LOCAL CLASS FIELD THEORY VIA LUBIN-TATE THEORY

TERUYOSHI YOSHIDA

ABSTRACT. We give a self-contained proof of local class field theory, via Lubin-Tate theory
and the Hasse-Arf theorem, refining the arguments of Iwasawa [4].

1. INTRODUCTION

We prove local class field theory via Lubin-Tate theory and the Hasse-Arf theorem.
The only prerequisites are Galois theory (including cyclotomic extensions, finite fields and
infinite extensions) and some basic commutative algebra summarized in §7. Our argument
is close to Iwasawa [4], but the main innovation here is to use the relative Lubin-Tate groups
of de Shalit [2] to prove the base change property (Theorem 5.9) directly, without proving
the local Kronecker-Weber theorem first. The author thanks his fellow students at Harvard
University, especially Jay Pottharst, who read the draft and gave valuable comments.

Theorem A (Local Class Field Theory). (i) For any local field K, there is a unique
homomorphism Artyx : K* — Gal(K?*/K), characterized by the two properties:
(a) If m is a uniformizer of K, then Artg (m)|gw = Frobg.
(b) If K'/K s a finite abelian extension, then Artg (N (K'™))|gr = id.
Moreover, Aty is an isomorphism onto Wi := {7 | o|xuw € Frob%} C Gal(K?*/K).
(ii) If K'/K is a finite extension, then Artg: (x)|gab = Artr (Ngr /i ()) for allz € K™,

and Artg induces an isomorphism K* [Ny g (K'™) =, Gal((K'n K*")/K).

Notation. The cardinality of a finite set X is denoted by |X|. A ring means a commutative
ring with a unit, unless stated otherwise. For a ring A, we write A* for its group of units.
For a field F, we usually (implicitly) fix its algebraic closure F and regard any algebraic
extension of I as a subfield of F. For a finite extension F’/F, we denote the norm map
by Np/p @ F™* — F*. We denote the maximal abelian extension of F' in F by F2#P. For
a positive integer n not divisible by char F', the splitting field of X™ — 1 over F' is denoted
by F(w,,) (cyclotomic extension), which is an abelian extension such that its Galois group
naturally injects into (Z/(n))*. We denote the set of roots of X" — 1 by p,,. For x € F*,
we write () for the subgroup z% := {2 | a € Z} of F* generated by .

Date: June 5, 2006.
This work was partially supported by the EPSRC grant on Zeta Functions from the University of
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2. LOCAL FIELDS AND FORMAL GROUP LAWS

We denote the finite field consisting of ¢ elements by F,. For each n > 1, we have
Fgn = Fy(ptgn_1). The Galois group Gal(F,/F,) is isomorphic to Z := limZ/(n), the

n
profinite completion of Z, by sending the ¢g-th power Frobenius map x +— x4 to 1.

2.1. Local fields (see §7). Let p be a prime, fixed throughout the article. The ring of
p-adic integers is defined as Z,, := lim Z/(p™). This is a CDVR (complete discrete valuation

m

ring) with (p) as its maximal ideal. The fraction field Q, of Z,, is the p-adic field. In this
article, local field means a finite extension of Q,. For a local field K, the integral closure of
Zy in K is denoted by Of, which is called the ring of integers of K. This is again a CDVR
(Proposition 7.1(i)), and its maximal ideal is denoted by p := pg. The field k := Ok /p is
called the residue field of K. As k is a finite extension of the residue field I, of Q,, it is
equal to I, for a certain power ¢ of p. A generator of p is called a uniformizer of K. We
denote its valuation by vig : K* — Z.

Let K'/K be a finite extension of local fields. Then O is the integral closure of Ok
in K’, and the residue field k' of K’ is a finite extension of k. The ramification index
e =e(K'/K) and the residue degree f = f(K'/K) of K'/K are defined by pOgs = p%, and
[k : k] = f. Then the following hold:

[K':K]=ef, wvgi(z)=evi(z)VzeK), vig(Ngg(x))= fog(z)(VoeK™).
We say K'/K is unramified if e = 1, and totally ramified if f = 1. If K" /K’ is another finite
extension, we have e(K"/K) = e(K"/K")e(K'/K) and f(K"/K) = f(K"/K')f(K'/K).
Therefore, if K'/K is unramified and K”/K is totally ramified, then K/ N K" /K is unram-
ified and totally ramified, hence K' N K" = K.

Unramified extensions are classified using the following lemma (see §7 for its proof):

Lemma 2.1. (Hensel’s lemma) Let n > 1 with (p,n) =1. Then p,, Ck <— u, C K.

For f > 1, let Ky := K(p,_1) and kg be its residue field. Then K;/K is unramified
(Proposition 7.2), and F s C ky by the above lemma. As Gal(K;/K) = Gal(ky/F;) shows
that an element of Gal(ky/F,) is determined by its action on p,s_;, we have ky = F s and
[K¢: K] = f. Conversely, if K'/K is unramified of degree f, then the residue field of K is
F,r, hence pgr_y C K’ by the above lemma, and we see K’ = Ky by comparing the degrees.
As Ky C Kyp for f | f', the union K" :=J;5; Ky is an infinite Galois extension of K (the
mazximal unramified extension of K), and by the above isomorphism:

Gal(K"/K) — lim Gal(F s /F,) = Gal(Fy/F,) — Z.
!
As the element of Gal(K""/K) mapped to 1 € Z, we can take the ¢ (arithmetic Frobenius),

which is mapped to the Frobenius map of F,, or its inverse Frobg (geometric Frobenius).
For any finite extension K'/K, we see that K’ is totally ramified over K’ N K.

1%
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2.2. Formal group laws. Let A be a ring, not a zero ring. In the formal power series ring
of one variable A[[X]] := lim A[X]/(X™) over A, the ideal (X) C A[[X]], consisting of all the

m
elements with constant term equal to 0, is a monoid under the composition fog := f(g(X))

with X as the identity. For f € (X), there exists an f~! satisfying fo f!l = flof=X
if and only if the coefficient of X in f belongs to A*. Also, we use similar notation for
f € (X) C A[[X]] and a power series of several variables F' € A[[X1,..., X,]]:

foF = f(F(X1,...., X)), Fofi=F(f(X1),...,f(Xn) € A[X1,....X]].

Definition 2.2. A formal group law over A is a formal power series of two variables
F(X,Y) € A[[X,Y]] which satisfies the following':

(i) F(X,Y) =X + Y moddeg?2.
(i) F(F(X,Y),Z) = F(X,F(Y, Z)).
(i) F(X,Y) = F(Y, X).

The basic examples are the additive group @a(X ,Y) := X +Y and the multiplicative
group G (X,Y) =X +Y + XY

Let F be a formal group law over a ring A. If we let f(X) := F(X,0), we have f(X) =
X (moddeg?2) by (i), hence f~! exists. By (ii), we have fo f = f, hence we get f(X) =X
by composing f~1. Similarly we have F(0,Y) =Y, hence F' does not have a term containg
only X or Y, apart from the linear terms X + Y. Therefore we can solve F(X,Y) = 0 with
respect to Y and get a unique ip(X) € A[[X]] satisfying F(X,ip(X)) = 0. If we define the
addition +7 on the ideal (X) C A[[X]] by

f+rg:=F(f(X),9(X)),
then (X) becomes an abelian group with 0 as the identity and ir o f as the inverse of f.

Definition 2.3. Let F, G be formal group laws over A. A power series f(X) € (X) C A[[X]]
is called a homomorphism from F to G if it satisfies

foF=Gof, ie f(F(X,Y))=G(f(X), f(Y)),
and we write f : F — G. Two homomorphisms compose via the composition of power
series, with f(X) = X as the identity id : F — F. If f~! exists, it defines f~! : G — F and

foft=f"1lof=id. In this case f is called an isomorphism and we write f : F =G,

The set Homy (F, G) of all homomorphisms from F' to G is an abelian group under +g.
Moreover, End4(F') := Hom4(F, F') is a (not necessarily commutative) ring with +r as the
addition and o as the multiplication.

