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My research interest is in the generalization of global/local class “eld theoy using arithmetic
geometry, in particular the Langlands correspondence and the arithmetic geometry oShimura
varieties. So far my work has been focused on the cohomological (algebro-geonie}realization
of the representation-theoretic phenomena in this branch of algebraic number theory.

1. Weight spectral sequence and Hecke correspondences (2003- ; In progress)

Let K be a complete discrete valuation “eld with a "nite residue "eld k with char k = p > 0.
Let Ok be the integer ring of K, we "X a uniformizer ¥20f Ok , and let k = Ok =%22 Fq. Let
X be a strictly semistable scheme oveOg of relative dimensionn, i.e. (1) X is proper and °at
over Ox and Xk is smooth, (2) X is Zariski locally etale overOx [[T1; 3 Tns1 [J5(¥4 T1 ¢ ¢Ty)
forsome 1- m - n. For simplicity, assume that X is geometg'cally connected and the special
“ber Xy is the union of n + 1 irreducible components: Xy = i“:ll Y; with Y; proper smooth
and geometrically irreducible overk for 1 - i - n+1.

T. Saito de nes a strictly semistable resolution of the self-productX £, X in [SaT]. We
denote this resolution by f : X9 X £5, X. This f is an isomorphism on the generic bers.
fweletYy = YiEcY; forl- i;j - n+1, we have

[
(X £0K X)K:XK £K XK; (X £OK X)k: Yi;j:
i5j
S
Let Dj be the proper transform ofYj; in Dj . Then X2 =
components of the special "ber ofX °,

ij Dij and Dj are the irreducible
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Now let Tx % Xk £ Xk an irreducible closed subvariety of dimensionn, regarded as an
algebraic correspondence orXk . Let T be the closure of Tx in X% Denote the projection
maps by p1;p.. Now we make the following basic assumption:

(1.1) The mapsf (T) ! X induced by p;; p; are nite.

This assumption is satis ed in case of the application that we have in mind, nanely the Hecke
correspondences (ap) on certain Shimura varities. Under this assumption, we can make the
following de nition (we denote by Z;(S) (resp. A;(S)) the abelian group of i-dimensional cycles
(resp. rational equivalence classs of cycles) 08):

De nition 1.1. Let Tj be the intersection cycleT ¢Dj , as the element ofZ,(T \ Dj ) %
Zn(Dij ). Let Ti;j = fu(Tij )2 Zn(Yi;j ).

Note that by our assumption these elements are well-de ned cycles, not only rational agv-
alence classes of cycles.

Now for a subsetS %2 f1;2;::;;n + 1g of cardinality k, let Ys = T i2s Yi, which is a proper
smooth variety over k of dimensionn (kj 1). For two subsetsS; SC, let Ysso= Ys £k Yso %2
Xk £k Xk, and When+Sj = jSY = kand S = fsy;uscg; S°= fs?;:::;s2g with increasing
order, de' ne Ds.go = ik:l Ds;;s0 ¥2 X2, which is a proper smooth variety overk of dimension
2nj (kj 1). Then, by elaborating Saito's construction, we prove:

Proposition 1.2. Dsso is generically a(P*)*i 1-bundle overYs:so.

We generalize De nition 1.1 as follows:

Denition 1.3.  WhenjSj = jSY = k, consider the intersection clasS D s.s0 2 Ay, k+1 (Ds:s0),
and let Ts.so = fa(T ¢Ds:s0) 2 Ap; k+1 (Ys:s0).

Now under the previous assumption, we can show (inductively) thatTs.so is a well-de ned
(nj k+1)-dimensional cycle on Ys.so. The following theorem is proven using the projection
formula:

Theorem 1.4. AssumejSj = jS§+1= k+1. Then we have the equality :
K1 ’ X
(i l)i Tsit i g;S° CYs;s0 = (i 1)i(j)Ts:S°[f ig
i=1 j2se
in An; k(Ys:s0). Herei(j) = jfs2 S%j s <j gj+1. Under our assumption, this is an equality
in Zni k(YS;SO)-

The cycles (Ts;so)jsj=jso=k 2 Zn; k+1 (Y K1), where Y [ni k+1] = isj=k Ys, can be seen
as an algebraic correspondence ol ["i k¥l Sajto proves in [SaT] that the action of this
correspondence on the -adic cohomology of Y["i k*11 is compatible with the action of the
correspondencelk on the “-adic cohomology ofX « under the weight spectral sequence. Thus,
the cyclesTs.so 2 Zp; k+1 (Ys:s0) computed via above theorem describes the action ofk on
the “-adic cohomology ofX ¢ via the weight spectral sequence.

