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Introduction
The recent work of Cornut, Vatsal, Bertolini, Darmon, Nekovár
and others on the Mordell-Weil and Shafarevich-Tate groups of elliptic
curves over anticyclotomic towers has made it timely to organize, and
possibly sharpen, the collection of yet unresolved conjectures regarding
the finer structure we expect to be true about this piece of arithmetic.
That was the general aim of two of our recent preprints ([MR1], [MR2])
the former being the text of an address given at the International Congress of Mathematicians in Beijing last summer by the second author.
It was also the aim of the lecture delivered by the first author at the
conference in Barcelona in July. Since there was some overlap in our
two lectures (Beijing, Barcelona), we felt it reasonable not to repeat
things, but rather, in this write-up for the proceedings of the Barcelona
conference, to concentrate only on the following part of the story which
was not really covered in any of the other accounts.
In a recent preprint [N2], Nekovár developed a derived complex version of the theory of Selmer modules and expressed some of the standard dualities enjoyed by Selmer modules in the language of derived
complexes. The advantage of this is its naturality and generality: the
cohomological machinery directly yields such a structure, and we are
well-advised to keep that structure in view. The disadvantage is the
unavoidable largeness of the technique, which makes it slightly inconvenient, for example, to explain it in an hour. Nevertheless, if one is
to understand, and build upon, the collection of outstanding unsolved
problems regarding our anticyclotomic context, it might be a good idea
to hold in one’s head all these dualities at the same time. As an expository tool, it occurred to us to hypothesize a certain rigidification
of Nekovár’s theory (a single skew-Hermitian module) from which one
might obtain the Selmer module of interest, and all of its attendant
height pairings, and Cassels pairings, and upon which one can impose
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some of the finer structure carried, in some contexts, by Selmer modules (see for example the discussion of Heegner points and L-functions
in [MR1]). This hypothesized skew-Hermitian module has the virtue of
being very easy to explain, making use of only low-tech methods. The
great disadvantage of our theory is that we have no natural way of constructing the relevant skew-Hermitian matrices in any nontrivial case.
Our hope that perhaps we may eventually be able to find such natural
constructions, at least in some cases, was inspired by the vague analogy
it has to Seifert’s classical results which express the algebraic topology of abelian covers of knot complements in terms of skew-symmetric
matrices with coefficients in an appropriate localization of the group
ring of the first homology group of the knot complement. The Cassels
pairing in arithmetic has a formal structure similar to the Blanchfield
pairing in knot theory. The height pairings, however, which play such
a prominent role in arithmetic also have analogues in knot theory, but,
to our knowledge, these analogues haven’t been explicitly used in either
classical knot theory, or in the theory of knots in higher dimensions.
We offer Part 1 of this article as a possibly helpful expository warmup for any student interested in learning Nekovár’s “Selmer complexes.”
Part 2 discusses the arithmetic of elliptic curves over anticyclotomic
towers from the viewpoint sketched in Part 1.

Part 1. The structure of Selmer modules
1. Selmer groups of elliptic curves
Consider the structure “carried by” the p-Selmer group Sp (E, K) of
an elliptic curve E over a number field K. Recall that this Selmer
group is the Zp -module of finite type defined as the Pontrjagin dual of:
Y
ker(H 1 (K, E[p∞ ]) →
H 1 (Kv , E)),
v

where E[p∞ ] is the Galois module of p-power torsion on E, and the
product is over all places v of K. We define Sp (E, K)tors to be the
torsion subgroup of Sp (E, K) and Sp (E, K)free the canonical torsionfree quotient Sp (E, K)/Sp (E, K)tors .
Let the superscripts D and  denote Pontrjagin dual and Zp -dual,
respectively, so that M D := Hom(M, Q/Z) and M  := Hom(M, Zp ).
For simplicity let us assume the Shafarevich-Tate conjecture, so that
Sp (E, K)tors is canonically isomorphic to the Pontrjagin dual of the
p-primary subgroup of the Shafarevich-Tate group of E over K. It
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follows that there are canonical isomorphisms
Sp (E, K)free ∼
= E(K) ,

Sp (E, K)tors ∼
= X(E, K)[p∞ ]D ,

(E(K)/E(K)tors ) ⊗ Zp ∼
= Sp (E, K)free .