If Ais a CDVR with the maximal ideal P, then for a formal group F over A and for all
x,y € P, we have z +py := F(z,y) € P (see §7).

1Precisely speaking, this is called a commutative formal group law of dimension 1. It is called a “formal
group” in [4], but this term usually stands for an isomorphism class of formal group laws (i.e. formal group
scheme). We mostly deal with the group law itself (a power series) in this article.
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3. LUBIN-TATE GROUPS AND LUBIN-TATE EXTENSIONS

We return to the notation of §2.1: K is a local field, Ok is its ring of integers, whose
maximal ideal is p = pg, and the residue field has characteristic p = char(Ok/p) and
order ¢ = |Ok /p|. We start from the following general remark. Let E//K be an algebraic
extension (not necessarily finite). We denote the integral closure of O in F by Op. If
E = Jy K' where K'/K are finite extensions, then Op = (Jx» Ok’ and E = Op Qo K, in
particluar E = Frac(Og). As all inclusion maps between Ok are local homomorphisms?,
OF is a local ring with the maximal ideal pg := |Jy prr. We call E/K unramified (resp.
totally ramified) if it is a union of unramified (resp. totally ramified) finite extensions of K.

If E/K is unramified, then px = px Ok for all K/, hence pp = pxOp and OF is a DVR3.

Now let /K be an unramified extension, and L be its completion (see §7), i.e. Of, := Op
and L := Frac(Op) (if E/K is finite, then E' = L). We call such L a complete unramified
extension of K. Then Of, is a CDVR with the maximal ideal p;, := pr. Any uniformizer of
K is also a uniformizer of E, hence of L, but not vice versa. Any automorphism of F/K, for
example the arithmetic Frobenius ¢ = Frobl_(1 € Gal(K"/K), induces automorphisms of
Op and Og/p'%, hence extends to an automorphism of O, and L. For an element o € Op,
and n € Z, we write o¥" := ¢"(a), and for a power series F' € Or[[X]], we define F¥" by
applying ¢" to all coefficients of F. If F is a formal group law over Oy, so is F¥".

3.1. Lubin-Tate group laws. In the rest of §3, we fix a complete unramified extension
L/K. As pr, = pOp, we write mod p for mod pOy,.

Proposition 3.1. Let 7 be a uniformizer of L, and let f € Op[[X]] satisfy the following:
(1) f(X)=7X (moddeg2), f(X)= X7 (modp).
Then there exists a unique formal group law Fy over Or, such that f € Homp, (FY, F;f)

Lemma 3.2. Let 7, 7" be uniformizers of L and let f, f' € Op[[X]] satisfy (1) for w7,
respectively. Assume that ay,. .., o, € Oy satisfy m'a; = waf for 1 <i<n. Then there is
a unique F' € Op[[X1,...,Xy]] satisfying the following:

F=a1 X1+ +a,X, (moddeg2), foF=F¥of.

Proof. 1t suffices to show that for each m > 1, there is a unique polynomial F;,, of degree
< m that satisfies the conditions mod deg(m +1). The case m = 1 is assumed, and suppose
we have F,,, and let Gpq1 := f' o Fy, — Fin o f. Then as Gy = Fh — Fn (X, ..., X)) =
0 (mod p), its coefficients are divisible by 7’. Now we show that a homogeneous polynomial
Hpyy1 := Fpy1— Fp, of degree m+1 is uniquely determined. We need f'o Fj,, 11 —F,flﬂ of =
Gmi1+(f oHpi1 —HffH_l of)=Gmi1+ (7' Hpiq —7rm+1H,fl+1) = 0 (mod deg(m+2)). For
any monomial of degree m + 1, if we let /(3 be its coefficient in G,,11, and « its coefficient
in Hy, 11, then 73+ m'a— 7™ 1a¥ = 0, hence a = —3 — Z;’il(7rm+1/7r’)1+9"+"'99271ﬁ‘p1. O

2For ¢ : Ogr — O, we have ¢p(pgr) C prrr.
3This is true if E is finite over E N K™. When E /K is totally ramified of infinite degree, Og is not
noetherian, as finite extensions K7 C K5 C - -- inside F give a sequence PK; Og g Pxy Og ; -+ of ideals.
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Proof. (of Proposition 3.1) Applying the lemma for 7 =7/, f=f', n=2, ag = as = 1,
we get a unique Fy € OL[[X,Y]] with Fy = X +Y (moddeg2) and fo Fy = Ffo f. As
F¢(Y, X) enjoys the same property, Fy(X,Y) = F¢(Y, X). Similarly, Fy(F¢(X,Y),Z) and
Fy(X,F¢(Y,Z)) both satisfy the conditions of the lemma for n = 3, oy = as = a3 =1,
hence they are equal. Thus Fy is a formal group law and f € Homp, (Fy, F }0 ). g

Definition 3.3. Let m, 7" be uniformizers of L and set AL, := {0 € O | 7'0 = 76¥}. It
is an additive group, the multiplication gives ATLr o X ATI;, o AL, and A{;ﬂr = Ok. Let

)

I, f' € Op][X]] satisty (1) for 7, n’, respectively. For every 6 € ATI;J,, Lemma 3.2 gives a
unique [0] 7y € Op[[X]] such that [0];,p(X) = 60X (moddeg2) and f’o [0 = [0]7 o f.

Proposition 3.4. For w7’ and f, f' as above, [0]s € Homo, (Fy, Fy) for all 0 € AL .
The map []sp : AL, — Homo, (Fy, Fy) is injective and satisfies
O+, 0y =0+ g5, (O] g0 [0y = [00]1,5

In particular, [ == []; : Ox — Endo, (F}) is an injective ring homomorphism®*.

Proof. For [0] := [0]f , we have [0] o Fy = Fys o [0], because the equalities:
fro([0]oFp) =070 foFy=([0]?cFf)of=([0]oFf)?of,
['o(Fpolf]) = Ff o f 0[] = (F§ o [0]) o f = (Fp o [0])% o f,

show that both sides satisfy the conditions of Lemma 3.2 form = 7', n = 2, oy = ap = 6. As

[017,¢:+F,, [0'] 1,5 (vesp. [0]p7 v 0[0]7,5) has the property that characterizes [046']f, f (resp.
[00'] ,7), they coincide. Injectivity of [] ¢ follows from [6]f ;(X) = 60X (moddeg2). O

3.2. Lubin-Tate extensions. As Oy is a CDVR, for any finite extension L’/ L, the integral
closure Oy, of Or, in L' is a CDVR by Proposition 7.1, and let p;, be its maximal ideal.

Proposition 3.5. Let w be a uniformizer m of L, and let f € Or[X] be a monic polynomial
satisfying (1), e.g. f(X) = nX + X%. For each m > 1, define a polynomial fn, by fm :=
fP" o.cio fPo f, and let L(pg,) be its splitting field over L. Let

#’f,m = {a € L(/J/f,m) | fm(a) = 0}7
then py ., C OL(Hf 1y because f(X) € Or[X].

