< v (f) (2w 2 o)

mi=_ 1 f owi 2 @)
SV (1) (2w 2 2)
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Y
and setting g(z) = G (@i }(w)™, by Corollary 6.5, g has same order ag at all
i=1
z Z o, and by Proposition 6.4 it must have same order asf at z 2 @ as well. Hence
f=g is an elliptic function without zeros or poles, i.e. a constat. We conclude that f
is a rational function of }. o

Thus we have an isomorphismC=a, ! E, between the compact Riemann sur-
faces and an isomorphism between the corresponding algelicafunction elds A, =
C}:} 9 2 C(X;Y). The image of 02 C=a, under this isomorphism is the point
O =(1;1) that is adjoined when we compactify E,;, and it is called the point at
innity or origin of E,. In this case, by Corollary 5.14(i), we see that ¢(¢) =
0(¢)® i 2793(¢)? 8 0. In the next subsection, we will treat the compact Riemann
surfaceE; of this algebraic curve by purely algebraic methods.

Remark 6.6. Note that ¢ = g3 2792 is a discriminant of the cubic 4X 3| g2X | gs.
Namely, if we let ®; ;° the three roots of the cubic equation & 3 i X i g3=0, by
the relation between roots and coezxcients:

X3 X i @=AX i X i NXic°)=) ¢=(® i )i ®%

Now for } =}, we had}® =4}3; g(¢)} i gs(¢), hence the three roots are the
values of} (z) where } 4z) = 0. By Corollary 6.5 these values are} (1=2); } (¢ =) and
} ((1+ ¢)=2), and they are mutually distinct. This gives an alternativ e proof of the fact
¢(¢)60forall ¢2H.

6.2. Elliptic curves over  C. (Reference: Silverman [11], Chapter VI; Silverman [12],
Chapter 1)

Here we will consider the compact Riemann surface of the aldpeaic function Y2 =
4X3i X i gz (the elliptic curve over C). By denition, it is an algebraic object
whose all properties can be derived from the polyonomial (nenely values ofgy; g3), but
using the correspondence & 7! E; (uniformization ) we can easily derive some of the
important properties. The arguments in 6.2.1 will be algebiic, and in 6.2.2 we use the
uniformization.

6.2.1. The j -invariant.

De nition 6.7.  For g; g3 2 C satisfying g3 2793 6 0, the compact Riemann surface
E determined by the algebraic functionY? = 4X 3; gX i gz is called anelliptic curve
overC. Thevalue ¢ = g3j 27¢3 is called thediscriminant of E, andj (E) = 1728g3=¢
is called the j-invariant of E. The origin O of E is characterized by the property
that X has a pole of order 2 andy has a pole of order 3 atO. A morphism between
elliptic curves E; E %is a holomorphic mapf : E ! E°®which maps the origin of E to
the origin of E°
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On the compact Riemann surface determined by an algebraic fuction, we use the
terms rational and regular in place of meromorphic and holomorphic, respectively.
The eld of rational functions on E is referred to as thefunction eld of E.

Lemma 6.8. We denote byl(mQO) the vector space ovelC of all the rational functions
on E with the property that it is regular outside O and it has a pole of order at most
m at O. Then f1;X g is a basis ofl(20), and f1; X;Y g is a basis ofl(30).

Proof. As C(X;Y ) is a quadratic extension of C(X) obtained by adjoining Y, any
rational function f 2 C(X;Y) is written as f = f; + f,Y with f;;f, 2 C(X). As
f 21Q0)=) f =f1j foY 2 1(20), we havef; = (f + f)=2 2 1(20), hencef,
is a linear polynomial of X, and similarly f2; f2Y2 = ff 2 1(40) gives f, = 0,
hence the former statement. For the latter, let A : [(30) ! C be the linear map
taking the coezxcient of the term of degreej 3 of the Laurent expansion ofO. Then as
[(20) = Ker A, hence diml(30) - dim[(20) + 1 and the lemma follows. o

Recall that a morphism f between compact Riemann surfaces correspond to the
inclusion maps between the function “eldsf °.

Lemma 6.9. If two elliptic curves E; E ° over C are given respectively byy? = 4X 3
®@X i ggand Y®=4X%®; g9x% ¢f. The morphismA:E ! E%is an isomorphism
if and only if it is of the following form:

9a2 C; ¢f= a'g; )= algs; A°(XCYY=(a?X;adY):

Proof. A A of the above form is clearly seen to be an isomorphism. Convsely if A is
an isomorphism, by Lemma 6.8 we haved®(X 9 = pX + qgand A*(Y9 = rY + sX + t.
Substituting these into the relation between X %Y® rst r? = p® givesp = a? and
r = a3, and as the terms ofXY;Y should vanish we haves = t = 0, and as the term
X 2 vanishes as wellg = 0. o

Proposition 6.10.  For two elliptic curves E;ECoverC, E2 E® ()  j(E)= j(EO.
Proof. ) : Immediate from Lemma 6.9. ( : Letting the algebraic functions de ning
E;E%as in Lemma 6.9,j (E) = j(EY gives g3=(g5 i 2703) = g2=(gT i 279%), hence

g9? = oPg3. We construct the isomorphism A : E | E° explicitly as A*(X%Y9 =
(@®X;a%Y) as follows:

() if g=0(j =0),by¢ 60 wehavegs 60, hencegd = 0; gJ 6 0. So take

a= (=)™
(i) if gg=0(j =1728), by ¢ 6 0 we have g, 6 0, hencegz = 0; gg 6 0. So take
a=(g=%)"™

(iii) if otherwise, by g3g® = g®g2 6 0 take a = ( go=cf)™™ = ( gz=c)) *°.
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Corollary 6.11. If we denote byE the set of all elliptic curves overC, the correspon-
denceE 3 E 7§ j(E) 2 C gives an injection:

E=21 C:

6.2.2. The uniformization theorem and the group structure.

Theorem 6.12. (the uniformization theorem)

In the commutative diagram below that we obtain from the praemling construction,
all the maps are seen to be bijection:

STl |y /'L _y a, 71 E; /EZE

2

H=SL(Z

E7 J(E)

&

Proof. The mapj is bijective by Theorem 5.9(i), the map ¢, 7! @, is bijective by Propo-
sition 5.19. The mapE 7! j(E) is injective by Corollary 6.11, and as the composition
with o ; 7! E;, namely the map L =»! C, is bijective, it is surjective. Hence the
remaining map is also bijective. o

By this theorem, the value of j -function that we studied in the last section is seen to
be nothing other than j -invariants of the elliptic curves. Using this fact, we can study
the special values off by algebraic methods.

Corollary 6.13. Any elliptic curve E over C has a structure of additive group with
the origin O as the zero element.

Proof. By Theorem 6.12, E is isomorphic to C=a for some lattice &, and the zero
element of C=o as an additive group maps to the origin O. o

6.3. Homomorphisms and complex multiplication. As any elliptic curve has an
additive group structure, it is natural to consider the maps between them which are
group homomorphisms. In fact, using the endomorphism ring delliptic curves, we will
be able to characterize the elliptic curves whosg -invariants are the \special values"
treated in the last section.

6.3.1. Homomaorphisms of elliptic curves.

De nition 6.14. A morphism A: E | E° between elliptic curvesE;Eis called a
homomorphism if it is a homomorphism with respect to their group structures. If a
homomorphism A is not a constant map onto the origin of E?, it is called an isogeny .

The additive group of all the homomorphisms fromE to E is denoted by Hom(; E 9),
and in particular we write End( E) for Hom(E; E). This End(E) is a ring with respect
to the addition and composition, and is called anendomorphism ring of E.
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Remark 6.15. In fact we can show, using the Riemann-Roch theorem, that any ror-
phism A: E ! E°between two elliptic curves (which maps the origin to the origin) is
a homomorphism.

Proposition 6.16. If E 2 C=a and E°2 C=x? all A2 Hom(E;E9 can be written in
the following form:

A:C=x3zmodre 7] ®zmodrn®2 C=n®

In particular, in this case we have®a % 2% and we have an isomorphism of additive
groupsHom(E;E9) 3 A7{ ®2 Hom(e;e9= f®2 Cj@r %Y,

Proof. First consider in a small neighborhood ofz = 0. We have A(z+ 29 = A(z) +
A9 mod a9 but in a su+ciently small neighborhood of A(0) = O the residue class
mod =a%is umque hence this congruence must be an equality. Therefe by exanding
A'into a power series we must haveA(z) = ®z. For any z 2 C, z=n falls in a small
neighborhood of 0 for suxciently largen 2 N, hence this identity continues to hold. =

By this proposition, the study of homomorphisms between elptic curves is reduced
to the study of homomorphisms between the lattices Hom(g = 9.