We will apply this to a class of unitary Shimura varieties (including the case treated in
[TY]) and actions of Hecke correspondence ap, to determine the representations ofGL,(K)
occurring in the weight spectral sequence of unitary Shimura varities with semistale reduction
at p. This re nes the computation in [TY] | we explain the context in the next section.
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2. Compatibility of local and global Langlands correspondences (2003-04,
[TY])

The non-abelianization of local class eld theory, namely the local Langlands corrgsondence
for general linear groups, was proven by Harris-Taylor [HT] (and Henniart [He]) in 1999. The
method of Harris-Taylor was to “rst descend from an automorphic representation of general
linear group over CM "eld to that of certain unitary group (essentially the mult iplicative group
of a division algebra) over the totally real sub eld (due to Clozel), and then use he realization
of the global Langlands correspondence in the-adic cohomology of unitary Shimura varieties
(a re nement of results of Kottwitz). There they had shown that the global Langlands corre-
spondence is compatible with the local Langlands correspondence, at all primes not divialy
°, at the level of Grothendieck groups (using the method of comparing trace formulae, thich
originated from lhara and Langlands), but the compatibility including the monodromy oper-
ator was not known (see [H]). We settled this question in [TY]. The temperednes of the
local component of the automorphic representation was already proven in Harsg-Taylor, so the
guestion is about the purity of the local Galois representation (the Weight-Monodromy Con-
jecture for the “-adic cohomology of varieties over local "elds in more general context). The
main content of the paper [TY] is to show this purity of “-adic cohomology for the appropriate
unitary Shimura variety with semistable reduction, for the parts corresponding to the cuspidal
automorphic representations. Now we state the precise result.

Let L be a number “eld (nite over Q), n a positive integer, a xed prime and 1: Q- 2 C
a xed “eld isomorphism. We denote the absolute Galois group ofL by G, = Gal(L=L).
Conjectural global Langlands correspondence predicts a correspondence between (A) algebraic
automorphic representation | of GL,(A_) and (B) n-dimensional "-adic Galois representation
R:G_L ! GL,(Q') which is (1) almost everywhere unrami ed and (2) de Rham at". The
cuspidals in (A) should correspond to irreducibles in (B). We are interested in cuspal |,
and we denote the (conjectural) Galois representation attached to | by R = R-q(}). Up to
semisimpli cation, it is characterized by the property that the eigenvalues of Frobenius Frobh,
equal the Satake parameters of |, for almost all places ofv. One of the most general results in
the direction | 7{ R is the one obtained by Kottwitz [K], Clozel [C] and Harris-Taylor [HT],
which constructs the semisimple representatiorR-.(}) when L is an imaginary CM-"eld and
I is cuspidal, satisfying (1) | is conjugate self-dual, (2) | is regular algebra ic and (3) there is
a nite place x of L where |  is (essentially) square-integrable. We show the compatibility of
this correspondence with the local Langlands correspondence at all places outsidewe need
to "X notations for the local Langlands correspondence.

Let K be a nite extension of Q, and n a positive integer. We denote the maximal un-
rami ed extension of K by KUY, the (geometric) Frobenius by Frob, and the Weil group by
Wk = f%2 Gk j ¥%kw 2 Frob?g. The local Langlands correspondence rec (proved by
Harris-Taylor [HT] and Henniart [He]) gives the correspondence from (&) irreducible admis-
sible representations (overC) of GL,(K) to (B9 n-dimensional F-semisimple Weil-Deligne
representations (overC) of Wk . Recall (see Tate [Ta]) that a Weil-Deligne representation is
a pair (r;N) of a nite dimensional representationr : Wx ! GL(V) and an N 2 End(V)
such that r(¥)N = A(¥)Nr (3) for all %2 Wy, where A : Wx ! QF is the composite of
the local reciprocity map Wy ! W2P 2 K£ (sending lifts of Frob to uniformizers) and the
normalized absolute valuejjx : K ! QFf. We can de ne the F-semisimpli cation rF-sS of
r, and write (r;N)F-sS = (rF-5;N) and (r;N )3 = (rF-%5;0). The cuspidal (resp. square in-
tegrable, tempered) representations in (&) correspond to irreducible (resp. indecomposable,
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pure) representations in (B°). For the de nition of pure Weil-Deligne representations, see [TY].
For a prime * and an "-adic Galois representation’z2of Gk (assume de Rham when = p),
denote the associated Weil-Deligne representation (ove®-) of Wy by WD(% (for ~ 6 p use
quasi-unipotence of Grothendieck; for = p use Berger's theorem and Fontaine's functoD ps; ).

