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This is an introduction into Geometry and geometricanalysis,taught in the
fall term 1995at Caltech. It introducesgeometryon manifolds, tensor
analysis,pseudoRiemanniangeometry. Generalrelativit y is usedas a

guiding examplein the last part. Exercises,midterm and �nal with solutions
as well as4 appendiceslisting someresults and de�nitions in real analysis,

geometry, measuretheory and di�erential equationsare located at the end of
the text. The material contains hardly anything which can not be found in

the union of the textbooks listed in the bibliography. In retrospect the
material appearsa bit too condensedfor a 9 weekundergraduatecourse.
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Preliminaries

0.1 In tro duction

What is geometry?
The partition of mathematics into topics is a matter of fashion and depends on the time
period. It is therefore not so easyto de�ne what part of mathematics is geometry .

� The original meaningof geometryorigins in the pre-Greekantiquit y, wheremeasure-
men t of the earth had priorit y. However, in ancient Greek, most mathematics was
consideredgeometry.

� Felix Klein's Erlanger program proposedto classify mathematics and especially geom-
etry algebraically by group of isomorphisms . For example, conformal geometry is
left invariant under conformal transformations.

� Today, geometry is mainly used in the senseof di�eren tial topology, the study of
di�eren tiable manifolds. Sincedi�eren tiable manifolds can also be discrete, this does
not exclude �nite geometries.

Geometry and other parts of Mathematics .
It is maybe uselessto put boundaries in a speci�c mathematical �eld. Any major �eld of
mathematics in
uences the other major �elds. An indication of this fact is that one could
take any ordered pair of the set of topics f "algebra", "geometry", "analysis", "probabilit y
theory","n umber theory" g and form pairs like f geometric; analysisg which de�nes itself a
branch of mathematics like in the example"geometric analysis" or analytic geometry .
There are other branches of geometry like Di�eren tial geometry, the study of Riemannian
manifolds, Algebraic geometry, the study of varieties=algebraic manifolds, Symplectic ge-
ometry, the study of symplectic manifolds, Geometry of Gauge�elds, di�eren tial geometry
on �b er bundles, Spectral Geometry, the spectral theory of di�eren tial operators on a man-
ifold. Non-commutativ e Geometry, geometry on spaceswith fractal dimensions, foliations
or discrete manifolds.

Wh y is geometry imp ortan t?
Many classical physical theories can be described in a purely geometricalway. Examples
are classical mechanics , electromagnetism and other gauge �eld theories , general
relativit y or the standard mo del in particle physics .

Ab out this course
This courseis the �rst part of an intro duction into geometryand geometricanalysis. It does
not rely on a speci�c book. The material treated in this term is covered quite well by the
books [16] and [1]. But careful, these two sourcestogether add up to almost 2000 pages.
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We will build up di�eren tial calculus on manifolds, do somedi�eren tial geometry and use
an intro duction into general relativit y as an application.

0.2 Some problems in geometry

We �rst look at a selectedlist of problems which belong to the realm of geometric analysis.
The list should give a glimpse onto the subject. It is not so important to understand the
problems now. You will encounter one or the other during the courseor in the secondor
third part of the course.

1) The Ham-Sandwic h-Salad problem: 1 Given a sandwich made of bread, salad and
ham. Can you cut the sandwich into two piecesin such a way that both parts have the
same amount of ham and the same amount of bread and the same amount of salad? A
mathematical reformulation is: given three sets B ; H ; S � R 3. Is there a plane in R 3 such
that the volumesof H and B and S are the sameon each side of the plane?

Remark: the solution of this problem is called the Stone-T uk ey theorem and is a pleasant applica-
tion of the Borsuk-Ulam theorem , which says that for any contin uous mapping f : S ! R 2 from
a sphereS to the plane, there is a point p in S such that f (p) = f (p� ), where p� is the antip ode of p.

Example: The Borsuk-Ulam's theorem implies for example that there exists always two antip odal
points on the earth which have both the sametemperature and the samepressure.

Explanation. Let us explain, how the more abstract theorem of Borsuk-Ulam gives the solution
of the Ham-Sandwich-Salad problem: for any set X and any line l , there exists a point P (l ; X )
which lies on l and such that the plane perpendicular to l through P(l ; X ) cuts X into two pieces
of the samevolume. De�ne a map f X from the sphereS to R by de�ning f X (x) = jx � P (l (x); X )j,
where l(x) is the line through x and the origin. Clearly f X (x � ) = 2 � f X (x). De�ne now the map
g : S ! R 2 by g(x) = (f B (x) � f S (x); f H (x) � f S (x)). By Borsuk-Ulam, there exists a point p on
the sphere, such that g(p) = g(p� ). Since g(x) = � g(x � ) for all x, we have g(p) = 0. This however
assuresthat f B (p) = f H (p) = f H (p).

A proof of the Borsuk-Ulam theorem can be obtained using the notion of the degree of a contin uous
map f from one manifold to an other manifold.

2) The annulus problem and the Sch•on
ies problem : given two centered standard
balls B1; B2 in R d of radius 1 and 2. The region betweenB1 and B2 is called an annulus .
The problem is to show: for a smooth embeddingof a d-dimensionalball into a d-dimensional
ball, the region between these two regions is homeomorphic to the annulus. This has been
shown in dimensionsd 6= 4.
The requirement of smoothnesswas important and we want to illustrate, why it can't be
dropped: consider the Alexander horned sphere inside the ball in R 3. Every closed
curve in a three dimensionalannulus can be deformedto any other closedcurve. This is not
true for the region betweenthe horned sphereand the sphere: put a loop around one horn.
We can not take it out without breaking it. But the horned sphereis homeomorphicto the
three dimensional ball. However, this embedding is not smooth at accumulation points of

1 I learned this problem as a high school student during an "op en door event" at the ETH Z•urich. The
inspiring lecture for high school students who were shopping for a study discipline was given by Peter Henrici.
The lecture convinced me: "math is it".
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the horns.
The Alexander horned sphereserved as a counter example of the Sch•on
ies problem : is
every (d � 1)-dimensional spherewhich is embedded in R n the boundary of an embedded
n dimensional disk? In dimension 2 this is true (theorem of Sch•on
ies) and sharpens the
Jordan curv e theorem.

3) The knot classi�cation problem : A knot is an embedding of the circle in R 3. This
means that it is a closed curve in spacewithout sel�n tersections. Two knots are called
equivalent, if they can be deformed into each other. The problem to classify all knots is a
special caseof the classi�cation problem for three dimensional manifolds becausethe com-
plement of a knot is a three-dimensional manifold and these manifolds are homeomorphic
if and only if the knots are isomorphic. Maxwell and other scientists had constructed a
theory which suggestedthat elementary particles are made of knots. This motivated the
classi�cation even if not much later, Maxwell's idea was given up. The theory of knots has
now astonishing relations with top ological quan tum �eld theory .

4) Electromagnetic �elds in curv ed space time . Considera four dimensionalmanifold
M . An electromagnetic �eld on M is a two-form F on M . Without de�ning it properly
now, the �eld F is a skew-symmetric 4� 4 matrix Fij = � Fj i attached at each point m 2 M
so that the entries of F depend smoothly on the point m. The �eld is required to satisfy
the Maxwell equations @F ij

@x k
+ @F j k

@x i
+ @F k i

@x j
= 0. A classof such �elds can be obtained as

Fij = dAij = @A i
@x j

@A j

@x i
, whereA = (A1; A2; A3; A4) is a vector potential: A i (m) 2 R depends

smoothly on m. Are they all? This problem is a cohomologicalproblem. There exists a
group H 2(M ) called second cohomology group which is an invariant of the manifold.
Isomorphic manifolds have the samegroup. If this group is trivial, then all the �elds F are
of the form F = dA. For the four-dimensional sphereS4 one has H 2(S4) = 0. The same
is true for a smoothly contractible manifold. Consider now the manifold M = R 4 n R t ,
where R t is the t axis (one of the four coordinate axis in R 4). This is the place, where the
�eld F = dA a point charge given by the potential A(x) = (� 1=jxj; 0; 0; 0) is de�ned. The
cohomologygroup H 2(M ) is one-dimensionaland generatedby � F , which is interpreted as
the charge of the source.

5) Fixed poin ts of homeomorphisms and di�eomorphisms : How many �xed points
are there for a continuous map f : M ! M or a homeomorphismof a manifold? Bro wer's
�xed poin t theorem states that a continuous map from a closed disk to itself has at
least one �xed point. A theorem of Poincar �e-Birkho� which is relevant in Hamiltonian
mechanicssays that an orientation-preserving homeomorphismsof an annulus which rotates
the boundariesin opposite directions hasat least two �xed points. A theorem of Lefshetz
tells that any continuous map of the two spherewhich is homotopic to the identit y has at

least one�xed point. There are in generalnot more �xed points as the translation z 7! z+ 1
on the Riemann sphereshows. Nikshin and Simon showed that a homeomorphismsof S2

homotopic to the identit y which preservesthe volume measurehasat least two �xed points.
Lefshetz intro duced also an invariant �( f ) called the Lefshetz num ber for a continuous
map f from a manifold M to itself. If this number is not vanishing, then the map f has a
�xed point. By computing the Lefshetz number one concludesthat every Riemann surface
of genus > 1 has a �xed point. There are area-preservingdi�eomorphisms of the two-torus
T 2, which have no �xed points (for exampletranslations). However, every homeomorphism
of the two-dimensional torus which is homotopic to the identit y, which leaves the volume
measureand the center of gravit y invariant, hasat least three �xed points. In many of these
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examples,global topological e�ects are important.

6) The generalized Poincar �e conjecture : This conjecture, which is proven in dimen-
sions d � 5 by Smale, states that every closedn-dimensional manifold which is homotopy
equivalent to the n-sphereis homeomorphicto the n-sphere.
The Poincar �e conjecture itself states that every simply connectedclosedmanifold of di-
mension3 is homeomorphicto the three dimensional sphere. This question is still open.

7) Classi�cation of Riemann surfaces. A Riemann surface M is a two dimensional
manifold such that coordinate changeson this manifold are holomorphic, when R 2 is iden-
ti�ed with C. A choice of an atlas is called a complex structure . If C is the set of these
structures and D is the set of orientation-preserving di�eomorphismson M homotopic to the
identit y, then D acts on D and the quotient spaceC=D is called the Teichm •uller space
of M . This spaceis a smooth �nite-dimensional manifold. The problem to understand this
manifold is di�eren t from the topological classi�cation problem of manifolds and a typical
question in geometry.

8) Can you hear the shap e of a drum? On any Riemannian manifold M , there exists a
notion of a gradient and a notion of div ergence . As in the Euclidean space,onecan de�ne
the Laplacian � f = div gradf . If M is compact, then � has eigenvalues0 � � 1 � � 2 : : :
which convergeto in�nit y. An interesting problem is to �nd the set of isospectral manifolds
to a given manifold. An other problem is to �nd the set of metrics on M , which maximize
det(�), wheredet is a regularizeddeterminant. The question"Can you hear ..." is due to M.
Kac and is formulated for manifolds with boundaries,wherethe Laplace-Beltrami operator is
takenwith Dirichlet boundary conditions. There are now known two-dimensionalisospectral
domainsin the plane, but it is for examplenot known, whether there exist smooth isospectral
domains or convex isospectral domains in the plane.



Chapter 1

Manifolds

1.1 De�nition of manifolds

De�nition. A lo cally Euclidean space M of dimensionn is a Hausdor� topological space,
for which each point x 2 M has a neighborhood U, which is homeomorphic to an open
subset � (U) of R n . The pair (U; � ) is called a coordinate system or a chart .

De�nition. A Ck atlas on a locally Euclidean spaceM is a collection F = f Ui ; � i gi 2 I of
charts such that

S
i 2 I Ui = M , � ij = � i � � � 1

j is in Ck (� i (Uj \ Ui ); R n ). An atlas is max-
imal , if it has the property that if (U; � ) is a chart such that � � � � 1

i and � i � � � 1 are Ck

for all i 2 I , then (U; � ) 2 F .

De�nition. Two atlases F and G are called equiv alen t if F [ G is an atlas. Given an
atlas A , the union of all atlasesequivalent to A is a maximal and called the di�eren tiable
structure generated by A .

De�nition. A n-dimensional Ck -di�eren tiable manifold is a pair (M ; F ), where M is
a n-dimensional secondcountable locally Euclidean spaceand where F is a di�eren tiable
structure on M . A manifold is called smo oth if it is a Ck -di�eren tiable manifold for all
k > 0.

Remarks.
1) Given a manifold (M ; F ), the topology of M is recovered as follows: a set V � M is
open, if and only if � i (Ui \ V ) is open in R n for all i 2 I .

2) In somebooks, a manifold is de�ned as a subset of R k ; k � n which looks locally like
R n . We will seelater that this is not a restriction of generality becauseevery manifold is
actually embeddedinto a spaceR k . This can be done with k = 2n + 1 if M has dimension
n. The de�nition of a subset of Euclidean spacehas the advantage that less topology is
involved. It appearshowever not so natural and also doesnot work in in�nite-dimensions.

3) We will always assumethat the manifold is smooth. If the vector spaceR n is replaced
by Cn and the coordinate changesare analytic, then, the di�eren tiable structure is called
a complex structure . If the coordinate changesare only continuous and not di�eren-
tiable, we have a top ological manifold . We will usethe word manifold always in the sense

7



8 CHAPTER 1. MANIF OLDS

smo oth di�eren tiable manifold .

4) A more generalnotion is a Banac h manifold which is obtained by replacing R n by an
arbitrary Banach spaceE (that is a vector space,which has a norm and such that every
Cauchy sequencehas a limit). In this case,one drops the requirement of secondcountabil-
it y and replacesit with paracompactness(every open cover has a countable locally �nite
re�nement). If E is a Hilb ert space(a Banach space,where the norm is given by a scalar
product), one calls M a Hilb ert manifold . We will in this course not deal with such
in�nite-dimensional manifolds.

We end this section with the de�nition of a manifold with boundary . We will not use
theseobjects however for a while.

De�nition. The set H n
j = f x 2 R n j x j � 0g is called a j 'th half space in R n . It has the

boundary f x j = 0g and the in terior f x j > 0g. We write simply H n for H n
1 .

The topology on H n is given by the setsf U \ H n j U 2 Og, whereO is the topology in R n .
Note that the boundary of H n is not the topological boundary of H n .

De�nition. A lo cally Euclidean space with boundary M of dimension n is a Hausdor�
topological space,for which each point x 2 M has a neighborhood U which is either home-
omorphic to an open subset � (U) of R n or to an open subset � (U) of H n . A pair (U; � ) is
again called a chart or a chart with boundary .

De�nition. A Ck atlas on a locally Euclidean space M with boundary is a collection
F = f Ui ; � i gi 2 I of charts and charts with boundary such that

S
i 2 I Ui = M , � ij = � i � � � 1

j

is in Ck (� i (Uj \ Ui )), (wherewerequire di�eren tiabilit y only at points which havea neighbor-
hood homeomorphicto an open set in R n ). The de�nition of maximalit y and di�eren tiable
structure is the sameas in the caseof manifolds without boundary.

De�nition. A n-dimensionalCk -di�eren tiable manifold with boundary is a pair (M ; F ),
where M is a n-dimensional secondcountable locally Euclidean spacewith boundary and
where F is a Ck -di�eren tiable structure on M . The de�nition of smoothnessis the sameas
before.

De�nition. Let M be an n dimensional manifold, then the in terior of M is de�ned as
the set of points, which have a neighborhood homeomorphic to an open subsetof R n , The
complement is called the boundary of M .

Remarks.

1) Note that the boundary of M is not the topological boundary of M . For example, if
M = f (x; y) 2 R 2 j 1 < (x2 + y2) � 2g has the boundary f (x; y) 2 R 2 j (x2 + y2) = 2g while
the topological boundary contains this as well as f (x; y) 2 R 2 j (x2 + y2) = 1g.

2) It follows from the de�nition that the boundary of M is itself a (n � 1)- dimensional
manifold. An example to which we come in a moment: if M is the n-dimensional ball
M f x 2 R n j jxj � 1g, then its boundary is the (n � 1)� dimensional sphere.
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1.2 Examples of manifolds

We give someexamplesof manifolds.

� Any discrete secondcountable topological spaceM is a 0-dimensional manifold .
The charts are given by (f xg; � x )x 2 M , where � x (x) = 0. For example,every �nite set
M can be made into a manifold.

� The standard di�eren tiable structure F on M = R d is the atlas generatedby the
singlechart (R d; � ), where � (x) = x. (M ; F ) is a manifold. By choosinga basis,every
�nite dimensional real vector spaceM is a manifold. The di�eren tiable structure is
independent of the algebraic basis.

� The d � sphere is the set M = Sd = f x 2 R d+1 j jj xjj2 = x2
1 + x2

2 + : : : + x2
d+1 =

1g � R d+1 . Given the points n = (0; : : : ; 0; 1) and s = (0; : : : ; ; � 1), the standard
di�eren tiable structure F on Sd is generatedby A = f (Sd nf ng; � n ); (Sd nf sg; � s)g,
where � n ; � s are the stereographic pro jections from n or s to the d dimensional
equatorial plane f xd+1 = 0g. (Given P 2 Sd, connect n with P and intersect this line
with f xn = 0g. This point is � n (P)).

� Let U be an open subsetof a manifold (M ; F = f (Ui ; � i )g) and G = f (U \ Ui ; � i jU \
Ui ) j (Ui ; � i ) 2 F g, then (U;G) is a manifold. For example,the set GL(n; R ) � R n 2

, of
n� n matrices, which are invertible is a manifold becausethe determinant is continuous
and therefore det� 1(R n f 0g) is open in R n 2

.

� A Lie group G is a manifold which is also a group such that the map G � G !
G; (g; h) 7! gh� 1 is smooth (smoothnessof maps from one manifold to an other will
be de�ned later). Examples are

R n ; C � = C n f 0g; S1; T n ; GL (n; R ); SO(n; R ); SU(n) :

We will seevery soon, why the groups SO(n; R ); SU(n) are manifolds.

� Given a Lie group G and a manifold M . If there exists for each g 2 G a di�eomorphism
Tg on M , one says that M acts on M . A Lie group action is called transitiv e if for
all x; y 2 M , there exists g 2 G such that Tg(x) = y. A manifold M on which a Lie
group acts transitiv ely is called a homogeneous space of the Lie group. An example
is any Lie group G itself becauseG acts onto itself by right multiplication Tgh = g� h.
An other example is the rotation group G = SO(3; R ) of all orthogonal matrices with
determinant 1. It acts transitiv ely on the manifold M = S2.

� A manifold E is called a �b er bundle over a manifold (M ; (Ui ; � i )), if there exists a
smooth surjective map � : E ! M and di�eomorphisms  i : � � 1(Ui ) ! Ui � F , where
F is a manifold called the �b er . Aa Lie group G called structure group acts on F
by smooth di�eomorphisms. Furthermore, the coordinate changes

 i �  � 1
j : (Uj \ Ui ) � F ! (Uj � Ui ) � F

have the form (x; y) 7! (x; Tij (x)y), where Tij (x) : F ! F is an element of G and
Tij : Ui \ Uj ! G is smooth.
If F = G and G acts on F by multiplication on the right, then E is called a principal
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bundle . If the �b er F is discrete, then the �b er bundle E is called a covering , if
F = R n and G is a subgroup of GL(n; R ), then E is called a vector bundle . If
E = M � F , then E is called trivial .

� Let (M 1; F 1); (M 2; F 2) be manifolds, then M = M 1 � M 2; F = (Ui � Vj ; � i �  j ) i 2 I ;j 2 J

is a manifold called the pro duct manifold .

� We will seethat every one-dimensional connected manifold is di�eomorphic to
the circle S1 or R . One can also show (and we will not do that here) that every
two-dimensionalcompact connectedorientable manifold is a "sphere with handles".

� A di�eren tiable structure on a manifold is not necessarilyunique. This problem is
di�cult and we can only addressit here informally: one knows that for n � 3, every
manifold has exactly one di�eren tiable structure. For n � 5, there are only �nitely
many di�eren t di�eren tiable structures. Milnor hasgiven a �rst exampleof a socalled
exotic structure : heconstructedon S7 di�eren t di�eren tiable structures. It is known
that there are 28 di�eren t di�eren tiable structures on the seven dimensional sphere
S7. An exampleof an exotic sphereis the Briesk orn-Sphere which is de�ned in C 5

through the equations

z5
1 + z3

2 + z2
3 + z2

4 + z2
5 = 1;

5X

i =1

jzi j2 = 1 :

On R n , there exist di�eren t di�eren tiable structures if and only if n = 4. One even
knows that there are one-parameterfamilies of di�eren tiable structures on R 4.

1.3 Di�eomorphisms

De�nition. Given two manifolds M and N . A function f : M ! N is called a Ck -map if
for all charts (Ui ; � i ) on M and all charts (Vi ;  i ) on N , the functions � j � f � � � 1

i are in
Ck (� i (Ui \ f � 1Vj ); R n ). If there exists an inverseof f which is also a Ck map, then f is
called a Ck -di�eomorphism .
De�nition. If a map f : M ! N is a Ck -map for all k, then f is called smo oth .
If f is a smooth di�eomorphism and the inverse of f is also smooth, then f is called a
smooth di�eomorphism.

De�nition. If there exists a di�eomorphism from a manifold M to a manifold N , then M
and N are called di�eomorphic .

Lemma 1.3.1 Let M ; N ; P be smooth manifolds of dimension m; n; p. If f :
M ! N and g : N ! P are both C r -maps , then also g � f : M ! P is a C r

map.

Proof. The statement is a local statement. This means that we can take neighbor-
hood charts (U; � ); (V;  ); (W; � ) of the points x 2 M , f (x) 2 N , g(f (x)) 2 P satisfying
f (U) = V; g(V ) = W and check the statement there. By replacing f with ~f =  f � � 1

de�ned on ~U = � (U) � R m and g with ~g = � g� � 1 de�ned on ~V =  (V ) � R n , we have to
check the statement for maps ~f : ~U � R m ! ~V � R n , ~g : ~V � R n ! ~W � R p, where we
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can use the chain rule D(g � f )(x) = Dg(f (x)) � D f (x). The k'th derivative D k (g � f ) is
inductiv ely proven to be a sum of derivativesin g and f which are all of order � k. 2

Corollary 1.3.2 To be di�e omorphic is an equivalence relation.

Proof. An equivalencerelation has three properties: (i) re
exivit y, (ii) symmetry and (iii)
transitivit y:
(i) Id : M ! M , Id(x) = x is a smooth di�eomorphism.
(ii) If f : M ! N is a di�eomorphism, then f � 1 : N ! M is a di�eomorphism.
(iii) If f : M ! N ; g : N ! O are di�eomorphisms, then g � f : M ! O is a di�eomorphism
by the above lemma. 2

A natural problem is to classify all n-dimensional manifolds, which meansto �nd the set
of all equivalenceclassesof manifolds. A part of this problem is to classify all manifolds,
which are homeomorphic to a given manifold.

De�nition. A manifold M of dimensionm is called immersed in a manifold N of dimension
n � m, if there exists a smooth map f : M ! N , such that D f (x) has maximal rank n � m
for all x 2 M (that is D f (x) is subjective). The map is then called an immersion of M
into N . An immersion is called an embedding , if M is di�eomorphic to f (M ). In this
case,M is called a submanifold of N .

1.4 A lemma for constructing manifolds

De�nition. Let M ; N be manifolds of dimensionm � n and let f : M ! N bea smooth map.
A point x 2 M is called a critical poin t , if the rank of D f (x) is not n. The complement of
the set of critical points is called the set of regular poin ts . The image of a critical point is
called a critical value . The complement of the set of critical values is the set of regular
values.
The following lemma allows to de�ne manifolds easily. It is also useful in applications or
proofs.

Lemma 1.4.1 Let M and N be manifolds of dimension m � n. Let f : M !
N be a smooth map. If y 2 N is a regular value, then f � 1(y) is a manifold of
dimension m � n in M .

Proof. Take a point x 2 f � 1(y). Sincey is a regular value, the derivative D f (x) must map
R m onto R n , 1, and the kernel of D f (x) is a (m � n)-dimensional vector space. Take a
chart (U; � ) in M which contains x and a chart (V;  ) in N which contains y. De�nes the
smooth map

g =  � f � � � 1 : � (U) � R m ! R n :

1A better view is that D (f )( x) maps the tangent space Tx M � R m onto the tangent space Ty N � R n .
We will de�ne the tangent space later
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Denotethe kernelof Dg(x) by H and its orthogonal complement by H 0 sothat H � H 0 = R m .
We know that H is (m � n)-dimensional. Choose the linear map L : R m = H � H 0 !
R m � n ; (h; h0) 7! h which is nonsingular on H and de�ne F : � (U) ! R n � R m � n by
F (z) = (g(z); Lz ) which has the derivative DF (u) = (Dg(u); Lu ) and which is nonsin-
gular. By the in verse function theorem , a neighborhood � (U) of � (x) is mapped
by F di�eomorphically onto a neighborhood F (� (U)) of F (� (x)). We get so a chart
Ux = � � 1 � F � 1(F (� (U)) \ f  (y)g � R m � n ) on f � 1(y) which is mapped by � x = F � � into
a (m � n)-dimensional space.Doing the sameconstruction at any point x 2 M producesan
atlas for f � 1(y) and shows that f � 1(y) is a manifold. 2

Examples.

� The function f : R m ! R , f (x) =
P m

i =1 x2
i has the set of regular valuesR n f 0g. The

set f � 1(1) is the unit sphere. The lemma assuresthat the sphereis a manifold.

� Take the m = k2-dimensional vector spaceM = M (k; R ) of all real k � k matrices.
The determinant f : M ! R , f (x) = det(x) which is a homogeneouspolynomial of
degreek. Every summand in f (x) is a multiplication of k entries x � (1) � � � x � (k ) in x i

and det is therefore smooth. The derivative df (x) is the gradient @f (x)=(@x ij ) which
is non-vanishing. This shows that D f (x) : R k 2

! R has a one dimensional range.
The above lemma assuresthat f � 1(1) =: SL(k; R ) is a (k2 � 1)-dimensionalmanifold.
It would be more di�cult to construct an explicit atlas for this manifold.

� The set M = f f i (x) = 0; f i = 1 : : : n � kgg � R n is a manifold of dimensionk if DF (x)
has rank n � k for all x 2 R n , where F (x) = (f 1(x); : : : ; f n � k (x)).

� A Riemann surface is a two-dimensional manifold de�ned to be a (complex one
dimensional) surface in C2 given by the equation f (z; w) = 0, where f : C 2 ! C is
an analytic function like for example a polynomial in z; w. The Riemann surface is
called nonsingular if D f (z; w) = (f z ; f w ) 6= 0 for all (z; w) 2 Z2. The sameproof
as in the real caseshows that a nonsingular Riemann surface is a one-dimensional
complex manifold . For example, if z 7! P(z) is polynomial without multiple roots,
then P 0(z) 6= 0 if P(z) = 0, so that D f (z; w) 6= 0 for all z; w if f (z; w) = w2 � P(z).
Such a surfaceis called a hyp erelliptic curv e.

1.5 The theorem of Sard

De�nition. A subsetA of R n hasmeasure zero , , if there exists for every � > 0 a countable
open cover Ui of A such that the sum of the Euclidean volumesof Ui is lessthan � . A subset
A of a �nite-dimensional manifold M is of measure zero , if for each chart � : U ! R n the
set � (U \ A) has measurezero.

Remark. Becausethe coordinate changes� ij betweentwo charts are smooth, the property
of having measurezerois independent of the usedchart: if D � ij � M on the closureof some
open set U and C is a cube in U, then the volume of � ij (C) is lessor equal to (M

p
n)n

times the volume of C so that � ij (C) has measurezero if and only if C has measurezero.

De�nition. Let f : M ! N be a smooth map. A point x 2 M is called regular , if the linear
map Df (x) : R m ! R n is surjective. A not regular point is called a critical poin t . The
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set of critical points is denoted by C. If x 2 C, then f (x) is called a critical value . The
complement of the set of critical values is called the set of regular values. Note that the
image of the set of regular points is only a subsetof the set of regular values!

Theorem 1.5.1 (Theorem of Sard) Let f : M ! N be a smooth map be-
tween the m-dimensional manifold M and the n-dimensional manifold N . Then
the set of critic al valuesof f has measure zero in N .

Proof. Becausea manifold is by de�nition secondcountable, it su�ces to prove the state-
ment if M is an open subsetU of R m and if f : U ! R n .

The proof goes by induction on the sum m + n of dimensionsof M and N . Becausethe
claim is certainly true for m = 0 or n = 0, we can assumem; n � 1.

De�ne the sets Ci = f x 2 M j D j f (x) = 0; j = 1; : : : ; i g and the set C = f x 2
M j ranDf (x) < ng of critical points. For any k, there is the decomposition

C = (C n C1) [ (C1 n C2) [ : : : [ (Ck � 1 n Ck ) [ Ck :

The proof of the theorem has three steps:

(i) f (Ck ) has measurezero if k is large enough.
(ii) f (C n C1) has measurezero.
(iii) f (Cj n Cj +1 ) has measurezero, where 1 � j � k � 1.

Proof of (i): Becausek � 1, we have kn � n + k � 1. If k is large enough, then
also k � m � n + 1 so that kn � m. It is enough to show that for each closed cube
K :=

Q
i [ai ; ai + e] � U, f (Ck \ K ) has measurezero. BecauseCk can be covered with

countably many such cubes, this will show that f (Ck ) has measurezero. By Taylor's theo-
rem, the compactnessof the cube K and the de�nition of Ck , we have f (y) = f (x) + R(x; y),
with jjR(x; y)jj � M 0 � jj y � xjj k+1 for x 2 Ck \ K and y 2 K , where M 0 is someconstant.

For l 2 N subdivide the cube K into lm cubesof length e=l and chooseany cube K 0 in this
subdivision which intersectsCk . Clearly, any two points x; y 2 K 0 satisfy jjx � yjj �

p
me=l.

Therefore, f (K 0) � L , where L is a cube of length N0l � (k+1) , with N0 := 2M 0(
p

ml=e)k+1 .
The volume of L is N n

0 l � n (k+1) . Since there are at most lm such cubes, the set f (Ck \ K )
is contained in a union of cubeswith total volume V � N n lm � n (k+1) ! 0; l ! 1 .

Proof of (ii): DecomposeC n C1 = f x 2 U j 1 � ranDf (x) < ng = K 1 [ : : : [ K n � 1, where
K q = f x 2 U j ranDf (x) = qg. It su�ces to show that f (K q) has measurezero for q � m
becauseK q = ; for q > m. We can �nd local coordinates in a neighborhood V of x 2 K q

such that V = V1 � V2 and so that f has the form (t; s) 7! (t; � (t; s) with a smooth map
� : V1 � V2 ! R n � q. Then

K q \ ff tg \ V2)g = f tg � f x 2 V2 j D s� (t; s) = 0g :

Becauseq � 1, we seeby induction that the set of critical valuesof � (t; �) has measurezero.
By Fubini's theorem, also f (K q \ V ) has measurezero and since K q can be covered by
countably many such V , this shows that f (K q) has measurezero.
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Proof of (iii): Again, it is enoughto show that every x 2 Cj nCj +1 hasa neighborhood V such
that f (V \ (Cj n Cj +1 )) has measurezero. Becausesomepartial derivative of order j + 1 is
nonzero,we can assumeD 1w(x) 6= 0, wherew(x) := (D i (1) : : : D i ( j ) f )(x) is a j 'th derivative.
De�ne h : U ! R m by x = (x1; : : : ; xm ) 7! h(x) = (w(x); x2 ; : : : ; xm ). Becausedh is non-
singular, there exists by the implicit function theorem a neighborhood V of x and an open
set W � R m such that h : V ! W is a smooth di�eomorphisms. De�ne A = Cj \ V and
A0 = h(A) and g = h� 1. Considerthe smooth function F : W ! R m ; F (x) = f � g(x). De�ne
W0 = f (x2; : : : xm ) 2 R m � 1 j (0; x2; : : : ; xn ) 2 W g and F0 : W0 ! R m by F0(x2; : : : ; xm ) =
F (0; x2; : : : ; xm ). By induction, the set S = f (x2; : : : ; xm ) 2 W0 j DF (0; x2; : : : ; xm ) = 0g
has measurezero. But A0 = h(Cj \ V ) � 0 � S becausex 2 A0; DF (x) = 0 and because
for x 2 Cj \ V , h(x) = (w(x); x2; : : : ; xm ) = (0; x2; : : : ; xm ) and w is a j 'th derivative of f .
Therefore f (Cj \ V ) = F (h(Cj \ V )) � F (0 � S) = F0(S) has measurezero. 2

Remark. Sard's theorem is alsotrue in the case,when f 2 Ck with k � m � n + 1; k � 1, but
we do not show this here. This smoothnessassumption can however not be weakenedany
more. Whitney �rst found a C1-function f : R 2 ! R which is not C2 and which contains
the interval [0; 2] among its critical values. A simpler examplehas beenfound by Grinberg:
let C be the standard Cantor set in [0; 1]. Then C + C = f x + y j x; y 2 Cg = [0; 2].
Construct a function g which is di�eren tiable and which has C as its critical points. The
function f (x; y) = g(x) + g(y) has the set C + C = [0; 2] as the set of critical values.