(i) The set py,, is an Ox-module by +r, and [-];. Choose any o € iy, \ Hf -
Then the following is an isomorphism of O -modules:

Ok /p™ 2 ar— [a]f(a) € py .
(ii) L(pesm)/L is totally ramified and —a is a uniformizer of L(pg,,). Also, pg ., \

m—1

M1 is the set of all conjugates of o over L, and NL(IJ‘f yp(—a) =¥

4This means that (Fy,[];) is a formal Ok -module law, and 01f,¢ : (Ff,[-]f) — (Fyr,[]4) is a homo-
morphism of formal Ok-module laws. Also, when 7 € K, we have f = [r];.
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(iii) The following is an isomorphism of abelian groups, independent of the choice of «:

prm : Gal(L(pegm) /L) — (O /p™)"
(a v [u]f(r)) — uwmod p™

Proof. In the proof, we omit the suffix f in +,,[]s, and write L' = L(py,,,,)-

(1): Bfm \ Bfm_ is the set of all roots of h(X) := fn(X)/fm-1(X), and we have
h(X)=7¢""" (mod X) and h(X) = X@ D" (modp), because h(X) = j(fm_1(X)) for
J(X) = fe"NH(X)/X, with j(X) = 7" (mod X) and j(X) = X% ! (modp). Hence
for all @ € pg,, \ W1, we have 0 = h(a) = o494 (mod pOy,), therefore o € py.
Now as m was arbitrary, ps,, C pr, and we can substitute its elements into +p,[].
As foFy = F}D o f and fola] = [a]® o f by definition, we have f,, o Fy = F;fm o fm

and f,, o [a] = [a]?" o fm, hence p #.m 18 closed under +p and [] and is an Ox-module.
As |pys,,| < deg frn = ¢, the annihilator® of any o € Ky, contains p™, ie. if mo is a

uniformizer of K, we have [r'](a) = 0 for all a € py,,. On the other hand:

Lemma 3.6. Let g € Or[[X]]. If g(a) =0 for all o € pug py, then fr(X) | g(X) in Op[[X]].

Proof. For a € py ., if g(X) =720 a: X", g(e) = 0 then if we let b; := >0 airji109 €
Oy for each i > 0, then g(X) = (X —a) - 32 b;X" in Op[[X]]. Repeating, we get
9(X) = fm(X)-¢'(X), and as g, fm € OL[[X]], also ¢ has coefficients in LN O = Or. O

Therefore [7'](X) = fim(X)gm(X), and as the coefficients of X in [#§'] and f,, both
have valuation m in L, the constant term of g,,(X) is in Of. Hence for a € py,, C pr
we have g,,—1(a) # 0. Therefore, [70" ](a) = 0 implies fn—1(a) =0, i.e. a € Hpm—1- We
have shown® that the annihilator of o € £ \ Bpm1 is exactly p™. Therefore the stated
Of-linear map is injective, and as |py,,,| < ¢ =[Ok /p™| it is an isomorphism.

(ii): By (i), we have p;,, = {[a](a) | @ € Ok} C L(«), therefore L' = L(a), and as «
is a root of h, we get [L' : L] < degh. On the other hand, the constant term of h(X) is
" = [[.(—) where o runs through s, \ p,,_1, so taking vz, of both sides, we get
e(L'/L) > degh. As e(L'/L) < [L' : L], these are all equalities, h is irreducible and all the
claims follow.

(iii): As L' = L(«), an element o € Gal(L'/L) is determined by o(«), hence the stated
map is injective. As [u] € Or[[X]] is fixed by any o € Gal(L'/L), it is a homomorphism,
and [L' : L] = degh = (¢ — 1)¢™ ! = |(Ok/p™)*| shows that it is an isomorphism. If
o(a) = [ul(@) then o([u](a)) = [W](o()) = [u'u](e) = [u]([v](a)), hence the map is
independent of the choice of a. O

Kernel of the Of-linear map O 3 a — [a](a) € Hfom

6We have also shown Bpm={aepr|la(a)=0 (Vaep™)} for Vm > 1 and L(p,,,) C VL' C L.
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4. UNIQUENESS OF LUBIN-TATE EXTENSIONS AND ARTIN MAPS

4.1. Isomorphisms of Lubin-Tate group laws. K™ denotes the completion of K.

Proposition 4.1. Let f, f' € Op.[[X]] satisfy (1) for uniformizers =, " of I?“r, respec-
tively. For 0 € AKur, N O;{ur (which is not empty by Lemma 4.2), the homomorphism
[9] = [Q]ﬁf/ S HOm@A

ur (F's, Fyr) is an isomorphism of formal group laws.

Proof. The [0] is an isomorphism because [0](X) = 0X (mod deg?2). O

Lemma 4.2. For L = K“r the map O 3w u?/u e Of is surjective.

Proof. As Of = @(OL/p?+1)X, for z € OF, it suffices to show that, for all m > 0, there

m

exists a u, € OF such that uf,/u, = (mod p7™). For m = 0, on (O,/pr)* = FX the
map U — u?/u = u?"! is surjective. Suppose we have w,,, and let z/(u,/um) = 1+ onrm+1
for a uniformizer m of K. On Op/p; & IF the map u +— u¥ —u = u? — u is surjective,
hence there is 5 € Op, with ¥ — =« (mod pr). Letting wmi1 = um (1 + ™), we get

m+1/um+1 =z (mod pm+2) OJ

Note that every complete unramified extension L of K is contained in K W and all
uniformizers of L are also uniformizers of K", hence Lubin-Tate group laws Fy over Oy,

can be considered as those over Op.,,.

Proposition 4.3. Let L/K be finite unramified of degree n. Let f, f' € Op[[X]] satisfy
(1) for m,n" € L, respectively, and [0] = [0]7p € Op..[[X]] as in Proposition 4.1. Then
[0]¢" =[] o [NL/K(W’/W)]f. In particular, if NL/K<7T) = NL/K(ﬂJ), then [0]5 5 € Or[[X]].

Proof. Define f,, € Or[[X]] for m > 1 as in Proposition 3.5. Then we have f,(X) =
" X = Npk(m)X (moddeg2), and f o f, = (fn)? o f because ¢™ = id on L.
Thus f, = [Nk (7)]s by the uniqueness in Lemma 3.2. Similarly f}, = [Ny /k(7')];. Now
as f'o[f] = [0]¥o f, we get f" o[f] = [0]7" o f,, and therefore [§]7" o f,, = [NL/K(W’)]f/o[G] —
[0-Np (7)) g = [0]1o[Npx (7)) = [0]o [Nk (7' /)] po fr- Now as f,, = fe o fof,
use the following lemma repeatedly for f, f¥,..., f‘Pnd. O

Lemma 4.4. Let L be any complete unramified extension of K. Let w be a uniformizer
of L, and let f € Or[[X]] satisfy (1). For h € OL[[X]] and m > 1, we have ho f =
0 (modp™) = h =0 (modp™). In particular, the following is an injection:

of : Op[[X]] 2 h+—— ho feOr[[X]]

Proof. As the statement is empty for m = 0, use induction on m. If ho f = 7™ . g,
then by induction hypothesis h = 7™ ' - W/, and b/ o f = 7 -¢. Taking modp we get
R(X?) =0 (modp), hence b’ =0 (modp), i.e. h =0 (mod p™). O
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4.2. Lubin-Tate extensions and Artin maps. Now we turn to the extensions L(gy,,,).

Proposition 4.5. Let L be a complete unramified extension of K. Let monics f, f' € Or[X]
satisfy (1) for uniformizers m,m' € L, respectively. For [0] = [0]yp € Op,[[X]] as in
Proposition 4.1, substituting into [0] gives prs,,, = pp ,, as Ox-modules for all m > 1.
Moreover, if [0] € OL[[X]], then L(py,,) = L(py ) and pgom = pprm.-

Proof. Substituting into [0] maps py,, into pg ,, because ff, o [0] = [0]?" o fp,, and is
Og-linear because [0] o [a]y = [0 - s, = [a]; o [0]. Considering [07!] shows s, = prpr ..
I 6] € OL[[X]], then fryrm, = 0)(f ) © L(tigp)s and Lty ) = Lisig) a5 [071] =
[0]7' € OL[[X]]. In this case, an L-automorphism a — [u](a) of L(;,,) maps [0](a) to
[O1(ful s (@) = [0 uly (@) = [u] p([6](a)), hence pym = pgr m- =

Lemma 4.6. If L/K is finite unramified of degree n, then N = N /i surjects onto v[_(l (nZ).

