Introductionto Geometryand geometri@analysis

Oliver Knill

This is an introduction into Geometry and geometricanalysis,taught in the
fall term 1995at Caltech. It introducesgeometryon manifolds, tensor
analysis,pseudoRiemanniangeometry Generalrelativity is usedasa

guiding examplein the last part. Exercisesmidterm and nal with solutions

aswell as4 appendiceslisting someresults and de nitions in real analysis,
geometry measuretheory and di erential equationsare located at the end of
the text. The material cortains hardly anything which can not be found in
the union of the textb ooks listed in the bibliography. In retrospect the
material appearsa bit too condensedor a 9 weekundergraduatecourse.
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Preliminaries

0.1 Intro duction

What is geometry?
The partition of mathematics into topics is a matter of fashion and depends on the time
period. It is therefore not so easyto de ne what part of mathematics is geometry .

The original meaning of geometry origins in the pre-Greekantiquit y, where measure-
ment of the earth had priority. However, in anciert Greek, most mathematics was
consideredgeometry,

Felix Klein's Erlanger program proposedto classify mathematics and especially geom-
etry algebraically by group of isomorphisms . For example, conformal geometry is
left invariant under conformal transformations.

Today, geometry is mainly usedin the senseof dierential topology, the study of
di erentiable manifolds. Sincedi erentiable manifolds can also be discrete, this does
not exclude nite geometries.

Geometry and other parts of Mathematics

It is maybe uselessto put boundariesin a speci ¢ mathematical eld. Any major eld of
mathematics in uences the other major elds. An indication of this fact is that one could
take any ordered pair of the set of topics f "algebra”, "geometry”, "analysis", "probabilit y
theory","n umber theory" g and form pairs like f geometric; analysisg which de nes itself a
branch of mathematics like in the example“"geometric analysis" or analytic geometry .
There are other branchesof geometry like Di eren tial geometry, the study of Riemannian
manifolds, Algebraic geometry, the study of varieties=algebraic manifolds, Symplectic ge-
ometry, the study of symplectic manifolds, Geometry of Gauge elds, di erential geometry
on b er bundles, Spectral Geometry, the spectral theory of di eren tial operators on a man-
ifold. Non-commutative Geometry, geometry on spaceswith fractal dimensions,foliations
or discrete manifolds.

Why is geometry imp ortan t?

Many classical physical theories canbedescribedin a purely geometricalway. Examples
are classical mechanics, electromagnetism and other gauge eld theories , general
relativit y or the standard model in particle physics.

Ab out this course

This courseis the rst part of an introduction into geometry and geometricanalysis. It does
not rely on a speci ¢ book. The material treated in this term is covered quite well by the
books [16] and [1]. But careful, these two sourcestogether add up to almost 2000 pages.
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We will build up dierential calculus on manifolds, do somedi erential geometry and use
an intro duction into generalrelativit y as an application.

0.2 Some problems in geometry

We rst look at a selectedlist of problems which belongto the realm of geometric analysis.
The list should give a glimpse onto the subject. It is not soimportant to understand the
problems now. You will encourter one or the other during the courseor in the secondor
third part of the course.

1) The Ham-Sandwic h-Salad problem: ! Given a sandwich made of bread, salad and
ham. Can you cut the sandwich into two piecesin such a way that both parts have the
same amount of ham and the sameamount of bread and the same amount of salad? A
mathematical reformulation is: given three setsB;H;S R?3. Is there a plane in R3 such
that the volumesof H and B and S are the sameon ead side of the plane?

Remark: the solution of this problem is called the Stone-T uk ey theorem and is a pleasart applica-
tion of the Borsuk-Ulam  theorem , which says that for any contin uousmapping f : S! R?2 from
a sphereS to the plane, there is a point pin S such that f (p) = f (p ), wherep is the antip ode of p.

Example: The Borsuk-Ulam's theorem implies for example that there exists always two antip odal
points on the earth which have both the sametemperature and the same pressure.