Theorem 2.1. (Harris-Taylor [HT], Taylor-Yoshida [TY]) Let L be a CM-"eld, * a prime and
X §:Q ! C. Let! be a cuspidal automorphic representation of GL,(A_) satisfying the
three conditions above, andR-¢(}) be the associated "-adic representation of G_. Then, for
all "nite place v of L not dividing ":

i 10 €
WD(R1() fo.,)" "2 rec'] ; ¢ jdet],’
as Weil-Deligne representations ovelC of W .

Some remarks on the theorem:

(1) As we assumed the existence ok where | x is square-integrable, we obtain the irre-
ducibility of R-q(}) if x does not divide ". This is becauseR-.q(}) is semisimple by
de nition, and the theorem tells us that its restriction at x is indecomposable.

(2) The equality of () * of both sides in the theorem was one of the main results of Harris-
Taylor ([HT], Introduction, Theorem C). The new result in [TY] is the determinat ion
of the monodromy operatorN .

(3) In [TY], the theorem for v dividing ~ is shown to follow from the functoriality of the
p-adic weight spectral sequence of Mokrane [Mo].

We sketch the idea of proof of the theorem. First we note that the temperedness of § is
shown in [HT] (Introduction, Theorem C). Hence, by (Theorem A)SS, it sutces to prove that
the left hand side is pure (in particular, this follows from the Weight-Monodromy Conjecture).
Using the global base change, we reduce to the case when, jhas a "xed vector by the Iwa-
hori subgroup Ilw, = fg 2 GL,(OLy) j g modyvV is upper triangular g. We descend | to an
automorphic representation ¥ 0f a unitary group G which locally at v looks like GL, and at
innity looks like U(1;nj 1)£ U(0;n)-:A=2 1 Then we realiseR-¢(}) in the cohomology of
a Shimura variety X associated toG with Iwahori level structure at v. More precisely (assume
the in"nitesimal character to be trivial for simplicity), the representatio n R-.4(}) appears in-
side the semisimpli cation of the ¥®-isotypic component of H"i 1(X; Q-). We show that X has
strictly semistable reduction at v with a nice moduli-theoretic de nition of the strata of the
special "ber (the reduction of X at v), and use the results of [HT] to compute the cohomology
of these (smooth, projective) strata as a virtual G(A® P) £ Frobf—module. This description
and the temperedness of ), shows that the ¥®-isotypic component of the cohomology of any
strata is concentrated in the middle degree. This implies that the Y#-isotypic component of
the Bapoport-Zink weight &pectral sequence ([RZ], [SaT]) degenerates & 1, which shows that
WD H"i }(X; Q)[*Flic,, is pure.

In the special case that |, is a twist of a Steinberg representation and }; has trivial
in nitesimal character, the above theorem presumably follows from the results 6lto [I]. After
we had posted the rst version of this paper, Boyer [B] has announced an alternatie proof
with presumably stronger results.

As for the functoriality of the p-adic weight spectral sequence (cristalline/log-cristalline co-
homology) alluded to in remark (3) above, we are investigating the questin with T. Ito and
Y. Mieda.
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3. Non-abelian Lubin-Tate theory and Deligne-Lusztig theory (2 002-03, [Yo3))

We retain the notation for the local Langlands correspondence in the previous sectio (in
particular, K is a nite extension of Q). As we sketched in the previous section, at present the
proof of the local Langlands correspondence relies heavily on the partially estalsihed theory of
the global Langlands correspondence, just as when the proof of the local class "eld theowas
“rst deduced from the global class "eld theory. Recently the arithmetic geometry concerningthe
local Langlands correspondence is actively studied (see [H]). One important go& the purely
local proof of the so-callednon-abelian Lubin-Tate theory formulated by Carayol [Car], which
asserts that the local Langlands correspondence fdBL (K ) is realized in the vanishing cycle
cohomology of the deformation spaces of the formaDx -module with Drinfeld level structures,
which are the local rings of the integral model of the Shimura variety used in thetheory of
Harris-Taylor (it is proven in the work of Harris-Taylor by a global method). Our result in
this direction ([Yo3]) is a purely local proof of the non-abelian Lubin-Tate theory in a special
case, in which we showed that it is geometrically equivalent to the theory of Dagne-Lusztig
concerning the representations of reductive groups over nite “elds.