Proof. If we take a uniformizer m of K, then vi'(nZ) = O x (7"), hence it suffices to
show N : Of — Op is surjective. We have Oy = lim(Og /p™)*, the same for Of, and
m
N(14p7") C 14p™. Therefore for x € OF, it is enough to construct u,, mod p™ € (Of /p™)*
for all m > 1, satisfying N(u,,) = z (mod p™) and w41 = Uy, (modp™). For m = 1, the
N induces the norm map (Or/pr)* — (Ok/p)*, which is surjective. Suppose we have u,y,,
and let ©/N (uy,) = 1+ ar™. On (1+p7)/(1+pt!) 2 Fyn, the N induces the trace map
Or/pr. — Ok /p, which is surjective, hence there is § € Op, with trace = o (mod p), hence

letting w41 = um (1 4+ G7™), we get N(umi1) = (modp?“). O

Definition 4.7. Let z € p N K* with vk (x) = n, and let L/K be finite unramified of
degree n. By Lemma 4.6, there is a uniformizer 7 of L with Ny /x(7) = 2. Then L(ps,,)
and pg., for m > 1 (for a monic f € Op[X] satisfying (1) for 7) depend only on z by
Propositions 4.3 and 4.5, so we denote them by K and p,,. We write K™ := ], -, K",
which is totally ramified over L, and KLT := Kram jur,

We describe its Galois group. For m < m/, the restriction Gal(K?" /L) — Gal(K™/L) is
mapped to the natural surjection (O /p™)* — (Ok /p™)* by pmss pm. Taking the limit:

Gal(K™™ /L) > (a — [u](a)) — u € OF,

where o + [u](a) means « € g, is mapped to [u]f() for any f. As K;*"/L is totally
ramified, we have K}*" N K" = L. By K" = L"™:

Gal(KMT/L) = Gal(K™™ /L) x Gal(K™/L) — O x Z.
(o [u](a), Frob%) — (u, b)

By composing its inverse O x Z =, Gal(KYT /L) c Gal(KXT/K) with vt (nZ) = OF x
(z) 2 u- 2% — (u,b) € O x Z, we define the Artin map associated to

Artye s vt (nZ) — Gal(KLT/K).
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Theorem 4.8. (i) The fields K™"K™ form > 1, hence their union KX, do not depend
on the choice of x € pN K> (we write K¥T := KLT).
(i) If vi(z) = 1, then Art% : K* — Gal(K“T/K) does not depend on the choice of
x, and we write Artg := Arty.. If vg(z) =n, then Art}, = Artg ’v;(l(nz).

Proof. (i): For x1,22 € pN K> and m > 1, let K' = Li(py, ,,) for i = 1,2. Considering FY,
over K™, Propositions 4.1 and 4.5 show that I?“r(ufhm) = K;?I?ur are the same for ¢ = 1, 2.
By the following lemma, they are the completions of K" K™, and K7} K" = K7 K.

Lemma 4.9. Let E be an unramified extension of K and E', E" be finite extensions of E.
Then (i) E'E = E', ENE' = E, and [E': B] = [E' : E), (ii) E' = " = E' = E".

Proof. (i) follows from Proposition 7.1(ii). (i) implies E N K = E, hence (ii). O

(ii): For z,2’ € p N K> with vg(z) = vg(2') = n, we prove Art% (z') = Art%(z'). By
definition, Art% (z') acts as Frob% on K™ and id on K ram - and Arty (2”) acts as Frob on
K" and o — [2'/7](a) on K}, Let K" = L(py,,), K} = L(pp,,) and [0] = [0] 0 :
Kgm = Hyp o, as in Propositions 4.1 and 4.5. For a € py,,, we have Artg (2')([0](a)) =
(017" ([#' /2] () = ([6] o [#'/z])? " (a) = [0](cr) by Lemma 4.3, hence Art} (z') acts as
id on K™™. Thus Art}(z') = Art%(z'). Now for any 2” € p N K* with vg(z") = n,
we get Art?(z”) = Art% (z) = Art% (2"), and as v (nZ) is generated by such elements,
Art% = Art%. As for the latter part, if vg(z) = 1 and K7 = K(py,y,), then K5 =
L(pg,) = K7'L for [L: K] =n, and Art% = Art% |v1_<1(nZ) follows from the definition. [J

Corollary 4.10. For an algebraic extension E/K with E D K", we set:
W(E/K) := {0 € Gal(E/K) | o|xuw € Frob%} (the Weil group of E/K).

Then we have Arty : KX — W(K'W/K). If € K*, then o := Artg(x) is the element
of Gal(KT /K) characterized by o| g (x) = FrobUKK(x) and o|gram = id.

5. NORM GROUPS AND THE BASE CHANGE

5.1. Coleman operator and norm groups. Here we let L/K be finite unramified, and
fix a uniformizer m of L and a monic polynomial f € Op[X] satisfying (1). We set z :=
Np/k (7). We write + for +5, and p,,, for py,,, (we will not see roots of unity here). First
we determine the image of the map of of Lemma 4.4.

Lemma 5.1. If g € OL[[X]] satisfies g(X +¢ o) = g(X) for all « € py, then g =ho f for
some h(X) in Or[[X]].

Proof. If g(X 4+ a) = g(X) for all a € py, then we can write g(X) — g(0) = g1(X) - f(X)
by Lemma 3.6. Now as f(X +ra) = f(X) +Fe f(a) = f(X), we have g1 (X +fa) = g1(X).
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Repeating this procedure and setting go := g and g;(X) — ¢:(0) = gi+1(X) - f(X), we get
g(X) =>72,0i(0) - f(X)", hence h(X) := 2, 9:(0) X" gives g =ho f. O

Definition 5.2 (Coleman [1], de Shalit [2]). For g € Op[[X]], coefficients of the product
[loc " 9(X + a) are symmetric polynomials of p, hence in Or,. Therefore by Lemma 4.4

and Lemma 5.1 we get a unique N(g) € O[[X]] satisfying:
(2) N(g)of(X)= [] 9(X +s ).
aEpL,
We have N(g192) = N(g1)N(ge) by definition. Also, we set N%(g) := g and
N"™(g) = N™H(N(g)?)? (m > 1)"
Lemma 5.3. Form > 1, we have N™(g) o fn(X) = Haeum 9(X +5a).

Proof. The case m = 1 is the definition. We use induction on m. Fix a set A of represen-
tatives of p,,/p, (regarded as Ox-modules), and extend ¢ arbitrarily to L(gu,,). Then:

I 9&x+ra) =11 II 9X +sB8+7a) =[] N(9) o f(X +;8),

aEl,, BeA aEps, peA

and f(X +¢B) = f(X) 40 f(B), but as A> § — F(3)?" €, is a bijection,

RES =[] N@UE) 409 = [] N7 (77 (X) +ra)

ae“m71 ael‘l'mfl
equals (Nm*1 (N(g)“”_l) ofm_l(fﬁ"_l(X)))‘p = N"(g)o fm(X) by inductive hypothesis. [

Lemma 5.4. (i) N(g) = ¢¥ (modp). In particular, N(OL[[X]]*) C Or[[X]]*.
(ii) Form >1,if g =1 (modp™), then N(g) =1 (mod p™*1).
(iii) If g € OL[[X]]* and m > 1, then N™(g)/N™ 1(g)¥ =1 (mod p™).

Proof. (i): As f(X) = X? (modp), LHS of (2) = N(g)(X9?) (modp). On the other hand,
if we write L’ = K, then p; C py/, hence g(X +f a) = g(X) (modpy/) for all a € p,.
Therefore RHS of (2) = ¢g(X)? = ¢¥#(X?) (modp), and we see N(g) = ¢g¥ (modp).