6.3.2. Elliptic curves with complex multiplication. By Proposition 5.21, we have:

Proposition 6.17. End(E) is isomorphic to Z or an order of an imaginary quadratic
“eld.

De nition 6.18. When End(E) is bigger than Z, we say that E has complex mul-
tiplication , or more speci cally a Ox;s -CM elliptic curve  if End(E) 2 Ok Y2K.

By the bijection H=SL,(Z) ! E=2, the points of H which belong to imaginary
quadratic elds correspond to the elliptic curves with complex multiplication. (Note
that the endomorphism ring of an elliptic curve depends onlyon its isomorphism class.)
More precisely, by End(a,;) 2 End(E,) we have:

Theorem 6.19. The bijection H=SL,(Z) { L =»j E=2 induces the following
bijection of sets for each imaginary quadratic eldK and eachf , 1

f Okt -CM pointsg=SLy(Z) # CI(Oks )i f Ok: -CM elliptic curvesg=2 :

6.4. Summary: moduli interpretation of the elliptic modular funct ion j. Now
we have introduced the notions of CM elliptic curves, the man actors of the theory of
complex multiplication, and described the points in the upper half plane corresponding
to them. But we have come a bit too a eld { unless we prepare moe tools from
algebraic number theory and algebraic geometry, we don't kow what to do with them.

So rst let us summarize what we saw so far. The commutative dagram of the
uniformization theorem (Theorem 6.12) was obtained by comining the results we
have proved bit by bit, but it contains highly nontrivial mat hematical contents and
insights. Looking at the defnitions of the maps,j is a modular function, &, 7! E,
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is given by elliptic functions } and } © but E 7! j(E) is given by a rational function
with Q-coezcients. As we are interested in the algebraic / arithmeic properties of the
special values ofj, the rational expressions seem to be more convenient than tkling
with analytic functions.

The diagram alluded to above establishes the equality points in H=SL»(Z) = iso-
morphism classes of elliptic curve’s In general, a space (variety) whose points corre-
spond to the isomorphism classes of some algebro-geometricjects is called amoduli
space. The moduli spaces tend to appear in the guise of a quotient sgce of a symmet-
ric space (which has an action of a Lie group) by some discreteubgroup, because the
description of in nitesimal deformations of some algebro-gometric objects will natu-
rally lead to a symmetric space, and the automorphisms of a d object will be the
transformations corresponding to a discrete subgroup. Bynterpreting H=SL»(Z) 2 C
as the moduli space of elliptic curves noduli interpretation ), the analytic function
j has turned into the j-invariant j (E) which is algebraically computed fromE. (And
actually, the moduli space is an algebraic curve naturally & ned over Q, or evenZ...)

Moreover this moduli interpretation suggests an algebraicreconstruction of the the-
ory { if we are only interested in the algebraic special valus ofj (E), do we really need
to considerj as a function whose domain of de nition is the upper half plare? Cannot
we just start from the algebraic treatment of the elliptic curves that give the special
values ofj (the CM-elliptic curves)? In order to answer these questiongpositively, we
need to be free from considering elliptic curves as compactiBmann surfaces, but start
to treat them purely as a bare polynomial Y2 = 4X 3 X i gs. And in fact most
of the properties of the elliptic curve (or its function eld C(X;Y)) can be derived
from the polynomial Y2 =4X3{ gX i gs, including what we proved in 6.2.2, as their
group structures and endomorphism rings (see Silverman [IL Moreover, even when
we consider the polynomialY? = 4X 3| gX | gz with coexcients in arbitrary “eld,
we can obtain the similar results by algebraic methodsThis algebraic reconstruction
of the theory of algebraic curves was started by Dedekind andVeber and perfected
by Weil and Chevalley. In particular, by using the theory of elliptic curves over nite
“eld, we can prove the main theorems of complex multiplication with algebraic methods
(Deuring; see Serre's article in Cassels-Frahlich [2]).

But we will follow the classical analytic approach to the speial values ofj (by
Kronecker, Weber, Fueter and Hasse; see Deuring [3]) rst, ad later see how they can
be reproven with an algebraic approach.

Part 3. The First Main Theorem { Analytic Approach
7. The Special Values of Elliptic Modular Function ]

7.1. Preparation: the g-expansion of . (Reference: Shimura [9], 2.2)



52 TERUYOSHI YOSHIDA

We will show the following theorem, which will be the basis ofall arithmetic com-
putations on the values ofj .

Theorem 7.1. The g-expansion ofj has all the coezcients in Z:

1 R
j(2)= -+ cng"; ¢y 2 Z:
q n=0

We start by computing the g-expansions of the Eisenstein series. Fam; k 2 Zyo, we
denote the sum ofk-th power of all positive divisors of n by ¥%(n), i.e. ¥%(n) = d.
djn

(2va)% R

Proposition 7.2. For k, 2, we haveEy(z) =23(2k) +2 ———
2k j 1) o1

Yari 1(n)q".

Proof. Starting from the partial fraction formula

X 3 1 1
+ ;
z+n zjn

1
Yacot(Va2) = - +

take the (2k i 1)-th derivative:

gty X3P g 1 X @it o X kg 1)

- T+ + = - = :
dzzil z z+n zjn dzil z+n (z+ n)k

n=1 n2z n2z

On the other hand, the g-expansion ofYicot(%42 is given by:

cos{42) (exp(Y4i2) + exp(j Y4iz))=2
1 1 = Y = 1
/acot(¥:2 /sin(1/4z) (exp(Y4i2) | exp(i Y4iz))=2i
3 ’ R
A A S SRV VA &
qi 1 liq =0

d(q")
dz

so taking its (2k i 1)-th derivative using = 2Yind" %

X (ki 1) o
| (+ | Zk) - l (21/4| 2k n2k1 1qn:
n2z (Z n) n=0
Now we compute as follows:
X 1 K R X 1
E = ——— = 23(2k)+2 —_—
K(2) (mz + n) (2K) _ (mz + n)2k
(m;n)2Z£ Znf (0;0)g m=1n2z
X (v R @2 R

= 23(2k)+2 2 pKilgm = 23(2k)+2

, Yok 1(N)q":
m=1 (2k ! 1)! n=0

(ki 1 _



TUTORIAL SPRING 2005 53

Proof. (of Theorem 7.1) We will compute the g-expansions ofgy; g3; ¢ ;j, one by one.

_ A, (29 _ 8.5 _ (2N°
As go(1) = é/f- 12 B(1) = 2—7/‘?— 216

g-expansions ofgy; gs, letting

R R
X = %m)d; Y= ¥n)aq,

n=1 n=1

are the constant terms of the

by Proposition 7.2:

3 - 3
1 1 7
—(o1pd T : —(p1n6 ~ . 1
@(2)= %" 5+20X ; @) =C%N° S 3
Hence:
1 3 21 7 2
21yi 12 = 420X | 27 —i =Y
(@1 7H(2)= p+20X 0 27 5l 3 ,
1 5 2 3 . 1 7 2
ﬁ28+ 1—2X +100X +8000X | ml 1—2Y +147Y
R 32X 5d3+7d5, X
i —1z - Tt ad (a22)
n=1 djn; d>0 n>1
X
but this has the form g+  ¢nq" (én 2 Z), asd®” d® (mod 12) for anyd 2 N. Thus,
n>1 . ;
s 1728 L+20X © 147 gq
O ——— = T pna®d 4 22)
¢ (21 12¢ a+ ppand
and by executing the division we obtain the theorem. o

Remark 7.3. It is known that the g-expansion of ¢ is written as an in nite product

V
¢(2)=(2%% (@i d)** (Jacobi).

n=1

7.2. Motivations { the special values of j . (Reference: Shimura [9], 4.5)

Hereafter, we will denote the groupSL»(Z) by j .

Now we will start investigating the values of j (z) for the imaginary quadratic points
Z. Recall that these points z 2 H were characterized in 5.3.1 as those having a non-
trivial stabilizer T,nQf 1,. We will translate this condition into a condition on the
value of j (z). As the value of j (z) only depends onz mod j. Hence when we consider
a representitive of a non-trivial stablizer in T, modulo Qf 1,, we can further think of
it modulo the left action of j to simplify the matter as much as possible.