Explanation. Let us explain, how the more abstract theorem of Borsuk-Ulam gives the solution
of the Ham-Sandwich-Salad problem: for any set X and any line |, there exists a point P(l;X)
which lies on | and such that the plane perpendicular to | through P (I;X) cuts X into two pieces
of the samevolume. De ne amap fx from the sphereS to R by de ning fx (x) = jx P (x);X)j,
where |(x) is the line through x and the origin. Clearly fx (x ) = 2 fx (x). De ne now the map
g:S! R2byg(x)= (fa(x) fs(x);fu(x) fs(x)). By Borsuk-Ulam, there exists a point p on
the sphere, such that g(p) = g(p ). Sinceg(x) = g(x ) for all x, we have g(p) = 0. This however
assuresthat fg (p) = fu (p) = fu (p).

A proof of the Borsuk-Ulam theorem can be obtained using the notion of the degree of a contin uous
map f from one manifold to an other manifold.

2) The annulus problem and the Schenies problem : given two certered standard
balls B1; B, in RY of radius 1 and 2. The region betweenB; and B is called an annulus .
The problemis to show: for a smooth embedding of a d-dimensionalball into a d-dimensional
ball, the region betweenthesetwo regionsis homeomorphicto the annulus. This has been
shown in dimensionsd 6 4.

The requiremert of smoothnesswas important and we want to illustrate, why it can't be
dropped: consider the Alexander horned sphere inside the ball in R3. Every closed
curvein athree dimensional annulus can be deformedto any other closedcurve. This is not
true for the region betweenthe horned sphereand the sphere: put a loop around one horn.
We can not take it out without breaking it. But the horned sphereis homeomorphicto the
three dimensional ball. However, this embedding is not smooth at accurulation points of

1| learned this problem as a high school student during an "op en door event" at the ETH Zuwrich. The
inspiring lecture for high school students who were shopping for a study discipline was given by Peter Henrici.
The lecture convinced me: "math is it".
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the horns.

The Alexander horned sphereserved as a counter example of the Schen ies problem : is
every (d 1)-dimensional spherewhich is embeddedin R" the boundary of an embedded
n dimensional disk? In dimension 2 this is true (theorem of Schen ies) and sharpensthe
Jordan curv e theorem.

3) The knot classication problem : A knot is an embedding of the circle in R3. This
meansthat it is a closed curve in spacewithout sel ntersections. Two knots are called
equivalent, if they can be deformedinto ead other. The problem to classify all knots is a
special caseof the classi cation problem for three dimensional manifolds becausethe com-
plemert of a knot is a three-dimensional manifold and these manifolds are homeomorphic
if and only if the knots are isomorphic. Maxwell and other scierists had constructed a
theory which suggestedthat elemenary particles are made of knots. This motivated the
classi cation even if not much later, Maxwell's idea was given up. The theory of knots has
now astonishing relations with top ological quantum eld theory .

4) Electromagnetic  elds in curv ed space time . Considera four dimensional manifold
M. An electromagnetic eld on M is a two-form F on M. Without de ning it properly
now, the eld F is askew-symmetric4 4 matrix Fj = F;; attachedat ead point m 2 M
sothat the ertries of F depend smoothly on the point m. The eld is required to satisfy

the Maxwell equations (g(—' %('Ik + %(k' 0. A classof such elds can be obtained as

Fi = dA; = %% whereA = (A1;A2; Az; Ay) is avector potential: Aj(m) 2 R depends
smoothly on m. Are they all? This problem is a cohomological problem. There exists a
group H?(M) called second cohomology group which is an invariant of the manifold.

Isomorphic manifolds have the samegroup. If this group is trivial, then all the elds F are
of the form F = dA. For the four-dimensional sphereS* one has H?(S*) = 0. The same
is true for a smoothly cortractible manifold. Consider now the manifold M = R4 nRy,
where Ry is the t axis (one of the four coordinate axis in R#). This is the place, where the
eld F = dA a point charge given by the potential A(x) = ( 15Xj; 0;0;0) is de ned. The
cohomologygroup H?(M ) is one-dimensionaland generatedby F, which is interpreted as
the charge of the source.