Remark. The Theorem of Sard is wrong in in�nite dimensionseven in the smooth case.The
following exampleof Bonic,Douady and Kupka shows this: considerthe in�nite dimensional
manifold M = l2(N ) = f x = (x1; x2; : : :) j jj xjj2 =

P 1
j =1 x2

j =j 2 < 1g and the smooth map
f : M ! R ; f (x) = (3x2

j � 2x3
j )=2j which has the derivative D f (x)u =

P
j 6(x j � x2

j )2� j uj

and satis�es D f (x) = 0 if and only if x j = 0 or x j = 1. But on this subset C = f x 2
M j x j 2 f 0; 1g g � M of critical points we have f (x) =

P
j x j =2j so that f restricted to C

takesall values in [0; 1].

Corollary 1.5.2 (Theorem of Bro wn) The set of regular values of a
smooth map f : M ! N is everywhere densein N .

Proof. Becausethe set of critical valueshas measurezero, it can not contain an open set.
2

1.6 Partition of Unit y

De�nition. Let M be a manifold. A partition of unit y of M with resp ect to an op en
cover f U� g� 2 A is a collection of smooth maps g� : M ! R + = f r 2 R j r � 0g with
supports supp(g� ) � U� satisfying

P
� g� = 1.

Lemma 1.6.1 (A lemma in top ology) If (X ; O) is a locally compact Haus-
dor� second countable topological space, then (X ; O) is paracompact.
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Proof. (i) There exists a countable basisC = f Ui g such that U i is compact.
Proof. By the property of secondcountabilit y, there exists a countable basis B. By local
compactnessand the Hausdor� property, the set C = f U 2 B j U compact g is again a basis.

(ii) There exists a sequenceGi 2 O such that Gi is a compact subsetof Gi +1 and such thatS
i Gi = X .

Proof. Let C = f Ui g be a countable basis given in (i). Let G1 = U1 and inductiv ely
Gk =

S j k
i =1 Ui , wherej k the is the smallestnumber satisfying j k > j k � 1 and Gk � 1 �

S j k
i =1 Ui .

(iii) X is paracompact.
Proof. Let f U� g� 2 A be an arbitrary open cover of X . The set Gi n Gi � 1 is compact and
contained in the open set Gi +1 n Gi � 2. For each i � 3, choosea �nite subcover of the open
cover f U� \ (Gi +1 n Gi � 2g� 2 A of the compact set G2. The union of all these�nite covers is
a countable, locally �nite re�nement of the open cover f U� g� 2 A and consistsof open sets
with compact closures. 2

Lemma 1.6.2 (A lemma in real analysis) Let C(r ) = [0; r ]d be the cube
of length r in R d. There exists a non-negative smooth function f r : R d ! R
which is 1 on C(r ) and 0 on the closure of the complementof C(2r ).

Proof. By scaling, it is enoughto prove this for r = 1.

(i) There existsa nonnegative smooth function h on R which is 1 on [� 1; 1] and zerooutside
(� 2; 2).
Proof. Let q(t) = 1t> 0e� 1=t , which is positive for t > 0 and smooth. De�ne g(t) =
q(t)=(q(t) + q(1 � t)) which is 1 for t � 1 and 0 for t � � 1. De�ne h(t) = g(t + 2)g(2 � t).

(ii) For x = (x1; : : : ; xn ), de�ne f (x) = h(x1) � h(x2) � � � h(xn ). 2

Theorem 1.6.3 (Existence of a partition of unit y) Given a manifold M
and an open cover U� of M . Then there exists a partition of unity with respect
to U� .

Proof. A manifold M is by de�nition a locally compact secondcountable Hausdor� space.
By the topological lemma, it is paracompact.

Let Gi the cover of M de�ned in the "top ological lemma" and set G0 = ; . For x 2 X , let
i x the largest integer such that x 2 M n Gi x . Choose� x with x 2 U� x , where f U� g is the
�xed open cover of M . Let (V; � ) be a chart satisfying x 2 V , V � U� x \ (Gi x +2 nGi x ) and
such that � (V ) � R n contains the closedcube C(r ).

De�ne the smooth function hx (y) = 1V (y) � f r � � (y), where f r is the function de�ned in the
"real analysis lemma" and 1V (y) is the characteristic function of V which is one if y 2 V
and 0 if y =2 V . The function hx takesthe value 1 in someopen neighborhood Wx of x and
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has a compact support which is contained in a set V � U� x \ (Gi x +2 � Gi x ). For every
i � 1, choosea �nite set of points x 2 M , whosecorresponding neighborhoods Wx cover
the compact set Gi n Gi � 1. Number the corresponding hx functions f hj g1

j =1 . The supports
of hj form a locally �nite family of subsetsof M . Therefore g(x) =

P
j hj (x) is a positive

�nite smooth function on M . The functions gj = hj =h have the property that
P

j gj = 1.
De�ne now g� to be identically zero if no hi has support in U� and otherwise, let g� be the
sum of the gi with nonempty support in U� . Then g� is a partition of unit y with respect to
the cover U� .
The support of g� is contained in U� becausethe family of closedsets supp(g� ) is locally
�nite which implies that

S
i 2 I supp(gi ) is closedso that the support of g� is the union of

the gi which have nonempty support in U� . 2

1.7 Whitney's embedding theorem

De�nition. A smooth map f : M ! N is called an immersion , if D f (x) is injective
at each point x 2 M . An immersion is called an embedding , if f : M ! f (M ) is a
homeomorphism.

Theorem 1.7.1 (Whitney's embedding theorem) A compact manifold
of dimension n can be embedded in R 2n +1 .

Proof. (i) BecauseM is compact,wecan�nd an atlas A = f (Ui ; � i )g
p
i =1 with a �nite number

of charts. We choosethe charts, sothat � i (Ui ) contains the disk D n (2) = f x 2 R n j jxj � 2g
and such that � � 1(D n (1)) is still a cover of M . Take a smooth function � which is 1 on
D 2(1) = f x 2 R n j jxj � 1g and 0 outside D n (2). Let gi a partition of unit y subordinate to
the cover � � 1

i (D (1)). De�ne the smooth map  i : M ! R n by de�ning it to be � (� i ) � � i

on Ui and 0 else. De�ne F : M ! R np + p by

F (x) = ( 1(x); : : : ;  p(x); g1(x); : : : ; gp(x)) :

� F is an immersion.
Proof. Given a point x 2 M . It is contained in a support of one of the maps gi . The
map y 7!  i (y) maps a neighborhood V of x homeomorphically to its image  (V ) � R n .
BecauseD (x) = D � (x) is the identit y D  (x) is injective.

� F is an embedding.
Proof. We have to show that F is injective. Given two points x; y 2 M . If gi (x) 6= gi (y) for
somey, then F (x) 6= F (y). Assumenow gi (x) = gi (y) for all i . Let gi a function in the parti-
tion of unit y, for which gi (x) = gi (y) 6= 0. (It is not possiblethat gi (x) = gi (y) = 0 for all i ).
Then x; y are in the support of gi and so in � � 1

i (D 1). Therefore  (x) = � (x) 6= � (y) =  (y)
so that then also F (x) 6= F (y). BecauseF is injective, it is a bijection onto its image and
becauseM is compact, the map F is a homeomorphismsfrom M to F (M ) � R q with
q = np + p.

(ii) Let Sn be the n-dimensional sphere. In order to build an embedding of M in R 2n +1 ,
we proceedinductiv ely as follows to reducethe dimension. AssumeM is embedded in R q,
where q > 2n + 1. The set of projections � y onto hyper-planesH y � R q� 1 in R q is labeled
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by the sphereSq� 1 = f v j jvj = 1g.

� There exists a set of measure1 of Sq� 1 such that for v in this set, the projection � (v) :
M ! R q� 1 is injective, that is

v 6= (x � y)=jjx � yjj ; x; y 2 M � R q :

Proof. Consider the map � : (M � M n �) ! Sq� 1 given by � (x; y) = jx � yj=jjx � yjj ,
where � = f (x; x) j x 2 M g is the diagonal in M � M . If 2n < q � 1, then � has by Sard's
theorem an image of measurezero. A point v in the complement of the image of � givesan
injective map � v .

� The exits a set of measure1 in Sq� 1 such that � (v) is an immersion.
Proof. Considerthe compactmanifold M � Sn � 1. De�ne the projection map  : M � Sn � 1 �
R q � Sq� 1 ! Sq� 1 as the projection onto the secondcoordinate which is in Sn � 1 � Sq� 1,
(we identify Sn � 1 as a submanifold of Sq� 1). Becausedim(M � Sn � 1) = n + (n � 1) =
2n � 1 < dim(Sq� 1) = q � 1, we know by Sard's theorem that the set of critical values of
 has measurezero. A regular value v givesan immersion � v becauseD � (x)u = � (u) has
then maximal rank. 2

1.8 Bro wer's �xed poin t theorem

Lemma 1.8.1 Given a continuous map f : R n ! R m of compact support.
For every � > 0, there exists a smooth function f � : R n ! R m of compact
support, such that supx 2 R n jf � (x) � f (x)j ! 0 for � ! 0.

Proof. De�ne for � > 0 a smooth function � � : R n ! R with support in fj xj < � g such thatR
R n � � (x) dx = 1 (seethe lemma in real analysis proven in the section about the partition

of unit y). De�ne

g� (x) = (� � ? f )(x) =
Z

R n
� � (y)g(x � y) dy =

Z

R n
� � (x + z)g(z) dz

which is obviously smooth becauseD k g(x) =
R

R n (D k � � (x + z))g(z) dz. Becauseg has
compact support, there exists a constant C such that jjDg(x)ujj � C � jjujj for all x 2 R n .
We get

jjg� (x) � g(x)jj = jj
Z

R n
� � (x + z)(g(z) � g(x)) dzjj

�
Z

R n
� � (x + z)jjg(z) � g(x)jj dz

� sup
x 2 R n ;u 2 R n ;jj u jj =1

jjDg(x)ujj � � C� :

2

De�nition. The n-dimensional disk is the manifold with boundary fj xj � 1g � R n . It
has as the boundary the manifold Sn � 1.
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Prop osition 1.8.2 There exists no continuous map f : D n ! Sn � 1 which is
the identity on the boundary Sn � 1.

Proof. Assumesuch a function f exists.

(i) There exists then a smooth map g with the sameproperties.
Proof. The function

~f (x) = f (x=jxj) = x=jxj; jxj 2 [1=2; 1]; ~f (x) = f (2x); jxj 2 [0; 1=2]

is smooth in for jxj > 1=2. For � < 1=8, de�ne g(x) = � � ? ~f (x)=jj � � ? ~f (x)jj for jxj < 3=4 and
g(x) = ~f (x) else. This is a smooth map which mapsD n to Sn � 1 and which satis�es g(x) = x
on Sn � 1. (Note that g(x) = ~f (x) for 3=4 < jxj < 7=8 because

R
� � (y)(x � y)=jxj dy = x=jxj.

(ii) The theorem of Sard applied to the map M = int (D n ) ! Sn � 1 = N implies that there
existsa regular value y of g. The set g� 1(y) is a onedimensionalmanifold V in M and a one
dimensional manifold with boundary in D n becausethe boundary of V is the intersection
of V with Sn � 1 which is nonempty (it contains y). Since D n is compact, this manifold is
compact. From the classi�cation of one dimensional manifolds (seethe next appendix), it
must be di�eomorphic to [0; 1] and hason oneside the boundary y 2 Sn � 1 and on the other
sidea di�eren t poin t on the boundary Sn � 1. Sincef (z) = y and f (z) = z, we have z = y,
which is a contradiction. 2

Corollary 1.8.3 (Bro wer's �xed poin t theorem) Every continuous map
f : D n ! D n has a �xed point.

Proof. Assumef (x) 6= x for all x 2 D n . We can �nd then a continuousmap g : D n ! Sn � 1

which is the identit y on the boundary and which is given by the point obtained by taking
the line connecting x and f (x) and intersecting it with Sn � 1. By the previous proposition,
such a map doesnot exist. 2
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Fig. Proof of Brower's �xed point theorem. Construct a retract g from D n to Sn � 1.
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1.9 Classi�cation of one dimensional manifolds

De�nition. Let M be a one dimensional manifold. A map I = (a; b) ! M is called a
parameterization by arc-length if f maps I di�eomorphically onto an open subsetU of
M and such that jD f (s)j = 1 for all s 2 I .

Remark. Any given parameterization g : I ! M can be changedto be a parameterization
by arc-length.

Prop osition 1.9.1 a) Every one-dimensional connected manifold without
boundary is either di�e omorphic to the circle or di�e omorphic to the real line.

b) Every one dimensional connected manifold with boundary is di�e omorphic
to either the interval [0; 1) or the interval [0; 1].

Proof. a)
(i) Given two parameterizations f : I ! M , g : J ! M by arc length. Then the set
f (I ) \ f (J ) has at most two components.
Proof. The map g� 1 � f maps open sets in I onto open sets in J and D(f � 1 � g) = � 1
for all x 2 I . The set � = f (s; t) 2 I � J j f (s) = g(t)g is closed in I � J and made
up of line segments of slope � 1 which can't end in the interior of I � J but extend to the
boundary. Becauseg� 1f is injectiveand singlevalued, at most oneof theseline segments can
endat the four edgesof the rectangleI � J . This assuresthat � hasat most two components.

(ii) If f (I ) \ g(J ) has only one component, then it can be extended to a parameterization
of the union f (I ) \ g(J ).
If � is connectedwe can extend g� 1 � h to a linear map L : R ! R . Now, f and g � L piece
together to yield the extension

F : I [ L � 1(J ) 7! f (I ) [ g(J ) :

(iii) If f (I ) \ g(J ) has two components, then M is di�eomorphic to S1.
Proof. If � has two components, the two must have the sameslope say 1. By translating
the interval J = (
 ; � ) if necessary, we may assumethat 
 = c and � = d so that a < b �
c < d � � < � . The required di�eomorphism h : S1 ! M can now be constructed by
setting � = 2� t=(� � a) and de�ning h : S1 ! M by the formula h((cos(� ); sin(� )) = f (t)
for t 2 (a; d) and h((cos(� ; sin(� ))) = g(t) for t 2 (c; � ). Sinceh(S1) is compact and open in
M , it must be M .
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(iv) By Zorn's lemma, any parameterization by arc-length can be extended to a parametri-
sation f : I ! M which is maximal.

(v) If M is not di�eomorphic to S1, then the maximal parameterization is onto, in which
caseM is di�eomorphic to (a; b) which is di�eomorphic to R .

b) Consider, now a connected one dimensional manifold M with boundary. The interior
int( M ) of M is a one-dimensionalconnectedmanifold without boundary. It is by a) either
the circle or the real line. Becausethe circle is compact and hasno boundary, it is excluded.
The only possibility is that int (M ) is di�eomorphic to the real line which is di�eomorphic
to (0; 1) which can only be in two ways a subset of a manifold with boundary: adding one
point in which caseM is di�eomorphic to (0; 1] or adding two points in which caseM is
di�eomorphic to [0; 1]. 2



Chapter 2

Tensor analysis

2.1 General tensors

De�nition. Let E be a linear space. The dual space E � of E is the set of all linear maps
f : E ! R . It is a linear spacewith addition (f + g)(v) = f (v) + g(v) and multiplication
with real numbers (�f )(v) = �f (v).

Lemma 2.1.1 If E has �nite dimensions, then the dual space E � has the samedimension
as E. If f ei g is a basis in E , then the set f ei gn

i =1 de�ned by ei (v) = vi , where v =
P

i vi ei ,
is a basis of E � called the dual basis.

Proof. (i) The set f ei gn
i =1 is linearly independent: if f =

P
i f i ei = 0, then f (ej ) =P

i f i ei (ej ) = f j = 0 for all j so that f = 0. Therefore dim(E � ) � dim(E) = n.
(ii) The set f ei gn

i =1 spansE � . Let f : E ! R be any linear functional, de�ne f i = f (ei ).
We claim that f =

P
i f i ei . Given v =

P
i vi ei 2 E. We have f (v) =

P
i vi f (ei ) =

P
i vi f i .

On the other hand, also
P

j f j ej (
P

i vi ei ) =
P

j f j vj becauseej (ei ) = � j
i . 2

Remark. The dual spaceof E � has a natural identi�cation with E : given e 2 E, de�ne
e0 : E � ! R by e0(f ) = f (e). Becausethe map e 7! e0 is injective and linear and by the
lemma, the dual spaceE �� of E � has the samedimension as E � and so as E, it de�nes an
isomorphism from E to E �� .

De�nition. Let E be a real �nite dimensional vector spaceand let E � be the dual spaceof
E . For p;q � 0, denote by T p

q (E ) the set of all multi-linear maps

f : (E � )p � E q ! R ;

They are called tensors of t yp e (p;q). The set T(E) =
S 1

p;q=0 T p
q (E ) is the set of tensors .

Examples.

� If f : E = R n ! R is a smooth map, then the k'th derivative D k f (x) is an element
in T 0

q (E ).

21
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� If p = 1; q = 0, then T 1
0 (E ) is the set of all linear maps from E � to R and so T 1

0 (E ) =
E �� � E . It is a custom to write u 2 E as

P
i ui ei = ui ei (leaving away the sum is

the Einstein notation which we will not usehere). One says also, an element in T 1
0 (E )

is a contra varian t vector .

� If p = 0; q = 1, then T 0
1 (E ) is the set of linear maps from E to R and so T 0

1 (E ) = E � .
It is a custom to write v 2 E � as v =

P
i vi ei . An element in T 0

1 (E ) is called a
covarian t vector .

� The map g : E � E ! R ; g(v; w) = v � w where � is the scalar product de�nes a tensor
in T 0

2 (E ). If one de�nes gij = g(ei ; ej ), then g =
P

i;j gij ei 
 ej = gij ei 
 ej .

� Given a linear map A : E ! E . De�ne the map E � � E ! R by (ei ; ej ) 7! ai
j = ei �Aej ,

where v � w is the standard dot pro duct from E � � E to R . In components ,
a =

P
i;j aj

i ei 
 ej . A linear map A on E de�nes so a tensor a 2 T 1
1 (E ).

Given u1; : : : ; up 2 E and v1; : : : ; vq 2 E � , then

u1 
 � � � 
 up 
 v1 
 � � � 
 vq(x1; : : : ; xp; y1; : : : ; yq) := x1(u1) � � � xp(up)v1(y1) � � � vq(yq)

de�nes a tensor in T p
q (E ).

Especially, if f ei gn
i =1 be a basis in E and if f ei gn

j =1 be the dual basis in E � , then

ei 1 
 � � � 
 ei p 
 ej 1 
 � � � 
 ej q

is a tensor in T p
q (E ).

Notation. Given two index sets I = (i 1; : : : ; i p) and J = (j 1; : : : ; j q), we use short hand
notation eJ = ej 1 
 � � � 
 ej p 2 T p

0 (E ) and eI = ei 1 
 � � � 
 ei q 2 T 0
q (E ) as well as eJ

I =
eJ 
 eI 2 T p

q (E ).

Prop osition 2.1.2 The tensorseI 
 eJ form a basisof T p
q (E ). In other words,

the dimension of T p
q (E ) is np+ q and every f 2 T p

q (E ) can be written uniquely
as

f =
X

J;I

f I
J eI 
 eJ :

The real numbers f I
J are called the comp onents of f .

Proof. De�ne for J = (j 1; : : : ; j p) and I = (i 1; : : : ; i q)

f I
J = f (ei 1 ; : : : ; ei p ; ej 1 ; : : : ; ej q ) 2 R :

A tensor f 2 T p
q can be written as

f =
X

i 1 ;::: ;i p ;j 1 ;::: ;j q

f (ei 1 ; : : : ; ei p ; ej 1 ; : : : ; ej q )ei 1 
 � � � 
 ei p 
 ej 1 
 � � � 
 ej q =
X

I ;J

f I
J eI 
 eJ

so that the vectors eI 
 eJ span T p
q (E ).

To show linear independence:assumef =
P

I ;J f I
J eJ

I = 0. Takev = (ek1 ; : : : ; ekp ; el 1 : : : ; el q ).
Then f (v) = f L

K = 0 for all K = (k1; : : : ; kp); L = (l1; : : : ; lq) and so that f = 0. 2
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De�nition. The tensor pro duct of two tensors f 2 T p
q (E ); g 2 T r

s (E ) is de�ned as the
tensor

f 
 g(u1; : : : ; up; v1; : : : vr ; up+1 ; : : : ; up+ q; vr +1 : : : vr + s) = f (u1; : : : ; up+ q)g(v1; : : : ; vr + s)

in T p+ r
q+ s (E ). Rewritten shortly, for u 2 (E � )p � E q, and v 2 (E � )r � E s , then f 
 g(u; v) =

f (u)g(v).

Prop osition 2.1.3 The tensor product is associative and bilinear.

Proof. (i) The bilinearit y

(f + g) 
 h = f 
 h + g 
 h; (�f ) 
 g = � (f 
 g) = f 
 (�g )

is obvious from the de�nition.

(ii) The tensor product is associative: Given f 2 T p1
q1

; g 2 T p2
q2

and h 2 T p3
q3

. Given u 2
(E � )p1 � E q1 , v 2 (E � )p2 � E q2 and w 2 (E � )p3 � E q3 , then

f 
 (g 
 h)(u; v; w) = f (u)(g 
 h)(v; w) = f (u)g(v)h(w)

(f 
 g) 
 h(u; v; w) = (f 
 g)(u; v)h(w) = f (u)g(v)h(w) :

2

De�nition. The direct product of all tensors is denoted by T(E) = � p;qT p
q (E ). It forms a

graded algebra .

2.2 An tisymmetric tensors

De�nition. Let � q(E ) bethe subspaceof T 0
q (E ), consistingof tensorsf such that f (x1; : : : xq)

is antisymmetric in x1; : : : xq 2 E:

f (x � (1) ; : : : ; x � (q) ) = (� 1)� f (x1; : : : ; xq)

for all i; j = 1; : : : ; q, where (� 1)� is the sign of the permutation � . One denotesby Sn the
set of all permutations of the set f 1; : : : ; ng. The tensors in � q(E ) are called q-forms or
exterior q-forms .

Corollary 2.2.1 If E has dimension n then the space � q(E ) has dimension
�

n
q

�
= n !

(q!( n � q)!) .

Proof. We know that the set f eI = ei 1 
 ei 2 
 � � � 
 ei q j i j 2 f 1; : : : ; ng g is a basis
in T 0

q (E ). Given f 2 � q(E ), then, for any permutation � 2 Sq, we have by de�nition
f I = (� 1)� ( I ) f � ( I ) and f J is determined from f � (J ) , where � permutes I = (i 1; : : : ; i q) into
i � (1) < : : : < i � (q) . The subset f ei 1 
 ei 2 
 � � � 
 ei q j i 1 < i 2; : : : < i qg of the basisof T 0

q (E )
is therefore a basis for � q(E ).

The number of arrangements of q indices i 1 < : : : < i q with i j 2 f 1; : : : ; ng is
�

n
q

�
. 2
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Notation. An antisymmetric tensor can be written as

f =
X

i 1 <::: <i q

f i 1 ;::: ;i q ei 1 ^ : : : ^ ei q ;

where ei 1 ^ : : : ^ ei q are a sum of terms (� 1)� e� ( i 1 ) ^ : : : ^ e� ( i q ) , where � runs over all
permutations of f 1; : : : ; ng.
Examples.

� q = 0. � 0(E ) is the set of maps from R 0 = f 0g to R and so R .

� q = 1. Every element in � 1(E ) can be written as f =
P n

i =1 f i ei . Indeed � 1(E ) =
T 0

1 (E ).

� q = 2. Every element in � 2(E ) can be written as f =
P n

i<j f ij ei 
 ej � ej 
 ei . We
write also f =

P n
i<j f ij ei ^ ej for that.

De�nition. Given � 2 � p(E ) and � 2 � q(E ), de�ne � ^ � 2 � p+ q(E ) by

� ^ � (u1; : : : up+ q) =
X

� 2 S �
n

(� 1)� � (u� (1) ; : : : ; u� (p) )� (u� (p+1) ; : : : ; u� (p+ q) ) ;

where the summation is taken over the set S�
n of all permutations � of the set f 1; : : : ; p+ qg

such that � (1) < � (2) < : : : < � (p) and � (p + 1) < : : : < � (p + q). The product is called
wedge pro duct or exterior multiplication on the exterior algebra or Grassmann alge-
bra or Fermionic algebra �( E ) = � 1

q=0 � q(E ).

Remark. We have

p!q!� ^ � (u1; : : : up+ q) =
X

� 2 Sn

(� 1)� � (u� (1) ; : : : ; u� (p) )� (u� (p+1) ; : : : ; u� (p+ q) ) :

Examples.

� Given two 1-forms f 2 � 1(E ) and g 2 � 1(E ), then

f ^ g(u1; u2) = f (u1)g(u2) � f (u2)g(u1) :

� Given a 2-form f 2 � 2(E ) and a 1-form g 2 � 1(E ), then

(f ^ g)(u1; u2; u3) = f (u1; u2)g(u3) + f (u2; u3)g(u1) � f (u1; u3)g(u2) :

� If f ; g; h 2 � 1(E ), then

f ^ g ^ h(u1; u2; u3) = f (u1)g(u2)h(u3) + f (u2)g(u3)h(u1) + f (u3)g(u1)h(u2)

� f (u2)g(u1)h(u3) � f (u3)g(u2)h(u1) � f (u1)g(u3)h(u2) :

This is the determinant of the matrix
0

@
f (u1) f (u2) f (u3)
g(u1) g(u2) g(u3)
h(u1) h(u2) h(u3)

1

A :
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In coordinates, we can rewrite the wedgeproduct of � =
P

I � I eI , � =
P

J � J eJ as

� ^ � =
X

I ;J

� I � J eI ^ eJ =
X

K = � ( I J )

� I � J (� 1)� eK

where� is the permutation which mapsI J = (i 1; : : : i p; j 1; : : : ; j q) into K = (k1; k2; : : : ; kp+ q),
with k1 < k2 < : : : < kp+ q).

Examples.

� Given two one forms f =
P n

i =1 f i ei and g =
P n

j =1 gj ej , then

f ^ g =
X

i<j

(f i gj � gi f j )ei ^ ej :

� E = R 3. Given a 1-form f = f 1e1 + f 2e2 + f 3e3 2 � 1(E ) and a 2-form g = g12e1 ^
e2 + g13e1 ^ e3 + g23e2 ^ e3 2 � 2(E ), then

g ^ f = (g12f 3 + g23f 1 � g13f 2)e1 ^ e2 ^ e3 :

Remark. In the literature, also de�nitions of the wedge product appear, which di�er by
constants.

Prop osition 2.2.2 ( �( E ) is a graded associativ e algebra) The wedge
product is associative, bilinear and satis�es � ^ � = (� 1)qp � ^ � if � 2 � q and
� 2 � p.

Proof. We can write

� ^ � =
(p + q)!

p!q!
A(� 
 � ) ;

where A is the alternation mapping A : T 0
q (E ) ! � q(E ) de�ned by

Af =
1
q!

X

� 2 Sq

(� 1)� � f ;

where
� f (u1; : : : ; uq) = f (u� (1) ; u� (2) ; : : : ; u� (q) )

is a permutation in the set Sq of all permutations. The bilinearit y and associativit y follows
now from the bilinearit y and associativit y of the tensorproduct. The sign of the permutation
� : (1; : : : ; q; q+ 1; : : : ; q+ p) 7! (q + 1; : : : ; q + p;1; : : : ; q) is (� 1)pq. With � = � � � , we get

p!q! � ^ � (u1; : : : ; up+ q) =
X

� 2 Sn

(� 1)� � (u� (1) ; : : : ; u� (p) )� (u� (p+1) ; : : : ; u� (p+ q) )
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and so

p!q!� ^ � (u1; : : : ; up+ q) =
X

� 2 Sn

(� 1)� � (u� (1) ; : : : ; u� (p) )� (u� (p+1) ; : : : ; u� (p+ q) )

=
X

� 2 Sn

(� 1)� (� 1)� � (u� (p+1) ; : : : ; u� (q+ p) )� (u� (1) ; : : : ; u� (p) )

= (� 1)� p!q! � ^ � (u1; : : : ; up+ q) :

2

2.3 Tangent space and tensor �elds

De�nition. Given a manifold M . A curv e through x is a di�eren tiable map 
 : (� 1; 1) !
M with 
 (0) = x.

De�nition. Two curves
 1; 
 2 arecalled equiv alen t if D (
 1)(0) = D(
 2)(0). An equivalence
classof curves through x is called a tangen t vector at x. The set of all tangent vectors
Y (x) = D(
 )(0) at x is denoted by Tx M .

Lemma 2.3.1 If M has dimension n, then  : [
 ] 2 Tx M 7! D 
 (0)(1) 2 R n

is a bijection between Tx M and R n .

Proof. Denote by [
 ] the equivalenceclass of a curve 
 , that is the set of all curves 
 0,
which are equivalent to 
 .
The map  is injective becausetwo curves have the same image if and only if they are
equivalent.

To show that the map is surjective, choose a chart (U; � ) with x 2 U. Given v 2 R n ,
de�ne the curve 
 i (t) = � � 1(� (x) + t�v ), where � is so small that � (x) + t�v 2 � (U) for all
t 2 (� 1; 1). By de�nition of the derivative, D � i (0)1 = �v . Therefore, every v 2 R n is in the
image of  . 2

This bijection makes Tx M to a vector spaceby de�ning [
 1] + [
 2] =  � 1( (
 1) +  (
 2))
and � � [
 1] =  � 1(� �  (
 1)).

Every tangent vector Y = [
 ] 2 Tx M de�nes a derivative of f 2 C1 (M ) along Y de�ned
by Y(f ) = d

dt f (
 (t)) j t =0 . One usesalso the notation Y (f ) = Y:f = L X f . The possibility to
identify a tangent vector as a derivation motivates the next notation.

Notation. A basis in Tx M is denoted by

ei =
@

@x i :

The dual basis is denoted by
ei = dxi :
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The reasonfor this notation becomesclear in the next section.

De�nition. TM =
S

x 2 M Tx M is called the tangen t bundle of M . A vector �eld is a
function Y : M ! TM such that the function x 7! Yx (f ) is smooth. The set of all vector
�elds on M is denoted by �( TM ).

De�nition. The spaceT p
q (M ) =

S
x 2 M T p

q (Tx M ) is called a (p;q)-tensor bundle on M .
The set T 0

1 (M ) is also called the cotangen t bundle of M becauseT 0
1 (E ) can be identi�ed

with E � . There is also a natural identi�cation of T 1
0 (E ) with E so that T 1

0 (M ) is identi�ed
with the tangent bundle.

Remark. If M is a n-dimensional manifold with atlas (Ui ; � i ), then the tangent bundle TM
becomesa manifold. It has the atlas (TUi ; T � i ), where T � i : TUi ! R n � R n is de�ned by
T � i (x; [
 ]) = (� i (x); D (� � 
 )(0)) and where TUi is identi�ed with Ui � R n .

De�nition. A 1-form on M is a function � : M 7! T 0
1 (M ) such that � (x) 2 T 0

1 (Tx M ) and
for any vector �eld Y , the function � (Y ) given by � (Y )(x) = � (x)(Y (x)) is in C1 (M ).

De�nition. A tensor �eld of type (p;q) on M is a function t : M ! T p
q (M ) such that

t(x) 2 T p
q (Tx M ) and for any 1-forms � 1; : : : ; � p and vector �elds Y1; : : : Yq on M , the func-

tion x 7! t(� 1(x); : : : ; � p(x); Y1(x); : : : Yq(x)) is in C1 (M ). The spaceof all (p;q)-tensor
�elds is denoted by � p

q(M ) or �( T p
q M ).

Example. Let M ; N be two manifolds and let f : M ! N be a smooth map, then D k f is a
tensor �eld of type (0; k).

De�nition. A k-form or k-di�eren tial form is a (0; k)-tensor �eld � such that � (x) 2
� k (Tx M ). The exterior multiplication is de�ned point-wise (� ^ � )(x) = � (x) ^ � (x).

It is useful to know, how di�eren tial forms transform under di�eomorphisms.

De�nition. Let � : M ! N be a di�eomorphism and let � 2 � p(M ) be a di�eren tial form
on N . Then

� � � (x)(u1; : : : ; up) = � (� (x))( D � (x)(u1 ); D � (x)(u2); : : : ; D � (x)(up))

is a di�eren tial form on M called the pull-bac k of � .

2.4 Exterior deriv ativ e

De�nition. For f 2 C1 (M ) de�ne the exterior deriv ativ e df (Y ) = Y(f ) = Y:f . For
� 2 � p(M ), de�ne the exterior deriv ativ e d� as the (p + 1)-form

d� =
X

I

d� I ^ dxI =
X

I ;i

@� I

@x i
dxi ^ dxI :

The following proposition characterizesd uniquely as a "lo cal, degreeone anti-deriv ation
satisfying d2 = 0":
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Prop osition 2.4.1 (Prop erties of the exterior deriv ativ e)
(i) d is of degree 1, that is a map from � p to � p+1 and df (Y ) = Y(f ) = Y:f .

(ii) d is an anti-derivation: it is linear and given � 2 � p and � 2 � q, then

d(� ^ � ) = d� ^ � + (� 1)p� ^ d� :

(iii)
d2 = d � d = 0 :

(iv) d is local: d(� jU ) = d� jU , where � jU denotesthe restriction of � to an
open set U � M .

(v) d is the unique operation on �( M ) with properties (i)-(iv).