First note that any element of GL3 (Q) can be multiplied by a scalar into M »(Z) by
eliminating the denominators of all the elements, any elemet of GL; (Q)=Qf 1, has
a representative inM»(Z). If we impose another condition, namely that the elements
have no common divisor, then this representative is uniqusf determined up to § 1:
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Lemma 7.4. For aq/integer N ., 1, the set
2 M —
Py = Y= 2 g 2 M,(Z) —det¥s= N; (a;b;c;g=1

represents all the cosets o6L 7 (Q) modulo Qf 15, i.e. the inclusion induces a bijetion

Pn=f8 1,gi GLj(Q)=QF 1,:
N, 1

3

Also consideringPy modulo j, we can represent them by the matrices of the follow-
ing simple form:
Lemma 7.5. The group acts on Py from _both sides, and the set
Yo ﬂN - Ya
b
0d

is a complete set of right representatives oPy modulo j , i.e. we have a natural bijec-
tion:

AN = 2Py -d>0:0- b<d

Ay 3®7)] i®2PNyT
1
H N O
0 1
on Py from both sides. It can be easily checked that the elements oky are not mapped

to each other by the left action of j. To check that the tht cp sets are represented

by the elements in Ay, we argue as follows. For allvz= i g 2 Pn,takers 2 Z

Proof. By the theory of elementary divisors we havePy = j i, hence j acts

with&r;s) T 1 so that ra + 5= O,ﬂand taking p;q2 Z such that psj gr =1, we have

° = f 2 2 j, and °¥%= g g . Letting d > 0 by multiplying by j 1 if necessary,
H Tan [
and as 11 a ' _"a b+ nd for n 2 Z we can take 0- b+ nd<d a
0 1 0d 0 d '

Now for any z 2 H, we consideéthe image ofT, 2 GL} (Q) above these bijections
(see Proposition 5.15). AsQ® 1, \ N, 1PN = f8 1,0, we see that:
T,6 Q¢1, (  Pn\ T,6 ; for someN > 1:

Moreover, if z 2 K = Q(p .—mB we can takex 2 K so that Ng-qg(X) is not a square
(say 1+ j1lwhenK = Q( j1), and x = | m otherwise). Then for the » 2
T corresponding to x by Proposition 5.15 we have det> = Ng-o(x), and for the
representative 4= a»2 Py \ T, with a2 Qf, we haveN = a®Ny=q(x) not a square.

Now if ¥2; %2 Py \ T, satisfy %= °¥2for ° 2 i, then ° 2 j \ T,. Hence the bijection
An i PnSjrestricts to
AN(Z)=fT®2AN]iIi®N T,6 ;g (Pv\ T)=( \ T,):
Butas ®2 An(2) ( j (®2) = j(z2), we have a following characterization:
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Proposition 7.6. A point z 2 H belongs to some imaginary quadratic eld if and only
if j(®2) = j(z) with an ® 2 AN for someN > 1. In this case we can takeN to be a
non-square.

This will lead us to the study of the modular equation
Y
"n(Z) = (i(2)i 1(®2):
®2Ay

We rst need to develop the properties of the functions of theform j (®z).
7.3. Modular functions of level i o(N).

7.3.1. Modular functions of level j( N).

De nition 7.7.  For an integer N , 1, the principal congruence subgroup of
level N of j = SL»(Z) is de ned as follows:

i(N)=f»2i j» 1, (mod N)g (" denotes the entrywise congruence)

For a meromorphic functionf :H 3 z7{ f(z) 2 C[flg on the upper half plane
H, assume we have
»2 i(N)=) f(»2=f(2):
Then the functions f (°z) of z for all ° 2 j satisfy the same property, because for
any » 2 j(N), as°»°il °oil =1, (mod N), we have °»°1'1 2 j(N), hence

f(°(»2)= f((°»°11)°z) = f(°2).

H il
Moreover, asf(z+ N) = f( (1) l\ll z) = f(2), the values of f depends only on
3 ’ 3 ' ’
g™ = e % = exp 2;‘”2 , hence we can writef (z) = F(gq*™). When this F is

meromorphic function of g'™ = 0, we call the Laurent expansion of F with respect to

g™ (Puiseux series expansion ) simply the g-expansion off .

De nition 7.8. A meromorphic function f on H is called amodular function of
level N if it satis es the following conditions:

) »2i(N)=) f(»2)="f(z);

(i) for any ° 2 j, the function F- dened by f (°z) = F-(q*™) is meromorphic at
1=N _
g =0.

The setA (j( N)) of all modular functions of level N is a eld extension of the constant
functions C. For j = j(1), we write A (j)= A (i(2)) = Ao.

Remark 7.9. We can similarly de ne the modular functions with weights, modular
forms and cusp forms of leveN .
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7.3.2. Modular functions of levelj o(N). The following group theoretic construction is
very important in the modern number theory (theory of Hecke correspondences ).

Exercise 7.10. Let H be a subgroup ofG, and %2 G, and let Hy,= H\ 3 H34 For
any ¢ 2 G, the setHs,, = H\ % *H¢ = Hy(% H¢) is a right coset of H with respect
to its subgroup Hs, On the other hand, the subsetH%H of G has a action ofH from
both sides, andH¢, for any ¢ 2 G is its right coset with respect to H. Then we have a
following bijection between the quotient sets:

H¥%H=H 3 H¢ 7 Hy,, 2 H=Hy,

and this bijection is equivariant under the right action of H.
1
HN 0
0o 1°

Exercise 7.11. Let N be a positive integer. IfG = GL; (Q);H =jand %=

we haveH3¥H = Py and
nH, bﬂ : 0
Hy,=j o(N) = 2j ¢ 0(modN) :
c d
This j o(N) is a subgroup of j of nite index, and contains j( N) (such a subgroup is

called acongruence subgroup ).

Lemma 7.12. We have a bijection between the quotient sets:

HN Oﬂ

o 1 i i3i®7i io(N)°@2 i=io(N);

Pn=i=

where “Nil O."
io(N)’e=i\ "5 ; i®

and this bijection is equivariant under the right action of j . (Recall that the setPy =
is represented by the seAy by Lemma 7.5.)

Proof. Use Exercise 7.10, 7.11. o}

De nition 7.13. A meromorphic function f on H is called amodular function of
level jo(N) if it satis es

() »2jo(N)=) f(»2=f(2),

(i) for any ° 2 j, the function F- dened by f (°z) = F-(q*™) is meromorphic at
1=N _
g =0.

(Note that for any ° 2 j, as f(°z) 2 A (j( N)) it has g-expansion with respect to
g™ .) We denote by A (j o(N)) the “eld consisting of all modular functions of level
i o(N). We clearly have A (j o(N)) 2 A (i( N)). We call f 2 A (j o(N)) a modular
form of level o(N) if it is holomorphic on the whole of H | they constitute a ring
which we write G(j o(N)).
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Proposition 7.14. The eld A (j o(N)) is a nite extension of A (j) = C(j). All the
A (j) -isomorphisms of the eldA (j o(N)) are given by

Yo 1A (i o(N)) 31(2) 78 f(°e2) 2 A (i)

Hyin ol

for all ®2 AN, where®g 2 j \ 0 1

®.

Proof. By Lemma 7.12, the right action of j permutes the right cosetsfi o(N)°@j ®2
An g of j with respectto j o(N). Therefore for any function g(z) written as a symmetric
polynomial of ff (°@z)g is invariant under the action of i, i.e. g(°z) = g(z)forall ° 2 j.
As all ¥p(f ) have meromorphic g-expansions, so doeg(z), henceg(z) 2 A (i) = C(j)
(Theorem 5.9(ii)), and

X'i f(°e2) 2 C()IXI:
@Ay

We conclude that A (j o(N))=A (j) is a nite extension of degree -j Anj.