(ii): If we let g = 1+ 7™h and L' = K}, then
N(g)of= ] A +7"(X +5a)) = (1+7"h(X))? (modp™py)

acpy
=1+4qgr"h(X)+ - -7™h(X)?=1 (modp™pr),
hence (N(g)—1)of =0 (mod p™py/), and as it belongs to O [[X]], we have (N(g)—1)o f
0 (mod p™*1). Therefore, by Lemma 4.4, we get N(g) —1 =0 (mod p™*1).

O

(iii): As N(g)/g¥ =1 (modp) from (i), apply (ii) to this m — 1 times.

If we write N = Ny, this means N™ = pem—10:--0Npe o Ny.
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Definition 5.5. For a finite extension K'/K, we denote the image Ny x(K'™) of the
norm map Nk /g : K" — K> by N(K'/K). For any algebraic extension E/K, define
N(E/K) := (g N(K'/K) where K’ runs through all the finite extensions contained in E.

Proposition 5.6. N(K™/K) C (1+p™) x (x) for allm > 1. (It is actually an equality.®)

Proof. Write L' = L(u,,) = K" and take o € w,, \ f,,_1- By Proposition 3.5(ii) we
have L'* = Of, x (—a) and Ny p(—a) = NL/K(ﬂ‘pmfl) = x, hence it suffices to show
NL,/K(OE,) C 1+ p™. By the following Lemma 5.7, any u € OF, can be written as
u=g(a), g € O[[X]]*. For i >0, set u; :== N*(g)(0). Then by Lemma 5.3 we have u; =
[Toep, 9(@), hence Ny /p(u) = tm/um—1. Lemma 5.4(iii) shows that Um/us 1 € 14 pT.
Hence Np/jx(u) = Np /g (tm/tm—1) = Npjg (um/uf, 1) € Npj(1+p7) C 14 p™, where
we used (14 p7") N Ok =1+ p™ in the last inclusion. O

Lemma 5.7. If L' /L is totally ramified and « is a uniformizer of L', then O = Opla].

Proof. It [I/ : L] = n and = Y7} a;a® (a; € L), then vp/(x) = min;{vy (a;a’)}, as
vr/(a;at) are all distinct. Thus (i) z = 0 = a; = 0 (Vi), (ii) z € Op & a; € O, (Vi). By
(i), the set {1,,a?...,a" '} is a basis of L’ over L. This and (ii) imply Or, C Ora]. O

Corollary 5.8. If E/L is totally ramified and E D K}*™, then N(E/K) = (z).

Proof. Proposition 5.6 and (),,~,(1 +p"™) = {1} show that N(E/K) C N(K}*/K) C ().
Therefore it suffices to show that N(E/K) contains an element with valuation [L : K].
This follows if, setting P = v;'({1}), we can show N(E/L) N P # (). We show this for
general totally ramified extension F/L. For any uniformizer = of L, we have P = - Of
and Of = 1im OF /(1 + p7), hence P = lim P/(1 + p}') as sets. Therefore it is enough to

show, for each m, that (N(E/L) N P)/(1+p}') # 0. As any finite L'/L contained in FE is
totally ramified, (N(L'/L)NP)/(1+p7") is a non-empty subset of the finite set P/(1+ p7*).
If L/, C Ethen L'L” C Eand N(L'L"/L) C N(L'/L)NN(L"/L), hence the intersection
(N(E/L)NP)/(1+p}) of all (N(L'/L) N P)/(1 + p7") is non-empty. O

5.2. Base change and LCFT for Lubin-Tate extensions.

Theorem 5.9. (Base change) For a finite extension K'/K, we have K¥T ¢ K'VT' and the
following commutes, i.e. for all x' € K™ we have Artr(2')|gur = Artg (Ngr/x(2')).

Art s
K% K Gal(K’LT/K’)

NK’/Ki lres

Ar
KX Gal(KYT ) K)

8The other inculsion is seen as follows. z € N(KJ"/K) and K" is the fixed field of Artz ((1+p™) x ().
Hence if 2'/z € 1+ p™ then K} = K}, therefore 2’ € N(K]'/K). Thus 1 +p™ C N(K}'/K).
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Proof. Take a uniformizer 2’ of K’, and extend Artg (2') € Gal(K™™T /K') to 0 € Gal(K/K").
Then o|gme = Frobg: and o|gmam = id, hence the fixed field E, C K of o contains
KI'*™ and E, N K" = K'. Hence N(E,/K') = (z') by Corollary 5.8 and N(E,/K) =
(N (2')). Now if L := K' N K", then o|gu = Frobgs |gu = Frob[ng]. For z :=
Art! (o] gur), we have o|gram = Artg(z)|gram = id by Corollary 4.10, i.e. KX C E,. As
E,NK"™ = K'NK"™ = L, we have N(E,/K) = (z) by Corollary 5.8, hence 2 = Ng /g (z')
as vi(r) = [L : K] = vk (Ngr/g(2')). As the intersection of E, for all extensions o of
Artgo(2') is K™ we see KI™ C K. This and K™ = K'K™ shows K'T ¢ KT,
and we showed Arty/ (2')|gir = o|grr = Artg(x). As the uniformizers generate K'*, this
completes the proof. O

We call a finite extension K’/K a Lubin-Tate extension if it is contained in K.

Corollary 5.10. (LCFT minus Local Kronecker-Weber)?

(i) There is a unique homomorphism Arty : K* — Gal(K'T/K) satisfying the follow-
ing properties:
(a) If m is a uniformizer of K, then Artg(m)|gw = Frobg.
(b) If K'/K is a Lubin-Tate extension, then Artx (N(K'/K))|k = id.
Moreover, Arty is an isomorphism onto W(K''/K) c Gal(K*'/K).
(ii) If K'/K is a finite extension, then Artg: (x)|gir = Artg (Ngr i () for allx € K™,

and Arty induces an isomorphism K*/N(K'/K) = Gal((K' N K" /K).

Proof. (i): Artg satisfies (a) by definition, and (b) by Theorem 5.9. Conversely, if Art’,
satisfies these, then for any uniformizer 7 of K, (b) and Proposition 3.5(ii) imply that!’
Art’ (m)|gram = id. This and (a) show that Arty(m) = Artg(m) by Corollary 4.10. As K*
is generated by the uniformizers, we get Art} = Artg. The last assertion is Corollary 4.10.

(ii): The first part follows from Theorem 5.9, and in view of Corollary 4.10, Artx in-
duces K*/N(K'/K) = W(K"T/K)/Im(W (KT /K")). This is isomorphic to Gal((K’ N
K" /K), because W (K /K) surjects onto Gal((K’' N K1) /K) and W (KT /K') is the
inverse image of W (K /K) under Gal(K"*T /K') — Gal(K"/K). O

9The classical theorems of LCFT for Lubin-Tate extensions (instead of abelian extensions) follow easily.

(i) If K'/K is a Lubin-Tate extension, then K* /N (K'/K) — Gal(K'/K).

(ii) For any finite K'/K, we have N(K'/K) = N((K' N K*)/K)) and [K* : N(K'/K)] < [K' : K].
Equality holds if and only if K’'/K is Lubin-Tate.

(iii) If K'/K is finite and K''/K is Lubin-Tate, then N(K'/K) C N(K"/K) <— K" C K'.
If K'/K is also Lubin-Tate, then N(K"/K)/N(K'/K) — Gal(K'/K") by Art.

(iv) If K', K" /K are Lubin-Tate extensions, then:
N(K'K"/K)=N(K'/K)YNN(K"/K), N(K'NnK")/K)=N(K'/K)N(K"/K).

(v) (Emistence theorem) For any finite index closed subgroup H C K™, there is a unique Lubin-Tate
extension K'/K such that N(K'/K) = H.

10T his proof shows that we only need totally ramified Lubin-Tate extensions for the characterization.



LOCAL CLASS FIELD THEORY VIA LUBIN-TATE THEORY 13

6. THE LocAL KRONECKER-WEBER THEOREM

We finish the proof of Theorem A by proving the local Kronecker-Weber theorem, i.e.
KT = K. This follows easily from the Hasse-Arf theorem (Gold [3] or Iwasawa [4], §7.4;
see also Lubin [5], Rosen [7]). We first prove the Hasse-Arf theorem following Sen [8].