5) Fixed points of homeomorphisms and di eomorphisms : How many xed points
are there for a continuousmapf : M ! M or a homeomorphismof a manifold? Bro wer's

xed point theorem states that a continuous map from a closeddisk to itself has at
least one xed point. A theorem of Poincar e-Birkho  which is relevant in Hamiltonian
mechanics says that an orientation-preserving homeomorphismsof an annulus which rotates
the boundariesin opposite directions hasat leasttwo xed points. A theorem of Lefshetz

tells that any cortin uous map of the two spherewhich is homotopic to the identity has at
leastone xed point. There arein generalnot more xed points asthe translation z 7! z+ 1
on the Riemann sphereshaws. Nikshin and Simon showed that a homeomorphismsof S2
homotopic to the identit y which presenesthe volume measurehasat leasttwo xed points.
Lefshetz introduced also an invariant ( f) called the Lefshetz number for a cortinuous
map f from a manifold M to itself. If this number is not vanishing, then the map f hasa
xed point. By computing the Lefshetz number one concludesthat every Riemann surface
of gerus> 1 hasa xed point. There are area-preservingdi eomorphisms of the two-torus
T2, which have no xed points (for exampletranslations). However, every homeomorphism
of the two-dimensional torus which is homotopic to the identity, which leavesthe volume
measureand the certer of gravity invariant, hasat leastthree xed points. In many of these
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examples,global topological e ects are important.

6) The generalized Poincar e conjecture : This conjecture, which is proven in dimen-
sionsd 5 by Smale, states that every closedn-dimensional manifold which is homotopy
equivalent to the n-sphereis homeomorphicto the n-sphere.

The Poincar e conjecture itself statesthat every simply connectedclosedmanifold of di-
mension 3 is homeomorphicto the three dimensional sphere. This question is still open.

7) Classication of Riemann surfaces. A Riemann surface M is a two dimensional
manifold such that coordinate changeson this manifold are holomorphic, when R? is iden-
tied with C. A choice of an atlas is called a complex structure . If Cis the set of these
structures and D is the set of orientation-preserving di eomorphismson M homotopic to the
identity, then D acts on D and the quotient spaceC=D is called the Teichm eller space
of M. This spaceis a smooth nite-dimensional manifold. The problem to understand this
manifold is di erent from the topological classi cation problem of manifolds and a typical
questionin geometry,

8) Can you hear the shape of a drum? On any Riemannian manifold M, there exists a
notion of a gradient and a notion of div ergence . As in the Euclidean space,one can de ne
the Laplacian f = div gradf. If M is compact, then has eigernvalues0 1 PR
which corvergeto in nit y. An interesting problemisto nd the setof isospectral manifolds
to a given manifold. An other problemisto nd the set of metrics on M, which maximize
det(), wheredetisaregularizeddeterminant. The question"Can you hear..." is dueto M.
Kac and is formulated for manifolds with boundaries,wherethe Laplace-Beltrami operator is
takenwith Diric hlet boundary conditions. There are now known two-dimensionalisospectral
domainsin the plane, but it is for examplenot known, whether there exist smooth isospectral
domains or cornvex isospectral domainsin the plane.



Chapter 1

Manifolds

1.1 Denition of manifolds

De nition. A locally Euclidean space M of dimensionn is a Hausdor topological space,
for which ead point x 2 M has a neighborhood U, which is homeomorphicto an open
subset (U) of R". The pair (U; ) is called a coordinate system or a chart .

De nition. A Ckatlas on a locally Euclidean spaceM is a collection F = fU;; g2, of
charts such that ,, Ui=M, j = i Lisin Ck( i(Uy\ Ui);R"). An atlas is max-
imal , if it hasthe property that if (U; ) is a chart such that ;tand 1 are CK
foralli21,then (U; )2 F.

De nition. Two atlasesF and G are called equiv alent if F [ G is an atlas. Given an
atlas A, the union of all atlasesequivalent to A is a maximal and called the di eren tiable
structure generated by A.

De nition. A n-dimensional CK-di eren tiable manifold is a pair (M;F), where M is
a n-dimensional secondcountable locally Euclidean spaceand where F is a di erentiable
structure on M. A manifold is called smooth if it is a Ck-di erentiable manifold for all
k> 0.

Remarks.
1) Given a manifold (M;F), the topology of M is recovered as follows: asetV M is
open, if andonly if ;(U;\ V) isopenin R" foralli 2 1.

2) In somebooks, a manifold is de ned as a subsetof R¥;k  n which looks locally like
R". We will seelater that this is not a restriction of generality becauseevery manifold is
actually embeddedinto a spaceRX. This can be donewith k = 2n + 1if M has dimension
n. The de nition of a subset of Euclidean spacehas the advantage that lesstopology is
involved. It appearshowever not so natural and also doesnot work in in nite-dimensions.