Proof. Property (i) holds by de�nition.
To see(ii), we use the fact that the permutation iJ 7! J i has the sign (� 1)p, if jJ j = p.
Using the Leibniz rule, we get

d(� I dxI ^ � J dxJ ) = (
X

i

@� I

@x i � J + � I
@� J

@x i )dxi ^ dxI ^ dxJ

= (
X

i

@� I

@x i dxi ^ dxI ^ � J ) + (� 1)p� I dxI ^ (
X

i

@� J

@x i dxi ^ dxJ )

= d� ^ � + (� 1)p� ^ d� :

(iii)

d2� I dxI =
X

i;j

@2

@x i @x j � I dxi ^ dxj ^ dxI

is vanishing becausepartial derivativescommute and dx i ^ dxj anti-commute: if we inter-
changethe indices i; j , the sum changessign, but it is obviously the samesum.
(iv) is clear becausetaking derivatives is a local operation: @=@x i (f (x)jU ) = @=@x i f (x)jU .
(v) Consider the 0-form f (x) = x i . From (ii), we know that ddf = d(dxi ) = 0. By (i), we
have ddxI = 0 for any I = (i 1; : : : ; i p). From (i)-(iii), we know therefore that

d(� I dxI ) = d� I ^ dxI + � I ^ d(dxI ) = (d� I ) ^ dxI :

From the local property (iv), we can compute this in a local chart. From d� I (Y ) = Y (� I ),
we get d� I (@=@x i ) = (@=(@x i )) � I dxi and so (d� I ) i = (@=(@x i )) � I . If we plug in d� I =P

i (d� I ) i dxi into the relation d(� I dxI ) = (d� I ) ^ dxI , we get the de�nition at the beginning
of this section. 2

Reminder. Since� 2 � q(M ) is a map from M to T 0
q (M ), D � (x) is a map from E to T 0

q (E ),
that is D � (x)(u) maps (u1; : : : ; up) 2 E p to R .
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Corollary 2.4.2 Given � 2 � p(M ), then

d� (u0; : : : ; up) =
pX

j =0

(� 1)j D� (x)(uj )(u0; : : : ; ûj ; : : : ; up) ;

where ûj means that this entry has been left out.

Proof. This is an exercise. 2

2.5 In tegration on manifolds

De�nition. Let � = f dx1 ^ dx2 ^ : : : ^ dxn be a n-form which is bounded on an open set
M � R n . De�ne

R
M � =

R
M f (x) dx.

Recall the (Change of variables): if � is a di�eomorphism from A � R n to � (A) � R n .
Then Z

� (A )
f (x) dx =

Z

A
f (� (x)) j det D � (x)j dx ;

where D � is the Jacob ean of � .

De�nition. The set

� n = f x 2 R n +1 j
n +1X

i =1

x i = 1; x i � 0g

is called a simplex . We consider it also as a subsetof R n , the plane in R n +1 spannedby
� n . For n = 0, the convention is that � 0 = f 0g.

Examples. A one dimensional simplex is homeomorphic to a closedinterval. A two dimen-
sional simplex is homeomorphic to a closed �lled triangle, a three dimensional simplex is
homeomorphic to a closed�lled tetrahedron which simpli�es someproofs.

Remark. We take here the more convenient approach of homogeneouscoordinates. A sim-
plex can alsobe de�ned directly asa subsetof R n . The advantageof consideringthe simplex
also as a subsetof R n +1 is that there is more symmetry in the coordinates.

De�nition. Let M be a n dimensional manifold. A singular p-simplex or shortly p-
simplex � is a map � : � p ! M which extends to a smooth di�eomorphism from a
neighborhood of � p � R n into M . A 0-simplex is just a map from the point f 0g to a point
in M .

Example. The changeof variable formula at the beginningof this sectioncanbereformulated
as Z

� (A )
! =

Z

A
� � ! dx ;

becausefor a n-form ! , � � (! )(x) = det(D � (x)) ! (� (x)).
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De�nition. Let � be a p-form on M and � a p-simplex. We can pull back the form � to a
neighborhood of � p in R n . De�ne the in tegration of the p-form on a p-simplex as

Z

�
� =

Z

� p
� � � :

2.6 Chains and boundaries

De�nition. A p-chain in M is a �nite linear combination c =
P

i ci � i , where � i are p-
simplicesand ci are real numbers.

De�nition. The integral of a p-form �
Z

�
� =

Z

� p
� � � :

can be extended from simplices to chains by linearit y:
Z

c
� =

Z

P
i

ci � i

� =
X

i

ci

Z

� i

� :

De�nition. De�ne for i = 0; : : : ; p + 1 the maps kp
i : � p ! � p+1 by

kp
i (x) = (x1; : : : ; x i � 1; 0; x i ; : : : ; xp); i � 1 :

The setskp
i (� p) are called the faces of the simplex � p+1 .

De�nition. Given a manifold M and a p-simplex � , we de�ne the i 'th face of � to be
the (p � 1)-simplex � i = � � kp� 1

i . The boundary of � is de�ned as the (p � 1)-chain
� � =

P p
i =0 (� 1)i � i . The boundary map can linearly extendedto all p-chains by

� (
X

j

aj � j ) =
pX

i =0

X

j

aj (� 1)i � j
i :

Lemma 2.6.1 � � � (c) = 0 for all chains c.

Proof. For if i � j , then

kp+1
i � kp

j (x) = kp+1
j +1 � kp

i (x) = (x1; : : : ; x i � 1; 0; x i ; : : : ; x j � 1; 0; x j ; : : : ; xp) :

With � � =
P p

i =0 (� 1)i � � kp� 1
i , we get

� � � � =
p� 1X

j =0

pX

i =0

(� 1)i + j � � kp� 1
i � kp� 2

j

=
X

j <i

(� 1)i + j � � kp� 1
i � kp� 2

j +
X

i � j

(� 1)i + j � � kp� 1
i � kp� 2

j

=
X

j <i

(� 1)i + j � � kp� 1
i � kp� 2

j +
X

i � j

(� 1)i + j � � kp� 1
j +1 � kp� 2

i

=
X

j <i

(� 1)i + j � � kp� 1
i � kp� 2

j +
X

i<l

� (� 1)i + l � � kp� 1
l � kp� 2

i = 0

=
X

j <i

(� 1)i + j � � kp� 1
i � kp� 2

j +
X

j <i

� (� 1)i + j � � kp� 1
i � kp� 2

j = 0 :
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2

Preview. This fact leads to singular homology groups . If Sp is the vector spaceof all
singular chains on M , then H p(M ; R ) = ker� p=im� p� 1 is a vector spacecalled the p'th
singular homology group of M with real coe�cien ts. It turns out to be isomorphic to
the dual spaceof the de Rham cohomologygroups.

2.7 Theorem of Stok es for chains

The following theorem is a generalization of the fundamental theorem of calculus, which
says

R
� � f =

R
� Df for a function on a one dimensional manifold. It also generalizesthe

theorem of Green in the plane or the theoremsof Stokesor Gaussin the three dimensional
spaceas you seepartly in a homework.

Theorem 2.7.1 (Theorem of Stok es for chains) Let c be a p-chain on a
manifold M and let � be a (p � 1)-form on a neighborhood of c in M . ThenR

c d� =
R

� c � .

Proof. By linearit y, it is enoughto consider the case,where the p-chain consistsof a single
p-simplex. The claim

R
c d� =

R
� c � is by de�nition of the integral equivalent to

Z

� p
d(� � � ) =

pX

i =0

(� 1)i
Z

� p � 1
(� i )� � : (2.1)

We can assumep � 2, becausefor p = 1
Z 1

0
d� (� (t))( D � (t)) dt = � (� (1)) � � (� (0))

is the fundamental theorem of calculus. (SeeWeek 6 homework set).

Consider x1; : : : ; xp� 1, which are coordinates of � p� 1 becausex0 = 1 �
P p� 1

i =0 x i . In this
coordinates, the maps kp� 1

i : � p� 1 ! � p are given by

kp� 1
0 (x1; : : : ; xp� 1) = (1 �

p� 1X

k=1

xk ; x1; : : : ; xp� 1); i = 0

kp� 1
i (x1; : : : ; xp� 1) = (x1; : : : ; x i � 1; 0; x i : : : xp� 1); i 6= 0 :

The (p � 1)-form � = � � � de�ned in a neighborhood of � p can uniquely be written as
� =

P p
j =1 � j dx1 ^ : : : ^ ^dxj : : : ^ dxp , where ^dxj meansthat this factor hasbeentaken away.

By linearit y, we can assumethat only one � j is not vanishing so that

� = � j dx1 ^ : : : ^ ^dxj ^ : : : ^ dxp

The left hand side of Equation (2.1) is therefore

(� 1)j � 1
Z

� p

@� j

@x j dx1 ^ : : : ^ dxp :
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Let y1; : : : ; yp� 1 be coordinates in the neighborhood of � p� 1. The pull backs of � under the
boundary maps kp� 1

i are

(kp� 1
0 )� � (y) = � j (1 �

p� 1X

k=1

yk ; y1; : : : ; yp� 1)dy1 ^ : : : ^ dyp� 1 ;

(kp� 1
i )� � (y) = 0; i 6= j ;

(kp� 1
i )� � (y) = � j (y1; : : : ; yj � 1; 0; yj ; : : : ; yp� 1)dy1 ^ : : : ^ dyp� 1 ; i = j :

We have therefore to prove

Z

� p

@� j

@x j (x)dx1 : : : dxp = (� 1)j � 1
Z

� p � 1
� j (1 �

X

k

yk ; y1; : : : ; yp� 1)

� � j (y1; : : : ; yj � 1; 0; yj +1 ; : : : yp� 1)dy1 : : : dyp� 1 :

The left hand side is

Z

� p � 1
(
Z 1�

P
k 6= j

x k

0

@� j

@x j dxj )dx1 : : : ^dxj : : : dxp

which is, after performing the inner integral, equal to
Z

� p � 1
� j (x1; : : : ; x j � 1; 1 �

X

k6= j

xk ; x j +1 ; : : : ; xp)dx1 : : : ^dxj : : : dxp

�
Z

� p � 1
� j (x1; : : : ; x j � 1; 0; x j +1 ; : : : ; xp)dx1 : : : ^dxj : : : dxp :

In this expression,do in the �rst integral the changeof variables

(x1; : : : ; x̂ j ; : : : ; xp) 7! (y1; : : : ; yp� 1) = (x2; : : : ; x j � 1; 1 �
X

k6= j

xk ; x j +1 ; : : : ; xp); j 6= 2

(x1; : : : ; x̂ j ; : : : ; xp) 7! (y1; : : : ; yp� 1) = (1 �
X

k6=2

xk ; x3; : : : ; xp); j = 2

which has the Jacobean determinant (� 1)j � 1 and in the second integral the change of
variables

(x1; : : : ; x̂ j ; : : : ; xp) 7! (y1; : : : ; yp� 1) = (x1; : : : ; x j � 1; x j +1 ; : : : ; xp)

which has the Jacobean determinant 1. We get

Z

� p � 1
(� 1)j � 1� j (1 �

p� 1X

k=1

yk ; y1; : : : ; yp� 1)dy1 : : : dyp� 1

�
Z

� p � 1
� j (y1; : : : ; yj � 1; 0; yj ; : : : ; yp� 1))dy1 : : : dyp� 1 ;

which is the right hand side of the equation in the box. 2
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2.8 Theorem of Stok es for orien ted manifolds

De�nition. A n-dimensional manifold M is called orien table , if there exists a nowhere
vanishing n-form on M .

Remark. Denote by � ij : x 7! y = � ij (x) the coordinate transformations from two over-
lapping charts (Ui ; � i ) and (Vi ; � j ). The pull back of a n-form ! = dy1 ^ : : : ^ dyn is
� �

ij dx1 ^ : : : ^ dxn = det D � ij ! . A manifold is orientable, if and only there exists an atlas
f Ui ; � i g of M for which all coordinate changes� ij satisfy det(D � ij ) > 0.

De�nition. A subset D of M is called a regular domain , if for all points x 2 � D � M ,
there exists a chart (U; � ) with x 2 U such that � (U \ D) = � (U) \ H n , where H n = f x 2
R n j x1 > 0g is the half spacein R n .

Remark. A regular domain D is just a n dimensional manifold with boundary inside the
manifold M .

De�nition. A n-form ! has compact supp ort , if the closure of the set, where ! is non-
vanishing, is compact.

De�nition. Let ! be a n-form of compact support and let D be a regular domain in the
orientable manifold M . De�ne U0 = M n(supp(! ) \ D ). Cover the compact set supp(! ) \ D
with a �nite cover f Ui gk

i =1 . Assume, there exist simplices � i such that Ui � � i (� n ) and
either � (� n ) � int( D ) or Ui = � (V \ � n ), where V � R n is open and such that � � n \ V
is an open subsetof a facewhich is mapped by � i into U \ � (D ). Let f gi gn

i =0 be a partition
of unit y subordinate to the cover f Ui gn

i =0 . De�ne

Z

D
! =

kX

i =1

Z

� i

gi ! :

Lemma 2.8.1 The integral
R

D ! does not depend on the chosencover nor on
the chosenpartition of unity.

Proof. Let f Vi gl
i =0 be an other such cover and h0; : : : ; hl an other such partition of unit y

and denote by � i the underlying simplices. We have
P l

j =1 hj = 1 on supp(! ) \ D because
h0 = 0 on supp(! ) \ D . We get

kX

i =1

Z

� i

gi ! =
kX

i =1

Z

� i

lX

j =1

hj gi ! =
X

i;j

Z

� i

hj gi ! :

Similarly we get
lX

j =1

Z

� j

hj ! =
X

i;j

Z

� j

hj gi ! :

Since � � 1
i � � j is an orientation -preserving di�eomorphism on an open possibly empty set

where it is de�ned and sincesupp(hj gi ! ) \ � i � n = supp(hj gi ! ) \ � j � n , it follows that
Z

� i

(hj gi ! ) =
Z

� n
det D(� i )hj gi ! (� i )
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=
Z

� n
det D(� i ) det D(� � 1

i � j )hj gi ! (� j )

=
Z

� n
det D(� j )(hj gi ! (� j )) =

Z

� j

(hj gi ! ) :

2

Theorem 2.8.2 (Theorem of Stok es for orien table manifolds) Let D
be a regular domain in an oriented n-dimensional manifold M and let ! be a
(n � 1)-form of compact support. Then

Z

� D
! =

Z

D
d! :

Proof. Let g1; : : : ; gk and � 1; : : : ; � k be chosen as in the de�nition of integration. SinceP k
i =1 gi = 1 on a neighborhood U of supp(! ) \ D , we have d(

P k
i =1 gi ) = 0 on U and

kX

i =1

d(gi ! ) =
kX

i =1

(dgi ) ^ ! +
kX

i =1

gi d! = d! :

If � i is a n-simplex which mapped into the interior of D , then
Z

� � i

gi ! = 0 =
Z

� D
gi !

becausesupp(gi )! � intD . Assumenow that � i is a n-simplex which has an image inter-
secting the boundary of D . In this case,gi ! is vanishing on the boundary of � i (� n ) except
possibly at the n'th face� n

i . Now � n
i is an orientation-preserving regular (n � 1)-simplex in

� D if n is even and orientation-reversing if n is odd. It follows that
Z

� � i

gi ! = (� 1)n
Z

� n
i

gi ! = (� 1)n (� 1)n
Z

� D
gi ! =

Z

� D
gi ! :

Using the Stokestheorem for chains, we conclude
Z

D
d! =

X

i

Z

D
d(gi ! ) =

X

i

Z

� i

d(gi ! ) =
X

i

Z

� � i

gi ! =
X

i

Z

� D
gi ! =

Z

� D
! :

2

The theorem of Stokesalready proven for chainsand for orientable manifolds with orientable
boundary has di�eren t generalizations.

1) Stokesfor non-orien table manifolds .
We would like to have for any n-dimensional manifold M and (n � 1)-form � the prop-

erty
R

M d� =
R

� M � . The later integral should more precisely be written as
R

� M i � � , where
i : � M ! M ; x 7! x is the embedding of � M into M . It is not possibleto make senseof the
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integrals in a global way. One de�nes an orientable vector bundle ~M over M and considers
so called twisted k-forms over M . The theorem of Stokescan so be de�ned also in non-
orientable situations like on a Moebius strip or Klein bottle. There is no indication that
spacetime is not orientable (you could make a tour in our universeand when you return, a
right glove had turned into a left glove).

2) Stokesfor manifolds with piecewise smo oth boundaries .
Manifolds with boundary can be generalizedto manifolds with piecewisesmooth bound-

aries. An example is the cube M = fj xj + jyj � 1 � R 2g. As long as the set of singular
points in the boundary, (that is points in which the coordinate maps � i fail to be smooth)
has measurezero, the theorem of Stokesstays true.
3) Stokes for Riemannian manifolds . We will discusslater this generalization. It is a
reformulation of Stokesfor vector �elds. In a "curv ed" manifold, the identi�cation of vectors
with 1-forms is spacedependent.
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Chapter 3

Riemannian geometry

3.1 Metric tensor

De�nition. Let E bea �nite dimensionalvector space.A metric tensor on E is a symmetric
tensor g 2 T 0

2 (E ), which is non-degenerate : that is

g(u; v) = 0; 8v 2 E ) u = 0 :

Remark.
The symmetric tensor g is non-degenerateif and only if the map v 7! g(v; �) from E to E �

is an isomorphism.
(This is no more true if E would be in�nite dimensional. The above de�nition of degeneracy
is then called weakly non-degenerate and the property that v 7! g(v; �) from E to E � is
an isomorphism is called strongly non-degenerate ).

Remark. Let ei be a basis in E . Let ui ; vi be the coordinates of u; v, so that u =
P

i ui ei

and v =
P

i vi ei . Let gij be the coordinates of g de�ned by gij = g(ei ; ej ). Then
g(u; v) =

P
ij gij ui vj . The symmetry implies that gij = gj i . If we consider gij as a n � n

matrix, then the non-degeneracyis equivalent with the invertibilit y of the matrix g.

De�nition. An orthonormal basis of E relative to g is a basis ei in E which satis�es
g(ei ; ej ) = � 1 for i = j and g(ei ; ej ) = 0 for i 6= j .

Remark. With respect to an orthonormal basisf ei gn
i =1 , the metric tensor g is g =

P
i;j ci ei 


ei , where ci = g(ei ; ei ) 2 f� 1; 1g.

Lemma 3.1.1 (Gramm-Sc hmidt) For every metric tensor g, there exists
an orthonormal basis relative to g.

Proof. Let ei any basis. Put f i = e1. Assume h1; : : : ; hk is an orthogonal set already
constructed, de�ne inductiv ely

hk+1 = ek+1 �
kX

j =1

g(hj ; ek+1 )
g(hj ; hj )

hj

37
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which is nonzero: (elsee1; : : : ; ek+1 would be linearly independent). We verify g(hk+1 ; hi ) =
0 for i 6= k + 1:

g(hi ; hk+1 ) = g(hi ; ek+1 ) �
kX

j =1

g(hj ; ek+1 )
g(hj ; hj )

g(hi ; hj )

= g(hi ; ek+1 ) � g(hi ; ek+1 ) = 0 :

Likethis, weget an orthogonal seth1; : : : ; hk+1 . The orthogonal basisf k = hk+1 =
p

jg(hk+1 ; hk+1 )j
satis�es g(f k+1 ; f k+1 ) = � 1 and is therefore also orthonormal. 2

Remark. Note that an orthonormal basis is not unique becausewe can replace the basis
f ei gn

i =1 with the basis f� ei gn
i =1 .

De�nition. AssumeE is �nite dimensionalof dimensionn. Let e1; : : : ; en be an orthonormal
basis with respect to g and let e1; : : : ; en be the dual basis. The tensor � 2 � n (E ) de�ned
by

� = e1 ^ e2 ^ : : : ^ en

is called the volume elemen t of E with respect to g.

Lemma 3.1.2 There are only two volume elements on E with respect to a
given metric g.

Proof. Let e1; : : : ; en be an orthonormal basis and � the corresponding volume form. We
have by de�nition � (e1; : : : ; en ) = 1, if e1; : : : ; en ) is a basis in E because

e1 ^ : : : ^ en =
X

� 2 Sn

e� (1) 
 : : : 
 e� (n ) :

Any other basis f 1; : : : ; f n is obtained from e1; : : : ; en by a orthogonal transformation f i =
Uei . If the determinant of U : E ! E is 1, then the corresponding volume forms are the
same. (If f i = Uei is a change of the basis, then the corresponding volume forms satisfy
f 1 ^ ::: ^ f n = det(U)e1 ^ ::: ^ en .)
If we had constructed � with an orthogonal transformation U of determinant � 1 like the
basis f 1 = � e1; f i = ei ; i = 2; : : : ; n, then we had � (f 1; : : : ; f n ) = � 1.) Becausethe only
ambiguit y in the choiceof the basiswasthe sign of the determinant of U, the volume element
is determined up to a sign. 2

De�nition. A choiceof the two possiblevolume elements in E is called an orien tation in E .
If � is a volume element in E and v1; : : : ; vn is a basis,then it is called positiv ely orien ted ,
if � (v1; : : : ; vn ) = 1.

3.2 Ho dge star operation

Notation. We write for
� =

X

i 1 <i 2 ::: <i q

� i 1 ;::: ;i q ei 1 ^ : : : ^ ei q
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alsoshortly � =
P

I � I eI , whereI runs over all index setsI = f i 1; : : : ; i qg with i 1 < i 2; : : : <
i q.

De�nition. Given � =
P

I � I eI ; � =
P

I � J eJ 2 � q(E ), where f ei g is an orthonormal basis
with respect to the metric tensor g 2 T 0

2 (E ). De�ne gI =
Q

i 2 I g(ei ; ei ) 2 f� 1; 1g. De�ne
also

g(�; � ) =
X

I

gI � I � I :

Examples.
1) Let � = � 1e1 + � 2e2 and � = � 2e1 + � 2e2. Then g(�; � ) = � 1� 1g11 + � 2� 2g22.
2) Let � = e1 ^ e2 and � = e1 ^ e2. Then g(�; � ) = g(e1; e1) � g(e2; e2).

Prop osition 3.2.1 (Lifting of a metric to � q(E ).) A metric tensor g on
E induces a metric tensor on � q(E ) by g(�; � ) =

P
I gI � I � I .

Proof. g is obviously a symmetric tensor in T 0
2 (� q(E )). The non-degeneracyfollows from

the non-degeneracyof g on E: assumeg(�; � ) = 0 for all � . Then g(�; dxI ) = gI � I = 0 for
all I , so that � I = 0 for all I and so � = 0. 2

Example. Let e1; e2; : : : ; en be an orthonormal basis in E . In this basis, we have g =P
i ci ei 
 ei , where ci 2 f� 1; 1g. Then

g(eI ; eI ) = g(ei 1 ^ � � � ^ ei q ; ei 1 ^ � � � ^ ei q ) = ci 1 : : : ci q

and g(eJ ; eI ) = 0 for I 6= J . So, eI is an orthonormal basiswith respect to the metric g.
De�nition. More generally, let g be a metric tensor on E and let h be a metric tensor on F .
Form a metric tensor gh on � q(E ; F ) as follows: if f 1; : : : ; f l is an orthonormal basis in F ,
then we can write � =

P
i � i f i , and � =

P
j � j f j and

gh(�; � ) =
X

I ;i

hi gI � i
I � i

I ;

where hi = h(f i ; f i ) 2 f� 1; 1g. Again, this de�nition is independent on the basischosenin
E and the basischosenin F .

Prop osition 3.2.2 (Existence of a Ho dge op eration) Assume E is a �-
nite dimensional vector space of dimension n. Let g be a metric on E and ! a
volume element on E with respect to E . There exists a unique isomorphism

� : � q(E ) ! � n � q(E )

such that � ^ � � = g(�; � )! for all �; � 2 � q(E ).

Proof. For 
 2 � n � q(E ), de�ne the linear map � 
 : � q(E ) ! R by

� 
 (� )! = � ^ 
 :
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This map is injective. A comparison of the dimension shows that it is an isomorphism.
Therefore, for all � 2 � q(E ), there exists a unique 
 2 � n � q(E ) such that � 
 (� ) = g(�; � ).
De�ne � � to be this 
 .

Uniquenessas well as existenceof � is best seenusing coordinates. Let e1; : : : ; en be an
orthonormal basis in E . Given eI = ei 1 ^ : : : ^ ei q 2 � q(E ). With ci = g(ei ; ei ), we have

� eI = (ci 1 � � � ci q )( � 1)� ( I ;I 0) eI 0
;

where I [ I 0 = f 1; : : : ; ng and � (I ; I 0) is the permutation which brings I [ I 0 into f 1; : : : ; ng,
with I = f i 1; : : : ; i qg with i 1 < : : : < i q and I 0 = f i 0

1; : : : ; i 0
qg. 2

Notation. If ei is an orthonormal basis with respect to g, then g =
P

i;j ci ei 
 ei with
ci = g(ei ; ei ) as in the above proof. De�ne (� 1)g =

Q n
i =1 ci .

Prop osition 3.2.3 (Prop erties of the Ho dge star op erator) .

a) For � 2 � q(E )
� � � = (� 1)g(� 1)q(n � q) � :

b) g(�; � ) = (� 1)gg(� � ; � � ).
c) � 1 = ! ; � ! = (� 1)g.

Proof. a) Take � = e� (q+1) ^ : : : ^ e� (n ) . We know that � � = Ce� (1) ^ : : : ^ e� (q) for some
constant C. Because� ^ � � = (� 1)q(c� (q+1) � � � c� (n ) )!

� e� (1) ^ � � � ^ e� (q) = c� (1) : : : c� (q) (� 1)� e� (q+1) ^ � � � ^ e� (n ) :

Therefore,

� � e� (1) ^ � � � ^ e� (q) = (� 1)q(n � q) (c� (1) � � � c� (n ) )(( � 1)� )2e� (1) ^ � � � ^ e� (q)

= (� 1)q(n � q) (� 1)ge� (1) ^ � � � ^ e� (q) :

b) Using a),

g(� �; � � )! = � � ^ � � � = (� 1)g(� 1)q(n � q) � � ^ � = (� 1)g� ^ � � = (� 1)gg(�; � )! :

c) follows directly from the de�nition and b). 2

Examples.
1) Let M = R 3 and let g be the 
at standard metric in M . Let e1; e2; e3 be the standard
basis in � 1(R 3). The 3-form ! = dx1 ^ dx2 ^ dx3 is the volume form on M associated to
g. Then � e1 = e2 ^ e3; � e2 = e3 ^ e1 = � e1 ^ e3 and � e3 = � e1 ^ e2 becausein each case
ei ^ � ei = ! . From the above proposition a), we seethat � � � = � so that � is an involution.

2) Let M = R 4 and g the Loren tz inner pro duct , which is de�ned by g11 = � 1; g22 =
g33 = g44 = 1 and gij = g(ei ; ej ) = 0 for i 6= j . The Hodge star operation from � 1(R 4) to



3.3. RIEMANNIAN MANIF OLDS 41

� 3(R 4) is an involution and given by

� e1 = � e2 ^ e3 ^ e4 ;

� e2 = � e1 ^ e3 ^ e4 ;

� e3 = e1 ^ e2 ^ e4 ;

� e4 = � e1 ^ e2 ^ e3

because

e1 ^ (� e1) = � e1 ^ e2 ^ e3 ^ e4 = g11!

e2 ^ (� e2) = � e2 ^ e1 ^ e3 ^ e4 = g22!

e3 ^ (� e3) = e3 ^ e1 ^ e2 ^ e4 = g33!

e4 ^ (� e4) = � e4 ^ e1 ^ e2 ^ e3 = g44! :

The Hodge star operation from � 2(R 4 to � 2(R 4) satis�es �� = � 1 and is given by

� (e1 ^ e2) = � e3 ^ e4 ;

� (e2 ^ e3) = e1 ^ e4 ;

� (e1 ^ e3) = e2 ^ e4

because

(e1 ^ e2) ^ (� e3 ^ e4) = � g11g22! = !

(e2 ^ e3) ^ (e1 ^ e4) = g22g33! = !

(e1 ^ e3) ^ (e2 ^ e4) = � g11g33! = ! :

3.3 Riemannian manifolds

De�nition. A metric tensor �eld g is a tensor �eld g 2 T 0
2 (M ) such that g(x) is a metric

tensor in T 0
2 (Tx M ). This meansthat there exist bilinear symmetric non-degeneratefunc-

tions gx (�; �) : Tx M � Tx M ! R , so that for all vector �elds X ; Y 2 �( TM ), the function
x 7! g(x)(X (x); Y (x)) is smooth.

De�nition. A pair (M ; g), where M is a manifold and g is a metric tensor �eld on M , is
called a pseudo Riemannian manifold .

De�nition. A pseudoRiemannian manifold (M ; g) is called a Riemannian manifold , if
the metric tensor �eld g is positive de�nite, that is if g(x)(v; v) � 0 for all v 2 Tx (M ).

De�nition. Let M be a n-dimensional Pseudo Riemannian manifold. A smooth map
x ! TM n ; x 7! e(x) = (e1(x); : : : ; en (x)) such that for all x, the set f e1(x); : : : ; en (x)g is
an orthonormal basison Tx (M ), is called an orthonormal frame �eld on M . Denote by
e1; : : : ; en the dual basisof e1; : : : ; en . The map x ! T � M n ; x 7! e(x) = (e1(x); : : : ; en (x)) is
calledan orthonormal coframe �eld . It de�nes a volumeform ! = e1^ : : :^ en 2 � n (M ).

Remark. By Gramm-Schmidt orthonormalisation at each point x 2 M , as seenin the last
section, a volume form exists in every chart U. Becausecoordinate changes� ij from one
chart to an other chart have an orthogonal Jacobean D� ij , the determinant is � 1. If M is
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oriented, we can choose! so that all coordinate changes� ij satisfy det(D � ij ) = 1. Such a
volume form ! is called the volume on M .

De�nition. An orien tation on an orientable manifold is an equivalence class of volume
forms, where � 1 � � 2 if and only if there exists a function f > 0 such that � 1 = f � 2.

Lemma 3.3.1 Assume M is orientable. Then M is connected if and only if there exist exactly
two orientations on M .

Proof. Let � and � be two volume forms. Then � = f � with f (x) 6= 0 for all x 2 M .
BecauseM is connected,we have f � 1((0; 1 )) = M or f � 1(( �1 ; 0)) = M so that either
f > 0 or f < 0 and �; � are equivalent.

If M is not connectedand is a union of two disjoint manifolds M 1; M 2. Let � be a volume
on M and denote by � i the restriction on M i . Let � be a volume on M which is � 1 on M 1

and � � 2 on M 2. Then, �; � � and � ; � � are not equivalent. 2

We comenow to someexamplesof PseudoRiemannian manifolds. We use the notation to
denote by [gij ] the matrix which has the entry gij in the i 'th row and the j 'th column.

Examples.
1) (Flat three dimensional space in spherical coordinates ). Let (M ; g) be the 
at
three dimenensional space. With respect to the standard basis e1; e2; e3, the metric g is
given by gij (x) = 1 if i = j and gij (x) = 0 if i 6= j .
Let r = x1; � = x2; � = x3 be the spherical coordinates in R 3. A point in R 3 can be written
as

x = r cos(� ) sin(� )e1 + r sin(� ) sin(� )e2 + r cos(� ))e3 :

Consider the three orthogonal basisvectors

er = @x=@x1 = cos(� ) sin(� )e1 + sin(� ) sin(� )e2 + cos(� )e3

e� = @x=@x3 = r cos(� ) cos(� )e1 + r sin(� ) cos(� )e2 � r sin(� )e3 ;

e� = @x=@x2 = � r sin(� ) sin(� )e1 + r cos(� ) sin(� )e2 :

It is an exercisein a homework to show that with respect to this basis, the metric is given
by

[gij ](x) =

0

@
1 0 0
0 r 2 0
0 0 r 2 sin2(� )

1

A :

2) (Flat Lorentz manifold) Take on the manifold M = R 4 the metric

[gij ] =

0

B
B
@

� c2 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

1

C
C
A ;

where c is the speedof light.
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3) (Schwarzschild manifold). Take on the manifold M = R 4 n f r = 0g the coordinates
t = x0; r = x1; � = x2; � = x3 (that is x1; x2; x3 are the polar coordinates in spaceand x0 is
the time coordinate. For m=r < 1, the Schwarzschild metric is given by

[gij ] =

0

B
B
@

� c2(1 � 2m=r) 0 0 0
0 (1 � 2m=r) � 1 0 0
0 0 r 2 0
0 0 0 r 2 sin2(� ))

1

C
C
A :

The Schwarzschild manifold is important in general relativit y . It is a model for the space-
time in presenceof a single massive object of mass M . (It is according to a theorem
of Birkho� the only solutions of Einstein's equations (see later) in the vacuum which
is spherically symmetric). The constant m is de�ned as m = GM =c2, where G is the
gravitational constant. (2m is called the Schwarzschild radius ). The Schwarzschild model
is the basis for the known �v e tests of general relativit y:

� the perihelion advanceof planets,

� the bending of light near the sun

� the time delay in radar sounding of planets

� the spectral shift of light emanating a massive object

� or the precessionof a gyroscope which is freely orbiting the earth.

(M ; g) is a pseudoRiemannian manifold.

De�nition. Given a Riemannian manifold (M ; g) and let u be a vector in the tangent space
Tx M . The length of u is de�ned as

p
g(x)(u; u) =

s
j
X

ij

gij ui uj j :

A vector, which has zero length is called a null vector . One calls vectors u for whichP
ij gij ui uj < 0 time lik e, vectors u with

P
ij gij ui uj < 0 space lik e.