The Cassels pairing induces a nondegenerate skew-symmetric pairing
D
Sp (E, K)D
tors ⊗ Sp (E, K)tors −→ Qp /Zp .

Since this pairing is nondegenerate, it induces an isomorphism
Sp (E, K)tors ∼
= Sp (E, K)D
tors ,
and hence a nondegenerate skew-symmetric pairing
Sp (E, K)tors ⊗ Sp (E, K)tors −→ Qp /Zp .

(10 )

Assume now that every place v of K of residual characteristic p is a
prime of good, ordinary reduction for E. By a Zp -power extension of
K let us mean a Galois extensions with Galois group isomorphic to Z dp
for some natural number d, and by Γ := Γ(K) let us mean the Galois
group of the maximal Zp -power extension of K in an algebraic closure
of K (assumed chosen and fixed). Recall that we have a canonical
symmetric, bilinear, p-adic height pairing
Sp (E, K)free ⊗ Sp (E, K)free −→ Γ(K) ⊗ Qp

(20 )

and we may even guarantee that the the values of this pairing are nearly
integers, in the sense that they are contained in
1
· Γ(K) ⊂ Γ(K) ⊗ Qp
δ(E, K)
where the denominator δ(E, K) is a very controllable number, often
1 (cf. [MT]). The p-adic height pairing is conveniently functorial in
K, and in particular when K/Q is Galois the pairing is Gal(K/Q)equivariant in an evident sense.
We will be studying, later, more machinery than (10 ) and (20 ) that
Selmer groups are naturally endowed with, but for the moment let us
take a step backwards and repeat the algebraic structure discussed so
far.
Let A be a discrete valuation ring and a Zp -algebra (A was simply
Zp in the previous paragraph). Denote by K the field of fractions of A.
Let Γ be an abelian pro-p-group, and let S be an A-module of finite
type. Form the canonical exact sequence of A-modules
0 −→ T −→ S −→ F −→ 0,
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where T is a torsion A-module and F free. We assume that we have a
nondegenerate bilinear skew-symmetric pairing
T ⊗A T −→ K/A,

(1)

F  ⊗ F  → Γ ⊗ Zp K

(2)

and a bilinear symmetric pairing

where the superscript  now denotes A-duality, i.e., F  := HomA (F, A).
Also, it is good to bear in mind (without formally including this feature
in our axiomatic set-up above) that in the prototype, the symmetric
pairing (2) takes values in
1
· Γ ⊗Zp A ⊂ Γ ⊗Zp K,
δ
where δ is something computable.
How might one naturally come across an A-module S above with the
two types of pairings as sketched above?
2. Hermitian and Skew-Hermitian modules
Fix a commutative ring R endowed with an involution ι : R → R.
If M is an R-module, let M ι denote the R-module having the same
underlying abelian group M , but with R-module structure obtained
from that of M by composition with ι. Clearly (M ι )ι = M . By a
semi-linear (R, ι)-module we mean an R module W endowed with an
involution i : W → W such that i(rw) = ι(r) · i(w) for all r ∈ R and
w ∈ W . Equivalently, we may think of the involution i as an R-module
isomorphism i : W → W ι such that iι · i : W → (W ι )ι = W is the
identity. We refer to such a pair (W, i) as a semi-linear module, for
short. The involution ι of the free R-module R endows that module
with a natural semi-linear structure. If M is an R-module and W
is a semi-linear R-module, the the R-module HomR (M, W ) inherits
a semi-linear structure as follows. For f ∈ Hom(M, W ) let i(f ) ∈
HomR (M, W ) be given by i(f ) := i ◦ f. For a free R-module Φ of
finite rank, by the semi-linear R-dual Φ∗ of Φ we mean the R-module
Φ∗ := HomR (Φι , R) with the semi-linear structure as given above.
If I ⊂ R is an ideal which is stable under the action ι then the
quotient R/I inherits an involution compatible with ι; we denote it
again ι. Let us call such an ideal I a switching ideal if ι induces the
identity involution on R/I and the automorphism “multiplication by
−1” on I/I 2 .
Example 2.1. A principal example for us is the following. Suppose
B is a commutative Zp -algebra and G is a commutative pro-p group.
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Let R be the completed group ring B[[G]], and let ι be the involution
which operates as the identity on B and by g 7→ g −1 on G.
If H ⊂ G is a closed subgroup, let IH ⊂ R be the closed ideal
generated by all elements of the form h − 1 ∈ R for h ∈ H. That is, I H
is the kernel of the natural projection B[[G]] → B[[G/H]]. We have a
canonical isomorphism of B[[G/H]]-modules
H ⊗Z B[[G/H]] ∼
= IH /I 2
H