3) We will always assumethat the manifold is smooth. If the vector spaceR" is replaced
by C" and the coordinate changesare analytic, then, the di erentiable structure is called
a complex structure . If the coordinate changesare only continuous and not di eren-

tiable, we have atop ological manifold . We will usethe word manifold always in the sense

7
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smooth dieren tiable manifold .

4) A more generalnotion is a Banac h manifold which is obtained by replacing R" by an
arbitrary Banach spaceE (that is a vector space,which has a norm and such that every
Cauchy sequencehas a limit). In this case,one drops the requiremert of secondcountabil-
ity and replacesit with paracompactness(every open cover has a countable locally nite

re nement). If E is a Hilbert space(a Banach space,where the norm is given by a scalar
product), one calls M a Hilb ert manifold . We will in this coursenot deal with suc
in nite-dimensional manifolds.

We end this section with the de nition of a manifold with boundary . We will not use
these objects however for a while.

De nition. The setH' = fx 2 R" jx; 0Ogiscalledaj'th half space in R". It hasthe
boundary fx; = Og and the interior fx; > 0g. We write simply H" for HY.

The topology on H" is given by the setsfU\ H" j U 2 Og, where O is the topologyin R".
Note that the boundary of H" is not the topological boundary of H".

De nition. A locally Euclidean space with boundary M of dimensionn is a Hausdor
topological space,for which eat point x 2 M has a neighborhood U which is either home-
omorphic to an open subset (U) of R" or to an open subset (U) of H". A pair (U; ) is
again called a chart or achart with boundary .

De nition. A CX atlas on a locally Euclidean space M ng'l boundary is a Collectlon
F = fU;; igi2) of charts and charts with boundary sucdh that ,, Ui= M, j = j
isin CK( i(Uj\ U)), (wherewerequiredi eren tiabilit y only at points WhICh have a neighbor-
hood homeomorphicto an open setin R"). The de nition of maximality and di eren tiable
structure is the sameasin the caseof manifolds without boundary.

De nition. A n-dimensionalCX-di eren tiable manifold with boundary isapair (M;F),
where M is a n-dimensional secondcountable locally Euclidean spacewith boundary and
whereF is a CK-di eren tiable structure on M. The de nition of smoothnessis the sameas
before.

De nition. Let M be an n dimensional manifold, then the interior of M is de ned as
the set of points, which have a neighborhood homeomorphicto an open subsetof R", The
complemer is called the boundary of M.

Remarks.

1) Note that the boundary of M is not the topological boundary of M. For example, if
M = f(x;y) 2 R?j1< (x?+y?) 2ghasthe boundary f(x;y) 2 R?j (x?+ y?) = 2g while
the topological boundary cortains this aswell asf(x;y) 2 R?j (x? + y?) = 1g.

2) It follows from the de nition that the boundary of M is itself a (n  1)- dimensional
manifold. An example to which we comein a momert: if M is the n-dimensional ball
Mfx 2 R"jjxj 1g, then its boundary isthe (n 1) dimensional sphere.
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1.2 Examples of manifolds

We give someexamplesof manifolds.

Any discrete secondcourtable topological spaceM is a O-dimensional manifold .
The charts are given by (fxg; x)x2m, Where (x) = 0. For example, every nite set
M can be made into a manifold.

The standard dieren tiable structure F onM = RYisthe atlas generatedby the
singlechart (R9; ), where (x) = x. (M;F) is amanifold. By choosinga basis, every
nite dimensional real vector spaceM is a manifold. The di erentiable structure is
independert of the algebraic basis.

The d sphere isthe setM = S9 = fx 2 R jjixji2 = x2+ x5+ 111+ x3,, =
1g R9*1. Giventhe points n = (0;:::;0;1) and s = (0;:::;; 1), the standard

dieren tiable structure F onSYisgeneratedby A = f(SY9nfng; »);(Snfsg; s)g,
where ,; s are the stereographic pro jections from n or s to the d dimensional
equatorial plane fxq+1 = 0g. (GivenP 2 SY connectn with P and intersect this line
with fx, = 0g. This point is »(P)).