Examples. 1) Take example2) from above. The vectors on the ligh t cone

f u j
p

jg(u; u)j =
p

j � c2(u0)2 + (u1)2 + (u2)2 + (u3)2 j = 0g

are the null vectors.
2) In a Lorentzian manifold (M ; g) with [g] = D iag(� 1; 1; 1; 1), the vector (1; 0; 0; 0) is time
like and for example (0; 1; 0; 0) is spacelike. Particles with spacelike velocity vectors have
velocity smaller than the speedof light, particles with time like velocity vectorshavevelocity
larger than the speedof light (tachions).

De�nition. The angle � betweentwo non-null vectors u; v is de�ned as

cos(� ) = g(u; v)=(
p

g(u; u)
p

g(v; v)) :

De�nition. Let 
 : [a; b] ! M be a curve on the Riemannian manifold M . The length of
the curve is de�ned by

Z b

a

p
jg(
 (� ))( D 
 (� )(1) ; D 
 (t)( � )) j d� :
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Note that D 
 (� ) is a linear map from R to R n and that D 
 (t)(1) is a vector in R n � T
 ( � )M .

Question. Doesevery manifold allow to be a Riemannian manifold (g positive de�nite) or a
pseudoRiemannian manifold of a given signature?

Prop osition 3.3.2 Given a manifold M . Then there exists a Riemannian metric g on M .

Proof. We have to show that there exists a tensor �eld g 2 T 0
2 (M ) which is symmetric,

non-degenerateand positive de�nite.

Let f Ui ; � i g be an atlas for M and let gi be a partition of unit y subordinate to the cover
Ui . Let q be a Riemannian metric on R n . For example [q] = Diag(1; 1; 1 : : : ; 1). Let
qi = � �

i q be the pull back metrics on Ui . De�ne g(x) =
P

i gi (x)qi (x). This is smooth and
positive de�nite becausefor x 2 M and u 2 Tx M , we have g(x)(u; u) =

P
i gi qi (u; u) > 0. 2

Remark. It is not always possibleto build on a given manifold a metric of a given signature.
For example,on the sphereM = S2, there existsno Lorentzian metric, a metric of signature
(� 1; 1) becausewe could otherwise �nd a vector �eld on the sphere, which is nowhere
vanishing. But this doesnot exist.

3.4 Theorem of Stok es for Riemannian manifolds

De�nition. Assume (M ; g) is an oriented Riemannian manifold with volume form ! . The
pointwise Hodge operation � : � k (Tx M ) ! � n � k (Tx M ) de�nes a map � k (M ) ! � n � k (M )
called the Ho dge star operation on �( M ).

De�nition. Let M be an oriented Riemannian manifold with volume form ! . For a contin-
uous function f on M with compact support, de�ne

Z

M
f :=

Z

M
� f =

Z

M
f !

Notation. Let M be a Riemannian manifold. The metric g de�nes an isomorphism from
Tx M to T �

x M . A common "musical" notion for this isomorphism is

[ : Tx M ! T �
x M ; ] : T �

x M ! Tx M

which comesfrom the fact that [ is index raising and ] is index lowering .

Recall. Given a vector �eld v 2 �( TM ). De�ne the function

div(v) = � d � v[ :

Theorem 3.4.1 (Stok es for Riemannian manifolds) Given v 2 �( TM )
of compact support and let D be a regular domain in M and n the outer normal
vector �eld on the boundary � D . Then

Z

D
div(v) =

Z

� D
g(v; n) :
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Proof. Using Stokes theorem, we get by de�nition of the integral and Stokes theorem for
oriented manifolds that

Z

D
div(v) =

Z

D
� d � v[ =

Z

D
d � v[ =

Z

� D
� v[

which reducesthe claim to the identit y
Z

� D
� v[ =

Z

� D
g(v; n) :

Choose at a point in � D a chart so that n(x) = e1 is the outer unit normal vector. Let
e1; : : : ; en be an orthonormal basis and let e1; : : : ; en be the dual basis. Using a suitable
partition of unit y, we can assumethat v has its support in a chart U which is contained in
a simplex � , such that � 1 is mapped into � D . With v[ =

P
i vi ei , where vi = gii vi , we get

� v[ =
X

i

v1;::: ; î;::: ;n e1 ^ : : : ^ êi ^ : : : ^ en

=
X

i

gii (� 1)i vi e1 ^ : : : ^ êi ^ : : : ^ en

so that
R

� D � v[ =
R

� 1
det(D � 1)g11v2;::: ;n . On the other hand, sinceg(v; n) = v1, we obtain

by the de�nition of the integration on � D also
R

� 1
det(D � 1)v1 =

R
� 1

det(D � 1)g11v2;:::;n . 2

3.5 In terior pro duct and Lie deriv ativ e

De�nition. Let M be a manifold and X 2 �( TM ) a vector �eld on M . For � 2 � k+1 (M ) de-
�ne the in terior pro duct (also called in terior multiplication or contraction ) is de�ned
as

i X � (X 1; : : : ; X k ) = � (X ; X 1; : : : ; X k ) :

Reminder. Note that if � i are 1- forms, then

� 1 ^ : : : � n (X 1; : : : X n ) = det(� i (X j )) :

Lemma 3.5.1 (Prop erties of the in terior pro duct) The interior product
is an anti-derivation of degree � 1.

Proof. We have to show that i X (� ^ � ) = (i x � ) ^ � + (� 1)k � ^ (i X � ) if the degreeof � is k.

The linearit y is clear as well as the degree� 1 property.

For proving the anti-deriv ation property, it is enough to show it for �; � which are decom-
posableas � = e1 ^ : : : ^ ek and so to verify

i X (e1 ^ : : : ek ) =
kX

i =1

(� 1)i +1 e1 ^ : : : ^ i X (ei ) ^ : : : ^ ek :
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Apply both functions on (X 2; : : : ; X k ). We get on the left hand side with X 1 = X

i X (e1 ^ : : : ek )(X 2; : : : ; X k ) = det(ej (X i ))

and on the right hand side with X 1 = X .

kX

i =1

X

� 2 S(k � 1)

(� 1)� (� 1)i +1 ei (X 1)e1(X � (1) ) � � � ek (X � (k )

X

� 2 S(k)

(� 1)� e1(X � (1) ) � � � ek (X � (k ) :

2

De�nition. A curve � t (x) de�ned on an interval [a; b] is called an in tegral curv e of a vector
�eld X , if d

dt � t (x) = X (� t (x)).
Every di�eren tiable vector �eld de�nes locally a set of di�eomorphism � t : U ! � t (U) de-
�ned for t 2 [a; b] on the manifold.

De�nition. Let X 2 �( TM ) be a vector �eld and let � 2 � k (M ) be a k-form. Denote by � t

the 
o w de�ned by the vector �eld X . De�ne the new k-form

L X � (x) =
d
dt

(� �
t � (x) � � (x))=t :

It is called the Lie deriv ativ e of � with respect to the vector �eld X .

De�nition. Let X ; Y be vector �elds on M . De�ne the vector �eld [X ; Y ] called Lie brac ket
as

[X ; Y ]y (f ) = X y (Y f ) � Yy (X f ) :

Theorem 3.5.2 The Lie derivative has the following properties:
(i) L X f = X (f ) for f 2 �( M ) = T 0

0 (M )
(ii) L X (Y ) � L Y (X ) = [X ; Y ] for X 2 �( TM )
(iii) L X is a derivation on �( M ) which commuteswith d.
(iv) The Cartan formula L X = i X � d + d � i X holds.

3.6 Connections

De�nition. A curve ; � : I ! M ; t 7! � t is called an in tegral curv e of a vector �eld X , if
d
dt � t (x) = X (� t (x)).
Every di�eren tiable vector �eld de�nes so a set of di�eomorphism � t : U ! � t (U) on M , if
jt j is small enough. This set of di�eomorphisms is also called a 
o w.
De�nition. Let X 2 �( TM ) be a vector �eld. Denote by � t the 
o w de�ned by the vector
�eld X . Given an other vector �eld Y , de�ne L X Y (x) = d

dt Y (� t (x)) t =0 . It is called the Lie
deriv ativ e of Y with respect to the vector �eld X .

De�nition. Let X ; Y be vector �elds on M . De�ne the vector �eld [X ; Y ] called Lie brac ket
as

[X ; Y ] = L X Y � L Y X :
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Remark. Write @i = @=@x i . In local coordinates, X =
P

i X i @i ; Y =
P

i Y i @i , we have
Z = [X ; Y ] =

P
i Z i @i with

Z i =
nX

j =1

X j @j Y i �
nX

j =1

Y j @j X i :

De�nition. A connection on a manifold M is a bilinear map r : �( TM )� �( TM ) ! �( TM )
which satis�es

r f X (Y ) = f r X (Y ); r X (f Y ) = (X f )Y + f r X (Y )

for all f 2 C1 (M ) and which has vanishing torsion

T(X ; Y) = r X Y � r Y X � [X ; Y ] = 0 :

Example. The canonical connection on Euclidean spaceis r X Y = DY(X ) =
P

j X j @j Y i .

De�nition. A connection on a pseudoRiemannian manifold (M ; g) is called compatible
with the metric if for all vector �elds X ; Y; Z , the identit y

X g(Y; Z ) = g(r X Y; Z ) + g(Y; r X Z )

holds. (This de�nition is motivated by the Leibniz rule.)

Theorem 3.6.1 (Fundamen tal theorem of Riemannian geometry)
On everypseudoRiemannian manifold (M ; g), there existsa unique connection
r which is compatible with the metric.

Proof. Becauser is compatible with the metric, we obtain the three identities

X g(Y; Z ) = g(r X Y; Z ) + g(Y; r X Z ) ;

Yg(Z; X ) = g(r Y Z; X ) + g(Z; r Y X ) ;

Z g(X ; Y) = g(r Z X ; Y) + g(X ; r X Y) :

Adding the �rst two equalities and subtracting the third one and using that r is torsion
free, this gives

2g(r X Y; Z ) = X g(Y; Z ) + Y g(Z; X ) � Z g(X ; Y)

+ g([X ; Y ]; Z ) � g([X ; Z ]; Y ) � g([Y; Z ]; X )

which shows uniqueness.The right hand side is linear and is for �xed X ; Y a tensor in Z . It
satis�es especially g(r X Y; f Z ) = f (r Y ; Z ) for all f 2 C1 (M ). The formula for g(r X Y; Z )
de�nes r X .

(i) r f X (Y ) = f r X (Y ).
It is enoughto show g(r f X (Y ); Z ) = g(f r X (Y ); Z ) for all vector �elds Z . This is veri�ed
by putting in the formula in the box.
(ii) r X (f Y ) = (X f )Y + f r X (Y ).
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Also here, it is enoughto show g(r X (f Y ); Z ) = g((X f )Y; Z ) + g(f r X (Y ); Z ) for all vector
�elds Z which is veri�ed by inserting the formula in the box.
(iii) r X Y � r Y X � [X ; Y ] = 0
Dito.
(iv) X g(Y; Z ) = g(r X Y; Z ) + g(Y; r X Z ).
Substitute the formula on the right hand side of 3.1. 2

De�nition. The unique connectioncompatible with the PseudoRiemannian metric is called
the Levi-Civita connection or canonical connection .

De�nition. In a local coordinate system, take X i = @i , gij = g(X i ; X j ), and [gij ] = [gij ]� 1,
so that g =

P
ij gij dxi 
 dxj . Use the short hand notation r i for r X i , de�ne

� i
j k =

X

l

gil g(r j @k ; @l ) ;

the Christo�el sym bols of the connection. Alternativ ely, the Christo�el symbols can be
de�ned by the relation

r i @j =
X

k

� k
ij @k :

It is an exercisein Homework, to seethat thesetwo de�nitions are equivalent.
Remark. Becausethe vector �elds @

@x i commute, we have � i
j k = � i

k j .

Remarks.
1) The equality r f X Y = f r X Y for f 2 C1 (M ) implies that for a given Y , r f X (Y )(x)
dependsonly on X (x). The connectioncan therefore by viewed asa family of bilinear maps
from Tx M � �( TM ) ! Tx M indexed by x 2 M . However, r X Y (x) depends not only on
Y (x) but also on its �rst derivative and is so not a tensor (seelater).

Prop osition 3.6.2 (The canonical connection in lo cal coordinates) .
a) In a local coordinate system, we have with X =

P
j X j @j and Y =

P
k Y k @k ,

r X Y =
X

i

0

@
X

j

X j @Y i

@x j +
X

j;k

� i
j k X j Y k

1

A @
@x i

b)
2� i

j k =
X

l

gil (@j gk l + @k glj � @l gj k ) :

Proof. a) Becauser is bilinear in X ; Y , we can assumeX = X j � j ; Y = Y i � i . From the
two properties in the de�nition of a connection, we get

r X Y = r X j � j
(Y i � i ) = X j r � j (Y i � i )

= X j � j Y i � i + X j Y i r � j (� i )

= X j � j Y i � i + X j Y i
X

k

� k
ij � k
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= X j @Y i

@x j � i +
X

k

� k
ij X j Y i � k :

By taking linear combinations X =
P

j X j � j ; Y =
P

i Y i @i (or switching on the Einstein
convention), we get from this the formula we have to prove.
b) The boxed formula in the last proof together with the de�nition of the Christo�el symbols
givestogether with [@i ; @j ] = 0 for all i; j

2� j k l = 2g(r @j @k ; @l ) = @j gk l + @k glj � @l gj k :

The formula for � i
j k =

P
l gil � j k l follows from that. 2

Examples.
1) Let M = R n be equipped with a 
at metric [gij ] = Diag(c1; : : : ; cn ). From the formula
for � k

ij in local coordinates, we seethat � k
ij = 0 because� j gk l = � k glj = � l gj k = 0. This is

also true, if g is constant.

2) Let M = f (x; y) 2 R 2 j y > 0 g be the upper half plane and [gij ] = Diag(1=y2; 1=y2).
This Riemannian manifold is the Lobac hevsky plane .
We compute

� 2
11 = 1=y; � 1

12 = � 1
21 = � 2

22 = � 1=y :

All other coe�cien ts are vanishing.

One of the main reasonsfor de�ning connectionsis the notion of parallelism and the fun-
damental conceptsof geodesicsand curvature to which we comein the following sections.

3.7 Covarian t deriv ativ e

A connection de�nes a a derivative on tensorswhich has the property that it maps tensors
into tensorsand replacesthe partial derivative (which doesnot map tensors into tensors in
general).

De�nition. Let X be a vector �eld on a manifold M with connection r . The linear map
r X on �( TM ) de�nes a linear map on the spaceof tensor �elds �( T 0

1 (M )) (= di�eren tial
1-forms = covector �elds) by

r X t(Y ) = X t(Y) � t(r X Y) :

Having de�ned the connection on 1-forms, we can de�ne r X on tensors t 2 T p
q (M ) by

(r X t)(Y 1; : : : ; Y p; X 1; : : : ; X q) = X t(Y 1; : : : ; Y p; X 1; : : : ; X q)

�
pX

i =1

t(Y 1; : : : ; r X Y i ; : : : ; Y p; X 1; : : : ; X q)

�
qX

i =1

t(Y 1; : : : ; : : : ; Y p; X 1; : : : ; r X X i ; : : : ; X q) ;

where Y 1; : : : ; Y p are covector �elds and X 1; : : : ; X q are vector �elds.
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Remark.
If t 2 �( T p

q (M )) and s 2 �( T p0

q0 (M )), then

r X (t 
 s) = (r X t) 
 s + (t 
 r X s) :

(seethe exercisein Homework 8).

Example.
If M is equipped with a Riemannian metric g 2 �( T 0

2 (M )) and r is compatible with g, then
r X g = 0 becausethis equation is exactly paraphrasingthat r is compatible with the metric:

r X g(X 1; X 2) = X g(X 1; X 2) � g(r X X 1; X 2) � g(X 1; r X X 2) = 0 :

De�nition. The covarian t deriv ativ e is the linear map from �( T p
q M ) to �( T p

q+1 M ) de�ned
by

Dt(Y 1; : : : ; Y p; X 1; : : : ; X q; X ) = r X t(Y 1; : : : ; Y p; X 1; : : : ; X q) :

Remark. A connection de�nes a di�eren tiation on the spaceof all tensors similar as the
exterior derivative d did it on skew-symmetric tensors. The naive partial di�eren tiation
would not lead to a tensor in general. Covariant di�eren tiation is the right modi�cation.

Notation. If the coordinates of t are t j 1 ;::: ;j p

i 1 ;::: ;i q
, we write

t j 1 ;::: ;j p

i 1 ;::: ;i q ;i = D@i t
j 1 ;::: ;j p

i 1 ;::: ;i q

for the coordinates of D @i t.

Examples.

1) The covariant derivative of a function f is f ;i = @f
@x i and is so identical to the partial

derivative.

2) We have seenin a Proposition of the last section, that if Y =
P

Y j @j is a vector �eld,
then

Y j
;i =

@Y j

@x i +
X

k

� j
k i Y

k :

If � j
k i = 0, then this is partial di�eren tiation with respect to the i 'th coordinate.

3) If t =
P

k tk dxk is in �( T 0
1 (M )), then

tk ;i =
@tk

@x i �
X

j

� j
k i t j :

Proof. By the de�nition at the beginning of this section,

tk ;i = r i t(@k ) =
@tk

@x i � t(r i @k )

=
@tk

@x i �
X

j

� j
k i t(@j )
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=
@tk

@x i �
X

j

� j
k i t j :

4) If t =
P

k ;l tk l dxk 
 dxl is in �( T 0
2 )(M ), then

tk l ;i =
@tk l

@x i �
X

j

� j
k i t j l �

X

j

� j
il tk j :

And it is clear, how this will be generalizedto general tensors (seethe exercise). For every
upper index, there will be a correction term with positive sign and for every lower index
there will be a correction term with negative sign.

3.8 Parallel transp ort

De�nition. A vector �eld V is parallel transp orted along a vector �eld X , if r X V = 0.

De�nition. A vector �eld along a curv e c : I ! M is a smooth curve X : I ! TM in
the tangent bundle of M such that X (x) 2 Tx M . For example, the velocit y �eld Dc(t) is
such a vector �eld.

De�nition. The covariant derivative along a curve is a map on the spaceof all vector �elds
along the curve c de�ned in a neighborhood U of x = c(t) by

r cX = r Y ~X ;

where ~X is a vector �eld on U which is X when restricted to c(I ) \ U and where Y is a
vector �eld on U which is Dc when restricted to c(I ) \ U.

Notation. We write X (t) for a vector �eld on the curve c instead of X (c(t)).

Remark. From the properties of the connection, we have

r c(f Y )( t) = (
d
dt

f (c(t))) Y (t) + f (t)r cY(t) :

De�nition. A vector �eld X along a curve c is called parallel , if r cX = 0.

Prop osition 3.8.1 (P arallel transp ort) Given a curve c : I ! M and
given a vector v 2 Tx M where x = c(t0). There exists a unique parallel vector
�eld X along c such that X (t0) = v.

Proof. By splitting the interval I in small pieces,we can assumethat c(I ) is contained in a
single chart of M . In order to �nd the parallel vector �eld X (c(t)) = v(t) on the curve, one
has to solve the equation

r cX = 0 =
d
dt

vk (t) +
X

i;j

� k
ij vi (t)Dcj (t) :
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This is a di�eren tial equation of the form _v = Ft (v) in R n with smooth function Ft : R n !
R n and has a solution for small t. 2

De�nition. The parallel transport from c(0) to c(t) along a curvec in a Riemannian manifold
(M ; g) is de�ned as the map

v(0) 2 Tc(0) M 7! v(t) 2 Tc( t )M

by constructing a parallel vector �eld v(t) on c(t).

Prop osition 3.8.2 The parallel transport de�nes an isometry from Tc(0) M to
Tc( t ) (M ). That is, if v(0); w(0) 2 Tc(0) M are given, then g(c(t))( v(t); w(t)) =
g(c(0))( v(0); w(0)) and especially, anglesbetween two vectors are preserved.

Proof. For any two vector �elds X ; Y on the curve

d
dt

g(X (t); Y (t)) = g(r cX (t); Y (t)) + g(X (t); r cY (t)) :

The right hand side vanishesif X (t); Y (t) are parallel transported vector �elds on c because
then r cX = 0 and r cY = 0. 2

Remark. Parallel transport from one point x to an other point y in the manifold depends
in generalon the path from x to y.

3.9 Geodesics

De�nition. A curve c is called a geodesic , if its velocity vector �eld Dc on c is parallel.

Remark. The length of Dc(t) is constant becausethis is a property of parallel transport of
any vector �eld.

Prop osition 3.9.1 Let c(t) be a geodesic in the Riemannian manifold (M ; g).
In local coordinates, if c(t) = (c1(t); : : : ; cn (t)) , then

d2

dt2 ci +
X

j;k

� i
j k (c(t)) _cj (t) _ck (t) = 0 :

Proof. This is the formula of the parallel transport of the vector v(t) = _c(t). 2

Corollary 3.9.2 (Lo cal existence of geodesics) Given a point x 2 M and
v 2 Tx M , there exists an interval I = [� �; � ] and a geodesic c : I ! M , which
satis�es Dc(0) = v and c(0) = x.
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Proof. Also this result follows from the existenceresult of solutions of ordinary di�eren tial
equations. The di�eren tial equation

•ci = �
X

j;k

� i
j k (c(t)) _cj (t) _ck (t)

is of the form d=dt(c;d) = d(Ft (c;d) which can be rewritten as d
dt z(t) = G(z) using

z = (t; c;d). 2

The explicit solutions of the di�eren tial equationsgiving the geodesicscan in generalnot be
found. Even on a sphere,the 
o w can be chaotic and comearbitrarily closeto any point in
the sphere. Nevertheless,there are exampleslike the Lobachevsky plane, the sphereor the
plane, where the geodesicsare known.

Examples.
1) On the 
at plane (M ; g), where[g]ij = Diag(1; 1), the geodesic
o w is easyto �nd because
� i

k l ((x; y)) = 0 for all x 2 M . The di�eren tial equations are therefore

•x = 0 ; •y = 0 :

That is the geodesicsare the straight lines.

2) On the Lobachevsky plane, with metric [g]ij = Diag(1=y2; 1=y2), we have already com-
puted the Christo�el symbols. This givesthe di�eren tial equations

•x = �
2_x _y
y

;

•y =
( _x2 � _y2)

y
:

One can show that the solutions of these di�eren tial equations are circles through (x; y)
which have in (x; y) the tangent direction ( _x; _y) and which hit the line y = 0 in a right angle.

3) On the sphere,you compute the Christo�el symbols in the homework. It is already in
this simple situation convenient to make such computations with the computer.

De�nition. A Riemannian manifold, for which a geodesiccan be de�ned for all times t 2 R
is called geodesically complete .

Remark. Not every manifold is complete. Take from any manifold a point away, then the
new manifold is not complete becausethere exists a geodesic moving into the point which
has beentaken away.

De�nition. Assume (M ; g) is a geodesically complete manifold. De�ne the exp onential
map from TM to M by (x; v) 7! c(1), where c is a geodesic satisfying c(0) = x and
Dc(0) = v.

Remark. The reasonfor this name is that for SO(3), the tangent spaceat zero is a space
so(3) of skew symmetric matrices and that exp(0; v) = ev = 1 + v + v2=2! + v3=3! + : : : is
the usual exponential map.
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Theorem 3.9.3 (Hopf-Rino w) Let (M ; g) be a connected Riemannian man-
ifold. Then M is a complete metric space if and only if M is geodesically
complete. Then, every two points x; y 2 M can be connected by geodesic. This
path minimizes the length between all paths from x to y.

The proof is quite lengthy and we skip it here. Note that the assumption was that the
manifold is Riemannian and not only PseudoRiemannian.

3.10 Tw o dimensional hyp erb olic geometry

We considerin this section an exampleof geodesicsin the Lobachevsky plane (M ; g), where
M is the upper half plane.

De�nition. SL(2; R ) is the set of real 2 � 2 matrices A =
�

a b
c d

�
with determinant

det(A) = ad � bc= 1.

De�nition. Use complex coordinates z = x + iy , every element A 2 SL(2; R ) de�nes a
smooth map on M by the M •"obius transformation

z 7!
az + b
cz + d

:

Such a map on C leavesthe real line invariant and maps the upper half plane into itself.

In complex coordinates, every element in TzM is also given by a complex number and we
have g(z)(u; v) = uv=Im(z)2, where v is the complex conjugate of v.

De�nition. A map � : M ! M of a Riemannian manifold M is called a isometry , if
� � g = g.

Lemma 3.10.1 A M•obius transformation � : M ! M given by A 2 SL(2; R )
is an isometry.

Proof. We compute DA(z) = a(cz+ d) � c(az + b)
(cz+ d)2 = 1=(cz + d)2. and so

� � (z)g(u; v) = g(Az)(DAu; DAv) =
1

I m(Az)
uv(cz + d) � 4 :

Using Im(Az) = Im (z)
(cz+ d)2 , we have

� � (z)g(u; v) = Im(z)=(cz + d)2 = g(z)(u; v)

proving that � is an isometry. 2
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The length of a curve 
 : I = [0; 1] ! M ; t 7! x(t) + iy (t) is given by

L(
 ) =
Z 1

0

p
_x2 + _y2

y(t)
:

Corollary 3.10.2 If 
 : I ! M is a curve, then the length of 
 is the same
as the length of 
 (� ).

Lemma 3.10.3 Amoung all curves 
 connecting two points x + ia and x i b,
with b > a, the straight vertical line 
 (t) = x + ia + t(b� a) has minimal length
among all curves 
 connecting thesetwo points.

Proof.

L (
 ) =
Z 1

0

p
_x2(t) + _y2(t)

y(t)
�

Z 1

0

_y(t)
y(t)

dt = log(b) � log(a) :

On the other hand, with 
 0(t) = x + ia + t(b� a) we compute

L (
 0) = log(b) � log(a) :

2

Corollary 3.10.4 Given two points in M . The half circle throughz1; z2 which
is orthogonal to the x axis is the geodesic passing through z1; z2.

Proof. Let � be the M•obius transformation, which maps z1 and z2 into a point with same
real part. BecauseM•obius transformations preserve anglesand circles and lines are special
circles, the inverseimage of the line through � (z1); � (z2) is a circle which hits the real axis
in an right angle. Since� is an isometry, this circle is the shortest path between thesetwo
points. 2

3.11 Riemannian Curv ature

De�nition. The combination R(X ; Y ) = r X r Y � r Y r X � r [X ;Y ] is called the curv ature
of the connection. It de�nes the Riemann curv ature tensor

K (X ; Y; Z; W ) = g(R(X ; Y)Z; W ) :

Recall. If a function t : �( T � M )p � �( TM )q ! R is a tensor �eld, then the value of
t(Y 1; : : : ; Y q; X 1; : : : ; X p)(x) dependsonly on Y i (x) and X k (x).

De�nition. A function t : �( T � M )p � �( TM )q ! R is C1 (M )- multi-linear if for all
f 2 C1 (M ),

t(Y 1; : : : ; f Y i ; : : : ; Y p; X 1; : : : ; X q) = t(Y 1; : : : ; Y i ; : : : ; Y p; X 1; : : : ; f X i ; : : : ; X q)(3.1)

= f t(Y 1; : : : ; Y p; X 1; : : : ; X q) :
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Prop osition 3.11.1 (Con venien t criterion for tensoralit y) A map t :
�( T � M )p � �( TM )q ! R is a tensor �eld if and only if it is C1 (M )-multi-
linear.

Proof. If t is C1 (M )-multi linear, then t(Y 1; : : : ; Y p; X 1; : : : ; X q)(x) depends only on
X i (x); Y i (x) becausewe can choosein formula 3.1 functions f with support in an arbitrary
small neighborhood of a point x 2 M . That is

t(Y 1; : : : ; Y p; X 1; : : : ; X q)(x) = t(x)(Y 1(x); : : : ; Y p(x); X 1(x); : : : ; X q(x)) :

If on the other hand t(Y 1; : : : ; Y p; X 1; : : : ; X q)(x) = t(x)(Y 1(x); : : : ; Y p(x); X 1(x); : : : ; X q(x))
is a tensor �eld, then 3.1 holds. 2

Examples.
a) The map (X ; Y; Z ) 7! g(r X Y; Z ) is not a tensor. It is C1 -linear in X and Z but not in
Y , becauseby a de�ning property of the connection

g(r X f Y; Z ) = g(f r X Y; Z ) + (X :f )g(Y; Z )

for all vector �elds X ; W .
b) The map X ; Y 7! g(X ; Y) is by de�nition a tensor. That is g(f X ; Y) = g(X ; f Y) =
f g(X ; Y).
c) The map X ; Y; Z 7! g([X ; Y ]; Z ) is not a tensor, becausein general

g([X ; f Y ]; Z ) = g(L X f Y � L f Y X ; Z ) = X :f g(Y; Z ) + f g(L X Y; Z ) � f g(L Y X ; Z )

6= f g(L X Y; Z ) � f g(L Y X ; Z ) = f g([X ; Y ]; Z ) :

As the name suggests:

Lemma 3.11.2 The Riemann curvature tensor K is a tensor.

Proof. We have to show that

f K (X ; Y; Z; W ) = K (f X ; Y; Z; W ) = K (X ; f Y; Z; W ) = K (X ; Y; f Z; W ) = K (X ; Y; Z; f W ) :

a) The equality f K (X ; Y; Z; W ) = K (X ; Y; Z; f W ) is true becauseg(X ; f W ) = f g(X ; W ).
b)

K (f X ; Y; Z; W ) = g(r f X r Y Z; W ) � g(r Y r f X Z; W ) � g(r [f X ;Y ]Z; W )

= g(f r X r Y Z; W ) � g(r Y f r X Z; W ) � g(r f [X ;Y ]� (Y:f )X Z; W )

= g(f r X r Y Z; W ) � g((Y:f )r X Z; W ) � f g(r Y r X Z; W )

� f r [X ;Y ]Z; W ) + (Y:f )g(r X Z; W )

= f (r X r Y Z; W ) � f g(r Y r X Z; W ) � f g(r [X ;Y ]Z; W )

= f K (X ; Y; Z; W ) :

c) The proof of K (X ; f Y; Z; W ) = f K (X ; Y; Z; W ) is the sameas in b).
d) WehaveK (X ; Y; f Z; W ) = f K (X ; Y; Z; W )+ X :Y:f � Y:X :f � [X ; Y]:f = f K (X ; Y; Z; W )
sinceX :f = L X f and [X ; Y ] was de�ned as L X L Y � L Y L X . 2
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In order to expressK in local coordinates, take X i = � =� x i and de�ne

Rij k l = K (X i ; X j ; X k ; X l ) :

(It is custom to take here the letter R and not K ).
In the following theorem, we needthe identit y

Lemma 3.11.3 (The Jacobi iden tit y)

[X ; [Y; Z ]] + [Y; [Z; X ]] + [Z; [X ; Y ]] :

Proof. By de�nition, we have

L [X ;Y ] = L X L Y � L Y L X

so that

L [X ;[Y;Z ]] = L X L [Y;Z ] � L [Y;Z ]L X

= L X L Y L Z � L X L Z L Y � L Y L Z L X + L Z L Y L X

L [Y;[Z;X ]] = L Y L [Z;X ] � L [Z;X ]L Y

= L Y L Z L X � L Y L X L Z � L Z L X L Y + L X L Z L Y

L [Z; [X ;Y ]] = L Z L [X ;Y ] � L [X ;Y ]L Z

= L Z L X L Y � L Z L Y L X � L X L Y L Z + L Y L X L Z :

Adding up the right hand sidesgiveszero. 2

De�nition. A vector spaceX with a bilinear multiplication X � X ! X ; a; b 7! [a; b] is
called a Lie algebra if [a; b] = � [b;a] for all a; b 2 X and [a; [b;c]]+ [b;[c;a]]+ [c; [a; b]] = 0.
Examples.
1) We have just seen,that the space�( TM ) of all vector �elds on a manifolds M is a Lie
algebra if [X ; Y ] = L X L Y � L Y L X is the commutator.

2) The vector spaceM (n; R ) of all n � n matrices is a Lie algebra with multiplication
[a; b] 7! ab� ba.

Remark. Lie algebrasare important in subjects like particle physics , the theory of Lie
groups or in dynamical systems .

Theorem 3.11.4 (First Bianc hi iden tit y and other symmetries of K .)
a) R(X ; Y )Z + R(Y; Z )X + R(Z; X )Y = 0 (Bianchi identity)

b) K (X ; Y; Z; W ) = � K (Y; X ; Z; W ), K (X ; Y; W; Z ) = � K (X ; Y; Z; W ).

c) K (X ; Y; Z; W ) = K (Z; W; X ; Y).
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Proof. a) Adding the three lines

R(X ; Y)Z = r X r Y Z � r Y r X Z � r [X ;Y ]Z

R(Y; Z )X = r Y r Z X � r Z r Y X � r [Y;Z ]X

R(Z; X )Y = r Z r X Y � r X r Z Y � r [Z;X ]Y

giveson the right hand side

r X (r Y Z � r Z Y)+ r Y (r Z X � r X Z )+ r Z (r X Y � r Y X ) � r [X ;Y ]Z � r [Y;Z ]X � r [Z;X ]Y :

This is, becausethe connection is torsion free,

r X [Y; Z ] + r Y [Z; X ] + r Z [X ; Y ] � r [X ;Y ]Z � r [Y;Z ]X � r [Z;X ]Y

and again becausethe connection is torsion free

[X ; [Y; Z ]] + [Y; [Z; X ]] + [Z; [X ; Y ]] :

The Jacobi identit y assuresthat this is vanishing.

b) The �rst identit y is clear from the de�nition of R. From the compatibilit y of the connec-
tion with the metric, we get

g(r X r Y Z; W ) = X g(r Y Z; W ) � g(r Y Z; r X W )

= X Yg(Z; W ) � X g(Z; r Y W )

� Y g(Z; r X W ) + g(Z; r Y r X W ) ;

g(r Y r X Z; W ) = Y g(r X Z; W ) � g(r X Z; r Y W )

= Y X g(Z; W ) � Y g(Z; r X W )

� X g(Z; r Y W ) + g(Z; r X r Y W ) ;

g(r [X ;Y ]Z; W ) = (X Y � YX )g(Z; W ) � g(Z; r [X ;Y ]W ) :

We seethat g(R(X ; Y)Z; W ) = � g(Z; R(X ; Y)W ) which establishesthe secondidentit y.

c) Take X i so that Rij k l = K (X i ; X j ; X k ; X l ).