Now we denote the integer ring ofK by Ox and its residue "eld by k 2 F,. Fix a uniformizer
Y.0f Ok and a positive integern ; 1. Let X be the spectrum of the deformation ring of formal
Ok -module of height n with level ¥structure ([Dr]), which is a scheme of relative dimension
ni 1 over the integer ringW = @}{ of the completed maximal unrami ed extension® ur of K,
which is a complete DVR with the residue “eld k. We are interested in"-adic etale cohomology
groupsH' (X~ Q-) (" 6 char k) of the geometric generic berX- = X £ specw Specld ur - which
are nite dimensional GL (k) £ I -modules, wherel ¢ is the inertia group of K .

On the other hand, let DL be the Deligne-Lusztig variety overk for GL ,(k), associated to
the element (1 :::;n) of the Weyl group of GL, regarded as the symmetric group oh letters,
or equivalently to a non-split torus T with T(k) 2 ki wherek, is the extension ofk of degree
n ([DL]). As this variety has an action of GL, (k) and T(k) 2 k&, we can regardH/(DL; Q-)
as aGL, (k) £ 1¢ -module by the canonical surjectionly ! kE. We denote the alternating
sums of these cohomol(>)<gy groups as follows: X

Ho(X-)= (i D'H'(X5Q)l; H'(DL)= (i 1)'[H(DL; Q)]
[ [
which are regarded as elements of the Grothendieck group &L , (k) £ | -modules. Then our
main theorem on the vanishing cycle cohomology groups of can be stated as follows:

Theorem 3.1. (i) We have the equalityH *(X-) = H*(DL).
(i) Among theH'(X~; Q.), cuspidal representations¥sof GL, (k) and generic inertia char-
acters A of I ¢ (here genericmeansA does not factor through anykf, with m jn; m<n
ia the norm map kE ! kE) occur only in H" 1(X~; Q-), where they are coupled as
Y4 - A by the usual correspondencés - St = Ind %k”)(k)A where St is the Steinberg

representation of GL , (K).

This theorem gives the local proof of the non-abelian Lubin-Tate theory in this particular
case of levelyy because of the following. The characterA of |k that factors through Iy !
kE can be extended to a characterA~of G, , where L is the unrami ed extension of K of
degreen (N.B. Ix = 1_). If Ais generic, Incgf A is an irreducible representation of G .
On the other hand, we can pull back the cuspidal representatiori/a by the natural surjection
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GL,(Ok) # GLp(k), and then induce (compact modulo center induction) to GL,(K) to
obtain a supercuspidal representation ofGL, (K ) which corresponds to Ino@f A via the local
Langlands correspondence.

These results are proved by purely local arguments, constructing a suitable model of and
computing the cohomology of the geometric generic "ber in terms of that of the specia ber.
In its course we obtain important informations on the X, as follows:

Theorem 3.2. (i) The W-schemeX is isomorphic to

(ii)

(iif)

whereP 2 W[[Xq;:: :;Xn]l(is of the form:

¢
(unit) ¢ "Tar](X1) + ¢ €€ ¢ [3n](Xn)
(ai mod ¥); 2k" nf Og

obtained by lifting the universal formal Ok -module overX .

There exists a generalized semistable mod2L; of X overW, i.e. a proper W-morphism
Zy ' X which is an isomorphism on the generic "bers andZy being generalized
semistable. Here generalized semistable means that its cphate local rings at all the
closed points are isomorphic oveMW to

with integers g all prime to chark.

Over the tamely ramied extension W, = W (¥=(@"i D) of W, X has a model whose
special ber contains a smooth atne variety over k which is isomorphic to DL as
schemes with rightGL , (k) £ 1 -action.

Here we will point out a few possibilities of the further research in the comig years.