6.1. Ramification groups. Let K'/K be a finite totally ramified Galois extension of local
fields, and set G := Gal(K'/K). For a uniformizer m of K’, we have Ox = Og[n]| by
Lemma 5.7. We write v := vk and ¢ = |Ok /p| = |Ok' /pK/|.

Definition 6.1. Let i(0) := v(o(mw) — 7), where we set i(id) = oco. For n > 0, define
Gpn:={0ceG|ilo)>n}={oeG|or)/mrel+pl} Then G =Gy as K'/K is
totally ramified, and G,, = {id} for sufficiently large n. They are normal subgroups of G,
independent of the choice of 7, because G,, = {0 € G | v(o(a) —a) > n for all a € Ok}
which is the kernel of the group homomorphism:

G >0+ o0lo,, mod piit € Aut(OK//p"+l).

Proposition 6.2. For n € Z>y, we have following injective group homomorphisms'®, in-

dependent of the choice of w:
0o : Go/G1 3 0+ o(r)/m modpgr € O, /(1 +pxr) = (O /o) =T,
On : Gn/Gpi1 30— (o(m)/m) — 1 modpii! € plk/pidt 2 F, (n>1)

Proof. The maps are well-defined and injective by definition of G,,. For a different uni-
formizer 7' = um with u € OF,, we have o(n’) /7" = (o(m)/7) - (o(u)/u), and if o € G, then
o(u) = u (mod piit), hence o(u)/u € 1+ p7%tt, hence the maps 6,, do not depend on the
choice of w. For 0,7 € Gy, if u = 7(7)/7, then o7(n)/7m = (o(mw)/7) - (7(7)/7) - (o(u)/u),
and as u € O, we have o(u)/u € 1+ pt!, therefore 6,, are group homomorphisms. O

Corollary 6.3. If G is abelian and G,, # Gp11, then eg := |Go/G1| divides n.

Proof. Let 7 € G, and 0 € G. We compute 0,(c70~!) using #' = o~ (7). If 7(7') =
(1 + a) for a € p,, then 0,(7) = amod pt! by definition. Then oo~ (7) = o7(7) =
o(n'(1+ a)) = (1 + a(a)), hence 6, (c70~) = o(a)mod p’tt. If we write a = br™ for
b€ O and o(m) = ur for u 6 OK,, then o(a) = o(b)o(m)" = o(b)u"n", and as o(b) =

bmod pg, we have o(a) = bu™1" = u"a (mod p74t). Therefore 0, (c70~) = u"amod p"i™.

—1 n+1

If G is abelian, then o070~ = 7, hence a = v"amod p; . If G;, # Gp41, we can choose
T € Gy with 0,(7) £ 0, i.e. a € pl, \ piiit. Also, choose ¢ € G which generates Go/G1, i.e.
fo(c) = umod p has order eg in (O /pgs)*. Then a = u"a (modp7t') implies eg | n. O

Lemma 6.4. For o € G, we have U(Z?:_o o'(a)) > v(a) for alla € K'.

Hherefore G is supersolvable, i.e. G > G; and G;—1/G; cyclic for all 4, with G,, = {id} for large n.
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Proof. Let (c—1)(a) := o(a)—a. Then v((c—1)()) > v(a) as o € Gy implies v((0(a)/a)—
1) > 0. The claim follows from'? 371 o?(z) = (o — 1)P~'(z) (mod pz). O

Proposition 6.5 (Sen [8]). Let o € G1. We have (o) =2 Z/p™Z for m > 1 by Proposition
6.2. Let Hy, == G, N {c) forn>1 andij :=i(o?") for j >0 (i; = oo for j > m). Then:

(i) ij—1 < if § < m. Also, H, = <apj> if and only if i1 <n < ij.

(ii) i(0*) =ty (a) for'a > 1, where vy 1= v, .

iii) 2,1 = 1; (modp’), where oo is understood to be congruent to any integer.
J J

Proof. (i): ij_1 < i; is seen by applying Lemma 6.4 to o = o? ' (7)—m. We have (¢?’) C H,
if and only if o”’ € H,, i.c. i; > n. As all subgroups of (o) are of the form (o7, we have
(") D H, & (0P ) ¢ H, = ij—1 < mn. (ii): This is co = oo if p™ | a. If j :=v,(a) < m,
then H;,_1 = (0”) and H;; = (o? ") by (i), therefore 0@ € Hy, 1\ H,, i.e. i(0®) = i;. (iii):
We can assume i; < 00, and use induction on j. The assertion is empty when j = 0. We first
show that the inductive hypothesis implies that i;_; and n+i(c™) for n € Z, vy(n) < j are all
distinet from each other. First, vy(n) < j — 1 implies i(0") = iy, (n) = 451 (mod pvr(M+1)
by inductive hypothesis, i.e. v,(ij—1 —i(c™)) > vp(n), hence ij_1 # n + i(c™). Second,
assume n + i(0”) = n’ +i(0™). If vy(n) # vy(n'), then vy(n — n') = min{v,(n),v,(n')},
and by inductive hypothesis v,(i(c™) — i(¢™)) > min{v,(n), v,(n')}, which is impossible.
Hence v,(n) = v,(n'), therefore i(c™) = i(c™) and n = n/. Thus we proved the claim.
Now, applying the inductive hypothesis to o € G1, we have i;_1 = i; (mod p’~1). Let
s :=1ij_1 —i; and assume vp(s) = j — 1. We will show that this leads to contradiction.

Lemma 6.6. Let 0 € Gy. For each n € Z, there exists « € K' such that v(a) = n and
v(o(a) —a) =n+i(o™). Moreover, any x € K' can be written as a sum x = Zzo:v(x) T

(see §7) where each x,, satisfies above two properties for n if x, # 0.

Proof. For the first part, if n > 0, then let a = H;L;Ol o'(r) for a uniformizer m of K’ (set
a =1 for n = 0). Then clearly v(a) = n, and o(«a)/a = o™(n)/7, thus v(oc(a) — a) =
v(a)+v((o(a)/a)—1) = n+i(c™). Also, a~! satisfies the properties for —n. For the second
part, note that C' := p,_; U{0} is a complete set of representatives for O mod pr, and o
acts trivially on C as C' C K. Hence we can write x = Z;’Lo:v(x) cpoy, where ¢, € C and o,
is the o we constructed above. Thus z, := ¢, has the required properties if ¢, #0. 0O

Applying the first part of the lemma to o?, there is x € K’ with v(z) = s and v(o?(z) —
xz) =s+i((0P)®) = s+1i; = ij_1. Letting y := 52—01 oi(x), we have v(y) > v(z) = s by
Lemma 6.4 and v(o(y) — y) = v(oP(z) — x) = ij—1. Now expand y = Z;:O:U(y) Yn as in
the lemma: v(o(yn) — yn) = n+i(c") if yp # 0. Let z := o(y) —y. Then v(z) = i;1
and z = Z;’;U(y) Zn, where z, := o(yn) — Yn, hence v(z,) = n + i(c™) whenever z, # 0.

Our previous observation shows v(z — D up(n)<j zn) < djo1. If vp(n) > j and z, # 0,

12For any F,-algebra A, the equality S X = (XP —1)/(X —1) = (X — 1)*""! holds in A[X].
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then v(z,) = n+i(c™) > n+1i; > v(y) +4; > 4;—1, hence ”(Zv,,(n)zj Zn) > ij_1, a
contradiction. m

Corollary 6.7. Assume G = Z/p™Z. Then there exist ng,n1,...,Nm—1 € Z>1 such that,
for1<j<m—1, we have |G,| = p™ 7 if and only if Zz;ol nipt <n <3 nipt.