Each % is clearly an A (j)-isomorphism of elds. If we take a generator f of the eld
extensionA (j o(N))=A (j), the image of f under any A (j)-isomorphism of A (j o(N))
should be of the form¥(f ), hence anyA (j)-isomorphism of A (j o(N)) should be of
the form ¥. o}

Lemma 7.15. @) Iff(z)2 Ao=A{(j),thenf(Nz) liesin A (j o(N)). Its con-
jugates overA (j) are given byff (®z) j ®2 AnO.
(i) If f(z) 2 Akh then f (Nz)=f (z)dies irﬂ A (i O(ON )). Its conjugates overA (j)

are given by di Zkff(g? “®= g 3 2 An
lla0 bOﬂ Ha bﬂ
Proof. For all ° 2 i, by Lemma 7.5 we take °0 = J 2i; ®= 0 d 2 AN
H 1
N 0 ., .
suchthat n ;| ° = ®. Then
f(N(°2)) = f(CW®2) = f (®2);
i . ¢
resp f(N(°2)) _ f (°(®2) _ co(%b)+ d0 ¢ (®2) _ ok (®2)
o f(°2) f(°z) (cPaz + ( ch+ d))2f (2) f(z)’

+
and substituting ®z = azfdb to the g-expansion off, we see thatf (®z) (resp.

di 2f (®2)=f (2)) has an expansion in terms&fq1=OI 7 (a'™)? and is meromorphic. The
above equality for ° 2 j o(N), where ® = 0 2 , shows that f (Nz) 2 A (j o(N))

(resp. f (Nz)=f(z) 2 A (j o(N))). The same equality for ° = °g tells us the conju-
gates. o



58 TERUYOSHI YOSHIDA

7.3.3. The functions jy .
De nition 7.16.  (modular correspondence ) By Lemma 7.15(i), the function

in(2)=](Nz)
is in G(j o(N)), and its conjugates overA (j) = C(j) are given by:

jo(2) = ](®2) (®2 An):

De ne the following polynomial:

Y

©On (X)) = (X'i j(®2) 2 C(J)IX]:
@Ay

Proposition 7.17. () The conjugatesj @ haveg-expansions withZ[3y ]-coexcients,
and are all distinct; hence ©y (X;j ) is the minimal polynomial of jN over
A (i)= C(j), we haveA (i o(N)) = C(j;j n), and [C(j;] n) : C(j)] = JAN].
(i) ©n(X;j) 2 Z[X;] ]; hence it is the minimal polynomial of jy over Q(j), and
[QG: I ) 2 QI = jAN]. In particular C(j)\ QG5 n) = Q).

ua bﬂ az+ b $ az + b,
0 d 2 AN, by ®z= we havee(®z) = exp 2Yai

3§q%, hence theg-expansion ofj (Theorem 5.9(iii)) shows that:

Proof. (i): For ® =

a )4 na
j(®)=3iPd i+ 3 Pqd (e 2 2);
n=0

and all the coexcients lie in Z[3y] (note that dj N) and distinct.

(ii): As jn and its conjugates are holomorphic onH, so are their symmetric poly-
nomials, hence we have @(X;j) 2 C[j][X]. Moreover, as we have @ (jn;j) = 0O,
and g-expansions ofjy and j both have coetcients in Q, so are those ofj{'j" for
m;n 2 N; hence the coezxcients ofX™j" in ©y are obtained by solving a system
of linear equations with coexcients in Q, therefore © (X;j) 2 Q[j][X]. (We could
alternatively argue that Gal( Q(3n)=Q) permutes the coezcients of g-expansions of
fie] ®2 Ang, and then appeal to Lemma 7.18 below.) Lastly, by (i), the elenentary
symmetric polynomials of fjg ] ® 2 Ay g have g-expansion with coezcients in Z[3\],
hence the following Lemma 7.18 shows that @(X;j ) 2 Z[3n][j ][X ], and we conclude
by Q\ Z[3n] = Z. o

Lemma 7.18. ( g-expansion principle) Let R be a subring ofC. If f 2 C[j] has a
g-expansion with coexcients in R, then f 2 RJj].

Proof. Start from the expression:

xXn R
f@= aj@) = " (a2 C; by 2R):

i=0 n=j m
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xR
Substituting j(2) = ¢ q" (c, 2 Z) to the left hand side and comparing the coe+-

n=j 1
cients of d":
b m= am;
B m+1 = MamCo + am; 1;
m(mi 1

B m+2 = %amcl"'(m i 1)am; 1Co + am; 2%
hence we gefa; 2 R inductively for all i. o
7.4. Modular equation, class polynomial and ring class eld. (Reference: Deur-
ing [3], x12)

7.4.1. Modular equation and the algebraicity of special valuesNow the algebraicity of
the special value ofj (z) is shown by the following modular equations:

Theorem 7.19. (modular equations) For an integer N > 1, let
Y

"n(Z) = (@i j(®)):
@2 Ay
Then this function is written as a polynomial ©y (j (z)) of j (z) with coexcients in Z.
Moreover, if N is not a square, the highest coetcient of©y is equal to§ 1.

Proof. As' n(2) =©nN(j(2);j(2)), we just needto de ne ©y (X)=© N (X;X ). If N is
not a square, considering the initial term3, b i ofthe g-expansion ofj (®2), by ad= N
we havea 6 d, hence it gives the initial term of the g-expansion ofj (z) j j (®z). Hence
the initial coezcient of the g-expansion of their product' y (z) will be the product of
the numbers3 b i.e. a root of unity, but as the coezcients of the g-expansion of' y (2)
are in Z, it must equal to 8 1. In turn this initial coexcient is equal to the highest
coezcient of ©y (j) by Theorem 5.9(iii). o

Theorem 7.20. If z2 H belongs to an imaginary quadratic "eld,j (z) is an algebraic
integer.

Proof. By Proposition 7.6 we can take an® 2 Ay with non-squareN such thatj (®z) =
j (). Then by de nition of '\, we have @ (j(2)) = ' n(z) = 0. As ©y is a monic
with coezcients in Z by Theorem 7.19 (times§ 1), the theorem follows. o

7.4.2. Zeros of modular equations.When N > 1, the zeros of the function' y(z) in
the Theorem 7.19 are all elements of imaginary quadratic edls by Proposition 7.6. We
will nd a ner description of the zeros of ' y (2).

Let Okt be an order of an imaginary quadratic eld K with conductor f. An
element® 2 Ok is called primitive if it is not divisible in Ok by any rational



60 TERUYOSHI YOSHIDA

integer other than 8 1. We write
Pn(Okif ) = f2 2 Ok | primitive ; Ng-o(*) = Ng:

For an Okt -CM point z 2 H, recall the ring isomorphism», of Proposition 5.21. As
Nk=q(*) = det »,(), it restricts to the bijection Py (Ok;)! Pn\ T, also O !
i \ T,. Therefore:

K £00 OK;f n fOQ 00 PN (OK;f ) 4/PN (OK;f ):Oﬁ;f

2 b : :

T, 00— My(Z)\ T, 00— Py\ T, — Py \ T)=(i \ T,)

As we knowAn (z) §  (Pn\ T2)=(j \ T;) is a bijection, we have a following re nement
of Proposition 7.6:

Proposition 7.21. For N 2 Z. 1, an order Ok , and an Okt -CM point zg, we have
a bijection of setsPy (Ok;s )=Ogs i  An(20).

Corollary 7.22. For N 2 Z>; and an order Ok , the following are equivalent:
() Pn(Oks) 6 ;.

(i) Every Okt -CM point is a zero of ' n(z).
(i) One Ok: -CM point zp is a zero of' (z).

Proof. An Ok -CM point zy is a zero of Ay if and only if An(zo) 6 ;, which is
equivalent to (i) by Proposition 7.21. (i) is independent of the choice ofz. o

As ' N (2) = © N (j(2)) was a polynomial of j (z), the values j (z) for the zeros z of
' N (2) are the zeros of the polynomial @ . As the values ofj (z) correspond toz mod i,
we see that:

Corollary 7.23.  For an order O , there are nitely many O -CM points modulo
the action of j . In particular CI(Ok: ) is a nite group by Theorem 5.28.

7.4.3. Class polynomials. The above niteness allows us to de ne the following ana-
logue of the cyclotomic polynomial for ring class groups:

De nition 7.24.  For an order Ok:f , we de ne its class polynomial ©x. by:
Y
O (X) = (X'i j(2):
[2,]2CI( Ok )
Note that j (z) depends only on the homothety class [g] of &,.
By Corollary 7.22, we see that @ divides ©y for an integer N with Py (Ok: ) 6 ;.