p

characterized by the property that the element h ⊗ 1 is sent to h − 1
2
modulo IH
for all h ∈ H. The augmentation ideal IG ⊂ B[[G]] is a
switching ideal.
If Φ is an R-module, and W a semi-linear R-module, a pairing
π : Φ ⊗ R Φι → W

is called Hermitian if

π(a ⊗R b) = +i(π(b ⊗R a)),

and skew-Hermitian if

π(a ⊗R b) = −i(π(b ⊗R a)).
Remark 2.2. When we talk of Hermitian or skew-Hermitian pairings
with values in the ring R we will always mean to view the ring R with
semi-linear R-module structure given by its involution ι. Note however, that if i : W → W is a semi-linear involution of an R-module W ,
then so is −i, and if we switch to considering i0 = −i, then Hermitian pairings with values in the semi-linear R-module (W, i) are skewHermitian pairings with values in (W, i0 ), and vice-versa.
3. Derived pairings
Suppose from now on that Φ is free over R of finite rank, and W =
R. Suppose further that we have a nondegenerate R-valued skewHermitian pairing Φ ⊗ Φι → R. Such a pairing corresponds to an
injective R-homomorphism
h : Φ −→ Φ∗

and the skew-Hermitian property of the pairing is then equivalent to
the fact that the induced map
h∗

Φι = Hom(Φ∗ , R) −→ Hom(Φ, R) = (Φ∗ )ι

is identified with −h under the canonical isomorphism Hom R (Φ, Φ∗ ) =
HomR (Φι , (Φ∗ )ι ).
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Let S denote the cokernel of h, so that
h

0 −→ Φ −−→ Φ∗ −→ S −→ 0

(3)

is a free resolution of the R-module S, giving, in particular that the
A-modules ToriR (S, A) and ExtiR (S, A) vanish for every R-algebra A
and every i > 1. If A is an R-algebra put
M (A) := Tor1R (S, A) = ker(h ⊗R A),
S(A) := S ⊗R A = coker(h ⊗R A)

(the letter M is chosen to remind us of Mordell-Weil, while the letter
S is chosen to remind us of Selmer; see §5). These definitions give us
an exact sequence of A-modules
h⊗A

0 −→ M (A) −→ Φ ⊗R A −−→ Φ∗ ⊗R A −→ S(A) −→ 0.

(4)

Now let us pass to the special case where A is an R-algebra with
involution, compatible with the involution ι of R. We use the same
letters ι and i to refer to the involutions of A and of Φ∗ ⊗R A. We
have that h∗ ⊗R A = −h ⊗R A, and using this along with (4) (for the
upper exact sequence) and (3) (for the lower exact sequence) gives a
commutative diagram of A-modules,
/

0

0

/

M (A)ι
/

HomR (S, A)
/

Φι ⊗ A


−h⊗A

/

(Φ∗ )ι ⊗ A

∼
=

Hom(Φ∗ , A)

h∗ ⊗A

/



/

S(A)ι

S(A) ∼
=

0

∼
=

Hom(Φ, A)
/

Ext1R (S, A)

Thus we obtain canonical isomorphisms
M (A)ι ∼
= HomR (S, A),
ι

/

Ext1R (S, A).

/

0.
(5)
(6)

Assume now that A is a quotient R-algebra with compatible involution, that is, A = R/I where I ⊂ R is stable under ι. Tensoring the
exact sequence
0 −→ I −→ R −→ A −→ 0
with S gives a canonical injection
0 −→ Tor1R (S, A) −→ I ⊗R S

and composing this with the natural pairing

(I ⊗R S) ⊗R HomR (S, A) −→ I ⊗R A = I/I 2

we get the pairing

Tor1R (S, A) ⊗A HomR (S, A) −→ I/I 2 .
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Now, using the definition of M (A) and (5), we obtain the pairing:
M (A) ⊗A M (A)ι −→ I/I 2 .