6.2. The Hasse-Arf theorem. Let G = Gal(K'/K) with K'/K totally ramified as before,
and let G > H with G/H = Gal(K"/K). For 0 € G, let @ = 0 H € G/H be its image.

Lemma 6.8. For all 0 € G, we have i(7) = ﬁ Y oremilor).

Proof. For o = id, we understand the equality as co = co. Let o # id, and take uniformizers
7 and 7' of K’ and K" respectively, so that O = Og|[r] and Og» = Og[n’] by Lemma
5.7. As i(o) = vgn(T(n') — 7)) = ﬁ cvgr(@(n’) — 7'), if we let a = 7(n’) — 7’ and
b=]],cp(or(m)—m), it suffices to show vk (a) = vg(b). Let the minimal polynomial of 7
over Ogn be f =], ey (X —7(m)) € Ogn[X]. Applying o, we get f7 =[] 5 (X —o7(m)),
where f7 € Ogn[X] is obtained by applying @ to the coefficients of f. Hence f7(m) =
[I.cx(m —or(m)) = £b. First we prove a | b. As Ogn = Ogln’], we have a | 7(z) — x
for any x € Ogn, hence a | f7 — f, therefore a | f7(w) — f(w) = £b. Now we prove b | a.
Write 7’ = g(n) for g € Og[X]. The polynomial g(X) — 7’ € Ogn»[X] has 7 as a root,
hence divisible by f in O~ [X]. Applying &, we have f° | g(X) — a(n’) in Ogn»[X], hence
g(m) —&(n") = —a is divisible by f7(r) = +b. O

Proposition 6.9 (Herbrand). Define ¢ (n) = —1+|—I§‘ > rep min{i(7), n+1} forn € Rxo.

Also, for n € Rxq, define G, := {0 € G | i(0) > n+ 1}, i.e. G, = G, if i € Z>o and
n € (i —1,i]. Then Go,H/H = (G/H )4, n) for all n € Rxq.

Proof. For @ € G/H, replace o by the element in 0 H which has the maximal value of
i, and let i(oc) = m. Let 7 € H. If i(t) > m, then i(o7) > m. If i(7) < m, then
i(7) > min{i(o7),i(c™1)}, hence i(o7) = i(7). Therefore i(c7) = min{i(7),m}. Now the
Lemma 6.8 gives i(d) = ¢ (m — 1)+ 1. Therefore, as ¢y is increasing, for n € R>( we have
GeEGH/H <= m>n+1 < i(@) > ¢u(n)+1 < 7€ (G/H)g,n)- O

Lemma 6.10. Let ¢g(n) :=—1+ ﬁ > reqmin{i(7),n + 1} for n € Rxq. Then:

(i) ¢c(0) =0, ¢c(n) = ﬁ Yoy |Gil forn € Zxy.
(ii) ¢¢ = ¢a/m © ¢ on Rxo.

n—1 n
Proof. (i): 3 min{i(r),n + 1} :Z( 3 (z’—l—l)) + 3 (1) =Y |Gl
=0

TEG =0 TGGi\GH—l TEGH

(ii): As ¢(0) = 0 and ¢ is continuous and piecewise linear, we only need to compare the
derivatives of both sides at n € (i — 1,4) for i € Z~(. For LHS it is |G,|/|G|, and for RHS
it is (1(G/H) gy () /|G/H|) - (Hl/|H) = |GoH/H||Hol /|G| = |Gl /|G| by Proposition 6.9
and G,,/H, = G,/(HNGy) =G,H/H. O
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Theorem 6.11 (Hasse-Arf). If G is abelian, n € Z>o and Gy, # Gpt1, then ¢g(n) € Z>g.

Proof. First assume G = G1. Then G = {:1 Z/p™Z by Proposition 6.2, and we proceed
by induction on j. When j = 1, i.e. G = Z/p™Z, if G,, # Gpy1 then n = ZLO n;p’ for
some 0 < j < m — 1 by Corollary 6.7, in which case ¢g(n) = pim(no p™ 4+ ngp - pm T +
oo+ nip! - p™I) € Zso by Lemma 6.10(i). For j > 1, if G, # Gp41 we can find H with
G/H =2 Z/p™Z,and G, H/H # Gpi1H/H. We have ¢ (n) € Z>¢ by inductive hypothesis,
and (G/H)g,m) # (G/H)pyns1) = (G/H) g, (n)+1 by Proposition 6.9. As G/H is cyclic,
we see ¢/ (du(n)) € Z>o, which is ¢g(n) by Lemma 6.10(ii).

When G # Gy, set H = Gy and |G/H| = eg. As ¢g/u(n) = n/eg for n € Rxq by
definition, by Lemma 6.10(ii) it suffices to show eg | ¢ (n) when n € Z>g and G,, # Gp41
(we know ¢p(n) € Z>p). If n =0 then ¢(0) = 0. Let n > 0. For any i € Z>; (where
H; = G;) with H; # Hi;1, we have eq | ¢ by Corollary 6.3, hence eq | Y"1, |H;|. As e and
|H| are coprime, we have eg | ¢g(n) by Lemma 6.10(i). O

Definition 6.12. For m € R>q, set G :=G,-1,_..
= ¢G (m)

Corollary 6.13. (i) IfG> H, then G"H/H = (G/H)™ for all m € Rxg.
(ii) Let K'/K and K"/K be two Galois extensions with K'K" /K totally ramified. If
Gal(K'/K)™ = Gal(K"/K)™ = {id} for m € R>, then Gal(K'K"/K)™ = {id}.
(iii) Let G be abelian. Then |G/G™| divides (q — 1)g™ ™! for m € Zxo.

Proof. (i): By Proposition 6.9 and Lemma 6.10(ii), we compute G H/H = G%l(m) H/H =
(G/H)¢H(¢51(m)) = (G/H)%}H(m) = (G/H)™. (ii): If G = Gal(K'K"/K) and G/H =
Gal(K"/K), then G"H/H = (G/H)™ = {id} shows G™ C H = Gal(K'K"/K"). Similarly
G™ C Gal(K'K"/K'), hence G™ = {id}. (iii): If n — 1 < ¢~1(m) < n for n € Z>q, then
G™ = G,. Consider G; for integers 1 < i < n. Then, by Theorem 6.11, G;_1 # G; can only
happen when ¢(i — 1) € Z, and as 0 < ¢(i — 1) < ¢(n — 1) < m, at most m — 1 times for
i > 1. By Proposition 6.2, |G;_1/G;| divides ¢ — 1 when i = 1 and ¢ when i > 1. O

6.3. The Local Kronecker-Weber theorem.
Proposition 6.14. Let 7 be a uniformizer of K and m > 1. Then Gal(K"/K)™ = {id}.

Proof. Let K" = K(py,,) and a € pg,, \ pg,_q. For o € Gal(K7'/K) \ {id}, we have
i(c) = v(o(a) — a) by Proposition 3.5(ii), where v = vgm. If pfn(0) = umodp™ €
(O /p™)* (see Proposition 3.5(iii)), then o(a) = [u]f(a). For o # id, set § := [u — 1] ¢().
If vg(u—1) =i for 0 < i < m, then 8 € pys, ; \ Bfpm_i—q is a uniformizer of K7*~*
by Proposition 3.5(ii), hence v(5) = ¢'. As [u]f(a) = a+; 8 = a+ [ (modaf), we
have [u]¢(a) — a = B (mod af3), hence i(0) = v(B) = ¢'. Thus for G = Gal(K}'/K) and
1 <i <m, we have |G| = |p]7;n(1+pi)] =qgm " for ¢ 1 -1 <n<q¢ —1. Thus ¢(¢™—1) =

& ST G = g (@ = a7 - q™) = moand G = Ggmoy = {id}. O
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Theorem 6.15. (Local Kronecker-Weber theorem) Every finite abelian extension of a local
field K is a Lubin-Tate extension, i.e. K'T = K?2P,

Proof. Extend Froby € Gal(K™'/K) arbitrarily to o € Gal(K* /K), and let E be a fixed
field of 0. Then E/K is totally ramified as £ N K" = K. We will show K® = EK". As
Gal(K®/E) = Z with o — 1, the extension K?P /E has a unique intermediate extension
of degree n for each n > 1, but EK,/E, where K,,/K is finite unramified of degree n, is

such an extension because £ N K" = K. Thus there is no other finite intermediate field of
K*/E, ie K* = EK™,

Now if we set 7 := Art ' (0| gur), it is a uniformizer of K, and o|gir fixes K™, hence
Kpm oo B As KVT = KIm KW it suffices to show B C K™, Let K'/K be any finite
Galois extension contained in E. It is totally ramified, and Gal(K’/K)™ = {id} for a large
m. Then we have Gal(K'K*/K)™ = {id} by Proposition 6.14 and Corollary 6.13(ii), hence
[K'K™: K] | (g —1)g™ ! = [K™ : K] by Corollary 6.13(iii), thus K’ C K. O

7. APPENDIX: BAsic racTs oN DVR

Here we gather some facts on DVR that are used in this article'3.