Our next goal would be to re ne Theorem 7.19 to show that & 2 Z[X]. For this we
need to analyze the multiplicities of the zeros of @ .
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Lemma 7.25. Let Okt and N 2 Zs be an order and an integer withPy (Ok:t ) 6 ;.
For any Ok -CM point zg, the multiplicity of the zero Xo = j(zo) in Oy (X) is equal
to jPn (Ok;t )=Of -

Proof. By Proposition 7.21, it suxces to show that the multiplicity of the zero X =
j(z0) in ©n(X) is jJAN (20)j. If we let t be the order ofj(z) i j(zo) at its zero z = zg,
the desired multiplicity is obtained by dividing by t the order of' \ (z) at z = zg, which
is by the de nition of ' y(z) (Theorem 7.19) the sum of the orders ofj (z) | j(®z) at
z=zpforall ®2 An. This order is 0 if ® 2 An(2g). For an ® 2 An(20), we have
°®z¢ = zo for some® 2 j, and the order of j(2)i j(®2) = j(2)i j(°®z) at z= 2z is
t times the order of °®z | z at z = zp. But as °®z | z has two distinct zeros, namely
Zo and its complex conjugate, its order atzg is 1. Thus the order ofj(z) | j(®2) at
z=1zpist forall ®2 An(zp), the order of ' \(z) at z = zp ist ¢ Ay (20)j- o

Lemma 7.26. Let N 2 Z,; and Ok an order of K = Q(p i m) with a square-free
m 2 Zso. Then jPy (O )=O§.f j=1 if and only if N is equal to:
g <

>2 (m=1f=1:ie O = 2[ 1 1))
N(K;f):>mf2=4 (im”~ 1mod4andf :even
“mf?  (otherwise

Proof. Assume?! 2 Py (O ). At 2 Z is primitive only when * = 81 which contra-
dicts N > 1. Hence! 2 Z, and its conjugate ', not equal to * , is also in Py (Ok:t ), SO
jPn (Ok;t )=Of. j = 1 can only hold when * = ut for u2 Og, andu 6 1.

First consider the non-exceptional case wher()ﬁ;f = f§ 1g (see Exercise 5.23); we
must have ™ = j . Hence whenj m ~ 2;3 mod 4, we can write! = bf j m, which
is primitive if and only if b= 81, and Ng-q(*) = mf 2 Whenj m” 1mod 4, we can

. 1+ im . .
write * = | bf +2bfT'm, which is primitive if and only if b= 8 1 whenf is odd
and b= § 1=2 whenf is even. We haveNg-q(*) = mf % or mf =4 accordingly.

Now we turn to the exceptional cases. WhenK;f ) = ( Q(p i 1:1), T =1 can hold
only for t = §p1_vvhich gives norm 1, hence we must ha\fg,fi§ i 1*, which happens
fort =818 j 1andits normis 2. When K;f )=(Q( i 3;1),* = i * happens for

1= §3g i 3 ( =0;12) whose norm is 3, and* = §3J for j = 1;2 happens only for
1 = §3} which is no good as it has norm 1. o

Theorem 7.27. For any order Ok , the class polynomial©x.+ has coexcients in Z.
Proof. For the order Ok; , consider the modular equation @ k:f y- AS O:f J Oy (k:f ) 2
Z[X], it is enough to show that ©:+ 2 Q[X].

By Lemma 7.25 and 7.26, the valug (z) for [= ;] 2 CI(Ok: ) is is a simple root of
On kst ) if and only if N(K;f )= N(K%f9. So if there is no other order Ok of o with
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N(K;f)= N(K%f9, then Ok is the product of all the simple roots of € ( y, hence
Okt 2 Q[X]. Let K = Q(' i m) for a square-freem. We consider three cases where
N(K;f)= N(K%f9 for Okt 6 Okoto (no three orders can share the samél (K;f )),
in which case we know that G © oo is in Q[X], being the product of simple roots of
On (k:f )- In each case it sutces to prove @ 2 Q[X], whence oo 2 Q[X] follows.

() :im” 1mod4and K*f9 = ([ 2f), but (Kif) 8 (Q(pi_3);1): In this case

: - 1 ' . +1 :
there is a primitive element® = f i m 2 Ok with norm mTf 2 but there is
no such element inOk ofo. This is seen as follows: Let

p___
1+ _

1= a+be2f =~ 1M q0, bfpi m (a;a%b2 z)

be a primitive element in Ok.. If b=0then * = 81 and its normis 1< (m +

1)f =4, and if b 8 0 its norm is (a3 + KPf?m | mf? > (m + 1)f2=4. Hence by

Corollary 7.22 we see that @t | ©(m41)f2=4 Ut © 0t 0 - © 111y £ 2=4. Therefore G =

(©k;t Ok of0; Om+1)f2=4) is i Q[X].

(<6t =(QC 731 (K9 =(Q(13)2) Ocs = ZPslis a PID, and as
j (®3) =0 we have ©x (X)= X.

<G =(QC T D ; (KeF9=(Q("12)1): Ocs = Zli]is a PID, and as
j (i) =1728 we have G (X)= X j 1728. a

7.4.4. Ring class elds. By Theorem 7.27, we can de ne the analogue of cyclotomic
“elds Q(3n)=Q in our case:

De nition 7.28.  For an order Ok , we call the extension eld of K obtained by
adjoining all roots of ©xs the ring class eld of K of conductor f, and denote it by
K (f). In particular, K (1) is called the Hilbert class eld of K.

As Okt 2 Q[X], the eld K(f) is a Galois extension ofK, and even a Galois
extension of Q.

8. Congruence Relations

8.1. Congruence relations for  j;j p. This subsection is logically independent of the
rest of the section, but Kronecker's congruence relation ha a strong historical impor-
tance, and moreover, if we appeal to class eld theory, Cordéry 8.2 is enough for us
to deduce the rst main theorem.

Proposition 8.1. (Kronecker's congruence relation)

©p(X;j) " (XPi j)(X i jP) mod pZ[j][X]:
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Proof. First note that if a function g in Z[j] has all the coezcients of g-expansion
divisible by p, then g=p2 CJj] has the g-expansion with coezcients in Z, henceg=p2
Z[j] by Lemma 7.18, sog 2 pZ[j]. As the di®erence of two sides of the congruence lies
in Z[j][X], it is enough to see the congruence in terms af-expansions. Now as

nUp Oﬂ U—l iﬂ o

Ap = 01°'0 p (0 CI< p)
. : ¥ iz i . .
we have @(X;j)=(X i j(p2) (Xi ] T ), and the g-expansions are given by
i=0
. X Czei X e,
j(2)= ;] = ¢y d " j(p2) = cn g
ni 1 P ni 1 ni 1

Hence we haveg-expansion-wise congruences:
3 L7 ’
oz

'

] g mod (1i 2p) in Z[pl(a"):;

which gives
3

Sy . .z P : -
Op(X:j) " (X J(p)(XPi ] D ) mod (1i 3p) in ZPpl(a*P)
(note that Fp 2 Z[3\]=(1 3p) has characteristic p!), and
X *2p _
j(p2) = e j(2)P inZ(a); (2 ] D modp in Z(g*P):
nj 1
Therefore
Op(X;j) " (Xi J(@P)XPi j(2)) mod(1i 3p) in Z[p](aA);
but as both sides haveg-expansions withZ-coexcients, this holds mod pin Z(q). =
Corollary 8.2. Let z be anOkt -CM point, and p be a prime which (1) does not divide

the conductor f, (2) prime to j(z1) i j(zz) for any two Ok -CM points z; 6 zp, (3)
splits asp= PP (where P 8 P) in Ok . Then the following are equivalent:

(i) P\ Ok is principal in CI(Ok: ).
(i) For any prime ideal P of K (j (z)) lying aboveP, we havej(z) ~ j(z)°? modP.
(iii) P splits completely inK (j (2)).

Proof. De ne »(P) 2 Ap by Pa, = »(P)a,. Then »(P)z is an Okt -CM point,
©p(j (2(P)2);j (2)) = 0 and by Proposition 8.1 we get (j (»(P)2)" i j(2))(j (»(P)2) i
1(2)P) " 0 mod pZ[j (2);] (»(P)2)].

(=) (ii): Let P\ Ok =(*)for* 2 Ok . Then?t 2 Pp(Ok: ) and »(P) = »(*)

lies in Pp\ T, s0j (»(*)z) = j(z). Therefore we getj (j (z)i i(2))2° 0modpZ[j ()],
thus j(z) © j(z)°P modP.
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(i)=) (i): Forany P,j(»(P)2)P’" j(2) " j(z)Porj(»(P)z) " j(2)’ " j(z) mod P,
hence by the assumption (2),j(z) = j(»(P)) which shows that »(P) 2 Pp\ T,
therefore there is a® 2 Pp(Ok;t ) with Pr, = *a,, which meansP \ Ok =(1).