@)

)

®3)

(4)

®)

The local models treated above give good integral models for the unitgr Shimura
varieties of Harris-Taylor type, and we expect cohomological applications g-adic/mod
p in particular).

The reason why we see the Deligne-Lusztig variety is to be clari ed by givig a suitable
moduli-theoretic interpretation of these models. (The relation between the Drinfeld
level structures of formal modules and the theory of Dieudonne crystals or displays
associated to formal modules.)

Generalization to higher level: this work should be extended to the deformationspace
with level ¥i" -structures for m > 1, eventually covering the whole of the local Langlands
correspondence foiGL,,. The casem > 1 is representation-theoretically quite di®erent
from the m = 1 case, and we expect it to have a simpler geometric interpretation. For
this, the moduli theoretic interpretation should become important.

Generalization to other groups: as Deligne-Lusztig theory treats more generaleductive
groups than GL,, the corresponding representations of the groups over local “elds
should be realized in the cohomology groups of certain moduli spaces of formala@ips,
e.g. some variations of Rapoport-Zink spaces. This would be an importa step towards
establishing the local Langlands correspondences for the general reductive groups.
2-factor: the local Langlands correspondence foGL , is formulated in terms of L -factors
and 2-factors de ned on both representation-theoretic and Galois-theoretic sides. We
should clarify the coincidence of2-factors via arithmetic geometry.
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4. Class field theory of varieties over local fields (2001-02, [Yol],[Yo2])

4.1. Finiteness theorem in class “eld theory of varieties over local e Ids ([Yol]). In
this paper we proved a niteness theorem on the geometric part/4°(X )9¢° of the abelian §tale
fundamental group ¥3°(X) of proper smooth algebraic variety X over a local "eld K. This
group ¥§°(X)9° (roughly) classi es the geometrically connected abelian §tale coverings of
and the "niteness theorem claims that (we denote the residue "eld ofK by k, which is always
assumed to be "nite):

(1) The torsion part of ¥§°(X)9° is Tnite.

(2) The quotient of ¥§°(X )9 by its torsion part is a nite free module over the pro nite
completion of Z.

(38) The rank of this free part is equal to the k-rank (the rank of the maximal k-split torus)
of the special "ber of the Ngron model of the Albanese variety ofX .

In particular, if X has potentially good reduction ¥§°(X )9° is a nite group. This theorem
had been considered by S. Bloch [B] and S. Saito [SaS] in the case wh¥nis a curve. In this
paper the method of Bloch is generalized to the case of bad reduction using the techniqué o
monodromy ltration of abelian varieties over local "elds, and also to the positive characteristic
case using the recent results op-divisible groups by de Jong [dJ]. This method can be applied
to the higher dimensional case, giving the most general form of "niteness theorem as abe.

As an application, the main theorem of the unrami ed class eld theory of curves over lzal
“elds by Bloch and S. Saito is completely proven, in which thep-primary part in the positive
characteristic case had remained unproven.

4.2. Abelian §tale coverings of curves over local elds and its app lication to modular
curves ( [Yo2]). In this paper, the torsion part of ¥§°(X)9° in the curve case is investigated
further. In particular, the size of the most ditcult part  ¥§°(X )99, which classi es the abelian
ftale covering which rami"es completely over the special ber, is shown to be comblled by the
geometric information of the jacobian variety J of X. The main theorem is stated as follows
(we assume the existence of & -rational point of X) :

(1) The prime-to-p part of the dual of the "nite group ¥§°(X )99 injects into the component
group of the special ber of the N§ron model of].

(2) The p-primary part of ¥§°(X)%° vanishes in the case where the absolute rami cation
index of K does not exceedpj 1, and X has semistable reduction.

It is proven by elaborating the considerations on the monodromy “Ttration of J in the preceding
paper. The theory of nite group schemes by Raynaud [R] is used in the proof of 2.

This result enables us to determine the groug/4° (X 0(p)=Qp)9° for the modular curve Xo(p)
(the coarse moduli space of elliptic curves with jp(p)-strucutures). In particular, %8°(Xo(p)=Qp)%3,
which is the whole of the torsion part of ¥5°(X o(p)=Qp)%°, is isomorphic to the component

group © of the Jacobian. This is considered as the local analogue of the Mazur's djal result
Y5°(Xo(p)=Q)%*° 2 © ([Ma)).
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