Rij k l = � Rj k il � Rk ij l (a)

= Rj k li + Rk ilj (b)

= � Rk lj i � Rlj k i � Rilk j � Rlk ij (a)

= Rk lij + Rlj ik + Rilj k + Rk lij (b)

= 2Rk lij � Rj ilk (a)

= 2Rk lij � Rij k l (b)

which givesRij k l = Rk lij . 2

De�nition. If P is a two dimensionalplane in Tx M and v; w are a basisin P, the expression

K (v; w) =
K (x)(v; w; v; w)

g(v[ ^ w[ ; v[ ^ w[ )
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is called the sectional curv ature at x in the plane P. (It can be interpreted as half the
scalar curvature of the surfaceobtained by taking all geodesicsstarting at x in directions
of the plane P. The value of K (v; w) is independent of the basis. If at every point, the
sectional curvature is constant, then the manifold is has constan t curv ature .

Remark. If v; w is an orthonormal basis in the plane P � Tx M , then

K (v; w) = K (v; w; v; w)=(g(v; v)g(w; w)) = � K (v; w; v; w) :

In the Riemannian case, when g is positive de�nite, then g(v; v) = g(w; w) = 1 if v; w
are orthonormal in P so that then the sectional curvature is given from the Riemannian
curvature by K (v; w) = K (v; w; v; w.
We will intro duce in the next section the scalar curvature S(x) at a point x. It is a number
and related to the sectional curvature by S(x) =

P
i 6= j K (ei ; ej ), where e1; : : : ; en is an

orthonormal basisat x.

3.12 Ricci tensor and scalar curv ature

Let us �rst compute the Riemann curvature tensor in coordinates using X i = � =� x i .

De�ne Rk ;m;n;j = R(X k ; X m ; X n ; X j ), so that

R(X k ; X m )X n =
X

j

R j
kmn X j =

X

j

R j
nk m :

(The secondexpressionis often usedalsoand is the samelike the middle expressionbecause
of the symmetry of R).

Lemma 3.12.1 (Riemann curv ature in coordinates)

R i
kmn = @m � i

kn � @n � i
km +

X

j

� j
kn � i

j m �
X

j

� j
km � i

j n :

Proof. This is a straightforward calculation using r X m X k =
P

j � j
mk X j and [X k ; X l ] = 0.

To make the proof more transparent, let � m be the matrix with entries [� m ]jk = � j
km . Like

this, the connection can be written more comfortably as r m = @m + � m . For any m; n, let
Rmn be the symmetric matrix with entries R i

kmn . The above equation is now the matrix
equality

Rmn = @m � n � @n � m + � m � n � � m � n :

But the left hand side was de�ned as

r m r n � r n r m = [r m ; r n ]

= [@m + � m ; @n + � n ]

= @m � n � @n � n + � n � m � � m � n :

(Note that in a product of two matrices, the matrix, with which onemultiplies �rst is stand-
ing to the right). 2
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De�nition. Let (M ; g) be a Riemannian manifold. The Ricci tensor in T 0
2 (M ) is in local

coordinates de�ned as
Ricciik =

X

j

R j
ij k :

Note. There are di�eren t sign combinations which appearing in the literature for the cur-
vature and the Ricci tensor! For the scalar curvature, there is no disagreement. The sphere
should have scalar curvature +1.

De�nition. If A : TM ! TM is a linear map, then the trace of A is de�ned astrace(A(x)) =P
i A i

i (x), whereAei =
P

j A j
i ej for a basisei in Tx M . This trace is independent of the basis

becausethe trace of a matrix is basis independent (it is a coe�cien t of the characteristic
polynomial which has this property).

Remark. The Ricci tensorRicci (X ; Y)(x) can in a coordinate-freeway bede�ned asthe trace
of the map v 7! R(X (x); v)Y (x), where R = r X r Y � r Y r X � r [X ;Y ], �( TM ) ! �( TM )
was de�ned at the beginning of the last section.

Prop osition 3.12.2 The Ricci tensor is a symmetric tensor �eld in
�( T 0

2 (M )) .

Proof. The trace of a tensor �eld is again a tensor �eld. The symmetry follows from the
symmetry of the Riemannian tensor: use Bianchi's �rst identit y and the anti-symmetry of
Rij k l = � Rj ik l to obtain

Ricciik =
X

j

R j
ij k

= �
X

j

R j
j k i �

X

j

R j
k ij

= 0 �
X

j

R j
k ij

=
X

j

R j
k j i = Riccik i :

2

De�nition.
The scalar curv ature Scal(x) of M at a point x is de�ned as the trace of the Ricci tensor:

Scal(x) =
X

i

Ricciii (x) =
X

i;j

gij Ricci ij ; :

Note. In sometextb ooks, the de�nition of Ricci is multiplied with a factor 1=(n � 1) and
the de�nition of Scal is multiplied with a factor 1=n(n � 1).

Reminder. Given two vectors v; w in the tangent space Tx M , the sectional curvature
K (x)(v; w) was de�ned as

K (x)(v; w) =
R(v; w; v; w)

g(v[ ^ w[ ; g(v[ ^ w[ )
;
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where g denotesalso the metric lifted to � 2(M ). If e1; : : : ; en is an orthonormal basis in
Tx M , then this simpli�es to

K (x)(ei ; ej ) = R(ei ; ej ; ei ; ej )=(ci cj )

where ci = gii 2 f� 1; 1g.

Remarks.
1) If the metric is positive de�nite (Riemannian case)and f ei g is an orthonormal basis at
Tx M , then

Scal(x) =
X

i;j

R(ei ; ej ; ei ; ej ) ;

becauseScal(x) =
P

i;j gii gj j R(ei ; ej ; ei ; ej ) and gii = 1 for a positive de�nite metric.

2) If the manifold (M ; g) has constant sectional curvature K , positive de�nite g and dimen-
sion n, we have

Ricci = (n � 1)K g ; Scal= n(n � 1)K :

Proof. By de�nition of the sectional curvature, we have using an orthonormal basis ei at
Tx M

K ci cj = R(ei ; ej ; ei ; ej ) :

Summing over i gives,sinceR(ej ; ej ; ej ; ej ) = 0

K (
X

i 6= j

ci )gj j = Riccij j :

The left hand side is K (n � 1)gj j if the metric g is positive de�nite. Taking again the trace
gives

K (n � 1)
X

j

gj j gj j =
X

j

Riccijj = Scal :

That is
K (n � 1)n = Scal :

3) If g is multiplied with a factor � 2 R , that is if g0 = �g , then the Riemann curvature
tensorsof g and g0 are related by

R0 = � � R

and so

Ricci0 = Ricci

Scal0 = � � 1Scal :

Example. Consider the sphereagain. Using the notation at the beginning of this section,
we compute

� 1 =
�

0 0
0 cot(� )

�

� 2 =
�

0 cot(� )
� cos(� ) sin(� ) 0

�
:
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SinceR11 = R12 = 0, we have only to determine the matrix R12 = � R21 and it is

R12 =
�

0 � cot(� )2

cos(� ) � 2 0

�
:

We get

[Ricciij ] =
�

1 0
0 sin(� )2

�
= [gij ]

and so

[Ricciji ] =
�

1 0
0 1

�

and R =
P

i Ricciii = 2.

3.13 The second Bianc hi iden tit y

There exists an other identit y for the curvature, which is very useful for example in general
relativit y:

Prop osition 3.13.1 (Second Bianc hi iden tit y)

r X R(Y; Z; V; W ) + r Y R(Z; X ; V; W ) + r Z R(X ; Y; V; W ) = 0 :

Proof. We prove the identit y in operator form, that is

r X R(Y; Z ) + r Y R(Z; X ) + r Z R(X ; Y) = 0 :

From the de�nition of the covariant derivative, we have

r X R(Y; Z ) = [r X ; R(Y; Z )] � R(r X Y; Z ) � R(Y; r X Z ) :

Plug in the de�nition of R(Y; Z ) = [r Y ; r Z ] � r [Y;Z ] , to get

r X R(Y; Z ) = [r X ; [r Y ; r Z ]] � [r X ; r [Y;Z ]] � R(r X Y; Z ) � R(Y; r X Z )

= [r Z ; [r Y ; r Z ]] + R(X ; [Y; Z ]) � r [X ;[Y;Z ]] � R(r X Y; Z ) � R(Y; r X Z ) :

(In the last step, we used[r X ; r [Y;Z ] ] = R(X ; [Y; Z ]) � r [X ;[Y;Z ]] = 0.) When summing up
three such terms obtained by cyclic permutation of X ; Y; Z , the terms involving r disappear
becauseof the Jacobi identit y. Using that r is torsion free: r X Y � r Y X = [X ; Y ], we see
that also the terms involving R disappear. 2

Remark. In coordinates, the secondBianchi identit y is

R l
ij k ;m + R l

j mk ;i + R l
mik ;j = 0 :

If we write the Riemann tensor in matrix form [R ij ]lk = R l
ij k , then this can be rewritten as

Rij ;m + Rj m ;i + Rmi ;j = 0 :
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In order to give a more intuitiv e notion of the Bianchi identit y, we intro duce now normal
coordinates.

Appendix. Natural coordinates near a point x 2 M can often simplify the computations
and proofs. Thesecoordinates are called normal coordinates or geodesic coordinates
or Riemannian coordinates .

Prop osition 3.13.2 (Existence of normal coordinates) Let (M ; g) be a
pseudoRiemannian manifold and x 2 M . There exists a coordinate system
near x such that gij (x) = Diag(c1; : : : ; cn ) with ci 2 f� 1; 1g and � k

ij (x) = 0.

Proof. Take a coordinate system, such that x = 0. De�ne in a neighborhood of x the map

� (x) = x +
1
2

r x x ;

or in coordinates
� (x) i = x i +

X

j;k

1
2

� i
j k (0)x j xk :

We compute
(D � (x)u) i = ui +

X

j;k

� i
j k (0)xk uj

and especially D � (0)u = u. Furthermore,

(D 2� (x)(u; v)) i =
X

j;k

� i
j k (0)uk uj ;

so that (D 2� (0)) l
j k = � l

j k (0). Becausein the coordinates � (x), the Christo�el symbols are

� l 0

j 0k 0 =
X

j;k ;l

� l
j k D� k 0

k D� j
j 0D� l

l 0 �
X

j;k

D 2� l 0

j k D� j
j 0D� k

k 0

and D� j
i = � j

i at the point x = 0, we have

� l 0

j 0k 0 = 0 :

(The formula for the transformation of the Christo�el symbols follows from the axioms of
the connection in coordinates r X i X j =

P
k � k

ij X k :

r P
i

A i
i 0X i

X

j

A j
j 0X j =

X

k 0

� k 0

i 0j 0

X

k

Ak
k 0X k :

The left hand side is X

i

A i
i 0

X

j;k

A j
j 0� k

ij X k +
X

i;j;k

A i
i 0A j

j 0i X j

where A j
j 0i = @i A

j
j 0, so that

� k 0

i 0j 0 =
X

i;j;k

A i
i 0A j

j 0Ak 0

k � k
ij +

X

k

Ak
j 0i 0Ak 0

k :
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Using

0 = @i 0(
X

k

Ak
j 0Ak 0

k ) =
X

k

(Ak
j 0i 0Ak 0

k + Ak
j 0Ak 0

k i 0) ;

we have X

k

Ak
j 0i 0Ak 0

k = �
X

k

Ak
j 0Ak 0

k i 0 = �
X

ij

Ak 0

ij A i 0

i A j 0

j :

This givesthe identit y

� k 0

i 0j 0 =
X

i;j;k

A i
i 0A j

j 0Ak 0

k � k
ij �

X

ij

Ak 0

ij A i 0

i A j 0

j

we have usedabove.) 2

Remark. One of the main advantagesof thesenormal coordinates is, that at a given point,
the covariant derivative becomesthe usual partial derivative.

We givenow a more intuitiv e view ("pro of") of the secondBianchi identit y which alsoshows,
why physicists consider general relativit y as a gauge�eld theory: consider a little cube in
the manifold M . The cube is attached at x 2 M and has the sides� xk ; � x l and � xm located
at somepoint x 2 M . Given a vector U j 2 Tx M , a parallel transport around the � xk � � x l

plaquette attached to x givesa changeof the vector U by an amount

� U i = R i
k lj A j � xk � x l :

The sum of the parallel transports around this plaquette Pk l (x) and the parallel plaquette
Pk l (x + � xm ) is

� U i =
@R i

k lj

@xm A j � xk � x l � xm :

If we sum up all parallel transports around the cube, then each parallel transport around
an edgehas beenadded twice with opposite sign. That is

@R i
k lj

@xm +
@R i

lmj

@xk +
@R i

mk j

@x l = 0 :

Becausewe have usednormal coordinates, this is the Bianchi identit y.

3.14 General relativit y

History. Einstein and the mathematician Grossmannrealized between1909and 1913 that
the metric of space-timeseemsto depend on the amount of matter in the region in question.
(The letter g for the metric stands for gravit y).

De�nition. For de�ning the energy momen tum tensor of matter, one considersmatter
as a 
uid with velocity vector �eld u = dx=d� 2 �( TM ), (where � is the proper time) and
pressure�eld p 2 C1 (M ) and density � 2 C1 (M ) is de�ned as

T ij = (� + p=c2)ui uj � pgij ;
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where c is the speed of light. One requires from physical conservation laws (momentum,
massand energy) that

T k j
;k = 0 :

Example. If the massdistribution with density � and pressurep doesnot depend on time,
then

[T ij ] = � Diag(c2�; p;p;p) :

History. During 1914-1915,Einstein made several attempts to �nd the correct relationship
betweenthe metric tensor and matter. The guess

gij = �T ij

did not reduce to the Newtonian limit and was therefore discarded. Einstein published a
guess

R ij = �T ij

was rejected because
P

k R ik
;k 6= 0. In the sameyear, Einstein modi�ed the equation to

Gij = R ij �
1
2

Rgij = �T ij :

De�nition. This equation is now called Einstein's �eld equation . The left hand side is a
symmetric tensor called the Einstein tensor .
The fact that Gij

;j = 0 follows from the secondBianchi identit y and the symmetries of the
curvature tensor: contract

R l
ij k ;m + R l

j mk ;i + R l
mik ;j = 0

over j and l to get
Ricciik ;m � Ricciim ;k +

X

j

R j
mik ;j = 0

Now raise i and contract with k to get

Scal;m �
X

k

Riccikm ;k �
X

j

Riccijm ;j = 0

which gives
Scal;m � 2

X

k

Riccikm ;k = 0 :

A manifold, for which the Ricci tensor is a multiple of the Riemann tensor is called a Ein-
stein manifold . A special caseis Ricci = 0, which correspond to vacuum solutions of the
Einstein equations. In a homework, you have veri�ed that the Schwarzschild manifold is an
exampleof such an Einstein manifold.

Remark. The Einstein �eld equationscan be seenas the equationssaying that g is a critical
point of the Hilb ert action functional g 7!

R
M R(g) d� (g) where � is the natural volume

form associated to g and R(g) is the scalar curvature. Hilb ert showed (also in 1915) that
the condition @=@g� = 0 leadsto the Einstein equations.
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A �nal remark. General relativit y is for the mathematician a special caseof (Pseudo) Rie-
mannian geometry, in which many interesting problems needfurther research:

� Solving the Einstein equations . This problem is a problem in partial di�eren tial equa-
tions. Given the energy momentum tensor of matter T on a manifold M , the problem is
to �nd a metric g, which satis�es the Einstein equations. As the above remark tells, this
is also a problem in the calculus of variations, becauseone has to �nd a critical point of a
functional. There are simple situations like a rotating binary system,whereonestill hasnot
yet found the solutions.

� Conceptional problems in general relativit y . General relativit y dealseither with the
problem of �nding the metric g from the energymomentum tensor T or with the problem of
�nding geodesiccurves in a given Lorentzian manifold (M ; g). It is most of the time a fair
simpli�cation to disregard the in
uence the gravitation of the test particle (which is moving
on the geodesics). This is similar to other classicaltheories:

� in classical mechanics , whereonetreats the evolution of a multi-particle systemlike
the solar system approximativ ely and through perturbation approaches.

� in quan tum mechanics , quantum mechanical multi-particle systemsare alsotreated
perturbativ ely (even the Helium atom can not yet beensolvedcompletely without sim-
pli�cations). Quantum mechanical many body problem leadevenunder simpli�cations
to very di�cult problems.

� in electro magnetism , oneeither dealswith a given current j and solvesthe Maxwell
equations dF = 0; d� F = j , to get the �elds F . Or one dealswith a given �eld F and
�nds the solution of a chargedtest particle. In the secondproblem, onedisregardsthe
�eld given by the test particle.

Coming back to general relativit y: the problem of two massive bodies "t wo body problem"
is not even an issue of the theory treated so far but one can neverthelesstreat the
problem perturbativ ely. Assume,the metric g is given, then each of the two bodies should
move on geodesicsof (M ; g). Their motion de�nes an energymomentum tensor T in space-
time M which then de�nes the metric g through the Einstein equations. But where do we
begin? Sincewe do not know the metric, we do not know the motion of the two bodies and
can not determine the energy momentum tensor. A physicist who dealswith this problem
either �xes the orbits of the bodies in a Newtonian approximation (maybe with corrections
due to gravitational radiation) and tries then to solve the Einstein equations G(g) = T,
where T is now given. Even this problem is unsolved (see previous problem). The full
problem is even harder and not part of the theory treated so far.
� Finding special solutions of the Einstein equations with in teresting top ology .
Popular are worm holes (Einstein-Rosen 1935,Wheeler 1955,Morris-Thorne 1988), com-
pact regionsG in a Lorentzian manifold (M ; g), which have a topological simple boundary
(that is � G is di�eomorphic to a sphereS3) but for which the interior of G has a nontrivial
topology (that is int( G) is not simply connected). Such solutions can have intriguing prop-
erties like the existenceof closedtime-lik e curves. Theseare called "time machines". It was
onceconsideredby Einstein and Rosenthat elementary particles are just special solutions of
the Einstein equationsand mathematically similar to little black holes. This is a reasonable
attempt becauseoneknows "no hair theorem" that a black hole is determined by its mass,
charge and angular momen tum . This idea is neverthelessdiscardedbecauseelementary
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particles like the neutrino behave as if they were points.

The recent new interest in worm hole (Morris-Thorne 1988) appeared becauseit became
reasonableto have worm holes,which are "tra versable", in the sensethat there are no event
horizons. The approach was to take an interesting geometry (M ; g), compute the Einstein
tensor G and look, whether it is reasonableto have a energy momentum tensor T which
satis�es the G = T.

� Geo desic 
o w. The geodesic 
o w on a given Riemannian manifold is a Hamiltonian
system which is interesting from the dynamical system point of view. It is known for a
long time already, that such a dynamical system can be "chaotic" if the curvature R(x) is
strictly negative for all points in the manifold. Mathematicians have also found that there
are metrics on other manifold like the spherefor which the 
o w is "chaotic".

� Ph ysics in the Planc k scale. The laws of general relativit y break down in the Planc k
scale similar as the laws of classicalmechanics have in the small to be replacedby classical
quantum mechanics or �eld theories are replaced by quantum �eld theories. The problem
is that the experimental investigation of this region is not yet possible. Mathematics helps
to develop and test new ideas. The impossibility to remove ideas through experiments has
lead to many interesting approaches.
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Chapter 4

Exercises with solutions

4.1 Week 1

Ma109a, O. Knill, Septem ber 1995

Week1
Due: Frida y, Octob er 6, 1995

Topics: Manifolds, Di�eomorphisms

Only the problems with a star (*) have to be done. If you have time, look also at the rest
of the problems.

1) (*) Topic: Manifolds. Show that the n dimensionaltorus T n = S1 � : : :� S1 is a manifold.
Construct an explicit atlas. Hint: Use that T n is a product manifold.

2) (*) Topic: Manifolds. Show that the k-dimensional sphere can not be made into a
manifold where the di�eren tial structure is generated by an atlas with a single chart.
Hint: Sk is compact.

3) Topic: Manifolds. Show that the set f (x; y) 2 R 2 j xy = ag is a manifold if and only if
a 6= 0. Construct an explicit atlas in the casea 6= 0.

4) (*) Topic: Manifolds. A real 2n � 2n matrix A is called symplectic, if AT J A = J , where

J =
�

0 1
� 1 0

�
. (The n � n matrix 1 is the identit y matrix and the n � n matrix 0 is

the matrix with all zeros.) Show that the set of symplectic 2 � 2 matrices coincideswith
SL(2; R ) and is a manifold.

5) Topic Manifolds. The M•obius strip is the open set M = f (�; t) j � 2 [0; 2� ]; t 2 (� 1; 1)g
in the plane, where the identi�cation (0; t) � (2� ; � t); 8t 2 (� 1; 1) is doneon the bound-
ary. Give an atlas, which makesM to a manifold.

6) (*) Topic: Di�eomorphisms. Given the map f : R 3 ! R 2 given by f (x1; x2; x3) =
(sin(x1)x3

2x3; x2
3x2

1). Compute D k f (x) for k = 1; 2; 3 and state explicitly , from where to
where the map D k f (x) goes. Write the Taylor expansionof f at 0 up to order 3.

69
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7) Topic: Di�eomorphisms. Show that the manifold R k is di�eomomorphic to the mani-
fold Sk n f Pg, where P is a point on the sphereSk . Give an explicit formula for the
di�eomorphism in the casek = 1.

8) (*) Topic: Di�eomorphisms. Show that a smooth bijective map needs not to be a
di�eomorphism. Hint: Give an example f : R ! R .

9) Topic: Di�eomorphisms. Let M ; F be manifolds. Show that the projection � : M � F !
M ; � (x; y) = x is a smooth map.

10) Topic: Di�eomorphisms. Let M 1; M 2; N1; M 2 be manifolds. Show that if M 1 is dif-
feomorphic to N1 and M 2 is di�eomorphic to N2, then M 1 � M 2 is di�eomorphic to
N1 � N2.

Ma109a, O. Knill, Octob er 1995

Week1 (Solutions)
Topics: Manifolds, Di�eomorphisms

1) (*) Topic: Manifolds. Each of the one-dimensionaltori S1 is a manifold with the atlas
(U1; � 1); (U2; � 2), where the � 1; � 2 are the stereographicprojections from the north and
south pole. The torus T n is the set T n = f x = (x1; x2; : : : ; xn ) j x i 2 S1g. We
construct an atlas on T n by taking for each �nite sequenceI = (i 1; : : : ; i n ) the open set
UI = U (1)

i 1
� U (2)

i 2
� : : : � U (n )

i n
and the map � I (x) = (� (1)

i 1
(x1); � (2)

i 2
(x2); : : : ; � (n )

i n
(xn )) from

UI � T n to R n .

2) (*) Topic: Manifolds. AssumeSn hasexactly onechart (U; � ). Then U = Sn is compact.
Because� is continuous, � (U) � R n is compact. Because� � 1 is continuous from � (U)
to U, the set � (U) is also open. The only open and closedset in R n is the empty set.
This is not possible: becauseSn is not empty, it is not possible that � : Sn ! ; is a
bijection.

3) (*) Topic: Manifolds. The condition AT J A = J is equivalent to ac � bd= det(A) = 1.

The set of symplectic 2 � 2 matrices is therefore the set of SL(2; R ) of 2 � 2 matrices
with determinant 1. Consider the manifold M (2; R ) of all real 2 � 2 matrices. Since
it is a �nite dimensional vector space, it is trivially a manifold. Consider the map
f : M ! R ; f (A) = det(A); f (a; b;c;d) = ac � bd. The map f has the derivative
D f (A)u = (c; � d;a; � b) � u which is a linear map from R 4 � M (2; R ) to R . The rank of
this map is maximal 1 if and only if D f (x) does not vanish or equivalently , if A is not
zero. Becausef � 1(1) doesnot contain the zero matrix, 1 is a regular point. The lemma
in the courseshows that SL(2; R ) = f � 1(1) is a 3-dimensionalmanifold.

4) (*) Topic: Di�eomorphisms. Write f (x) = f (x1; x2; x3) = (sin(x1)x3
2x3; x2

3x2
1) = (f 1(x); f 2(x)).

a) The �rst derivative is a linear map from R 3 to R 2. We write D i for @=@x i .

D f (x)u = (D1f 1(x)u1 + D2f 1u2 + D3f 1u3; D1f 2(x)u1 + D2f 2u2 + D3f 2u3)

= (cos(x1)x3
2x3u1 + sin(x1)3x2

2x3u2 + sin(x1)x3
2u3; 2x1x2

3u1 + 2x3x2
1u3) :
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b) The secondderivative is a bilinear map from R 3 � R 3 to R 2. We can write D 2f (x) =
(D 2f 1(x); D 2f 2(x)).

D 2f 1(x)(u(1) ; u(2) ) = � sin(x1)x3
2x3u(1)

1 u(2)
1 + sin(x1)6x2x3u(1)

2 u(2)
2

+ cos(x1)3x2
2x3(u(1)

1 u(2)
2 + u(1)

2 u(2)
1 )

+ cos(x1)x3
2(u(1)

1 u(2)
3 + u(1)

3 u(2)
1 )

+ sin(x1)3x2
2(u(1)

2 u(2)
3 + u(1)

3 u(2)
2 ) :

D 2f 2(x)(u(1) ; u(2) ) = 2x2
3u(1)

1 u(2)
1 + 2x2

1u(1)
3 u(2)

3 + 4x1x3(u(1)
1 u(2)

3 + u(1)
3 u(2)

1 ) :

c) The third derivative D 3(x) is a multilinear map from R 3 � R 3 � R 3 to R 2. Again, we
decomposeD 3f (x) = (D 3f 1(x); D 3f 2(x)) and since I have to type everything in TEX, I
give only the �rst part:

D 3f 1(x)(u(1) ; u(2) ; u(3) ) = � cos(x1)x2
2x3u(1)

1 u(2)
1 u(3)

1 + sin(x1)6x3u(1)
2 u(2)

2 u(2)
2

+ � sin(x1)3x2
2x3(u(1)

1 u(2)
2 u(3)

1 + u(1)
2 u(2)

1 u(3)
1 + u(1)

1 u(2)
1 u(3)

2 )

+ cos(x1)6x2x3(u(1)
1 u(2)

2 u(3)
2 + u(1)

2 u(2)
1 u(3)

2 + u(1)
2 u(2)

2 u(3)
1 )

� sin(x1)x3
2(u(1)

1 u(2)
1 u(3)

3 + u(1)
1 u(2)

3 u(3)
1 + u(1)

3 u(2)
1 u(3)

1 )

+ sin(x1)6x2(u(1)
2 u(2)

2 u(3)
3 + u(1)

2 u(2)
3 u(3)

2 + u(1)
3 u(2)

2 u(3)
2 )

+ cos(x1)3x2
2(u(1)

1 u(2)
2 u(3)

3 + u(1)
1 u(2)

3 u(3)
2 + � � � + u(1)

3 u(2)
2 u(3)

1 ) :

For the Taylor expansionat x = 0, we get with D f (0)(u) = (0; 0); D 2f (0)(u(1) ; u(2) ) =
(0; 0); D 3f (0)(u(1) ; u(2) ; u(3) ) = (0; 0) the expansion

f (0 + y) = 0 + Df (0)y +
D 2f (0)

2!
(y; y) +

D 3(f (0))
3!

(y; y; y) + R(0; y)(y; y; y; y)

= R(0; y)(y; y; y; y) ;

where jjR(0; y)(y; y; y; y)jj � Cjjyjj 4 for someconstant C.

5) (*) Topic: Di�eomorphisms. The map x 7! x3 is bijective from R to R . However, the
inverseg(x) = x 7! sign(x)jxj1=3 is not di�eren tiable at zero, becauselim x ! 0 jDg(x)j !
1 .

4.2 Week 2

Week2
Due: Frida y, Octob er 13, 1995

Topics: Compactness, Em bedding and immersion, Theorems of Sard and
Whitney

1) (*) Topic: Critical poin ts, regular poin ts, critical values, regular values.
What is the set of critical points, critical values,regular points and regular valuesof the
following maps:
a) f : R 2 ! R 2, f (x; y) = (x2; 2xy),
b) f : R 2 ! R , f (x; y) = (x2 + y2)2,
c) f : R 4 ! R ; f (x) = 1,
d) f : R 3 ! R 3; f (x) = x.
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2) (*) Topic: Immersions, Em bedding .
a) Give an example which shows that an injective immersion does not need to be an
embedding.
b) Prove that an injective immersion of a compact manifold is an embedding.
c) Give an exampleof an immersion of the circle in the plane, which is not an embedding.

3) Topic: Compactness .
A theorem of T ychono v states that a product of compact sets is compact. Prove
the following special caseof this theorem. If (X 1; d1); : : : ; (X n ; dn ) are compact metric
spaces,then the product space(X 1 � : : : � X n ; d) with the metric d(x; y) =

P
i d(x i ; yi )

is compact too.
Hint. A metric space(X ; d) is compact, if and only if every sequencexn in X has an
accumulation point x: for every � > 0, there exists n, such that d(xn ; x) < � .

4) (*) Topic: Compactness .
We have shown in classthat a manifold is paracompact, a property which allowed us to
construct a partition of unit y. However, not all manifolds are compact. Which of the
following manifolds are compact and why:
a) M = R n ; n > 0,
b) M = Sn , the n-dimensional sphere.
c) M = SL(2; R ) = f A j 2 � 2 matrices with determinant 1g
d) M = SO(3; R ) = f A j orthogonal 3 � 3 matrices with determinant 1 g,
e) M = T n = S1 � : : : � S1, the n-dimensional torus.
Hint. You can use the fact that a subset A of R k is compact if and only if it both
bounded (it is contained in a ball of �nite radius) and closed(the complement is open).

5) Topic: Measure zero sets.
Show that the set of rational numbers has measurezero in the set of real numbers.

6) Topic: Theorem of Sard .
Prove that the set of critical valuesof a smooth function f : R ! R has measurezero.
In class,we have constructed the devil staircase function g(x), which has the Cantor
set C � [0; 1] as the set of critical values. Show that the function f (x; y) = g(x) + g(y)
from R 2 ! R has the set [0; 2] as the set of critical values.
Hint. You have to verify that C + C = [0; 2].

7) (*) Topic: Theorem of Sard .
Show that a k-dimensional plane in R n has measurezero if k < n.

8) (*) Topic: Theorem of Sard .
A manifold M is called simply connected , if every closedsmooth curve t 7! 
 (t) in
M can be continuously deformed to a point: For each 
 , there exists a continuous map
F : S1 � [0; 1] ! M and a point P 2 M such that (t; 0) 7! F (t; 0) = 
 (t) and F (t; 1) = P,
for all t 2 S1. Show that Sk is simply connectedif k � 2.
Hint. A closedcurve in Sk is given by a smooth map f : S1 ! Sk . Use Sard to �nd a
point, P 2 Sk , P =2 f (S1) and usethen stereographicprojection.

9) Topic: Partition of Unit y.
Construct an explicit partition of unit y of the circle S1 with two functions g1; g2. Hint:
Construct �rst (seethe lemma in real analysis) an explicit partition of unit y of R with
in�nitely many functions hi such that hi (x + 2� ) = hi +2 for all i . Construct then the set
of functions gi : S1 ! R by gi ((cos(� ); sin(� )) := hi (� ) which satisfy gi (x) = gi +2 (x).
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10) Topic: Theorem of Whitney , Immersion .
The Klein bottle is a two dimensional compact manifold obtained by identifying the
boundariesof a cylinder in oppositedirection. It canberealizedasthe square[0; 1]� [0; 1],
with the following identi�cations of points (0; t) � (1; 1 � t); t 2 [0; 1], (s; 0) � (s; 1); s 2
[0; 1]. Draw an immersion of the Klein bottle in R 3 and argue (do not prove), why it is
not possibleto embed it in R 3. Show with Whitney's theorem that one can embed the
Klein bottle in R 5. Can you embed it in R 4?

Week2 (Solutions)
Due: Frida y, Octob er 13, 1995

1) (*) a) f : R 2 ! R 2, f (x; y) = (x2; 2xy),

D f (x)(u) = (2xu1 + 0u2; 2yu1 + 2xu2) = Au ;

with

A =
�

2x 0
2y 2x

�
:

A point x is a critical point if and only if A is not surjective which is equivalent that the
determinant 4x2 is vanishing and so x = 0. So, C = f x = 0g. The set of critical values
is f (0; 0)g. The complement is the set of regular values.
b) f : R 2 ! R , f (x; y) = (x2 + y2)2,

D f (x)(u) = (2(x2 + y2)2xu1; 2(x2 + y2)2yu2)

A point is a critical point if and only if D f (x) : R 2 ! R is not surjective which is
equivalent that (2(x2 + y2)2x; 2(x2 + y2)2y) = (0; 0) or (x; y) = (0; 0). The set of critical
values is f f (0; 0)g = f 0g.
c) f : R 4 ! R ; f (x) = 1
BecauseDf (x) = 0, every point is a critical point and the image f 1g is the set of critical
values.
d) f : R 3 ! R 3; f (x) = x. SinceDf (x)u = u, there are no critical points and no critical
values.