(7)

Note that if ι induces multiplication by −1 on I/I 2 , then (7) is an
A-bilinear symmetric pairing.
Remark 3.1. Here is a more direct description of the pairing (7).
Let h , i denote the skew-Hermitian pairing corresponding to h, and
if m ∈ M (A) ⊂ Φ/IΦ let m̃ ∈ Φ denote any choice of lifting of m.
Then, from the definition of M (A), hm̃, xi ∈ I ⊂ R for every x ∈ Φ.
If m1 , m2 ∈ M (A) we see that the value hm̃1 , m̃2 i ∈ I, when taken
modulo I 2 , is dependent only upon the elements m1 , m2 ∈ M (A) and
independent of the choices of liftings m̃1 , m̃2 ∈ Φ. Then the A-bilinear
pairing (7) is defined by the rule
m1 ⊗ m2 7→ hm̃1 , m̃2 i (mod I 2 ) ∈ I/I 2 .
Now let us suppose, for simplicity, that A is a principal ideal domain,
and denote its field of fractions by K. The natural exact sequence
0 −→ S(A)tors −→ S(A) −→ S(A)free −→ 0,

decomposing the A-module S(A) into its torsion A-submodule and
torsionfree quotient, has a (noncanonical) splitting. Combining this
with the natural long exact sequence coming from applying the functor HomR (S, · ) to the exact sequence of R-modules 0 → A → K →
K/A → 0 we obtain an exact sequence
0 −→ HomA (S(A)tors , K/A) −→ Ext1R (S, A) −→ Ext1R (S, K),

from which we see that the A-torsion submodule of Ext1R (S, A) may
be identified with HomA (S(A)tors , K/A). Therefore, restricting the isomorphism (6) to S(A)ιtors we obtain a pairing
S(A)tors ⊗A S(A)ιtors −→ K/A

(8)

which is A-bilinear and nondegenerate.

Remark 3.2. Here is a more direct description of the pairing (8).
Suppose s ∈ S(A)tors , say as = 0 with a ∈ A. From the definition (4)
of S(A), we can choose s̃ ∈ Φ ⊗ A and s̃∗ ∈ Φ∗ ⊗ A such that s̃∗ lifts s
(under (4)) and s̃ lifts as̃∗ . Similarly, if t ∈ S(A)ιtors and bt = 0 we can
lift to t̃ ∈ Φι ⊗ A whose image in (Φ∗ )ι ⊗ A is b times a lift of t.
Let h , iA denote the skew-Hermitian pairing (Φ⊗A)⊗(Φι ⊗A) → A
induced by h. Then the pairing (8) is given by
s ⊗ t 7→ (ab)−1 hs̃, t̃iA

(mod A) ∈ (ab)−1 A/A ⊂ K/A.

This is independent of all the choices that were made.
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In summary, given a skew-Hermitian module Φ over R, with the
hypotheses above, for every ideal I ⊂ R stable under the action of ι
with A := R/I a principal ideal domain, we get an A-bilinear pairing
(7) on M (A) with values in I/I 2 and a nondegenerate A-bilinear pairing
(8) on S(A)tors with values in K/A.
In the special case where I ⊂ R is a switching ideal, the pairing (7)
is symmetric and the pairing (8) is skew-symmetric.
4. Discriminants, “L-functions”, and regulators
Let Φ be a skew-Hermitian module over R as in §3, and continue to
suppose that A = R/I is a principal ideal domain. Denote by D ∈ R
the discriminant of the skew-Hermitian pairing on Φ (well-defined up
to an element uuι with u ∈ R× ). Let r denote the rank of the free
A-module M (A), and denote by d ∈ I r /I r+1 the discriminant of the
symmetric pairing (7) (well-defined up to an element vv ι with v ∈ A× ).
Let s ∈ A denote a generator of the Fitting ideal of the A-torsion
module S(A)tors .
Proposition 4.1. The discriminant D lies in I r , and if D(r) ∈ I r /I r+1
denotes the image of D in I r /I r+1 then we have (up to a unit in A× )
D(r) = d · s.
Remark 4.2. One might think of this formula as analogous to the
standard (conjectured, or sometimes proved) formulas linking a special
value of the r-th derivative of an L-function to the product of a heightpairing regulator times a term which reflects torsion in the Selmer
group.
Proof of Proposition 4.1. Form the free A-modules Ψ := Φ/IΦ and
Ψ∗ := Φ∗ /IΦ∗ . Then Ψ∗ = Hom(Ψι , A), and both Ψ and Ψ∗ are free
over A of rank g := rankR (Φ). The A-module Ψ inherits an A-bilinear
skew-Hermitian pairing from the skew-Hermitian pairing on Φ.
Since M (A) is the kernel of h ⊗ A : Ψ → Ψ∗ , M (A) is a direct
summand of Ψ. Fix an R-basis of Φ whose first r elements reduce
modulo I to an A-basis of M (A), and let N be the submodule of Ψ
generated by the reductions of the last g − r basis elements. Then
Ψ = M (A) ⊕ N , and with respect to this basis the pairing on Φ is
given by a matrix