@iy 0 j(zymodP 2 F, (8P jP) O  (iii). o}
8.2. The functions Ay. (Deuring [3], x3)

8.2.1. The functions Ay .

Lemma 8.3. Letfyn(2) 2 G(j o(N)) and fe(z) = ¥(fn (2)) its conjugates for®2 Ay .
Assume that

(i) the g-expansion off y has coexcients in Z;
(i) and the g-expansions off @ have coexcients in Z[3] for all ®.

Then any function written as an elementary symmetric polynanial of ffej ®2 Ang
liesin Z[j], and fn 2 Q(j;] n)-

Proof. Let g be such a function; ibis a coezxcient on®(X i fe). We have seen in
the proof of Proposition 7.14 that ~ o(X | fe) 2 C(j)[X]. As fy, hence all offe, is
holomorphic on H, so isg, henceg 2 CJj]. As (ii) shows that g has q-@<pansion with
coexcients in Z[3y ], we haveg 2 Z[3\][j] by Lemma 7.18. Therefore = (X | fe) 2
ZIBN]TIX ], and f is algebraic over the eld Q(3n)(j ), hence overQ(j ).

Now, as all functions in Q(j;j n;fn) have g-expansions inQ-coezcients by (i), we
have Q(j;j n:fn) \ C = Q, hence D(j;j nifn) @ QG)l = [CGijnifn) & C(G)I =
[CG;in) 2 C(GII = JANT = [Q>: ) n) = Q()], therefore Q(jij n;fn) = Qi) n). Hence
fn 2 Qj;jn)and asC()\ Q(;jn) = Q(), fe are the conjugates off y over Q(j),
hence = (X i f@) 2 Q(j)[X], being a power of the minimal polynomial offy over
Q(j). Therefore ~ o(X i fe) 2 Z[J][X]. o

De nition 8.4. By Lemma 7.15(ii) and Corollary 5.14(i), the function

128(NZ)
¢(2)
is in G(j o(N)), and its conjugates overA (j) = C(j) are given bhy:

1
; N2 ¢(®2)  ,¢(®2) _ Ha b
Ax(2) = d12¢¢(z) = (2 for ®= 0 d

Av(@)=N

2 AN

De ne the following polynomial:

Y
An(Xi) = (X'i Ae(z)) 2 C()IX]:

®2AN
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Proposition 8.5. (i) The function Ay has g-expansion with coe+cients in Z. All
the conjugatesAg have g-expansions with Z[3y ]-coexcients, and are all dis-
tinct; hence @ y (X;j ) is the minimal polynomial of Ay over A (j) = C(j), and
A (i o(N)) = C(j;An). ]

@i & n(X;j) 2 Z[X;]j ]; hence it is the minimal polynomial of Ay over Q(j), and
QUi n) = QU AN).
(i) TheYconstant term of @ y(X;j ), seen as a polynomial overZ[j], is equal to
§ a'?, in particular equal to p*? if N = p is a prime.
@Ay

Proof. (i): Recall from the proof of Theorem 7.1 that

X
@A ?e(2)= a+  wd (a2 2):

n>1
H 1 3 .
+ = —
Hence for®= g 3 2 An, by e azd - = 3gqa_d = 3ﬁbqa'd we have
A = 12M — al23ab(aj d)=d1 + nqglcln(:;ﬁbqa:d)ni 1 . .
Ae(z) = a (29)i 12¢( 2) a—n(dg T+ n>1<'nq”i1 (mzz)_

(i)): Follows from (i) and Lemma 8.3.
(iii): The constant term is in Z[j], but has the expression

12¢(®2)

(i 1)JANJY A@(Z):(i 1)jANjY a
¢(z)’

® ®
which has no zero onH by Corollary 5.14(i), hence it is a constant function and eqal
to the constant term of the g-expansions, namely ( 1)An]  al2380 Asiitis in Z, it

®
Y (1
mustbe§  a'? andif N = p, we get ¢ 1)P**p'? 3] = p'2 o
® i=0
H bﬂ
Exercise 8.6. More generally, for any® = i d 2 Py for N > 1, de ne:

N 12 ¢(®2)

Aol = gz e

Show that:

(i) For ° 2 i, we have Ag(z) = As(2).
(i) For any ®; , we haveAg(2) = As("2)A(2).
(i) Foran Ok -CM point zand® 2 Py (Oky ), we haveA, 1)(z) = T2 (¥ 2 O
is the complex conjugate oft . Hint: »,(1) 2 Py \ T,.)
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) _ N
Write 2 \(X;)) = An:i X' with Ayn:i 2 Z[j]. Supposef g is a conjugate offy 2
i=0
A (j o(N)), and we want to relate its value (actually fg? ﬁ(A®;j) to make it simpler)

to the values ofj and Ag. Applying the Lagrange interpolation formula (Lemma 8.13)
forA = A(j) and M = jAyj, we get

) Ay i o 3 RN 3 X I
fo? { (Aeij) = A Ay with Ay = Ay ATV 2¢():
i=0 k=i+1 _ZAN
(Here 2, (Ag;j ) is obtained by letting X = Agin2 §(X;j) 2 Z[j1IX].)
Lemma 8.7. Under the same assumption as in Lemma 8.3:
IAyii 1 _
(i) We havefe? § (Ag;j) = Asi Ap with A¢i 2 Z[j].

i=0
(i) Let N = p be a prime. If all the coexcients of g-expansion off, (which are in
Z) are divisible by p, then As.o 2 pZJj].

_ X o
Proof. (i): As Ank 2 ZJ[j], it suxces to show f*AE' (i+1) 2 Z[j], which follows
T2AN
from Lemma 8.3.

(i): Recall that a function in Z[j] whose all the coexcients ofg-expansion are
divisible by p lies in pZ[j]. Now in this case the identity in (i) reads

X
fpa%(A’@;j)=‘ Aci Ay (A 2 Z[)):

i,0

As the coezxcients of g-expansions off , and

(¢én 2 2);

, 4L+ n(P)"i
— Al2.pi 1 D> 14
Z)= f -

Ao(@) = pief I P
are divisible by p and Ag; 2 Z[j], the coezxcients of the g-expansion of

- X

Ato=fp2 R (Aeij) | Aci Ay

i>0

must be divisible by p, hence the claim. o

8.3. The basic congruence. (Deuring [3], x13x14)

Now let z be an Ok -CM point, and we will consider the values of Ag(z) for the
Ag 2 G(j o(N)). As j(2) is an algebraic integer (Theorem 7.20) andAg(z) is a root of
the monic 2 N (X;j (2)) 2 Z[j (2)][X], it is an algebraic integer. Hence by Proposition
8.5(iii), we obtain:
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Lemma 8.8. For an Ok -CM poiry z and ® 2 Ay, Ay(2) is an algebraic integer
dividing N2, If N = pis a prime, Aeo(z) = (i 1P p*2.
®2Ap

For a prime N = p, we can re ne this statement further to the proposition below.

As Okt =(P \ Ok )j = jOxk=Pj = p, the product of fractional ideals Pz, is a
subgroup (sublattice) of a, of index p, hencePr, = ®a, for some® 2 A,. If we
de ne »(P) = ®, then we have [g,p),] = [Pra;] and »(P)z is also an Oy -CM
point. We dene »(P) similarly, and write Ap;Ag (resp. fp;f5) for A, )i A 5
(resp. f»z(p);f»z(ﬁ)). We denote P\ Ok also byP.

Proposition 8.9. Let p be a prime which (1) does not divide the conductof , and (2)
splits asp= PP (where P 6 P) in Ok. Then:

() (Ap(2) = P (As(z)) = P2 and Ag(z) are units for ®6 »,(P);»(P).

(i) Assume thatf, 2 G(j o(N)) satis es the same assumption as in Lemma 8.3
and that all the coexcients of g-expansion off, (which are in Z) are divisible
by p, then f(z) is an algebraic number and is divisible by .