2) (*) Topic: Immersions, Em beddings .
a) Take the map f from M = (0; 1) to N = R 2 given by f (t) = (sin(2� t); � sin(4� t)).
You can produce plots with Mathematica.

The image of this map is a �gure eight, a compact set, which can not be homeomorphic
to the set (0; 1) which is not compact.

b) An injective immersion of a compact manifold M in a manifold N is an embedding:
Proof. We know that D f (x) is injective at all points and that f is injective and that the
image f (M ) is compact. We have to show that f � 1 is continuous.

Given a sequenceyn ! y, with yn = f (xn ); y = f (x) 2 f (M ). By the inversefunction
theorem, there existsa neighborhood U of x such that f : U ! f (U) is a di�eomorphism.
By the injectivit y of f , the compact set K = f (M n U) does not contain x and there
exists a neighborhood V of y, which is disjoint from f (M nU). Therefore, if yn 2 V , then
f � 1(yn ) 2 U. Take now a sequenceof neighborhoods Uk � U of x with

T
k Uk = f xg.

Denote by Vk the corresponding neighborhoods of y which have empty intersection with
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f (M n Uk ). Given any k. For large enoughn, yn 2 Vk so that xn 2 Uk . This shows that
xn ! x.

c) Take any closedcurve f : S1 ! R 2 which has a self-intersection.

3) (*) Topic: Compactness .
a) M = R n ; n > 0, not compact becausenot bounded.
b) M = Sn , the n-dimensional sphere. Is bounded and closed: for any x =2 Sn , jjxjj 6= 1,
the open set f y 2 R n jj y � xjj < (1 � jjxjj )=2 is also not in Sn which shows that the
complement of Sn is open.
c) M = SL(2; R ) = f A j 2 � 2 matrices with determinant 1g is not bounded. Since the
sequencexn = Diag(n; n� 1) 2 SL(2; R ) has no accumulation point, the manifold M is
not compact.
d) M = SO(3; R ) = f A j orthogonal 3 � 3 matrices with determinant 1 g is bounded
sincejA ij j � 1 and closed: if AA T 6= 1, then also B B T 6= 1 for B near enoughto A.
e) M = T n = S1 � : : : � S1, the n-dimensional torus. is compact since S1 is compact
and the theorem of Tychonov says that the product of compact spacesis compact.

4) (*) Topic: Theorem of Sard .
To seethat the k-dimensionalplane in R n hasmeasurezeroif k < n, write it asan image
of a smooth map f : R k ! R n given by f (x1; : : : ; xk ) = P +

P
i x i ei , where P is a point

in the plane and ei are k linearly independent vectors in the plane. Every point x 2 R k

is a critical point becauseDf (x) has only a k-dimensional range. Therefore, f (R k ) is
the set of critical values. The theorem of Sard tells that this set has measurezero.

5) (*) Topic: Theorem of Sard .
Given a closed smooth curve t 7! 
 (t). This is a map from S1 to Sk . Every point
in S1 is a critical point and the curve f (S1) has by Sard measurezero in Sk . There
exists therefore a point Q 2 Sk which is not in the curve. Consider the stereographic
projection � Q from this point which is a smooth di�eomorphism from Sk n f Qg to R k .
Consider the map F (s; t) = � Q (1 � s)� � 1

Q 
 (t). For s = 0, F (0; t) = 
 t and for s = 1,
F (1; t) = � � 1

P (0) = Q. We have proven that 
 is contractible.

4.3 Week 3

Ma109a, O. Knill, Octob er 1995

Week3
Due: Frida y, Octob er 20, 1995

Topics: Tensors, Forms, Tensor pro duct, Exterior pro duct

1) Topic: Tensors .
Given three vectors v1,v2,v3 in E = R 3. Show that (v1; v2; v3) ! det(V ) is a tensor,
where V is a 3 � 3 matrix with rows vi . Verify that it is an antisymmetric tensor and so
a form.

2) (*) Topic: Tensors .
a) Given a tensor f 2 T 1

0 (E ). Let f i be the components with respect to a basis f ei gn
i =1

so that f =
P

i f i ei . Assume ~ei = Aei is an other basis in E , where the coordinate
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change is given by a linear invertible map A : E ! E . Compute the components ~f k of
the tensor f in the basis f ~ei gn

i =1 .
b) Let f be a tensor in T 0

1 (R n ) having the components f i with respect to a basisf ei gn
i =1

so that f =
P n

i =1 f i ei , where ei is the dual basis. Compute the components ~f k of the
tensor f in the samebasis f ~ei gn

i =1 as in a).

3) (*) Topic: Tensors .
a) Given a tensor f 2 T 2

0 (E ). Let f ij be the components with respect to a basis f ei gn
i =1

sothat f =
P n

i;j =1 f ij ei 
 ej . Assume~ei = Aei is an other basis,whereA is an invertible

linear map E ! E . Compute the components ~f k l of the tensor f in the basis f ~ei gn
i =1 .

b) Let f be a tensor in T 0
2 (R n ) having the components f ij with respect to a basisf ei gn

i =1 ,
so that f =

P
i f ij ei 
 ej , where ei is the dual basis. Compute the components ~f k l of

the tensor f in the samebasis f ~ei gn
i =1 as in a).

c) Let f be a tensor in T 1
1 (R n ) having the components f j

i with respect to a basisf ei gn
i =1

so that f =
P n

i;j =1 f j
i ei 
 ej , where ei is the dual basis. Compute the components ~f l

k of
the tensor f in the samebasis f ~ei gn

i =1 as in a).

4) Topic: Tensors .
Formulate and prove the general transformation rule for a tensor f 2 T p

q (E ) as done in
the last two questions.

5) Topic: Forms .
Let E = R n . Show that � p(E ) is isomorphic to � n � p(E ) by giving an explicit isomor-
phism.

6) Topic: Tensor pro duct .
Give an examplewhich shows that the tensor product is not commutativ e.

7) (*) Topic: Tensor pro duct .
Let E be the 3-dimensionalvector space.Given the two tensorsf = f 1e1 + f 2e2 + f 3e3 =
e1 + 2e2 + 3e3; g = g1e1 + g2e2 + g3e3 = 4e1 + 5e2 + e3 2 T 1

0 (E ). Compute f 
 g.

8) (*) Topic: Exterior pro duct .
a) E = R n , n � 3. Let � 2 � 2(E ) and � 2 � 1(E ). Compute � ^ � (u1; u2; u3).
b) Let E = R n . Show that for � 2 � 3(E ), � ^ � = 0. Give an example � 2 � 2(E ) for
which � ^ � 6= 0.

9) (*) Topic: Exterior pro duct .
Given � 1; : : : ; � n 2 � 1(E ). Let f ei gn

i =1 be a basis in E . De�ne the matrix A i
j = � i (ej ).

Verify
(� 1 ^ � 2 : : : ^ � n )(e1; : : : ; en ) = det(A) :

10) Topic: Exterior pro duct .
Show that in general, not every q-form can be written as an exterior product f 1 ^ f 2 ^
: : : ^ f q of 1-forms.

Week3 (Solutions)
Topics: Tensors, Forms, Tensor pro duct, Exterior pro duct



76 CHAPTER 4. EXERCISES WITH SOLUTIONS

1) (*) Topic: Tensors .
We have seenthat if the basis transforms as ~ei = Aei , then the dual basis transforms as
~ek = B ek =

P
j B k

j ej , where B = (AT )� 1.

a)
~f k = f (~ek ) = f (B ek ) = f (

X

i

B k
i ei ) =

X

i

B k
i f (ei ) =

X

i

B k
i f i :

b)
~f k = f (~ek ) = f (Aek ) = f (

X

i

A i
k ei ) =

X

i

A i
k ei f (ei ) =

X

i

A i
k f i :

2) (*) Topic: Tensors .
a)

~f k l = f (~ek ; ~el ) = f (B ek ; B el ) = f (
X

i

B k
i ei ;

X

j

B l
j ej ) =

X

i;j

B k
i B l

j f (ei ; ej ) =
X

i;j

B k
i B l

j f ij :

b)

~f k l = f (~ek ; ~el ) = f (Aek ; Ael ) = f (
X

i

A i
k ei ;

X

j

A j
l ej ) =

X

i;j

A i
k A j

l f (ei ; ej ) =
X

i;j

A i
k A j

l f ij :

c)

~f k
l = f (~ek ; ~el ) = f (B ek ; Ael ) = f (

X

i

B k
i ei ;

X

j

A j
l ej ) =

X

i;j

B k
i A j

l f (ei ; ej ) =
X

i;j

B k
i A j

l f i
j :

3) (*) Topic: Tensor pro duct . Use the bilinearit y of the tensor product to compute

f 
 g = (e1 + 2e2 + 3e3) 
 (4e1 + 5e2 + e3)

= 4e1 
 e1 + 5e1 
 e2 + e1 
 e3

+ 8e2 
 e1 + 10e2 
 e2 + 2e2 
 e3

+ 12e3 
 e1 + 15e3 
 e2 + 3e3 
 e3 :

4) (*) Topic: Exterior pro duct .
a) E = R n , n � 3. Write � =

P
i<j � ij ei ^ ej and � =

P
k � k ek .

� ^ � (u1; u2; u3) = � (u1; u2)� (u3) � � (u1; u3)� (u2) + � (u2; u3)� (u1) :

b) From � ^ � = (� 1)9� ^ � = � � ^ � follows � ^ � = 0. Take � = e1 ^ e2 + e3 ^ e4.
Then � ^ � = 2(e1 ^ e2 ^ e3 ^ e4) 6= 0.

5) (*) Topic: Exterior pro duct .

(� 1 ^ � 2 : : : ^ � n )(e1; : : : ; en ) = det(A)
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is proven by induction with n using the development of the determinant with respect to
the n'th row. Let � = � 1 ^ � 2 : : : ^ � n � 1. Then by induction

� ^ � n (e1; : : : ; en � 1) =
X

�

(� 1)� � (e� (1) ; : : : ; e� (n � 1) )�
n (e� (n ) )

=
X

i

X

� ;� (n )= i

(� 1)� � (e� (1) ; : : : ; e� (n � 1) )A
n
i

=
X

i

(� 1)n + i det(A (n;i ) )An
i = det(A) ;

whereA (n;i ) is the matrix obtained from An
i by deleting the n'th row and the i 'th column.

4.4 Week 4: Midterm

Ma109a, O. Knill, Octob er 1995

Midterm

Due: Frida y, Octob er 27, 1995

Topics: Manifolds (Chapter 1), Tensors (Chapter 2, Sections 1-4)

Material : Open book: there are no restrictions for using materials. All books, notes
and homework can be used. It is only required that everybody makes the midterm
by himself/herself.

Time : 4 hours in one sitting . No credit for work done in overtime .

Form : Pleaseuse a blue book or write on good new paper, which is stapled well
together, before turning it in.

Due : Return the paper to the Mailb ox of the TA Yue Lei, by 12:00 AM, Friday,
October 27, 1995. Note that there is then still no class. Classstarts the Monday 30.
October again.

Poin ts : there are 6 problemswith a total of 150points. The number for each problem
and subproblem is indicated. Note that there are no long computations involved in
this midterm.



78 CHAPTER 4. EXERCISES WITH SOLUTIONS

1) Topic: Manifolds (30 points)
a) (10 points) Show that the n-dimensional torus T n and the n-dimensional sphereSn

are di�eomorphic if and only if n = 1. Hint. You can usewithout giving a proof that T n

is not simply connected,that is, there are closedcurvesin T n which can not be deformed
to a point.
b) (10 points) Show that T n is not di�eomorphic to R n .
c) (10 points) Show that T k is not di�eomorphic to T n for k < n. Hint. Find an
embedding f : T k ! T n and usethe theorem of Sard.

2) Topic: Manifolds . (Total 20 points)
Consider SU(2), the set of all complex 2 � 2 matrices A such that AT A = 1. More
precisely, we de�ne for (a; b;c;d) 2 R 4, the matrix

A(a; b;c;d) =
�

a + ib c + id
� c + id a � ib

�

and de�ne
SU(2) = f (a; b;c;d) 2 R 4 j AT A = 1; A = A(a; b;c;d) g

where AT is the transposeof A and A is the complex conjugate of A.
a) (10 points) Prove that SU(2) is a manifold by identifying it as the set f � 1(h) where
f : R 4 ! R is smooth and where h 2 R is a regular value for f .
b) (10 points) Prove that SU(2) is di�eomorphic to S3.

3) Topic: Manifolds (Total 30 points)
Let N be a n-dimensionalmanifold and let M be the manifold N � R n . Given a smooth
map H : M ! R ; x = (q; p) 7! H (q; p). The di�eren tial equations

_q =
@
@p

H (q; p); _p = �
@
@q

H (q; p);

describe a so called Hamiltonian system on M . (Our solar system is an example of
such a system). Because

d
dt

H (q(t); p(t)) =
@
@q

H (q; p) _q +
@
@p

H (q; p) _p

=
@
@q

H (q; p)
@
@p

H (q; p) �
@
@p

H (q; p)
@
@q

H (q; p) = 0 ;

the energy surface Sh := f x = (q; p) 2 M j H (q; p) = hg � M is left invariant by the
dynamics. Knowing the topology of the set Sh is an important �rst step to understand
the dynamics.

a) (10 points) Show that Sh is a manifold if there is no point (q; p) 2 Sn for which
( _q; _p) = (0; 0).

From now on work in the special case,where M is the cylinder M = T 1 � R , where
T 1 = R =(2� Z) is the one dimensional circle obtained by identifying points q; q+ 2k� on
R for k 2 Z. The smooth map H : M ! R ,

H (q; p) =
p2

2m
+ g � sin(q)



4.4. WEEK 4: MIDTERM 79

is the energy function of the pendulum, m is the mass of the pendulum and g is the
gravitation constant.

b) (10 points) For which energyvaluesh 2 R is the energy surfaceSh a manifold?

c) (10 points) For which energyvaluesh 2 R is Sh a connectedmanifold?
(A manifold M is called connected , if any two points can be connectedby a path, that
is if for any pair of points x; y 2 M , there exists a smooth curve 
 : R ! M satisfying

 (0) = x and 
 (1) = y).

4) Topic: Immersion, Em bedding (Total 30 points)
Determine from each of the following maps from M = (0; 2� ) to N = R 2 whether they
are immersions,embedding or nothing from both. Prove your claims.

a) (10 points) t 2 (0; 2� ) 7! (cos(2t); sin(2t)).
b) (10 points) t 2 (0; 2� ) 7! (cos(3t); sin(5t)).
c) (10 points) t 2 (0; 2� ) 7! (cos(2t); cos(3t)).

5) Topic: Linear Tensors, Tensor pro duct, Exterior pro duct . (Total 20 points).
Let E = R 3

a) (10 points) Compute the tensor product g 
 h of the tensors

g = g13e1 
 e3 + g31e3 
 e1 2 T 2
0 (E ) ;

h = h12e1 
 e2 + h11e1 
 e1 2 T 0
2 (E ) :

b) (10 points) Compute the exterior product of two tensors f = dx1 ^ dx2 2 � 2(E ); g =
2dx2 ^ dx3 2 � 2(E ).

6) Topic: Exterior deriv ativ e. (Total 20 points).
Let M be our universe,that is a four dimensional manifold. Given a 1-form A 2 � 1(M )

A(x) = A1(x)dx1 + A2(x)dx2 + A3(x)dx3 + A4(x)dx4

on M . (The 1-forms on M are describing an electromagneticvector potential).
a) (10 points) Compute the exterior derivative F = dA =

P
i<j Fij (x)dxi ^ dxj . (The

2-form F = dA 2 � 2(M ) describesan electromagnetic �eld).
b) (10 points) Compute the exterior derivative dF of the 2-form F . (The equation you
get is one group of the Maxw ell equations ).

Ma109a, O. Knill, Octob er 1995

Midterm (Solutions)
1) Topic: Manifolds (30 points)

a) (10 points) If n = 1, then T 1 = S1 by de�nition becauseT n was de�ned as the
product S1 � S1 � : : : � S1.
We have shown in an exercisethat Sn is simply connectedfor n � 2. However, T n is
not simply connected. If two manifolds are di�eomorphic, then one manifold is simply
connectedif and only if the other manifold is simply connected.
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b) (10 points) T n is compactwhile R n is not compact. If two manifoldsaredi�eomorphic,
then either both are compact or both are not compact.
c) (10 points) Assumethere f : T k ! T n is a di�eomorphism. Every point x 2 T k is a
critical point becauseDf (x) is not surjective (it has rank k). The theorem of Sard tells
that the image has measurezero in T n . It can therefore not be surjective.

2) Topic: Manifolds . (Total 20 points)
a) (10 points) The condition AT A = 1 is equivalent to a2 + b2 + c2 + d2 = 1. De�ne
therefore f (a; b;c;d) = a2 + b2 + c2 + d2. Then SU(2) can be identi�ed with the subset
f � 1(h) of R 4. A point (q; r; s; t) 2 R 4 is a regular point if D f (q; r; s; t) = (2q; 2r; 2s;2t)
is not vanishing. This is the caseif and only if q2 + r 2 + s2 + t2 6= 0. Every h 6= 0 is
therefore a regular value and especially h = 1. By the lemma proven in class, the set
SU(2) is a real manifold.
b) (10 points) The di�eomorphism betweenSU(2) and S3 is given by the identi�cation

between 2 � 2 matrices and R 4, that is by the already in a) used map
�

a b
c d

�
7!

(a; b;c;d) 2 R 4.

3) Topic: Manifolds (Total 30 points)
Note that the "if and only" claim is not true. The energy surface can be a manifold
either with smaller dimension as in question b) below.

a) (10 points) There is no point (q; p) 2 Sh for which

( _q; _p) = (
@
@p

H (q; p); �
@
@q

H (q; p)) = (0; 0)

if and only if (q; p) is a regular point for the Hamiltonian H . BecauseSh = H � 1(h), we
know by the lemma proven in classthat Sh is a manifold if h is a regular value.

b) (10 points) By a), Sh is a n � 1 dimensional manifold if (2p;cos(q)) 6= (0; 0) that
is if (q; p) is disjoint from the two sets S� g; Sg which pass through the two points
(� =2; 0); (3� =2; 0). The �rst set is consisting of a point, the secondset is the set f p2=2+
gsin(q) = gg which is not a manifold (it is not locally Euclidean near the point (0; 0)).

c) (10 points) For h > g, the manifold Sh contains a circle above the line p = 0 and
a circle below p = 0. It is therefore not connected. For � g < h < g, the manifold Sh

is a circle and so connected. (Physically, in the �rst situation h > g, where the energy
is large, the pendulum rotates around its center either in one direction or in the other
direction. In the secondsituation, the pendulum has not enoughenergy to turn around
and oscillates. In the situation h = � g, the pendulum is at rest and can not move.)

4) Topic: Immersion, Em bedding (Total 30 points)
a) (10 points) f (t) = (cos(2t); sin(2t)) is an immersion because

Df (t)(u) = 2(� sin(2t)u; cos(2t)u) 6= (0; 0) :

It is not an embedding, becausethe map f is not injective: f (t) = f (t + � ).

b) (10 points) t 2 (0; 2� ) 7! (cos(3t); sin(5t)) is an immersionbecause(� 3sin(3t); 5cos(5t)) 6=
0. It is not an embedding becausethe map is not injective: f (� =6) = f (5� =6).
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c) (10 points) t 2 (0; 2� ) 7! (cos(2t); cos(3t)) is neither an immersion nor an embedding,
D f (t) = (0; 0) for t = 0 and we have therefore no immersion. A map which is no
immersion can also not be an embedding.

5) Topic: Linear Tensors, Tensor pro duct, Exterior pro duct . (Total 20 points).
a) (10 points)

(g13e1 
 e3 + g31e3 
 e1 
 (h12e1 
 e2 + h11e1 
 e1)

= g13h12e1 
 e3 
 e1 
 e2 + g13h11e1 
 e3 
 e1 
 e1

+ g31h12e3 
 e1 
 e1 
 e2 + g31h11e3 
 e1 
 e1 
 e1

b) (10 points) The exterior product of two tensors f = dx1 ^ dx2 2 � 2(E ); g = 2dx2 ^
dx3 2 � 2(E ) is vanishing becausedx2 ^ dx2 = 0.

6) Topic: Exterior deriv ativ e. (Total 20 points).
a) (10 points) F = dA =

P
i<j Fij (x)dxj ^ dxi . By de�nition Fij (x) = ( @A i (x )

@x j � @A j (x )
@x i ).

This means

F =
@A2(x)

@x1 �
@A1(x)

@x2 dx1 ^ dx2 +
@A3(x)

@x1 �
@A1(x)

@x3 dx1 ^ dx3

+
@A4(x)

@x1 �
@A1(x)

@x4 dx1 ^ dx4 +
@A3(x)

@x2 �
@A2(x)

@x3 dx2 ^ dx3

+
@A4(x)

@x2 �
@A2(x)

@x4 dx2 ^ dx4 +
@A4(x)

@x3 �
@A3(x)

@x4 dx3 ^ dx4 :

b) (10 points) Since d2 = 0, we have dF = d2A = 0. (If we write � E 1 = F12; � E 2 =
F13; � E 3 = F14 (electric �eld) and and B 1 = F34; � B 2 = F24; B 3 = F23 (magnetic
�eld), then dF = 0 is equivalent to the two Maxwell equations curl(E ) + d

dt B = 0 and
div(B ) = 0, where curl and div are with respect to the spacecoordinates x2; x3; x4 and
where we wrote t = x1 for the time coordinate.)

4.5 Week 5

Ma109a, O. Knill, Octob er 1995

Week5
Due: Frida y, No vember 3, 1995

Topics: Vector �elds, Tensor �elds, di�eren tial form, exterior deriv ativ e

1) (*) Topic: Tensor �elds, Riemannian metric
Let M be a manifold and let g 2 T 0

2 (M ) be a tensor �eld on M which is symmet-
ric g(x)(u; v) = g(x)(v; u); 8u; v 2 Tx M and non-degenerate : g(x)(u; u) � 0 and
g(x)(u; u) = 0 if and only if u = 0. The pair (M ; g) is called a Riemannian mani-
fold. On a Riemannian manifold, one can �nd an isomorphism between the cotangent
bundle T � M = T 0

1 (M ) and the tangent bundle TM = T 1
0 (M ) by de�ning v[ (x)(u) =

g(x)(v(x); u). This is called lowering of indices . The inverse map is denoted by
v 7! v] and is called raising of indices . Verify that w = v[ satis�es in coordinates
wi (x) =

P
j gij (x)vi (x) and that v = w] satis�es in coordinates vi (x) =

P
j gij (x)wj (x),

where the matrix B (x) = gij (x) is the inversematrix of A(x) = gij (x).
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2) (*) Topic: Vector �elds, Gradien t �eld .
Let M = S2 be the two dimensionalsphereS = f x2

1+ x2
2+ x2

3 = 1g. Let f : M ! R be the
function f (x) = x3. Let Y be a vector �eld on M given by Y (x) = grad(f ) [ (x) = df (x)
and [ is de�ned as in question 1) with respect to the metric gij = � ij . Let � t be
the 
o w de�ned by this vector �eld: that is t 7! � t (x) is a curve through x so that
d=dt� t (x) = Y (� t (x)). Show that for all x 2 M , there exists y 2 M with � t (x) ! y for
t ! 1 . Hint. Consider the function t 7! f (� t (x)) from R ! R and prove that it is
monotone. (Such a function is called a Liapuno v function . [?]

3) (*) Topic: Exterior deriv ativ e.
Let M = R 3 and f 2 � 0(M ) be given by f (x; y; z) = x2 + 3y3z. Compute the 1-form
g = df 2 � 1(M ) and the 2-form dg 2 � 2(M ).

4) (*) Topic: Exterior deriv ativ e.
Let f (x) = f 1(x)dx1 + f 2(x)dx2 + f 3(x)dx3 be a 1- form on a three dimensionalmanifold.
Compute g = df .

5) (*) Topic: Exterior deriv ativ e.
This is a proof of a Corollary in the notes:
De�ne

~d� (u0; : : : ; up) =
pX

j =0

(� 1)j D� (x)(uj )(u0; : : : ; ûj ; : : : ; up) :

Show
(i) ~d� 2 � p+1 (M ) if � 2 � p(M ). That is verify that ~d(� )(x) is an antisymmetric tensor
for x 2 M .
(ii) Verify that ~d is an anti-deriv ation: for � 2 � p(M ) and � 2 � q(M ), one has

~d(� ^ � ) = ~d� ^ � + (� 1)p� ^ ~d� :

(iii) Verify ( ~d � ~d)� = 0.
(iv) Show that ~d is local.
(v) Conclude ~d� = d� , where d is the exterior derivative.

Ma109a, O. Knill, No vember 1995

Week5 (Solutions)
1) (*) Topic: Tensor �elds, Riemannian metric

a) In order to rewrite v[ (x)(u) = g(x)(v(x); u) in coordinates, write u =
P

i ui ei and
v(x) =

P
i vi (x)ei , g(x) =

P
i;j gij (x)ei 
 ej and v[ (x) =

P
i v[

i (x)ei . We get
X

j

v[
j (x)uj =

X

j

v[
j (x)ei (

X

i

ui ei )

= v[ (x)u = g(x)(v(x); u) =
X

i;j

gij (x)vi (x)uj

=
X

j

(
X

i

gij (x)vi (x))uj

and so v[
j =

P
i gij (x)vi (x).

b) Write the relation v[
j =

P
i gij (x)vi (x) as v[ = [g]v, we get by inversion the other

relation v = [g]� 1v[ . In coordinates, vi (x) =
P

j gij (x)wj (x).
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2) (*) Topic: Vector �elds, Gradien t �eld .
Consider the function t 7! f (� t (x)) from R ! R . The derivative d

dt f (� t (x)) is by the
chain rule

X

i

(
@

@x i f )( � t (x)) _� i
t (x) = df (� t (x))( Y (� t (x))) = df (� t (x))( df ] (� t (x)))

=
X

i;j

gij (x)df i (� t (x))df j (� t (x)) =
X

i

df i (� t (x))2 � 0 :

(The special form of the tensor g was not important. We neededonly g(v; v) > 0 for
v 6= 0.)
Since d

dt f (� t (x)) > 0, f (� t ) is monotonically increasinguntil the maximal value f (� t ) = 1
is reached. That is y = (0; 0; 1) 2 M is the north pole.

Remark. The above calculation shows, it doesnot matter, what form the metric has. For
any gradien t 
o w, from which we have just seenan example, the function f is always
monotone. One can use this 
o w in order to �nd local maxima or critical points of a
functional f .

3) (*) Topic: Exterior deriv ativ e.
Given f (x; y; z) = x2 + 3y3z. We have g(x; y; z) = 2xdx1 + 3y2dx2 + 3y3dx3 and so
dg(x; y; z) = 0.

4) (*) Topic: Exterior deriv ativ e.

df (x) = (
@f 2

@x1 �
@f 1

@x2 )dx1 ^ dx2 + (
@f 3

@x1 �
@f 1

@x3 )dx1 ^ dx3 + (
@f 3

@x2 �
@f 2

@x3 )dx2 ^ dx3 :

5) (*) Topic: Exterior deriv ativ e.
(i) ~d is clearly a multilinear tensor �eld in �( T 0

q (M )). In order to show that it is a
di�eren tial form, we have to verify the anti-symmetry:

~d� (x)(u� (0) ; : : : ; u� (p) ) = (� 1)� ~d� (x)(u0; : : : ; up) :

That is, wehaveto show that d� (x)(u0; u1; : : : ; uk ; uk+1 ; : : : ; up) = � d� (x)(u0; u1; : : : ; uk+1 ; uk ; : : : ; up)
for any choice k < k + 1, becauseany permutation can be written as a product of such
permutations. Write

~d� (x)(u0; : : : ; up) =
pX

j 6= k ;k +1

(� 1)j D� (x)(uj )(u0; : : : ; ûj ; : : : ; up)

+ (� 1)k D� (x)(uj )(u0; : : : ; ûk ; : : : ; up)

+ (� 1)k+1 D� (x)(uj )(u0; : : : ; ûk+1 ; : : : ; up) :

The last two summandschangesign, when k and k + 1 are interchanged. The �rst sumP p
j 6= k ;k +1 (: : :) on the right hand side changessign, when k; k + 1 are interchanged,be-

cause� was antisymmetric.

(ii) The claim
~d(� ^ � ) = ~d� ^ � + (� 1)p� ^ ~d� :
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is proven by putting in the de�nition for ~d and the formula for the wedgeproduct you
veri�ed in an earlier homework: use the notation S�

p+ q+1 for the set of permutations �
satisfying � (0) < : : : < � (p) and � (p + 1) < : : : < � (p + q) and S��

p+ q+1 for the set of
permutations � satisfying � (1) < : : : < � (p) and � (0) < � (p + 1) < : : : < � (p + q).
Adding the right hand sidesof the two equations

( ~d� )^ � (u0; : : : ; up+ q) =
pX

j =1

X

� 2 S �
p + q+1

(� 1)j (� 1)� D� (uj )(u� (0) ; : : : ; ûj ; : : : ; u� (p) )� (u� (p+1) ; : : : ; u� (p+ q) ) :

(� 1)p(� ^ ~d� )(u0; : : : ; up+ q) =
X

� 2 S ��
p + q+1

(� 1)� � (u� (1) ; : : : ; u� (p) )

(
qX

j =1

(� 1)p+ j D� (uj )(u� (0) ; u� (p+1) ; : : : ; û� (p+ j ) ; : : : ; u� (p+ q) )) :

givesthe right hand side of the equation

~d(� ^ � )(u0; : : : ; up+ q) =
X

� 2 S �
p + q+1

pX

j =1

(� 1)� (� 1)j D� (uj )(u� (0) ; : : : ; u� (p) )� (u� (p+1) ; : : : u� (p+ q) )

+
X

� 2 S ��
p + q+1

p+ qX

j = p+1

(� 1)� (� 1)j � (u� (1) ; : : : ; u� (p+1) )D � (uj )(u� (0) ; u� (p+1) ; : : : ; ûj ; : : : ; u� (p+ q) ) :

(iii)

( ~d � ~d)� (x)(u0; : : : ; up+1 ) =
p+1X

i 6= j

(� 1)i + j D 2� (x)(ui ; uj )(u0; : : : ; ûi ; : : : ; ûj ; : : : ; up+1 )

=
X

j <i

(� 1)i + j D 2� (x)(ui ; uj )(u0; : : : ; ûi ; : : : ; ûj ; : : : ; up+1 )

+
X

i<j

(� 1)i + j � 1D 2� (x)(ui ; uj )(u0; : : : ; ûi ; : : : ; ûj ; : : : ; up+1 ) = 0 :

(iv) ~d is local becausethe derivative D is local and a sum of local functions is local.

(v) From the theorem in the notes, we know that ~d� = d� , where d is the exterior
derivative.

4.6 Week 6

Ma109a, O. Knill, No vember 1995

Week6
Due: Frida y, No vember 10, 1995

Topics: In tegration of forms, Theorem of Stok es, closed and exact forms
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1) (*) Topic: In tegration
Consider the 1-form

� = � 1dx1 + � 2dx2 = ((x1)2 + 7x2)dx1 + (� x1 + x2 sin((x2)5))dx2

on the manifold M = R 2. Compute the integral
R

c � over the 1-chain c = 2� 1 + 3� 2 � � 3,
where the simplices � i are de�ned as

� 1 : � 1 = [0; 1] ! M ; � 1(t) = (t; 0)

� 2 : � 1 = [0; 1] ! M ; � 2(t) = (1 � t; t)

� 3 : � 1 = [0; 1] ! M ; � 3(t) = (0; 1 � t) :

2) (*) Topic: Exact and closed forms, Theorem of Stok es.
A p-form � is called closed , if d� = 0. It is called exact , if � = d� for some(p� 1)-form
� .
a) Show that the 1-form

� = � 1dx1 + � 2dx2 = (2x1 + x2 cos(x1x2))dx1 + (x1 cos(x1x2)) dx2

is closed.
b) Show that � is exact, by �nding a 0-form � such that � = d� .
c) Let c be the chain c = � 1 + � 2 + � 3 where the � i are as in problem 1. Show that there
exists a 2-chain b such that c = � b.
d) Compute

R
c � over the chain c = � 1 + � 2 + � 3 de�ned in c) and where � is the one

form � = � 1dx1 = x2dx1.
Note: In the whole question, expressionslike x2 mean coordinates x =

P
i x i ei and not

exponents.

3) ( ) Topic: De Rham cohomology (Preparation for material coming later in
class) .
a) Verify that the set of closedp-forms is a vector spacein � p(M ).

b) Verify that the set of exact p-forms is a vector spacein � p(M ).
c) Verify that the set of exact p-forms is a vector spacein the set of closedp-forms.
d) Consider in the set of closedforms the equivalencerelation � � � , � + 
 = � , for
an exact p-form 
 . Verify that the set of equivalenceclassesforms a vector space.(This
vector spaceis denoted by H p(M ; R ) = f closedformsg=f exact formsg and it is called
the p-th de Rham cohomology group ).