B1 B2
B=
B3 B4
where B1 , B2 , and B3 are r × r, r × (g − r), and (g − r) × r matrices
with entries in I, and B4 is a (g − r) × (g − r) matrix with entries in
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R. Thus we see directly that D = det(B) ∈ I r and
D(r) ≡ det(B1 ) det(B4 ) (mod I r+1 ).

(9)

By Remark 3.1, the matrix giving the pairing (7) on M (A) with
respect to our chosen basis is B1 (mod I 2 ), so d ≡ det(B1 ) (mod I r+1 ).
Let B 0 and B40 be the reductions of B and B4 modulo I, so their
entries lie in A and


0 0
0
.
B =
0 B40
Then B 0 is the matrix describing the map h⊗A : Ψ → Ψ∗ . Thus B 0 has
rank g − r, so the (g − r) × (g − r)-matrix B40 has nonzero determinant
in A. Further, we have
S(A) = coker(h ⊗ A) = Ψ∗ /B 0 Ψ = M (A)∗ ⊕ (N ∗ /B40 N )
so S(A)tors = N ∗ /B40 N has Fitting ideal det(B40 ). Now the proposition
follows from (9).

Part 2. Skew-Hermitian modules and arithmetic
5. The arithmetic of (E, K, p)
Let us fix an elliptic curve E over a number field K, having good
ordinary reduction at all primes of K above p. We keep the notation as in §1. Let K̃ be the maximal Zp -power extension of K, and
Γ(K) = Gal(K̃/K). Let R be a localization of the completed group ring
Zp [[Γ(K)]], viewed as Zp [[Γ(K)]]-algebra, endowed with the (unique)
involution ι : R → R compatible with the standard involution of
Zp [[Γ(K)]] (given by inversion of group elements). By an intermediate field extension L we mean an extension field L of K contained
in K̃. Put HL := Gal(K̃/L) ⊂ Γ(K), and note that the ideal IL of R
generated by IHL is stable under the involution ι and IK is a switching
ideal. Define the quotient R-algebra
AL := R/IL = R ⊗Zp [[Γ(K)]] Zp [[Gal(L/K)]].
For arbitrary intermediate extensions L define the Selmer A L -module
S(L) = Sp (E, L; R) := lim (Sp (E, K 0 ) ⊗Zp [[Γ(K)]] R),
←−
0
K

the projective limit being taken over all finite extensions K 0 of K in L.
Denote the R-module S(K̃) simply S.
Assume the following:
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Perfect Control axiom. The natural AL -homomorphism
S ⊗R AL −→ S(L)

is an isomorphism for all intermediate fields L.
Remark 5.1. Although the Perfect Control axiom doesn’t universally
hold, the homomorphism S ⊗R AL → S(L) usually has rather small kernel and cokernel bounded independent of L (as implied by the “Control
Theorem,” which holds in a fairly general context) and it is often possible to choose localizations R of Zp [[Γ(K)]] so as to avoid the support of
these kernels and cokernels, and thereby force this axiom to hold (see
[M, G]). An alternate strategy is to simply replace the classical Selmer
groups S(L) by S 0 (L) := S ⊗R AL relying on the control theorem, when
it applies, to guarantee that these S 0 (L)’s are not very different from
the S(L)’s. In what follows we just assume the Perfect Control axiom.
Put
M (L) := HomR (S, AL )ι = HomAL (S(L), AL )ι ,
the latter equality holding because of the Control axiom. If L ⊂ L 0
is an inclusion of intermediate fields, using the first equality above we
have a natural induced homomorphism M (L0 ) → M (L). Moreover,
again using the first equality, for any intermediate field L we have
M (L) ∼
M (K 0 )
= lim
←−
0
K