Let U be an open subsetof a manifold (M;F = f(U;; i)g) and G= f(U\ U;; ju\
U)j (Ui; i) 2 Fg, then (U;G) is amanifold. For example,the setGL (n; R) R" of
n n matrices, which are invertible is a manifold becausethe determinant is continuous
and therefore det (R nfO0g) is openin R,

A Lie group G is a manifold which is also a group such that the map G G !
G;(g;h) 7! gh ! is smooth (smoothnessof maps from one manifold to an other will
be de ned later). Examplesare

R":C = Cnf0g; S T";GL(n;R);SO(n; R); SU(N) :
We will seevery soon, why the groups SO(n; R); SU(n) are manifolds.

GivenalLie group G and a manifold M . If there existsfor ead1 g 2 G a di eomorphism
Ty on M, onesays that M acts on M. A Lie group action is called transitiv e if for
all x;y 2 M, there exists g 2 G sud that Ty4(x) = y. A manifold M on which a Lie
group acts transitiv ely is called a homogeneous space of the Lie group. An example
is any Lie group G itself becauseG acts onto itself by right multiplication Tgh =g h.
An other exampleis the rotation group G = SO(3;R) of all orthogonal matrices with
determinant 1. It acts transitiv ely on the manifold M = S?2.

A manifold E is calleda b er bundle over a manifold (M;(U;i; )), if there existsa
smooth surjectivemap :E! M anddieomorphisms ;: (U)! U F,where
F is a manifold called the b er. Aa Lie group G called structure group actson F
by smooth di eomorphisms. Furthermore, the coordinate changes

(VRN I N B (VR V)
have the form (x;y) 7! (x; Tj (X)y), where T; (x) : F ! F is an elemert of G and

Ti Ui\ U I G is smooth.
If F = G and G actson F by multiplication on the right, then E is called a principal
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bundle . If the b er F is discrete, then the b er bundle E is called a covering , if
F = R" and G is a subgroup of GL(n; R), then E is called a vector bundle . If
E =M F,then E is called trivial .

Let (M1;F1);(M2; F ) bemanifolds,thenM = M1 Mo F = (Ui Vi; i )izi20
is a manifold called the pro duct manifold .

We will seethat every one-dimensional connected manifold is di eomorphic to
the circle ST or R. One can also shav (and we will not do that here) that every
two-dimensional compact connectedorientable manifold is a "sphere with handles".

A dierentiable structure on a manifold is not necessarilyunique. This problem is
dicult and we can only addressit here informally: one knows that for n 3, every
manifold has exactly one di erentiable structure. For n 5, there are only nitely
many di erent di erentiable structures. Milnor hasgivena rst exampleof a socalled
exotic structure : heconstructedon S’ di erent di eren tiable structures. It is known
that there are 28 di erent di erentiable structures on the sewen dimensional sphere
S’7. An example of an exotic sphereis the Briesk orn-Sphere which is de ned in C°
through the equations

X
5, 784 24 224 2= 1+ iyi2=1-
ntztzz+tzp+zs=1 jz)t= 1
i=1

On R", there exist di erent dierentiable structures if and only if n = 4. One even
knows that there are one-parameterfamilies of di eren tiable structures on R4.

1.3 Dieomorphisms

De nition. Given two manifolds M and N. A function f : M | N is called a CX-map if
for all charts (Uj; i) on M and all charts (Vi; i) on N, the functions ; f i Larein
CK( (U \ f 1V );RM). If there exists an inverseof f which is also a C* map, then f is
called a Ck-di eomorphism

De nition. If amapf :M ! N is a Ck-map for all k, then f is called smooth .

If f is a smooth di eomorphism and the inverse of f is also smooth, then f is called a
smooth di eomorphism.

De nition. If there exists a di eomorphism from a manifold M to a manifold N, then M
and N are called di eomorphic

Lemma 1.3.1 Let M;N;P be smmth manifolds of dimension m;n;p. If f :
M! Nandg:N! P areboth C'-maps, thenalsog f :M ! PisaC'
map.

Proof. = The statement is a local statemert. This means that we can take neighbor-
hood charts (U; );(V; );(W; ) of the points x 2 M, f(x) 2 N, g(f (x)) 2 P satisfying
f(U) = V;g(V) = W and ched the statemert there. By replacing f with ~= f 1
denedonU= (U) RM™andgwith g= g 'denedonVv= (V) R",wehaveto
ched the statemert for mapsf: 0 R™! Vv R",g:V R"! W RP, wherewe
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can usethe chain rule D(g f)(x) = Dg(f (x)) Df (x). The k'th derivative D¥(g f) is
inductiv ely provento be a sum of derivativesin g and f which are all of order k. 2

Corollary 1.3.2 To be di e omorphic is an equivalene relation.