4) (*) Topic: Theorem of Green in the plane .
Given a vector �eld v = v1e1 + v2e2 = x1e1 + (x2 + x1)e2 in the plane M = R 2

equipped with the 
at metric gij (x) = � ij (seeWeek 5 homework). By index lowering,
we can associate to v the 1-form � = v[ , given by � (x) = � 1(x)dx1 + � 2(x)dx2, where
� i (x) =

P
j gij (x)vj (x) = vi (x).

a) Compute d� .
b) Let c by the 2-chain c = � , where � is the simplex

� : � 2 = f x = (x0; x1; x2) 2 R 3 j x0 + x1 + x2 = 1; x i � 0g ! R 2

given by � (x) = (x1; x2). Compute Z

c
d� :

c) Compute
R

� c � directly.
d) Compute

R
� c � with the theorem of Stokesusing b).
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5) (*) Topic: Gradien t, Div ergence, Curl .
Recall. Let v = (v1; v2; v3) be a vector �eld in R 3. We associate with this vector �eld a 1-
form � by index lowering as in the previous problem: � = v[ = � 1dx1 + � 2dx2 + � 3dx3.
De�nition. To any 1-form � = � 1dx1 + � 2dx2 + � 3dx3 we can associate the 2-form
� � = � 3dx1 ^ dx2 + � 1dx2 ^ dx3 � � 2dx1 ^ dx3. Denote also the inverseoperation with
� so that � � � = � .
De�nition. The curl(v) of a vector �eld v is de�ned as a vector �eld w which satis�es

w[ = � dv[ :

De�nition. The div ergence div(v) of a vector �eld v is de�ned as the function div(v) =
� d � v[ .
De�nition. Given a function f on R 3, de�ne the gradien t �eld as the vector �eld
grad (f ) = df ] .
a) Verify that div curl(v) = 0.
b) Verify that curl grad(f ) = 0.

6) (*) Topic: Fundamen tal theorem of calculus, Stok es, Div ergence theorem .
a) Let � be a 1-simplex in R 3 and let � be a 0-form in R 3. Let g be the tensor in T 0

2 (R 3)
as in the last problem. Use the theorem of Stokesto verify

Z 1

0
gradb(f )( � (t)))( D � (t)) dt = f (� (1)) � f (� (0)) :

Hint. In Calculus, a 1-simplex � is a curve 
 and onewrites
R1

0 grad(f )( 
 (t) � 
 0(t) dt for
the line integral on the left hand side, where v � w is the scalar product betweenvectors
which is in our casemore accurately replacedby g(v; w).
b) Let � be a 2-simplex in R 3 and � be a 1-form in R 3. Use the theorem of Stokes to
verify the theorem of Stokes in R 3, that is

R
� (� 2 ) curl(v) =

R
� � (� 2 ) v dO.

Hint. Associate to � a vector �eld v and to the 2-form d� a vector �eld w = curl(v).
Identify the integral of the 2-form d� over a 2-chain as a surface integral of curl(v)
through the surface� (� 2), so that the theorem of Stokesbecomesthe usual theorem of
Stokes in R 3.
c) Let � be a 3-simplex in R 3 and � a 2-form in R 3. Usethe theorem of Stokesto verify
the divergencetheorem

R
� � v =

R
� div(v).

Hint. Associate to � a vector �eld v and to the 3-form d� the function div(v), so that
the relation

R
� d� =

R
d� � becomesthe divergencetheorem.

Ma109a, O. Knill, No vember 1995

Week6 (Solutions)
The aim of this homework wasto let you seethat the integration of k-forms on k dimensional
chains is a generalizationof line integrals, surfaceintegrals, volume integrals you know from
calculus and that the theorems of Green, Stokes, Gaussare generalizedby the theorem of
Stokes for chains. The integration in calculus is not satisfactory. For example, in three
dimensions,too many spacesare identi�ed: the spaceof vectors, the spaceof one-forms,the
spaceof two-forms all have three dimensions. Historically, it is a bad accident that the lan-
guageof di�eren tial forms (Cartan calculus) was invented only in this century , partly forced
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by the fact that generalrelativit y neededa theorem of Stokesalsoin four dimensionalspace.

1) Sincemany of you asked questionsabout this problem, there is here a (maybe too) de-
tailed solution:

The in tegration of a 1-form � over a 1-simplex � : � ! M wasde�ned as
R

� � =
R

� � � � ,
which is an integral of a 1-form over a subset of R which is just usual integration over
� = [0; 1] � R . Given � (t) = (x(t); y(t)), then the pull-bac k (� � � )( t)(u) was de�ned as
� (� (t))( D � (t)u) for any u 2 Tt �. Note that A(t) = D � (t) : R ! R 2 is given by the 1 � 2

matrix
�

_x(t)
_y(t)

�
. To get the pull-back of � (x) = � 1(x)dx1 + � 2(x)dx2 and � � � (t) = � (t) dt

in coordinates, usedx1(e2) = 0 and dx2(e1) = 0 and dx1(e1) = 1 and dx2(e2) = 1 to get

� (t)(u) = � (� (t))( A(t)u)

= � 1(� (t))dx1(A(t)u) + � 2(� (t))dx2(A(t)u)

= � 1(� (t))dx1((A(t)u)1e1 + (A(t)u)2e2) + � 2(� (t))dx2((A(t)u)1e1 + (A(t)u)2e2)

= � 1(� (t))(( A(t)u)1) + � 2(� (t))(( A(t)u)2)

= [� 1(� (t)) _x(t) + � 2(� (t)) _y(t)]u :

We obtain therefore Z

�
� =

Z 1

0
� 1(� (t)) _x(t) + � 2(� (t)) _y(t) dt ;

which is the usual integral of a curve � : � = [0; 1] ! R 2 from calculus. We get D � 1(t) =�
1
0

�
and D � 2(t) =

�
� 1
1

�
and D � 3(t) =

�
0

� 1

�
. Therefore

Z

� 1

� =
Z 1

0
� 1(� (t)) � 1 + � 2(� (t)) � 0 dt =

Z 1

0
t2 dt =

t3

3
j10 =

1
3

:

Z

� 2

� =
Z 1

0
� 1(� (t)) � (� 1) + � 2(� (t)) � 1 dt

= �
Z 1

0
(� t)2 + 7t2 dt +

Z 1

0
(� t) + t sin(t5) dt

= �
1
3

�
7
2

�
1
2

+
Z 1

0
t sin(t5) dt

= �
13
3

+
Z 1

0
t sin(t5) dt :

Z

� 3

� =
Z 1

0
� � 2(� (t)) dt = �

Z 1

0
(1 � t) sin((1 � t)5) dt

so that (one integral can not be solved elementarily (a property of most integrals))

Z

c
� = 2

1
3

+ 3[�
13
3

+
Z 1

0
t sin(t5) dt] +

Z 1

0
(1 � t) sin((1 � t)5) dt

= �
37
3

+ 4
Z 1

0
t sin(t5) dt :
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The integral can be written as a series: 1=7 � 1=102+ 1=3240� 1=186480: : : by making a
Taylor expansionand integrating each term.
2)

d� =
@

@x2 (2x1 + x2 cos(x1x2))dx2 ^ dx1 +
@

@x1 (x1 cos(x1x2)) dx1 ^ dx2

= [cos(x1x2) � x1x2 sin(x1x2)]dx2 ^ dx1

+[cos(x1x2) � x1x2 sin(x1x2)]dx1 ^ dx2

= 0 :

b) � = (x1)2 + x1x2 cos(x1x2) satis�es � = d� so that � is exact.

c) Let b be the simplex b : � 2 = f (x0; x2; x2) j x0 + x1 + x2 = 0; x0; x1; x2 � 0g ! R 2. From
the de�nition of the boundary we have � b = c = � 1 + � 2 + � 3. (It is here more convenient
to describe � 2 in homogeneouscoordinates.)
d) Use Stokes Z

c
� =

Z

b
d� = �

Z

b
1dx1 ^ dx2 = �

Z

b
1 = �

1
2

;

because
R

b 1 = 1=2 is the area of the triangle b(� 2).

4) a)

d� = (
@v2(x)

@x1 �
@v1(x)

@x2 )dx1 ^ dx2 :

b) Consider � : � 2 ! � (� 2). By de�nition,
Z

c
d� =

Z

� 2
� � d� :

In order to compute this integral, let U be the triangle U = � (� 2) � R 2. De�ne a map
� : U ! � 2 as the inverseof � . Then

Z

� 2
� � d� =

Z

U
� � � � d� =

Z

U
d� =

Z

U
(
@v2(x)

@x1 �
@v1(x)

@x2 )dx1dx2 ;

because
R

U f (x)dx1 ^ dx2 =
R

U f (x)dx.

c) � c is a sum of one-dimensionalsimplices � 1 + � 2 + � 3 and we can associate to it a path

 in the plane. By problem 1), integration of a 1-form � over such a simplex is the line
integral of the vector �eld x 7! v(x) = � [ (x) over the path 


Z

� c
� =

Z



v ds :

d) Using Stokes,we get Z

� c
� =

Z

c
d�

The left hand side is by c) the line integral
R


 v(
 (t)) � _
 (t) dt, where 
 is the boundary of
the region c(� 2) � R 2. The right hand side is by b)

Z

U
(
@v2(x)

@x1 �
@v1(x)

@x2 )dx1dx2 :

5) By de�nition
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curl(v) = (� dv[ )] :

div(v) = � d � v[

grad(f ) = (df ) ]

a) We compute, using � � � = (� 1)p(3 � p) � = � and dd = 0 and ] � 1 = [

div curl(v) = � d � � dv[ = � ddv[ :

b)
curl grad(f ) = (� ddf ) ] = 0 :

6) Seealso Abraham-Marsden-Ratiu p. 504-510.The translation betweenthe di�eren t lan-
guagesis the following: (it is convenient to take the following three boxesas de�nitions of
the line integral, surfaceintegral or volume integral):

The line in tegral of a vector �eld v over a curve 
 is
Z



v � ds =

Z

�
v[ ;

where � (t) = 
 (t) is the one dimensional simplex. The right hand side is the
integral of a one-form over a one simplex.

The surface in tegral of a vector �eld v through a surfaceS is
Z

S
v � dO =

Z

S
(� vb) =

Z

�
(� vb) ;

where � : � 2 ! R 3 is the simplex associated to the surface. The right hand
side is an integral of a two-form over a two dimensional simplex.

The volume in tegral of a function �eld f over a region G in R 3 is
Z

G
f dV =

Z

�
� f ;

where � is the simplex associated with the region G. The right hand side is an
integral of a three-form over a three dimensional simplex.

a) The fundamental theorem of calculus is obtained from the Stokesfor forms (identify the
curve 
 with a one dimensional simplex � )

Z



grad(f ) ds =

Z

�
grad(f )[

=
Z

�
(df ] )[

=
Z

�
df =

Z

� �
f

= f (� (1)) � f (� (0)) :
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b) Similarly, the theoremof Stokesis obtained from the theoremof Stokesfor forms: (identify
the surfaceS with a two dimensional simplex � )

Z

S
curl(v) � dO =

Z

�
� (curl( v)) [

=
Z

�
� (� d(v[ ))

=
Z

�
d(v[ )

=
Z

� �
v[

=
Z

� S
v ds :

c) Also the theorem of Gauss is obtained from the theorem of Stokes for forms: (identify
the region G with a three dimensional simplex � )

Z

G
div(v) dV =

Z

�
� div(v)

=
Z

�
� � d � v[

=
Z

�
d � v[

=
Z

� �
� v[

=
Z

� G
v � dO :

4.7 Week 7

Ma109a, O. Knill, No vember 1995

Week7
Due: Frida y, No vember 17, 1995

Topics: Riemannian manifolds, change of metric under transformations, Ho dge
star op eration

1) (*) Topic: Flat manifold in spherical coordinates
a) Compute the coordinates of the metric tensor in R 3 in spherical coordinates (r; � ; � ).
Hint: You have to verify that

[gij ](x) =

0

@
1 0 0
0 r 2 0
0 0 r 2 sin2(� )

1

A :

b) Let � : S2 = fjj xjj = 1g ! R 3 be the inclusion � (x) = x. Compute the pull-back
metric � � g on S2.
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2) ( ) Topic: Schwarzschild metric
Let (M ; g) be the Schwarzschild manifold. That is M = f x = (t; r; � ; � ) j r 6= 2mg and

[gij ] =

0

B
B
@

� (1 � 2m=r) 0 0 0
0 (1 � 2m=r) � 1 0 0
0 0 r 2 0
0 0 0 r 2 sin2(� ))

1

C
C
A :

(We assumeherec = 1). Find the lengthsof the following vectorsu = u(x); v = v(x); w =
w(x) in the tangent space Tx M and the angles between them: u = (1; 0; 0; 0); v =
(0; 1; 0; 0); w = (1; (1 � 2m=r); 0; 0).

3) (*) Topic: Loren tz transformations
Verify that the linear transformations u 7! Au (Lorenz boost) and u 7! B u (Rotation)
given by

A =

0

B
B
@

cosh(� ) sinh(� ) 0 0
sinh(� ) cosh(� ) 0 0

0 0 1 0
0 0 0 1

1

C
C
A ; B =

0

B
B
@

1 0 0 0
0 cos(� ) sin(� ) 0
0 � sin(� ) cos(� ) 0
0 0 0 1

1

C
C
A ;

are preserving the length of a vector in the Lorenz manifold (M ; g), where M = R 4 and
[g] = Diag(� 1; 1; 1; 1).

4) (*) Topic: Eddington-Fink elstein metric, Blac k holes I
Let (M ; g) be the Schwarzschild manifold from problem 1). It describes the metric of

space-timenear a star or a planet of mass ~m. If you look at the metric tensor g, then
it blows up at r = 2m = 2G � ~m=c2 = 2G ~m, the Schwarzschild radius . If we want to
see,what happens, when the star is smaller than the Schwarzschild radius, we need to
intro duce a new coordinate system. De�ne the map � : R 4 ! R 4 by

� (t; r; � ; � ) = (v; r; � ; � )

where
v = t + r + 2m logj

r
2m

� 1j :

Verify that the push-forward metric h = � � g is given by

[hij ] =

0

B
B
@

� (1 � 2m
r ) 1 0 0

1 0 0 0
0 0 r 2 0
0 0 0 r 2 sin2(� ))

1

C
C
A :

It is called Eddington-Fink elstein metric and is only singular at r = 0.

5) (*) Topic: Ligh t can not escape blac k holes
If we restrict the Schwarzschild manifold (M ; h) with a subspacef � = const1;  =
const2g, we get the manifold N . Let � : N ! M be the embedding. Verify that the
pull-back � � h of the Eddington-Fink elstein metric h is

[kij ] = [� � hij ] =
�

� (1 � 2m
r ) 1

1 0

�
:
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Given a point x in the pseudoRiemannian manifold (N ; k). The set of null vectors in
Tx N is called the ligh t cone at x. This namecomesfrom the fact that a radially moving
photon, which is described by a path � 7! 
 (� ) in N , satis�es always D 
 (� ) in the light
cone.
a) Verify that the light coneat a point x = (v; r ) in N is given by the union of

L in (t; r ) = f � � (0; 1) j � 2 R g � Tx N;

L out (t; r ) = f � � (2=(1 �
2m
r

); 1) j � 2 R g � Tx N :

b) Given a world line � 7! 
 (� ) of an incoming photon , that is 
 satis�es D 
 (� ) 2
L in (x). Verify that v(� ) = A is constant.
c) Given a world line � 7! 
 (� ) = (v(� ); r (� )) of an out-going photon de�ned by the
property that D 
 (� ) 2 L out . Verify that v(� ) = 2r (� ) + 4m logjr (� ) � 2mj + B for some
constant B .
d) Useb); c) to verify the following picture. An incoming radially falling incoming photon
can enter from the region r > 2m into the region r < 2m and reach the singularity r = 0.
An outgoing photon which is in the region r < 2m at sometime t0, stays in the region
r < 2m for time t > t0. An out-going photon which is in the region r > 2m at time t0

escapesto in�nit y. In other words, light is trapp ed inside a black hole.

6) (*) Topic: Ho dge star op eration, Maxw ell equations
Consider the Lorenz manifold M = R 4 with the metric [gij ] = Diag(� 1; 1; 1; 1).

F (x) = � E 1(x)dx1 ^ dx2 � E 2(x)dx1 ^ dx3 � E 3(x)dx1 ^ dx4

+ B 3(x)dx2 ^ dx3 � B 2(x)dx2 ^ dx4 + B 1(x)dx3 ^ dx4

bea 2-form on the Lorenzmanifold (M ; g), wherethe electric �eld E(x) = (E 1(x); E 2(x); E 3(x))
and magnetic �eld B (x) = (B 1(x); B 2(x); B 3(x)) are given. We have veri�ed already in
the midterm, that dF = 0 follows from F = dA. With (t; y1; y2; y3) = (x1; x2; x3; x4),
the equation dF = 0 is equivalent to the �rst group of Maxw ell equations

div(B ) = 0

curl(E ) = � @B =@t ;

where div and curl are with respect to the spacecoordinates y = (y1; y2; y3).
a) De�ne d� � = � d � � . Verify that d� is a map from � p(M ) to � p� 1(M ) which satis�es
d� � d� = 0.
b) Given the electromagnetic �eld tensor F 2 � 2(M ) as above. Compute d� F .
c) Let j (x) = j 1(x)dx1 + j 2(x)dx2 + j 3(x)dx3 + j 4(x)dx4 = � (x)dx1 + i 1(x)dx2 + i 2(x)dx3 +
i 3(x)dx4 be a 1-form describing the scalar �eld � (x) (time dependent charge) and three
dimensional vector �eld i = (i 1; i 2; i 3) (time dependent current). Verify that d� F = j is
equivalent to the second group of Maxw ell equations

div(E) = �

curl(B ) � @E=@t = i :
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Ma109a, O. Knill, No vember 1995

Week7 (Solutions)
1) We have g = � � h, where h is the 
at metric on R 3 and where

�( y) = �( r; � ; � ) =

0

@
r cos(� ) cos(� )
r sin(� ) cos(� )

r sin(� )

1

A :

By de�nition, � � h(x)(u; v) = h(�( x))( D � u; D � v) sothat gij is the standard scalarproduct
of the i 'th row ei in D � with the j 'th row ej in D � (seethe notes for ei ). That is

[gij ](x) = h(ei (x) � ej (x)) = [gij ](x) =

0

@
1 0 0
0 r 2 0
0 0 r 2 sin2(� )

1

A :

b) We have �( �; � ) = (1; �; � ) and so

D � =

0

@
0 0
1 0
0 1

1

A :

We get D �( �; � )(u1; u2) = (0; u1; u2) and for i = 1; 2,

[� � g(x)] ij = g(1; �; � )(D �( x)ei ; D �( x)ej )

= [g(1; �; � )] ij

=
�

1 0
0 1sin2(� )

�
:

3) Given a vector u = (u1; : : : ; u4) in Tx M . Its length in the Lorentz metric is

jjujj =
p

� (u1)2 + (u2)2 + (u3)2 + (u4)2 :

We have

Au =

0

B
B
@

cosh(� )u1 + sinh(� )u2

sinh(� )u1 + cosh(� )u2

u3

u4

1

C
C
A ;

and

B u =

0

B
B
@

u1

cos(� )u2 + sin(� )u3

� sin(� )u2 + cos(� )u3

u4

1

C
C
A ;

Using the identit y cosh2(� ) � sinh2(� ) = 1 we get

jjAujj2 = � cosh2(� )(u1)2� sinh2(� )(u2)2+sinh 2(� )(u1)2+cosh2(� )(u2)2+( u3)2+( u4)2 = jjujj2 :

Using the identit y cos2(� ) + sin2(� ) = 1, we have

jjB ujj2 = � (u1)2 + cos2(� )(u2)2 + sin2(� )(u3)2 + sin2(� )(u2)2 + cos2(� )(u3)2 + (u4)2 = jjujj2 :
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4) The derivative of � (x) = � (t; r; � ; � ) = (t + r + 2m logj r
2m � 1j; r; � ; � ) is

A(x) = D � (x) =

0

B
B
@

1 1 + 1=( r
2m � 1) 0 0

0 1 0 0
0 0 1 0
0 0 0 1

1

C
C
A :

If B = (A � 1)T , then the push-forward metric h = � � g is de�ned by h(y)(u; v) = h(� � 1x)(B u; B v).
That is, in coordinates: hk l =

P
i;j B i

k B j
l gij , whereg is the Schwarzschild metric. This gives

[hij ] =

0

B
B
@

� (1 � 2m
r ) 1 0 0

1 0 0 0
0 0 r 2 0
0 0 0 r 2 sin2(� ))

1

C
C
A :

5) Let � : N ! M be the embedding of N in M . Then D� is a constant 2 � 4 matrix

A = D� (x) =

0

B
B
@

1 0
0 1
0 0
0 0

1

C
C
A :

That is Au sets the last two coordinates of u to zero.
We have (� � h)(u; v) = h(Au; Av) and so

[kij ] = [� � hij ] =
�

� (1 � 2m
r ) 1

1 0

�
:

a) Given a point x = (v; r ) in N , the light coneat x is the set of vectors (u; w) such that

k((u; w); (u; w)) = (1 �
2m
r

)u2 + 2uw = u((1 �
2m
r

) + 2w) = 0 :

That is, either u = 0, which gives

L in (t; r ) = f � � (0; 1) j � 2 R g � Tx N

or if u 6= 0, 2w = (1 � 2m
r )u, that is

L out (t; r ) = f � � (2=(1 �
2m
r

); 1)g

b) If D 
 (� ) = (u; v) 2 (0; � R ), then u = _v = 0 and v(� ) is constant.
c) If v(� ) = 2r (� ) + 4m logjr (� ) � 2mj + B , then

dv(� )
d�

= 2
dr(� )

d�
+

4m
(r (� ) � 2m

dr(� )
(d� )

:

That is u = 2v + 4m=(r � 2m)w and so (u; w) 2 L out .
d) We have to analyze the two vector �elds, one of the incoming and one of the outgoing
photon. The incoming photon satis�es v = const and r decreasesconstantly . The vector �eld
of the outgoing photon is becomingvertical at the Schwarzschild radius and does therefore
not crossit. The best is to make a picture (you can �nd it in almost any book about general
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relativit y for example: J.Foster, J.D. Nightingale "A short coursein general relativit y", p.
155.

6) a) d� � = � d � � d � � = � � dd � � = 0 follows from dd = 0.
b) From

F (x) = � E 1(x)dx1 ^ dx2 � E 2(x)dx1 ^ dx3 � E 3(x)dx1 ^ dx4

+ B 3(x)dx2 ^ dx3 � B 2(x)dx2 ^ dx4 + B 1(x)dx3 ^ dx4

we get (write also ei = dxi )

� (e1 ^ e2) = � e3 ^ e4 ; � e3 ^ e4 = (e1 ^ e2)

� (e2 ^ e3) = e1 ^ e4 ; � e1 ^ e4 = � (e2 ^ e3)

� (e1 ^ e3) = e2 ^ e4 ; � e2 ^ e4 = � (e1 ^ e3)

(note that � � � = � � for a 2-form in the Lorenz metric)

� F (x) = E 1dx3 ^ dx4 � E 2(x)dx2 ^ dx4 + E 3(x)dx2 ^ dx3

+ B 3(x)dx1 ^ dx4 � B 2(x)dx1 ^ dx3 + B 1(x)dx1 ^ dx2 :

c) Using � � � = � for a 1 form, we get (write also ei = dxi

e1 = �� e2 ^ e3 ^ e4 ;

e2 = �� e1 ^ e3 ^ e4 ;

e3 = � e1 ^ e2 ^ e4 ;

e4 = �� e1 ^ e2 ^ e3

and so

� d � F = (� @2E1 � @3E2 � @4E3)dx1

+( � @1E1 + @3B3 � @4B2)dx2

+( � @1E2 + @4B2 � @2B4)dx3

+( � @1E3 + @2B4 � @3B3)dx4

so that by comparisonof coe�cien ts, d� F = j = (� �; i 1; i 2; i 3) = (�; i 1; i 2; i 3)[ is indeed the
secondgroup of Maxwell equations:

div(E) = �

curl(B ) � @E=@t = i :
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4.8 Week 8

Week8 (Last homework)
Due: Monda y, No vember 27, 1995 (after thanksgiving)

Topics: Riemannian manifolds, connections, geodesics, curv ature Einstein
equations

1) (*) Topic: Christo�el sym bols
We have de�ned the Christo�el symbols on a Riemannian manifold (M ; g) by � i

j k =
P

l gil g(r j @k ; @l ). Suppose,we de�ne ~� by r i @j =
P

k
~� k

ij @k . Prove that � k
ij = ~� k

ij .

2) ( ) Topic: Christo�el sym bols.
Compute the Christo�el symbols for the two dimensional manifold (M ; g), where M is
the two dimensional sphereand where g is the metric in the week7 homework.

3) (*) Topic: Connection
Verify that if t 2 �( T p

q (M )) and s 2 �( T p0

q0 (M )), then

r X (t 
 s) = (r X t) 
 s + t 
 (r X s) :

4) (*) Topic: Covarian t deriv ativ e
Write down the general formula for the covariant derivative in coordinates

t j 1 ;::: ;j p

i 1 ;i 2 ;::: ;i q ;i

using the last question. Hint. Use

(t 
 u) j 1 ;::: ;j p ;l 1 ;::: ;l s

i 1 ;::: ;i q ;k 1 ;::: ;k r
= t j 1 ;::: ;j p

i 1 ;::: ;i q
ul 1 ;::: ;l s

k1 ;::: ;k r

and use induction in p and in q.

5) ( ) Topic: Covarian t deriv ativ e
Verify

gij ;k = 0

and from that Ricci's theorem
gij

;k = 0 :

6) (*) Topic: Einstein equations, Curv ature .
Let (M ; g) be a pseudoRiemannian manifold. Let Ricci 2 �( T 0

2 (M )) be the Ricci tensor
in (M ; g) and let R be the scalar curvature. One de�nes the Einstein tensor

G = Ricci �
1
2

Rg :

The Einstein equation of general relativit y is

G = 8� T ;

where T is the energy-momentum tensor of matter. If T = 0 (vacuum), the vacuum
Einstein equation is G = 0.

Show that G = 0 is equivalent to Ricci = 0 if the manifold has dimension 4.
Hint. For Ricci = 0 ) G = 0 we give no hint. For the other way, write G = 0 in
coordinates Ricciij = 1=2Rgij = 0, raise one coordinate Ricciji = 1=2R� j

i , and form the
trace of this equation.
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7) (*) Schwarzschild metric . (This exerciseneedseither patience, that is hours of calcu-
lation (with the risk of making a mistake), or a tric k of special normal coordinates still
with nasty calculation (again with the risk of doing a mistake), or a symbolic Mathemat-
ica computation which takes a few seconds. Since I chosethe third possibility myself,
I can lean you my Mathematica source code, which you can �nd on my Web page or
below. To get the credit for this problem, you have to print out the intermediate results,
Mathematica givesfor the Christo�el symbols and for the Curvature tensor).

Problem. Verify that the Schwarzschild metric g in R 4 satis�es the vacuum Einstein
equation. That is, compute

2� i
j k =

X

l

gil (@j gk l + @k glj � @l gj k ) :

and then
R i

kmn = @m � i
kn � @n � i

km +
X

j

� j
kn � i

j m �
X

j

� j
km � i

j n

and �nally
Ricciik =

X

j

R j
j ik

and (using the last problem) verify that G = 0.

Hint. Use Mathematica on a Macintosh, PC or Sun or Next workstation and run the
following few lines. Identify �rst from each variable, what it does and whether it is
deduced correctly from the formulas you have in the text. I simple method to get
also the intermediate results on a Unix machine is to load down the program, store
it as " schwarzschil d:m" on your computer and type in " math < schwarzschil d:m >
results". In "results", you �nd all the necessaryinformation. Clean this �le by editing
the mess (removing unnecessarylines and labeling essential things) and print it out
" lpr results and attach it to your paper.

8) ( ) Kerr-Newman metric . If you like letting a computer do proofs for you, take for
example the Kerr-Newman metric (seefor example the new and nice book of Ciufolini
and Wheeler "Gra vitation and Inertia" p.41) and verify that it satis�es the Einstein
equations by modifying the above program.

Ma109a, O. Knill, No vember 1995

Week8 (Solutions)
1) Replacing r j @k =

P
m

~� m
j k @m in � i

j k =
P

l gil g(r j @k ; @l ), using the linearit y of g and the
de�nition g(@k ; @l ) = gk l as well as

P
l gil gk l = � i

k gives

� i
j k =

X

l

gil ~� m
j k g(@m ; @l )

=
X

l;m

~� l
j k gil gk l

=
X

m

~� l
j k � i

k

= ~� i
j k :
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3) By the de�nition of the covariant derivative

r X (t 
 s)(Y 1; : : : ; Y p+ p0

; X 1; : : : ; X q+ q0) = X :(t 
 s)(Y 1; : : : ; Y p+ p0

; X 1; : : : ; X q+ q0)

�
p+ p0
X

i =1

(t 
 s)(Y 1; : : : ; r X Y i ; : : : ; Y p+ p0

; X 1; : : : ; X q+ q0)

�
q+ q0
X

j =1

(t 
 s)(Y 1; : : : ; Y p+ p0
; X 1; : : : ; r X X j ; : : : X q+ q0) :

We split up each of the two sumsinto two sumsand usethe de�nition of the tensor product
and the Leibniz rule X :(f � g) = (X :f ) � g + f � (X :g) to get

r X (t 
 s)( � � �) = (X :t(Y 1; : : : ; Y p+ p0
))s(X 1; : : : ; X q+ q0)

+ t(Y 1; : : : ; Y p+ p0
))( X :s(X 1; : : : ; X q+ q0)

�
pX

i =1

t(Y 1; : : : ; r X Y i ; : : : ; Y p; X 1; : : : ; X q)s(Y p+1 ; : : : ; Y p+ p0
; X 1; : : : ; X q+ q0)

�
p+ p0
X

i = p+1

t(Y 1; : : : ; Y p; X 1; : : : ; X q)s(Y p+1 : : : ; r X Y i ; : : : ; Y p+ p0
; X 1; : : : ; X q+ q0)

�
qX

j =1

t(Y 1; : : : ; Y p; X 1; : : : ; r X X j ; : : : ; X q)s(Y p+1 : : : ; Y p+ p0

; X 1; : : : ; X q+ q0)

�
q+ q0
X

j = p+1

t(Y 1; : : : ; Y p; X 1; : : : ; X q)s(Y p+1 ; : : : ; Y p+ p0

; X 1; : : : ; r X X j ; : : : ; X q+ q0) :

The �rst expressionplus the �rst sum plus the third sum are

(r X t)(Y 1; : : : ; Y p; X 1; : : : ; X q)s(Y p+1 ; : : : ; Y p+ p0
; X q+1 ; : : : X q+ q0) :

The secondexpressiontogether with the secondand fourth sum are

t(Y 1; : : : ; Y p; X 1; : : : ; X q)r X s(Y p+1 ; : : : ; Y p+ p0

; X q+1 ; : : : X q+ q0) :

4) In order to prove the formula

t j 1 ::: j p

i 1 ::: i q ;i =
@

@x i t j 1 ::: j p

i 1 ::: i q

+
X

l

� j 1
il t l::: j p

i 1 ::: i q
+ : : : +

X

l

� j 1
il t j 1 ::: l

i 1 ::: i q

�
X

l

� l
ii 1

t j 1 ::: j p

l:::i q
� : : : �

X

l

� l
ii q

t j 1 ::: j p

i 1 ::: l ;

we assumethat it is known for tensors of the form T p
q and deduce from it the claim for

tensors of the form T p+1
q and T p

q+1 . We use also the formulas for p = 1; q = 0: (see a
proposition in the text)

uj
;i =

@
@x i uj +

X

l

� j
il ul
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and for p = 0; q = 1 (from the de�nition)

uj ;i =
@

@x i uj �
X

l

� l
j i ul :

Sinceevery tensor t of the form T p+1
q can be written as a sum of tensorsof the form s 
 u,

where u 2 T 1
0 and s 2 T p

q , we can assumewithout lossof generality that t = s 
 u. Since

t j 1 :::j p +1

i 1 :::i q
= sj 1 :::j p

i 1 :::i q
uj p +1

we get by Leibnitz
t j 1 ::: j p +1

i 1 ::: i q ;i = sj 1 ::: j p

i 1 ::: i q ;i u
j p +1 + sj 1 ::: j p

i 1 ::: i q
uj p +1

;i :

Plugging in the induction assumption for s and the known formula for u givesthe claim for
T p+1

q . Similarly, one can show the other induction step.

6) Assume�rst Ricci = 0. Sincethe scalar curvature is a trace of the Ricci tensor, we have
also Scal= 0 and so also the Einstein tensor G = 0.
For the other direction, if G = 0, then we have (by the hint)

Ricciij =
1
2

Rgij :

Raising one coordinate (multiply with gj k and sum over j ) gives

Ricciki =
1
2

R� k
i :

If we take the trace, we get on the left hand side the scalar curvature R and on the right
hand side 1

2 R � 4 = 2R. This equality R = 2R is only possible if R = 0. But R = 0 and
G = 0 together imply by de�nition of G that Ricci = 0.

7) If you were running the program, you obtained �rst the coe�cien ts for the Christo�el
symbols � ij k , then the coe�cien ts of the Christo�el symbols � k

ij , then Riemann curvature
tensor R i

j k l and �nally the Ricci tensor Ricciik which vanishesafter the simpli�cation com-
mand.
Ma109a, O. Knill, Decem ber 1, 1995

Final
Due: W ednesday, Decem ber 6, 1995

Topics: Manifolds, Tensor analysis and Riemannian geometry

Material : There is no restriction in the useof material. All books,notesor homework
can be used. It is only required that everybody makesthe �nal by himself/herself.