where K 0 ranges through any increasing sequence of intermediate fields
whose union is L. In particular, for any intermediate field L, M (L) can
be computed as a projective limit of M (K 0 )’s for intermediate fields K 0
of finite degree over K.
If L ⊂ L0 is an inclusion of intermediate fields of finite degree over
K, let E(L0 ) → E(L) denote the natural trace (also called “norm”)
mapping on Mordell-Weil groups. For any intermediate field L, of
finite degree or not, consider the AL -module
U (L) := lim (E(K 0 )/E(K 0 )tors ⊗ Zp ) ⊗Zp [[Γ(K)]] AL
←−
0
K

where K 0 ranges through any increasing sequence of intermediate fields
of finite degree over K whose union is L.
Proposition 5.2. Let L be an intermediate field.
(i) If [L : K] is finite and G = Gal(L/K), then there is a natural
isomorphism of AL -modules
M (L) ∼
= (E(L)/E(L)tors ) ⊗Z[G] AL .
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(ii) For arbitrary L there is a natural isomorphism of AL -modules
M (L) ∼
= U (L).
Proof. We will prove (i), and then (ii) follows by passing to the projective limit. So we assume that L/K is finite. Recall that we have
also assumed the Shafarevich-Tate conjecture and the Perfect Control
axiom.
We have
M (L)ι = HomAL (S(L), AL ) = HomZp [G] (Sp (E, L), Zp [G]) ⊗ AL .

The maximal Zp -torsion-free quotient

Sp (E, L)free := Sp (E, L)/Sp (E, L)tors
of Sp (E, L) satisfies
S(L)free ∼
= Hom(E(L), Zp ).
Therefore we get isomorphisms
HomZ [G] (Sp (E, L), Zp [G]) ∼
= HomZ

p [G] (Sp (E, L)free , Zp [G])
∼
= HomZp [G] (Hom(E(L), Zp ), Zp [G])
∼
= HomZp (Hom(E(L), Zp ), Zp )
∼
= (E(L)/E(L)tors ) ⊗ Zp

p

using (for example) [Br] Proposition VI.3.4 for the third isomorphism.
Tensoring with AL proves (i).

Let us now examine whether we have analogues of the two basic
isomorphisms (5), (6) of §3. Specifically (assuming the Perfect Control
axiom) are there natural isomorphisms of AL -modules
?

M (L) ∼
= TorR (S, AL ),

?

S(L)ι ∼
= Ext1R (S, AL )

(10)

for every intermediate extension L?
In [N2] (cf. §6.6, and passim) Nekovár constructs what he calls the
Selmer complex of R-modules. Applying his construction to our triple
(E, K, p) we get that the associated Selmer complex lies in the derived
category of bounded R-modules, and is supplied with a skew-Hermitian
self-pairing, which, if one assumes the Perfect Control axiom and the
vanishing of what Nekovár calls “error terms,” produces the isomorphisms (10). Given a skew-Hermitian R-module Φ let us view the
corresponding R-homomorphism Φ = {Φ → Φ∗ } as being a complex
in the derived category of bounded R-modules (putting Φ ∗ in degree
1) and note that the skew-Hermitian pairing gives an isomorphism
∼

η:Φ −
→ HomR (Φι , R)[−3].
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Definition 5.3. Let (E, K, p) be as above,and R a localization of the
completed p-adic group ring of Γ(K) with involution ι which extends
the natural involution on the group ring. Let us say that the skewHermitian R-module Φ organizes the arithmetic of (E, K, p) if the corresponding R-homomorphism h : Φ → Φ∗ is injective, the Perfect Control axiom holds, and the complex Φ is quasi-equivalent to Nekovár’s
Selmer complex, the quasi-equivalence being compatible with skewHermitian pairings.
If Φ organizes the arithmetic of (E, K, p), then for every intermediate
extension L/K we have an exact sequence of AL -modules
0 −→ U (L) −→ Φ ⊗R AL −→ Φ∗ ⊗R AL −→ Sp (E, L) ⊗ AL −→ 0.