Proof. (i): Take a proper ideal | of Ok such that it is (1) not divisible by an integer
6 81in Z, (2) jOks =Ij = ais prime to p, and (3) [I] = [P] Lin CI(Ok: ), in other
words IP = (1) is a principal ideal of Ok . Then IP &, = ta, and IP &, = »,(!)a.
Hence by Exercise 8.6(iii):

(A, ap) (@) = (A, 1y(@2) = (1% =
On the other hand, if we write IP o, = 4Pxa, for ¥ 2 P4, by Exercise 8.6(ii):
A, 1p)(2) = Ay (%(P)2)A,, (py(2):
But by Lemma 8.8, Ay, (»(P)z) divides a** and so prime toP, where A, py(z) divides

p'? and so prime tol, therefore we conclude that (&»Z(p)(z)) = P The proof works
the same forAg(z), and the rest follows from Lemma 8.8.

xXP . i
(i): By Lemma 8.7 we have fe? J(Ae;j) = Asi Ag and As. o 2 pZ[j] for ® 2 Ap.
i=0
Now looking at the value at z and letting ® = »,(P), by (i) we see that
4 . )@ ~ . 4 i -
fe(2)? p(As(2:i (@)= A (1 (2)As(2)' " 0 modP;
i=0
and f5(z) is an algebraic n\l;mber, and again by (i) we seeYthat
2 0(As(2):j (2)) = (As(2) i As(2) " (i 1P Ag(z) mod P
®6 » (P) ®6 » (P)
is prime to P, hencef5(z) is divisible by P. o

—12—12
|17 P™:
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Theorem 8.10. (The basic congruence) Let z be an Ok -CM point, and p be a
prime which (1) does not divide the conductorf , and (2) splits as p = PP in Ok.
Then we have the congruence:

(P *az]) " j([2-])" modP:

Proof. We have seen in the proof of Proposition 8.1 thafj (pz) ~ j (z)P in Z(q)), hence
fo(z) = j(p2)i j(2)P 2 G(j o(p)) satis es the condition of Proposition 8.9. As we know
that f5(z) = i(»(P)z)i j(2)P is an algebraic integer, the proposition tells us that
j(»(P)z) "~ j(z)’ mod P. We conclude by observing that [3, ,] = [Pa,]=[P! 1a,]
as P] =[P/ !in CI(Oky ). o

8.4. The rst main theorem of complex multiplication.
Proposition 8.11.  For any Ok -CM point z, we haveK (f) = K (j (2)).

Proof. We will show that Gal( K (f )=K (j (2))) is trivial. Take a %2 Gal(K (f )=K (j (2))).
Take a prime P satisfying the conditions of Theorem 8.10 and prime to all tre numbers
j(z1)i j(z2) for Ok -CM points z; 8 z, (or, equivalently, prime to the discriminant of
Ag , hence unramied in K (f )=K). Then we havej(z1) ~ j(zz2) mod P =) j(z1) =
j(z2). By the theorem we havej([P' 'a,]) © j(z)® modP, but as %P) = P and
¥4 (2)) = | (2), applying ¥awe get

(P ') Hi(2)P=i(2)P  j(P''az]) modP;
but as ¥%j ([P’ 1a,])) is in fj(z) j [2,] 2 Cl(Ok:t )9 (being a root of € ), by our
assumption ¥j ([P' 1a,])) = j([P'=,]). As CI(Oky ) is generated by the elements
[Pi 1] for the primes P satisfying our conditions, repeating this argument shows hat
Y2 xes all fj(z)j[=,]2 Cl(Ok: )0. o
Theorem 8.12. (The rst main theorem of complex multiplication) We have
the following isomorphism:

Gal(K (f)=K) 3 (j(2) 7' j([I T *a2]) 7# [1]12 CI(Oxy );
and Frobp maps to[P] 2 CI(Ok: ) for all primes P which are unrami ed in K (f )=K.

In particular, ©k (X) is irreducible in K [X].
Proof. o

Appendix: Lagrange interpolation formula. Take an irreducible polynomial of
degreeM with coezcients in a eld A :

oy )
P(X) = aX'=  (Xi As)2AI[X]
i=0 ®

a=(j HMi! Ag, ¢ Chg, |
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Supposefe 2 A (Ag), and let f- its conjugates, i.e. the images undeA (Ag) 3 Ag 7i
A-2 A (A). Then:

Lemma 8.13. (Lagrange interpolation formula)

i Xt X X ki (i+1)
foP YAe) = ari Ap Wwith ap = a f-A" 2A:
i=0 k=i+1 -

Proof. We start from the polynomial

Yoo .. P(X)
_(XIA)_XiA®’

6®

Y

which takes the valueP{Ag) = (Api A-)at X = AgandOatX = A- (" 6 ®). To
“6®

make the coezcients descend toA we do this for all  and add them up. Then
X . PX)

s A 2A]

would have the value f-PYA-) at X = A- for every ~. Now we will compute the
polynomial as follows:
X P (X X3y T X1y o
- PO f- XiAg) = f-a X'
@6~ i=0 -

- : X ] )
where we puta, = (j P)Mi (D Ag, ¢ Chg, ., - We have the relation:
2f ®1;5®  (i+1) O

GOM D = )M Dan i AG DM (PDay, @i+l M);

ora =as +Aa, (L-i+1- M), hence

. A A2 X Aki (i+1)
Ay = @i+l T Aaisx + Afaiug + CCE A ay:

k=i+1
Therefore:
i 13 i i 13 ,
X f- P(X,) = XX f- X Ak (i+1)ak X' = rEX akx f- AR (D) i
Xi Ay - ein =0 k=i+l
Now letting X = Ag again, we have the lemma. o
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Appendix: The Theory of Algebraic Curves
Appendix A. Algebraic functions fields and their morphisms

De nition A.1. Let K be a eld. A eld extension K (C) of K is called analgebraic
function "eld over K if it satis es the following two conditions:

(i) K(C) isisomorphic to a nite separable extension of the rationd function eld
K (X) of one variable overK ;
(i) an element of K (C) is algebraic overK if and only if it belongs to K.

Example A.2. If charK 6 2;3, for any g2;03 2 K satisfying the condition ¢
G 2703 6 0, the extension eld K (X;Y ) of K (X) determined by Y2 =4X 3} gX | g3
is called anelliptic function eld over K.

De nition A.3. For an algebraic function “eld K (C) over K, a map vp : K (C)% 7!
Z[flg is called apoint of K (C) if it satis es the following conditions:

(i) ve(fg) = vp(f)+ ve(9);
(i) vp(f +g), minfvp(f);ve(0)g;
(i) vp(K(C)*)=Z; vp(K®)=f0g;, vp(0)= 1.

We call the set of all points of K (C) the algebraic curve de ned by K (C) and denote
it by C, and call K(C) the function eld of C. An elementf of K(C) is called a
rational function on C, and vp(f) is called anorder of f at P. Whenvp(f), O
(resp.vp(f) > 0; vp(f) < 0) we say thatf is regular (resp. has azero, has apole)
at P.

For each point P of C, asvp is a discrete valuation ofK (C), the ring Op = ff 2
K(C)jve(f), Ogis a discrete valuation ring with the maximal ideal mp = ff 2
K(C)jvp(f) > 0g. We call Op the local ring of C at P, and k(P) = Op=mp the
residue eld at P. This k(P) is a nite extension of K. Conversely, for an algebraic
extensionL of K, we say that P is an L -rational pf)int if K(P) 2 L. If we denote the
set of all L-rational points by C(L), we haveC = C(L).

L

Example A.4. (i) The algebraic curve of the rational function eld K (X)) is called
a projective line  over K and denoted by C = PL. As K (X) is the fraction
“eld of the principal ideal domain K [X], for any prime element (irreducible
element) P of K [X], the map \by how many powers of P is it divisible?" gives
a point vp of PL:

8f 2 K(X) f = pag (a2z; P6g;h)=) vp(f)= a

Moreover there is a point 1 (point at innity ) dened by f = % =)
vi1 (f) = deghj degg, and these exhaust all the points ofPﬁ. For any
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P 2 SpecK[X])nfOg, the residue eld k(P) is an extension of K of degree
degP, and 1 is aK -rational point.

(i) An algebraic curve E de ned by an elliptic function eld K (X;Y ) is called an
elliptic curve overK . The maximalideal (X' ;Y 1) of the ring K [X T ;Y 1]
de nes a point 1 , which is K -rational, and it is called the origin of E.

Let A" : K(C) ! K(CY be a map between algebraic function “elds overK (is
always injective, so we regard it as a “eld extensionK (C) %2 K (C9%). If K(CY is a
Thite extension of K (C), for any P 2 C°we see that IMVp jk (cye is a subgroup ofZ,

L 1 : :
hence it is of the formep Z for someep 2 NnfOg. Hence e—vij(C)g gives a point of
i i P
K (C), and if we dene it as A(P) we have a mapA: C°! C.