A ring A is called a discrete valuation ring (DVR) if it is a local ring (i.e. has a unique
maximal ideal) and a PID. Let A be a DVR and P its maximal ideal. A generator of P
is called a uniformizer of A. Each uniformizer n gives a following isomorphism of abelian
groups:

A X735 (u,b) — u -7’ € K*.
The second projection (valuation) vk : K* — Z does not depend on 7, and A = {z € K |
vg(z) >0} and P = {z € K | vg(z) > 0}.

The completion of A is defined as A= lim A/P™, which is also a DVR with the maximal
m

ideal P := PA. If K = Frac(A), then K := K ®4 A is the fraction field of A, which is called

the completion of K. The canonical map A — A is always injective (hence K C K ), and
if it is an isomorphism we call A a complete discrete valuation ring (CDVR). A completion

of a DVR is a CDVR, and A/P™ = A/P™. If Ais a DVR, choosing a complete set
of representatives C' for Amod P and elements x,, € A with v(z,) = n for all n > 0, we

can write any element of A= lim A/P™ uniquely as (EZ:OI CnTp mod Pm> with ¢, € C.
m

m
(Incidentally, this shows that if |C| < oo then |A/P™| = |C|™.) We write this element as
Yoo Cny (when x,, = 7™ for a uniformizer 7, this is called a w-adic expansion). Choosing

zn € K with v(z,) = n for all n € Z, any € K can be written as y + >~y <0 Cnn

for some y € g, hence as x = Zzozv(x) CnTyn. Also, if A is a CDVR, then we can substitute
Zi,...,Tn € P into any power series F' € A[[Xi,...,X,]] with coefficient in A to get

LBpor proofs, see e.g. http://abel .math.harvard.edu/ yoshida/AlgebraicNumberTheory.dvi.



18 TERUYOSHI YOSHIDA
F(z1,...,2,) € A. This is defined using A[[X1,..., X,]] = lim(A[Xy, ..., X,]/(degm))
and A = lim A/P™, by taking the limit of:

m

AlX1,...,X,]/(degm) > Fmoddegm —— F(x1,...,z,)mod P™ € A/P™.

Let A be a DVR, K its fraction field, L a separable extension of K of degree n, and B
the integral closure of A in L, so that L 2 B®4 K and L = Frac(B). Then B is a finitely
generated A-module, and as A is a PID, it is a free A-module of rank n = [L : K|. Also, B is
a Dedekind domain (1-dimensional integrally closed noetherian domain). If PB = [[Y_; Q'
is the prime ideal decomposition of the ideal PB of B generated by the elements of P, then
Q1,...,Q 4 are all the maximal ideals of B. Let B; = lim B/Q}". As B is a free A-module,

m
B® 4 and inverse limits commute, hence the following canonical maps are isomorphisms:

g
BRAAXB® (hmA/Pm> = hmB/(PB)m = hmHB/ QM HEZ
m =1 =1
Proposition 7.1. (i) If A is a CDVR, then so is B.
(ii) If B is also a DVR, then the completzon L ofL s isomorphic to L @k K (i.e. it is
the composite field LK ), and LN K = K in L.

Proof. (i): B~ B®4 A and B is a domain, hence g =1 and B~ B

(ii): BoA A~ Bgives Logx K 2 Lo (K®sA) = Log(BoaA) = LopB = L, hence
[L: K] =[L: K]. For the second statement, it suffices to show when L/K is Galois. Then
the restriction Gal(L/K) — Gal(L/(L N K)) is injective, hence [L: K] < [L: LNK] < [L:
K] but it is an equality, therefore L N K =K. O

Assume g = 1 and @ = @ in the following. As Q@ N A = P, the field kg := B/Q is an
extension of kp := A/P, and as B is a finitely generated A-module, kg/kp is finite. The
ramification index e and residue degree f are defined by PB = Q° and f = [kqg : kp]. As
vector spaces over kp, we have B/PB = (kg)°¢ (use Q-adic expansion), and the dimension
of RHS is ef, and the dimension of LHS is the rank of B as an A-module, which is n.
Therefore n = ef. We say L/K is unramified if e = 1 and totally ramified when f = 1.

Assume moreover that L/K is Galois and kp is perfect. An element of Gal(L/K) induces
an automorphism of B which maps @) onto itself, hence we have a group homomorphism:

Gal(L/K) 3 0 +— o|pmod Q € Aut(kq/kp).

We can show that kg /kp is Galois and the homomorphism is surjective. As |Gal(kg/kp)| =
f, the order of the kernel is e. The following gives an unramified example:

Proposition 7.2. Let L = K(p,,) (and g =1). If charkp fn, then L/K is unramified.
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Proof. We show that the above homomorphism is injective. As any element of Gal(K (u,,)/K)
is determined by the image of a generator ( € B* of u,, it suffices to show that if
¢t = ¢J (modQ) then ¢! = ¢J. As ¢! — ¢/ € Q implies (7 — 1 € Q, we only need to
show ¢! —1 ¢ Q for 1 < i <n— 1. Substituting X = 1 to the identity H?;ll(X — (¢ =
(X" -1)/(X =) =X""1+ X" 24 ... 4 X +1, weget [[I5/(1=¢)=n,and as n ¢ Q
we have [[7=} (1 — %) # 0 in the field kg, hence ¢* — 1 ¢ Q. O

Proof of Lemma 2.1. (<) follows from ¢! = ¢/ (modp) = ¢’ = ¢/, which we showed in
the proof of Proposition 7.2. We show (=-). As there is a generator of p, in k = Og/p,
take its representative (1 € Ok. As Ok = lim Ok /p™, it is enough to construct ¢, € Ok

for each m > 1 such that ¢/, = 1 (modp™) and (i1 = ¢ (mod p™). If we have (, let
n =1+ ar™ (modp™tt). Setting Cny1 = (m + Br™, we need (7,4 = (7 + ¢ pa™ =
1+ (a+n¢?13)7™ (modp™*1), hence B = —a/n¢% ! will do.

ol

8. REMARKS ON THE LITERATURE

The materials of Sections 3, 4 and 5.1 (the “relative” Lubin-Tate groups) are due to de
Shalit [2], although proofs are omitted there. Our Sections 3 and 4 follow Iwasawa [4].
This book treats the norm operator N only for the “classical” Lubin-Tate groups, which
proves the base change theorem for totally ramified extensions (and the part (i) of Theorem
A), and then appeals to the local Kronecker-Weber theorem to prove the base change in
the unramified case. Here we provided a uniform proof by using the norm operator in the
general setting. In Section 6 we combined Sen [8] with the standard material from Serre
[9]. Throughout this article we avoided the use of topological rings/fields, and instead used
the language of commutative algebra, which might be a somewhat new way of exposition.
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