Further, the induced pairing on U (L) described in §3 coincides with
the p-adic height pairing on U (L), and if [L : K] is finite and A L is a
principal ideal domain then the induced pairing on (S p (E, L) ⊗ AL )tors
described in §3 coincides with the Cassels pairing.
6. The classical anticyclotomic setting
In this section we assume all the hypotheses and notation of section
5 and, furthermore, that E is an elliptic curve over Q without complex
multiplication, K is a quadratic imaginary field, and p is an odd prime
number. We have that Γ(K) is free of rank two over Zp and decomposes
canonically as the product
Γ(K) = Γanti × Γcycl

where Γanti := Gal(K anti /K) and Γcycl := Gal(K cycl /K). Here K anti /K
and K cycl /K are the classical anticyclotomic and cyclotomic Zp -extensions of K, respectively.
We will be particularly interested in the anticyclotomic Z p -extension,
so put
L := K anti .
As in [MR1], [MR2] let us consider the sign of χK (−N ) where χK is
the quadratic Dirichlet character attached to the field K, and N is the
conductor of E. Conditional upon the hypotheses that we have made,
this sign controls two things. First, thanks to a result of Nekovár [N1],
if the sign is “+” then the rank of E(K) is even, and if the sign is “−”
then that rank is odd. Thanks also to recent results of Vatsal, Cornut,
Kolyvagin and others, if the sign is “+” then U (L) is trivial, while if
it is “−” then U (L) is free of rank one over AL . In the case where the
sign is “−” we have the height pairing
hL : U (L) ⊗AL U (L)ι −→ IL /IL2 = Γcycl ⊗Zp AL .
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Under the above hypotheses, in [MR1] we made the following conjecture.
Conjecture 6.1. If χK (−N ) = −1 then the height-pairing hL is an
isomorphism of free, rank-one AL -modules.
Put another way, Conjecture 6.1 says that the regulator of the height
pairing hL on U (L) is a unit.
Now suppose that the skew-Hermitian R-module Φ organizes the
arithmetic of (E, K, p), as in Definition 5.3, with (x, y) 7→ hx, yi denoting the R-valued skew-Hermitian pairing on Φ. Choose an element
u ∈ Φ that projects to a generator of the AL -module U (L) in Φ/IL Φ.
Then hu, vi ∈ IL for all v ∈ Φ, and Conjecture 6.1 would imply that
hu, ui is a generator of the ideal IL ⊂ R.
Under these conditions, the Gram-Schmidt projector π : Φ → Φ
defined by
hv, ui
v 7→ π(v) = v −
u
hu, ui
splits the skew-Hermitian module Φ into the direct sum of the free,
rank-one skew-Hermitian R-module Ru and its orthogonal complement
π(Φ).
Remark 6.2. If the Conjecture 6.1 holds, and if there is a skewHermitian organizer of the arithmetic of (E, K, p), then under the above
conditions when χK (−N ) = −1 the Selmer complex in the derived
category splits as a direct sum of a complex quasi-isomorphic to the
complex R → R (the mapping sending 1 to an “imaginary” generator
of IL ) plus another complex. The former complex would account for
the universal norms in Mordell-Weil compiled by ascending the anticyclotomic tower; the latter complex cannot vanish if the rank of the
Mordell-Weil group of E over K is greater than 1 and indeed the Rrank g of an organizer Φ must be at least equal to the rank of the
Mordell-Weil group of E over K.
Remark 6.3. If Φ organizes the arithmetic of (E, K, p), then the characteristic ideal of the Selmer R-module S is the discriminant D of the
pairing h : Φ → Φ∗ . In this situation the “two-variable main conjecture” is equivalent to the following.
Conjecture 6.4. The discriminant of h is equal, up to a unit in R,
to the two-variable p-adic L-function of Haran and Hida [Ha, Hi, PR1,
PR2].
For more about the relation between our setup and other anticyclotomic conjectures, see [MR1].
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