Time : 4 hours in one sitting . No credit for work done in overtime .

Form : Pleaseusea blue book or write on good newpaper, which is stapled together,
before turning it in. If possible,usea new pagefor a new problem.
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Due : Return the paper to the mail box of the TA Yue Lei, by 12:00 AM noon,
Wednesday, December 6, 1995.

Poin ts : there are8 problemseach giving 20points. The points in each subproblemare
distributed equaly. That is if the problem has4 subproblems,each of the subproblems
givesmaximal 5 points, if the problem has2 subproblems,then each subproblemgives
maximal 10 points.

1) Topic: Manifolds (20 points)
Put a cross, wherever a manifold matches with a certain property. Add this page (or
better the table only) physically to your paper (glue, tape or staple). To simplify the
grading, pleasedo not copy by hand the table again.

In this question, you have exceptionally not to give proofs, nor to justify your answer.
Reminder: a manifold is simply connected if every closedcurve can be contracted to a
point. (The precicede�nition is in the 2. Weekhomework). To the notation usedin the
table: given two setsA; B , then A nB = f x 2 A j x =2 B g. Sn = f x 2 R n +1 j

P
i x2

i = 1g
denotes the n-dimensional sphere, T n , the n-dimensional torus, M is here the two-
dimensional Mo ebius strip M = f (x; y) 2 R 2 j (x; y) 2 [0; 1] � (0; 1)g= � , where � is
the identi�cation (0; y) � (1; 1 � y) of the "left" boundary with the "righ t" boundary.

Manifold compact orientable connected simply connected

S1

S2

T 2

R 2

R n f 0g
R 2 n f (0; 0)g
S2 n f P = (0; 0; 1)g
M
M � R
S1 � R

2) Topic: Manifolds, Pseudo Riemannian manifold (20 Points)
Let G = f A 2 M (2; R ) j g(Av; Aw) = g(v; w); 8v; w 2 R 2g be the set of all linear isome-

tries of the Pseudo-Riemannianmanifold (R 2; g), where [g] =
�

� 1 0
0 1

�
.

a) Determine G as a subsetof all real 2 � 2 matrices M (2; R ).
b) Prove that G is a manifold and determine whether it is compact or not, connectedor
not.

Let H = f B 2 M (2; R ) j h(B v; B w) = h(v; w); 8v; w 2 R 2g be the set of all linear

isometriesof the Riemannian manifold (R 2; h), where [h] =
�

1 0
0 1

�
.

c) Determine H as a subsetof all real 2 � 2 matrices M (2; R ).
d) Prove that H is a manifold and determine whether it is compact or not, connectedor
not.
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3) Topic: Tensors (20 Points)
Let (M ; g) be the standard Lorentz manifold, that is M = R 4 and [g] = Diag(� 1; 1; 1; 1).
Let F be the electro-magnetic �eld tensor as in Homework 8, that is

F (x) = � E 1(x)dx1 ^ dx2 � E 2(x)dx1 ^ dx3 � E 3(x)dx1 ^ dx4

+ B 3(x)dx2 ^ dx3 � B 2(x)dx2 ^ dx4 + B 1(x)dx3 ^ dx4 :

Show by computing it, that F ^ (� F )(x) only dependson the Euclidean lengths jjB (x)jj
and jjE (x)jj of the magneticrsp. electric �eld (the Euclidean length of a three dimensional
vector x is jjxjj2 = x2

1 + x2
2 + x2

3).
Hint: in Homework 7 you have computed already

� F (x) = E 1dx3 ^ dx4 � E 2(x)dx2 ^ dx4 + E 3(x)dx2 ^ dx3

+ B 3(x)dx1 ^ dx4 + B 2(x)dx1 ^ dx3 + B 1(x)dx1 ^ dx2 :

Background information: The integral
R

M F ^ � F is called the action in tegral of the
electromagnetic �eld.

4) Topic: Tensors, Riemannian manifold (20 Points)
a) Let (M ; g) be a Riemannian manifold (g is positive de�nite). For which dimensionsn
of the manifold M does� : � k (M ) ! � n � k (M ) satisfy � � � = � ?
b) Let d be the exterior derivative: � k (M ) ! � k+1 (M ) and d� = � d� . The linear
operator L : � k (M ) 7! � k (M ) de�ned by

L = dd� + d� d

is called the Laplace Beltrami op erator . Verify that L = (d + d� )2.
c) A 2-form F on a 4-dimensional Pseudo Riemannian manifold is called self-dual if
F = � F . Verify that any self-dual 2-form is a solution of the vaccuum Maxw ell
equations dF = 0; d� F = 0.
d) A k-form � , which satis�es L� = 0 is called harmonic , where L is the Laplace-
Beltrami operator. Show that a self-dual2-form F on a 4 dimensionalpseudoRiemannian
manifold is harmonic.

5) Topic: Tensors, exterior deriv ativ e, In tegration, Stok es (20 Points)
Let F be a 2-form on a four dimensional manifold (M ; g) given by F = dA, where
A 2 � 1(M ) is a 1-form. If F is the electromagnetic �eld, then A is called a vector
poten tial and F is the �eld generated by A.
a) Given any f 2 C1 (M ). Show that the gauge transformed 1-form A + df generates
the sameelectro magnetic �eld as A. Verify further that if d� A = 0 (Lorentz gauge),
then the Maxwell equations dF = 0; d� F = j implies

LA = j ;

where L = dd� + d� d is the Laplace-Beltrami operator from above.
Background information: if [g] = Diag[� 1; 1; 1; 1], d� A = 0, and j = 0, then each
coordintate of A satis�es the wave equation d2

dt 2 A i = � A i and explains why ligh t
consistsof wavesfrom a classicalpoint of view.
b) Given a current j in the Maxwell equations dF = 0; d� F = j . Show that

d� j = 0 :
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c) If j == (� �; i ) = (� �; i 1; i 2; i 3), verify that d� j = 0 is equivalent to the contin uit y
equation

_� = div(i ) ;

where div is the three dimensional divergenceyou know from calculus.
Background information: this property meanscharge conserv ation .
d) Let G be a four dimensional regular domain in M with three dimensional smooth
boundary � G. Verify that the integral of the 3-form � j over � G is vanishing: that is
prove that Z

� G
� j = 0 :

6) Connection (20 points)
We have seenthat ~t(X ; Y; Z ) = g(r X Y; W ) is not a tensor. (X ; Y; Z denotevector �elds
on M ). Assume, we have on a manifold M two connections r ; r 0 (which need not
to be compatible with any metric g on M ). Prove that t(X ; Y; Z ) := g(r X (Y ); W ) �
g(r 0

X (Y ); W ) is a tensor.

Hint. Use the criterium for tensorality in the text.

7) Riemannian manifolds, Curv ature (20 Points)
a) Give an exampleof two Riemannian manifolds (M ; g), (N ; h) such that there exists a
di�eomorphism � : M ! N but such that the scalar curvatures satisfy R(x) < 1 for all
x 2 M and R(y) > 2 for all y 2 N .
b) A di�eomorphism � : (M ; g) ! (N ; h) is called an isometric di�eomorphism if
the metric tensor g is the pull-back of h, that is if � � (h) = g. Two PseudoRiemannian
manifolds are called isometric if there exists an isometric di�eomorphism from (M ; g)
to (N ; h). Show that beeingisometric is an equivalencerelation on the set of Riemannian
manifolds.

8) Topic: General questions (20 points)
True or false? Also here, like in the �rst problem we do not needa proof nor a reference
for the answer. Please�ll out the box below and add it physically to your paper (for
example,cut the table away and glue it to your paper).

a) A �nite dimensional manifold is always paracompact.
b) A �nite dimensional manifold is always locally compact.
c) The product of two connectedmanifolds is connected.
d) An embedding � : M ! N is always injective.
e) Let � : M ! N be a smooth map between to manifolds. Every critical value y 2 N
is the image of a critical point.
f ) Any compact �v e dimensional manifold can be embeddedin R 12.
g) The set of all vector �elds on a compact manifold is a �nite dimensional vector space.
h) Any smooth function can be developed into a convergent Taylor series.
i) If the curvature of a two dimensional manifold M is vanishing everywhere, then M is
di�eomorphic to the plane.
j) In coordinates, the Riemann curvature tensor satis�es R ij k l = Rlk j i for all i; j; k; l .
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a) b) c) d) e) f) g) h) i) j)

Put a cross,where true

Ma109a, O. Knill, Decem ber 1, 1995

Final (Solutions)
1)

Manifold compact orientable connected simply connected

S1 x x x
S2 x x x x
T 2 x x x
R 2 x x x
R n f 0g x x
R 2 n f (0; 0)g x x
S2 n f P = (0; 0; 1)g x x x
M x
M � R x
S1 � R x x

2) Let G = f A 2 M (2; R ) j g(Av; Aw) = g(v; w); 8v; w 2 R 2g be the set of all linear

isometriesof the Pseudo-Riemannianmanifold (R 2; g), where [g] =
�

� 1 0
0 1

�
.

a)

G = f A =
�

a b
c d

�
j a2 � c2 = 1; b2 � d2 = 1; a2 � d2 = ; b2 � c2 = 0g

is the set of Lorentz boosts. To seethat G is a manifold, consider the map f : M (2; R ) !
R 3; A 7! a2 � c2 � 1; a2 � d2; b2 � c2. G is a manifold, because0 is a regular value. To see
that, check that D f (x) is surjective for x 2 G.
b) The manifold is di�eomorphic to two copiesof R write it as a hyperbola in R 2. It is not
compact, It is not connected.
c) H = f A 2 M (2; R ) j AT A = 1g is the set of orthgonal matrices.
d) It is a compact manifold, not connectedsincethere are two components, one with deter-
minant 1 and one with determinant � 1.

3) F ^ (� F )(x) = jjB (x)jj 2 � jjE (x)jj2.

4) a) We know the formula � � � = (� 1)g(� 1)k(n � k ) � , if � is a k-form. Sinceg is positive
de�nite, we have (� 1)g = 1. (� 1)k(n � k ) = 1 is true if k is even or if n � k is even. This is
always true, if n is even.
b) Becaused2 = (d� )2 = 1, we haver L = dd� + d� d = (d + d� )2.
c) If F = � F , then d� F = � dF = 0.
d) LF = (dd� F + d� dF) = 0 + 0 = 0.

5) a) Given any f 2 C1 (M ), we have d(A + df ) = dA + ddf = dA + 0 = F . The equation
dF = 0; d� F = j implies

LA = dd� A + d� dA = d� dA = d� F = j ;
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b) From d� F = j , we get
d� j = d� d� F = 0 :

c) Given j = (� �; i ) = (� �; i 1; i 2; i 3). Computing

d� j = 0 =
@

@x1 j 1 +
@

@x2 j 2 +
@

@x3 j 3 +
@

@x4 j 4

is
_� = div(i ) :

d) By Stokesand d� j = 0, we have
Z

� G
� j =

Z

G
d � j =

Z

G
� d� j = 0 :

6) t(X ; Y; Z ) := g(r X (Y ); Z ) � g(r 0
X (Y ); Z ) if and only if

t(f X ; Y; Z ) = f (tX ; Y; Z ); t(X ; f Y; Z ) = f t(X ; Y; Z ); t(X ; Y; f Z ) = f t(X ; Y; Z ) :

The �rst equality is true by an axiom of the connections. The third equality is true be-
causeg is a tensor. For the secondequality, we computed in the text g(r X (f Y ); Z ) =
f g(r X Y; Z ) + (X :f )g(Y; Z ). The secondsummand is not depending on the connection and
g(r X (f Y ); Z ) � g(r 0

X (f Y ); Z ) = f g(r X Y; Z ) � f g(r 0
X Y; Z ) = t(X ; Y; Z ).

7) a) Take (M ; g) the sphereof radius 1=10 and for (N ; h) the spherewith radius 10. These
two manifolds are di�eomorphic by the di�eomorphism � (x) = 100x. R(x) = 1=5 < 1 for
all x 2 M and R(y) = 5 > 2 for all y 2 N .
b) Re
exivit y: (M ; g) is isometric isomorphic to (M ; g) by taking the identit y map.
Transitivit y: (M ; g) � (N ; h) � (K ; i ), then (M ; g) � (K ; i ). c) Symmetry: take � � 1.

8) a) A �nite dimensional manifold is always paracompact.
b) A �nite dimensional manifold is always locally compact.
c) The product of two connectedmanifolds is connected.
d) An embedding � : M ! N is always injective.
e) Let � : M ! N be a smooth map between to manifolds. Every critical value y 2 N is
the image of a critical point.
f ) Any compact �v e dimensional manifold can be embedded in R 12.
g) The set of all vector �elds on a compact manifold is a �nite dimensional vector space.
h) Any smooth function can be developed into a convergent Taylor series.
i) If the curvature of a two dimensional manifold M is vanishing everywhere, then M is
di�eomorphic to the plane.
j) In coordinates, the Riemann curvature tensor satis�es R ij k l = Rlk j i for all i; j; k; l .

a) b) c) d) e) f) g) h) i) j)

Put a cross,where true X X X X X X X

Remarks. The set of all vector �elds on a manifold is an important example of an in�nite
dimensional vector space.
There exist functions f which are in�nitely often di�eren tiable at 0 but for which the Taylor
seriesdo not convergeat 0. An example is given by Borel. Take a smooth function f which
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is constant 1 on [� 1=2; 1=2] and which is vanishing outside [� 1; 1]. For any sequencecn the
function

u(x) =
1X

n =0

f (
2x

jjcn jj
)
xn

n!
cn

convergesfor all x 2 R and is in�nitely often di�eren tiable everywhere. The n'th derivative
at zero is u(n ) (0) = cn . If cn = n!nn , then the Taylor series

P
n u(n ) (0)=n!tn =

P
n nn tn

obviously does not converge. Example of a 
at manifold with vanishing curvature is the
cylinder or the torus. Both are not di�eomorphic to the plane.
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Chapter 5

App endices

In the appendices,we add de�nitions and results from other topics like topology, measure
theory, linear algebra, real analysis or di�eren tial equations.

5.1 Topology

De�nition. A top ological space (X ; O) is a set X and a collection O of subsetsof X with Topological space

the following properties: O is closedunder �nite intersectionsand arbitrary unions and and
; ; X 2 
.

Notion. The sets in O are called op en sets. The complement of an open set is called Op en set

closed . For an arbitrary set A in X , denoteby A its closure , the intersection of all closed Closed set

sets which contain A. Denote also with int( A) the in terior of A, that is the union of all Closure of a set

open subsetsof A. Given a point x 2 X . A set V which contains U 2 O with x 2 U is also In terior

called a neigh borho od of x. Neigh borho od

Examples.
1) If d is a metric on a set X , (this means that d is a function from X � X ! [0; 1 ) Metric space

satisfying d(x; y) = d(y; x); d(x; y) = 0 , x = y and d(x; z) � d(x; y) + d(y; z)), then
O = f U � X j 8x 2 X ; 9r > 0; B r (x) = f y j d(x; y) < rg � Ug is a topology. Every metric
space(X ; d) de�nes a topological space.
2) If O is the set of all subsetsof X , then (X ; O) is called a discrete top ological space. Discrete top ological space

3) If O = f X ; ;g , then (X ; O) is called the trivial top ology . Trivial top ological space

De�nition. Let (X ; O); (Y; P) be topological spaces. A map f : X ! Y is called contin-
uous , if f � 1(U) 2 O for all U 2 P. If f is continuous, bijective (one to one and onto) Con tin uous map

and if f � 1 is also continuous, then f is called a homeomorphism . A map f : X ! R is Homeomorphism

often called a function . The supp ort of a function f is the closureof the set f � 1(R nf 0g). Supp ort of a function

Example. If (X ; d); (Y; � ) are metric spaces,then f is continuous if and only if d(xn ; x) ! 0
implies � (f (xn ); f (x)) ! 0.

De�nition. A topological space (X ; O) is called Hausdor� , if for two di�eren t points Hausdor� space

x; y 2 X , there exist disjoint setsU;V 2 O with x 2 U and y 2 V.

Example. Every metric spaceis a Hausdor� spacebecausetwo points x; y are separatedby

107
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B r (x); B r (y) if r < d(x; y)=3.

De�nition. A basis B of a topological space(X ; O) is a subsetof O such that every U 2 OBasis

can be written as a union of elements in B.

Example. Given a metric space(X ; d), then B = f B r (x) j x 2 X ; r > 0g is a basis.

De�nition. A topological space(X ; O) is called second coun table if the topology has a
countable basis.

Second coun table

Example. Every metric space(X ; d) such that X contains a countable denseset is second
countable. Especially, (R n ; d(x; y) = jjx � yjj ) is secondcountable.

De�nition. A set of sets U � O is called an op en cover if
S

U 2 U U = X . If U and V areOp en cover

open covers and V � U, then V is called a sub cover of U. A set of subsetsU � O is calledSub cover

lo cally �nite , if every point has a neighborhood U, such that O \ U is a �nite set of sets.Lo cally �nite

De�nition. A topological space(X ; O) is called compact if every open cover has a �niteCompact

subcover.

Examples. A metric space(X ; d) is compact if every sequencexn in X hasan accumulation
point in X . A subset in R n is compact if and only if it is bounded and closed. If (X i ; Oi ),
for i = 1; 2 are compact topological spaces,then the product spaceis compact too.

De�nition. A topological space(X ; O) is called lo cally compact if every point has aLo cally compact

neighborhood, which is contained in a compact set.

Example. R n is locally compact but not compact.

De�nition. A topological space(X ; O) is called paracompact if every open cover has aParacompact

countable, locally �nite subcover.

De�nition. A subsetA of a topological space(X ; O) is called dense if every U 2 O containsDense set

an element of A.

5.2 Measure theory

De�nition. A is a � - algebra if A is a set of subsetsof 
 satisfyingSigma algebra


 2 A ,
A 2 A ! Ac 2 A ,
An 2 A )

S
n 2 N An 2 A

The pair (
 ; A ) is called a measure space.
Measure space

De�nition. � : A ! R is a measure ifMeasure

� (A) 2 [0; 1 ] 8A 2 A,
An 2 A disjoint ) � (

S
n An ) =

P
n � (An ) (� -additivit y)
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The measure is called �nite if � (
) < 1 . In this case, it can be normalized to be aFinite measure

probabilit y measure� (
) = 1.

Example. Let 
 be a bounded closedsubset of R n and let A be the smallest � -algebra A
called Borel � -algebra which contains all open sets in 
. There exists a measure� on 

such that � (

Q n
i =1 [ai ; bi ]) =

Q d
i =1 (bi � ai ) for all cubes

Q n
i =1 [ai ; bi ] � 
. This measureis

called the Leb esgue measure .
Leb esgue measure

De�nition. A map f from one measurespace(
 ; A ) to an other measurespace(� ; B) is
called measurable if f � 1(B ) 2 A for all B 2 B. Especially, if � � R and B is the Borel Measurable map

� -algebra on R , then f is called a bounded measurable map .

De�nition. Denote by S the set of measurablemaps which take �nitely many values: S =
f f =

P n
i =1 � i � 1A i with � i 2 R g De�ne for f 2 S the in tegral In tegral

Z



f d� :=

X

a2 f (
)

a � � f X = ag :

For a generalbounded measurablemap f : 
 ! R + , we de�ne the in tegral
Z



f d� = sup

g2 S

Z



g d� :

For a general function f de�ne
R

f =
R

f + �
R

f � , where f + (x) = max(f (x); 0) and
f � (x) = � (� f )+ (x).

De�nition. Given two measurespaces(
 1; A 1), i = 1; 2 with �nite measures� i . De�ne
on 
 � 
 2 the � -algebra A as the smallest � -algebra which contains all sets A1 � A2 with
A i 2 A i . There exists on (
 ; A ) a �nite measure� = � 1 
 � 2 which satis�es � (A1 � A2) =
� 1(A1) � � 2(A2). It is called the pro duct measure . Pro duct measure

Theorem of Fubini: Let f be a bounded measurablemap on (
 = 
 1 � 
 2; A 1 � A 2). Then
Z



f d� =

Z


 1

f (x; y) d� 1(x) d� 2(y)

5.3 Linear algebra

De�nition. Let E be a �nite dimensional vector spaceand let E � be the dual space. The
scalar pro duct betweena vector v 2 E � and a vector w 2 E is a map from E � � E ! R
de�ned as v � w = v(w). It is also called dot pro duct Scalar pro duct

Dot pro ductProperty. In coordinates, the scalar product is given as follows. If v =
P

vi ei , where
vi = v(ei ) and w =

P
j wj ej with wj = ej (w), then

v � w = v(w) =
X

i;j

vi wj ei (ej ) =
X

j

vj wj :

De�nition. Given a basis f ei g in E and the dual basis ei 2 E � . A linear map A : E ! E
de�nes a matrix A j

i = ej � Aei , where A i
j is the entry in the i 'th row and j 'th column. Matrix

Property. In coordinates,
(Av) j =

X

i

A j
i vi ;
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becauseej � Aei = A j
i and by linearit y ej � Av = ej � A

P
i vi ei =

P
i A j

i vi . We have also

Aei =
nX

j =1

A j
i ej ;

becausefor each ek , the left hand side is ek � Aei = Ak
i , while the right hand side is ek �P n

j =1 A j
i ej =

P n
j =1 A j

i ek � ej = Ak
i .

De�nition. If A : E ! E is a linear map, then the adjoin t map AT : E � ! E � is de�ned
by the relation v � Aw = AT v � w.Adjoin t map

Property. This means(AT v) j = AT v � ej = v � Aej =
P

i vi ei � Aej =
P

i A i
j vi .

Lemma 5.3.1 (T ransformation of the dual basis) Let ei be a basis in E
and let ~ei = Aei be an other basis, where A is an invertible map. Then
(AT )� 1ej is the dual basis of the basis ~ej .

Proof. Let B : E � ! E � be the linear map in E � such that B ej = ~ej is the dual basis. We
have

� j
i = ~ej � ~ei = B ej � Aei = AT B ej � ei :

Therefore AT B ej = ej for all j so that AT B is the identit y and B = (AT )� 1. 2

Using this lemma, coordinate transformations of any tensor can be computed. Let us solve
Problem 2a) of Week 3:

We have seenthat if the basis transforms as ~ei = Aei , then the dual basis transforms as
~ek = B T ek =

P
j B k

j ej , where B = A � 1.

~f k = f (~ek ) = f (B T ek ) = f (
X

i

B k
i ei ) =

X

i

B k
i f (ei ) =

X

i

B k
i f i :

Remark. We compute here the tensor in a new basis, that is we move to a basis, which
corresponds to a pull-bac k of the tensor:Pull-bac k of a tensor

A � f (e1; : : : ; ep; e1; : : : ; eq) = f (A � 1e1; : : : ; A � 1eq; Ae1; : : : ; Aeq) :

This is di�eren t from push-forw ard , the tensor with a map A : E ! E which is de�nedPush-forw ard

as
A � f (e1; : : : ep; e1; : : : ; eq) = f (AT e1; : : : ; AT eq; A � 1e1; : : : ; A � 1eq) :

De�nition. Let E be a n dimensionalvector spaceand M (n; R ) the algebraof n� n matrices.
For A 2 M (n; R ), the determinan t is de�ned asDeterminan t

det(A) =
X

� 2 Sn

(� 1)� A1;� ( i ) � � � An;� (n ) ;
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where � runs over all n! permutations in the group Sn of all permutations of n elements and
where (� 1)� is the sign of the permutation. (We wrote here A ij instead of A i

j ).

Properties of the determinant are: det(AB ) = det(A) det(B ), which implies for invertible A,
det(A � 1) = det(A) � 1 det(1) = 1. If � i are the eigenvaluesof A, then det(A) =

Q n
i =1 � i . If

det(A) 6= 0, then A is invertible and A � 1 = Ad(A)(det A) � 1, where Ad(A)T
ij = (� 1)i + j A î ĵ ,

where A î ĵ is the matrix obtained from A by deleting the i 'th row and j 'th column. This
formula for the inverseis equivalent to the development det(A)� j k =

P n
i =1 Adj i A ik , where

j is arbitrary .

De�nition. Let A : E ! F be a linear map from a vector spaceE to a vector spaceF .
The kernel of A is the set f v 2 E j Av = 0g. The image or range of A is the set
f Av 2 F j v 2 Eg.

5.4 Real analysis

De�nition. Given a map f : R n ! R m . Denote by Df (x) the linear map Df (x)h =
lim � ! 0 f (x + �h ) � f (x))=� from R n to R m if the limit exists for each h 2 R n . It is called
the deriv ativ e or rate of change of A. Deriv ativ e

Notation. Given a basis in R n and R m , we write f (x) = f (x1; : : : ; xn ) = (f 1(x); : : : f m (x)).
Then Df , the Jacobian of f is a m � n matrix de�ned by Jacobian

0

B
B
@

@1f 1 : : : @n f 1

� �
� �

@1f m : : : @n f n

1

C
C
A ;

where we wrote @i as a short hand for @=(@x i ).

Important properties:

The chain rule : D (f � g)(x) = D f (g(x))Dg(x).

Chain rule

The in verse function theorem if D f (x) is an isomorphism,then
f is a local di�eomorphism at x: there exists a neighborhood U
of x, such that f : U ! f (U) is a di�eomorphism.

In verse function theorem
De�nition. A map f : U � R m ! R n is called di�eren tiable in U, if D f (x) exists for all Di�eren tiable map

x 2 U. Denote by Df the map U � R m ! R n given by Df (x; u) = D f (x)u. If this map is
continuous, we say it is contin uously di�eren tiable and we write f 2 C1(U;R n ). If the
map Df : U � R m ; (x; u) ! D f (x)u is continuously di�eren tiable, then f is de�ned to be
in C2(U;R n ). Inductiv ely, if D k � 1

x f : U � (R m )k ! R n is continuously di�eren tiable, then
we write f 2 Ck (U;R n ). If f 2 Ck (U;R n ) for all k, then f is called smo oth . Smooth map

The k'th deriv ativ e of a function f : R m ! R n is de�ned as follows: for vectors u( i ) = k-th deriv ativ e

(u( i )
1 ; : : : ; u( i )

m ) 2 R m and f (x) = (f 1(x); : : : ; f n (x)),
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D k f (x)(u(1) ; : : : ; u(k ) ) l =
mX

i 1 ;i 2 ;::: ;i k =1

@
@x i 1

@
@x i 2

: : :
@

@x i k

f l (x)u(1)
i 1

: : : u(k )
i k

; l = 1; : : : ; n :

Note that D k f (x) is linear in each of the coordinates u( j ) and so a multilinear map fromMultilinear map

(R m )k = R m � R m : : : � R m ! R n . Sometimes,you will encounter the notation D i = @
@x i

.

Example. Given a map f : R m ! R , then Df (x) = (@1f ; : : : ; @m f ) is the gradien t and

D 2f (x) =

0

B
B
@

@1@1f : : : @m @1f
� �
� �

@1@n f : : : @m @n f

1

C
C
A

in the sensethat D 2f (x)(u; v) = (uT ; D 2f (x)v), where (�; �) is the scalar product (here R m

is identi�ed with its dual space(R m )� by u 7! uT . Seethe linear algebra appendix for the
notion of the scalar product)

If f : R m ! R n is k times di�eren tiable at x, then, for small enough h 2 R m , Taylor's
theorem holds:Taylor's theorem

f (x + h) = f (x) + D f (x)h +
D 2f (x)

2!
(h; h) + : : : +

D k f (x)
k!

(h; : : : ; h) + R(x; h)(h; h; : : : ; h) ;

where R(x; u) is a "rest term" which satis�es R(x; 0) = 0 and can explicitly be given:

R(x; u) =
Z 1

0

(1 � t)k � 1

(k � 1)!
(D k f (x + tu) � D k f (x)) dt :

Remark. The notion of derivative is in somebooks done as follows: denote by L 1(R m ; R n )
the setof all linear mapsfrom R m ! R n . De�ne inductiv ely L k (R m ; R n ) = L 1(R m ; L k � 1(R m ; R n ),
which is the spaceof all multilinear maps from R m � : : : � R m ! R n . Given a function
f : U � R m ! R n , then D k f is a function from U to L k (R m ; R n ) de�ned inductiv ely by
D k f = D(D k � 1f ).

5.5 Di�eren tial equations

De�nition. Let (X ; d) be a metric space. A map � : X ! X is called a contraction , ifCon traction

there exists � < 1 such that d(� (x); � (y)) � � � d(x; y) for all x; y 2 X . The constant � is
called a contractivit y factor of � .Banac h's �xed poin t theorem

Banc h �xed poin t theorem

[Banach's �xed point theorem]
A contraction � in a complete metric spacehas exactly one �xed point in X .
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Proof. (i) By induction, one shows that for any pair x; y 2 X

d(� n (x); � n (y)) � � n � d(x; y) :

(ii) Using the triangle inequality, we get for all x 2 X ,

d(x; � n x) �
n � 1X

k=0

d(� k x; � k+1 x) �
n � 1X

k=0

� k d(x; � (x)) �
1

1 � �
� d(x0; x1) :

(iii) For all x 2 X , xn = � n (x) is a Cauchy sequenceand has by completenessof X a limit
~x. Indeed, by (i),(ii),

d(xn ; xn + k ) � � n � d(x; xk ) � � n �
1

1 � �
� d(x; x1) :

(iv) The limit ~x does not depend on x: assumethere are two limits ~x; ~y. They are both
invariant under � and satisfy

d(~x; ~y) = d(� (~x); � (~y)) � � � d(~x; ~y) :

This is only possibleif ~x = ~y. 2

Notation. Let X be a Banach space(a complete normed vector spaceand especially a com- Banac h space

plete metric spacewith metric d(x; y) = jjx � yjj ) and I an interval in R . Denote by B r (x)
the ball f y 2 X j jjx � yjj < rg around x of radius r in the spaceX . Ball in a Banac h space

Let X = B r (x0) � X and assume� is a di�eren tiable map X ! X . If for all
x 2 X , jjD � (x)jj � j� j < 1 and

jj � (x0) � x0 jj � (1 � � ) � r

then � has exactly one �xed point in X .

Proof. The condition jjx � x0jj < r implies that

jj � (x) � x0 jj � jj � (x) � � (x0)jj + jj � (x0) � x0 jj � �r + (1 � � )r = r :

The map � maps therefore the ball X into itself. Banach's �xed point theorem applied to
the complete metric spaceX and the contraction � implies the result. 2

De�nition. Let f be a mapping I � X ! X . A di�eren tiable mapping u : J ! X of an
open ball J � I in X is called a solution of the di�eren tial equation Solution of di�eren tial equation

_x = f (t; x)

if we have for all t 2 J the relation

_u(t) = f (t; u(t)) :
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[Cauchy-Picard Existence theorem]
Let f : I � X ! X be continuous in the �rst coordinate and di�eren tiable in
the second.
For every (t0; x0) 2 I � X , there exists an open interval J � I with midpoint
t0, such that on J , there exists exactly onesolution of the di�eren tial equation
_x = f (t; x).

Proof. There exists an interval J (t0; a) = (t0 � a; t0 + a) � I and a ball B (x0; b), such that

M = supfjj f (t; x)jj j (t; x) 2 J (t0; a) � B (x0; b)g

as well as

k = supf
jj f (t; x1) � f (t; x2)jj

jj x1 � x2 jj
j (t; x1); (t; x2) 2 J (t0; a) � B (x0; b); x1 6= x2g

are �nite. De�ne for r < a the Banach space

X r = C(J (t0; r ); X ) = f y : J (t0; r ) ! X ; y continuousg

with norm
jjyjj = sup

t 2 J ( t 0 ;r )

jj y(t)jj

Let Vr ;b be the open ball in X r with radius b around the constant mapping t 7! x0. For
every y 2 Vr ;b we de�ne

� (y) : t 7! x0 +
Z t

t 0

f (s; y(s))ds

which is again an element in X r . We prove now, that for r small enough,� is a contraction.
A �xed point of � is then a solution of the di�eren tial equation _x = f (t; x), which exists on
J = Jr (t0). For two points y1; y2 2 Vr , we have by assumption

jj f (s; y1(s)) � f (s; y2(s)) jj � k � jjy1(s) � y2(s)jj � k � jjy1 � y2jj

for every s 2 J r . Thus, we have

jj � (y1) � � (y2)jj = jj
Z t

t 0

f (s; y1(s)) � f (s; y2(s)) dsjj

�
Z t

t 0

jj f (s; y1(s)) � f (s; y2(s)) jj ds

� kr � jjy1 � y2jj :

On the other hand, we have for every s 2 J r

jj f (s; y(s)) jj � M

and so

jj � (x0) � x0 jj = jj
Z t

t 0

f (s; x0(s)) dsjj �
Z t

t 0

jj f (s; x0(s)) jj ds � M � r :

We can apply the above lemma, if kr < 1 and M r < b(1 � kr ). This is the case, if
r < b=(M + kb). By choosing r small enough, we can get the contraction rate as small as
we wish. 2

To obtain solutions which exist for all time (global solutions), further requirements are
necessary.
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Trivial vector bundle, 10
Twisted forms, 35



120 INDEX

Two body problem in general relativit y,
66

Vector , Contravariant22, Covariant22,
Length43, Null43, Spacelike43,
Time like43

Vector bundle, 10
Vector �eld, 27
Vector �eld , Along curve51, parallel51,

Parallel transport51
Velocity �eld, 51
Volume element, 38
Volume form on a Riemannian manifold,

42

Weakly non-degenerate,37
Wormholes,66