De nition A.5.  This A is called amorphism of algebraic curves, and the extension
degree K (CY : K (C)] is called the degree of A and denoted by degA. Forany P 2 C°
the number ep de ned above is called therami cation index  of Aat P. The residue
“eld k(P) is a Tnite extension of k(A(P)), and its extension degreefp = [k(P) :
k(A(P))] is called the residue degree of Aat P.

The sequence of “eld extensions (C) %2 K (C9% %2 K (C° gives the composite of
the corresponding morphismsC® c° cC.

Proposition A.6.  For a morphism A: C°! C of algebraic curves and allP 2 C:
X

eof o = deg A:
Q2Ai 1(P)

Appendix B. Divisors and the Riemann-Roch theorem

De nition B.1.  The free abelian group generated by the elements of is called the
X
divisor group of C, and denoted by Div(C). Its element D = a;iP; (a formal

i=1
Z-linear combination )Qf “nite number of points in C) is called a divisor of C, and
the number degD = a; is called the degree of D. The subgroup consisting of all

|
elements with degree 0 is denoted by Di{(C).
X
Proposition B.2.  For any f 2 K (C)£, the expressiondivf = vp(f) is a nite

P
sum and de nes a group homomorphisndiv : K (C) | Div®(C).

De nition B.3.  The divisor divf is called the principal divisor de ned by f. The
quotient group Div( C)=div(K (C)¥) is denoted by Pic(C) and called the Picard group
or divisor class group of C. The quotient group Div°(C)=div(K (C)%) is denoted by
Pic?(C).
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The equivalence relation in Div(C) dened by the subgroup div(K (C)£) is called
the linear equivalence of divisiors and denoted by» . The residue class of a divisor
D (an element of Pic(C)) is denoted by [D].

X

X
De nition B.4.  For two divisors D = apP; DY= adP 2 Div(C) of C, we
P P
write D, D°whenap , a8 forall P 2 C. For a D 2 Div(C), if we let

L(D)= ff 2 K(C)® jdivf i Dg[f Og;
it is a “nite dimensional vector space overK , and we denote its dimension byl (D).

De nition B.5.  For an algebraic curveC, we de ne a vector space ~-x over K (C)
as follows, and call it the module of di®erentials of C:

(i) it is generated by the symbolsd for all f 2 K (C);
(i) d(fg) = fdg + gd for all f;g 2 K(C);
(i) d(af)= ad; da=0forall a2 K andall f 2 K(C).

An element! of - c—« is called adi®erential form on C. For a morphismA: C°! C,
there a natural K (C)-linear map (the pull back ) is de ned as:

A - ek 3 71 d(AF) 2 - cokc:

For any di®erential form ! , we can associate a divisor divi() as follows. By setting
div(gd) = div g + div( & ), it is enough to de ne when! is of the form! = & (check
that this de nition respects the relations de ned above). For f 2 K(C) and P 2 C,
consider the completionK (C)p of the "eld K (C) with respect to the discrete valuation
vp, and lettp be a uniformizer ofK (C)p (an element with valuation 1). We can expand

, . AT |
f 2 K(C) in a Laurent power series oftp, and take the derivative — 2 K (C)p of f

dtp
: . X jdc¢
with respect to tp. De ne div(d) = Vp T P.
P
P

Proposition B.6. The module of di®erentials- c-x is a 1-dimensional vector space
over K (C), and is generated by af for somef 2 K(C). In particular, a divisor of a
di®erential form is well-de ned up to linear equivalence. We denote this divisor class
by K¢ 2 Pic(C) and call it the canonical divisor class of C.)

Theorem B.7. (Riemannn-Roch theorem) For any algebraic curve C over K,
there is a non-negative integerg 2 N (called thegenus of C) satisfying degK ¢ = 2gj 2,
and for all D 2 Div(C), we have:

I((D)j I(Kcj D)=degD +1 g:

Proposition B.8.  Let E be an elliptic curve, and letO be its origin. Theng(E) =1,
and the bijection E 3 P 7§ [P i O] 2 Pic°(C) denes a group structure onE (K ).
Moreover, any morphismE | E° between elliptic curves that sends the origin to the
origin is a group homomorphism with respect to these group sictures.
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De nition B.9.  Consider an algebraic curveC over a eld K with char K = p > 0.
For a powerq= p' (f 2 Z-¢) of p, the subeld K (C% = ff9jf 2 K(C)gof K(C) is
again an algebraic function “eld overK , and it de nes an algebraic curveCH over K .
The morphism' : C! C9 corresponding to the “eld extensionK (C)=K (C9) is called
the g-th power Frobenius morphism of C.

Proposition B.10.  For any powerq= p' (f 2 Z>¢) of p, a morphism A: C°! C of
degreeq is equal to theg-th power Frobenius morphism if and only if the pull-back map
induced byA on the modules of di®erentialsA® : - c_x ! - cox is the zero map.

Solutions to Selected Exercises

7 Exercise 1.4 (Mike Hamburg): To generalize the examples, | ssume you mean
f (t(x))dx;t(x) = ax2+ bx+ ¢, wheret 2 R for somex 2 R; by linear change

p
of variables normalize this tot = §x2 8§ 1, where at least one of the signs is +.

p___

We thus have 3 cases: far (++) let w=(1+ 1+ x2)=x;t = (w?+1)=(w?j 1);dw =

2dx=t; for (i ;+) lef w=_ (1+x)=(1i x);t =2w=(1+ w?);dw = (w? + 1) 2dx=4w;
for (+;i)letw=" (x+1)=(xi 1);t=2w=(w?; 1);dw=(w?; 1)°dx=4w;

So in any of these cases, a rational-quadratic change in vaide reduces the original
problem to the integral of a rational function. Any rational function can be written
as a polynomial plus a sum of terms of the formsa=(x + h);c=((x + h)? + k?);c(x +
h)=((x + h)?+ k?). The st integrates to aln(x + h), the_.second to an arctangent after
a rational change of variables, and the third to €=2)In(' x + h + k?).

Exercise 1.11 (Mike Hamburg): i) (1+c?)(1+ s%) = (1+(1 j s?)=(1+ s?))(1+ s?) = 2.

p
i) s(j x) = j s(x) from the denition, so that c(z) = s(z+!)= 1 s*=(1+ s?)is
even.

iii, iv) By de nition, s(x+2!)=c(x+!)=c(j! i x)= s(j x) = j s(x); the rest
follows trivially.

v) The “rst part follows directly from j s(x) = s(j x);c(j X) = c(x) and theorem
1.10. Plugging inz = z%+ ! and using the formulas from parts (ii-iv) gives the second
part.

vi) This follows directly from (iii) and s(0) = 0.
vii) This follows directly from (iv) and c(! ) =0.

viii) From (v) we have s(2z) = 2sc1i s°c?); multiplying top and bottom by 1+ s2
gives Bc(1+ s?)=(1+ s?j s?c?i s*c?). By (i), s®+ s’c®+ s*c?+ s* = 22, and plugging
this in we get 2s¢(1 + s%)=(1 + s*) as desired.
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Similarly, we have c(2z) = (2 s?)=(1+ c®s?). Multiplying top and bottom by 1+ ¢?
and applying (i) (in the form s?(1+ ¢®)=(1 i @) givesi (1i 2% cH=1+2c?; b,
and likewise multiplying by 1 + s? gives the other desired formula.

ix) Note that c(z)s(2z) = 2s(1i s?)=(1+ s%), and c(2z)s(z) = s(1j 2% s*)=(1+
2s?i s™. Plugging these into (v) gives
s sH)(1+2s%; sh)+(1+ sH(Li 28 s9)

(1+2s2] YA+ sY)j 2s2(1j s?)(1j 282 s%)
which reduces to the desired formula.

s(3z) =

x) Proof by Mathematica... or is there something deeper goig on here?
Exercise 1.12 (Mike Hamburg):

i) This is simply the binomial expansion of (1 t)i 2.

i) Indeed. (What am | supposed to say here?)

ii) We have x = zj 1=10x°; 1=24x°; :::. We may plug this formula into itself to
obtain

X
I

zi (1=10)2° + (1 =20)z*x% | z3x1°+ :::j 1=24z° + :::
zi (1=10)z° +(1=120)2°; :::

In particular, the total degrees on terms obtained using this method will always be
congruent to 1 mod 4, because they are obtained by raising a peer series with terms
of total degree 1 mod 4, to a power that is also 1 mod 4.
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