Proof. An equivalencerelation has three properties: (i) re exivit y, (i) symmetry and (iii)
transitivit y:

@ Id:M ! M,Id(x) = x is a smooth di eomorphism.

(i) If f :M ! N isadieomorphism, thenf 1:N ! M isa di eomorphism.

(i) Iff :M ! N;g:N! O aredieomorphisms, theng f :M ! O isa di eomorphism
by the above lemma. 2

A natural problem is to classify all n-dimensional manifolds, which meansto nd the set
of all equivalenceclassesof manifolds. A part of this problem is to classify all manifolds,
which are homeomorphicto a given manifold.

De nition. A manifold M of dimensionm is calledimmersed in a manifold N of dimension
n m, if there existsa smooth mapf : M ! N, sud that Df (x) hasmaximal rank n  m
for all x 2 M (that is Df (x) is subjective). The map is then called an immersion of M
into N. An immersion is called an embedding , if M is di eomorphic to f (M). In this
case,M is called a submanifold of N.

1.4 A lemma for constructing manifolds

De nition. Let M;N be manifoldsof dimensionm nandletf :M ! N beasmooth map.
A point x 2 M is called a critical point, if the rank of Df (x) is not n. The complemen of
the set of critical points is called the setof regular points. The image of a critical point is
called a critical value. The complemeri of the set of critical valuesis the set of regular
values.

The following lemma allows to de ne manifolds easily. It is also useful in applications or
proofs.

Lemma 1.4.1 LetM and N be manifolds of dimensionm n. Letf : M !
N be a smaoth map. If y 2 N is a regular value, then f 1(y) is a manifold of
dimensionm nin M.

Proof. Takeapoint x 2 f 1(y). Sincey is a regular value, the derivative Df (x) must map
R™ onto R", , and the kernel of Df (x) is a (m n)-dimensional vector space. Take a
chart (U; ) in M which corntains x and a chart (V; ) in N which contains y. De nes the
smooth map

g= f L u)y R™I RM:

1A better view is that D (f )(x) maps the tangent spaceTyM R™ onto the tangent space TyN R".
We will de ne the tangent space later



12 CHAPTER 1. MANIF OLDS

Denotethe kernelof Dg(x) by H and its orthogonal complemert by H°sothat H H%= R™.
We know that H is (m n)-dimensional. Choosethe linear mapL : R™ = H HO!

R™ " (h;h%) 7! h which is nonsingular on H and dene F : (U) ! R"™ R™ " py
F(z) = (g(z);Lz) which has the derivative DF (u) = (Dg(u);Lu) and which is nonsin-
gular. By the inverse function theorem , a neighborhood (U) of (x) is mapped
by F dieomorphically onto a neighborhood F( (U)) of F( (x)). We get so a chart
Uc= Y F YFCU)Y\T (y)g R™ ™ onf 2(y) whichis mappedby x = F into
a(m n)-dimensional space.Doing the sameconstruction at any point x 2 M producesan
atlas for f (y) and showsthat f *(y) is a manifold. 2

Examples.

P
The function f :R™ ! R, f(x) = i"ll x? hasthe set of regular valuesR nf0g. The
setf (1) is the unit sphere. The lemma assuresthat the sphereis a manifold.

Take the m = k2-dimensional vector spaceM = M (k;R) of all real k k matrices.
The determinant f : M ! R, f (x) = det(x) which is a homogeneouspolynomial of
degreek. Every summandin f (x) is a multiplication of k ertries X 1y X (k) in X;
and det is therefore smooth. The derivative d (x) is the gradient @ (x)=(@X;; ) which
is non-vanishing. This shows that Df (x) : R¥ I R has a one dimensional range.
The above lemmaassuresthat f (1) =: SL(k;R) isa(k? 1)-dimensional manifold.
It would be more dicult to construct an explicit atlas for this manifold.

The setM = ff;(x) = 0;fi = 1:::n kgg R" isamanifold of dimensionk if DF (x)
hasrank n  k for all x 2 R", whereF(x) = (f1(X);:::;fn k(X)).

A Riemann surface is a two-dimensional manifold de ned to be a (complex one
dimensional) surfacein C2 given by the equation f (z;w) = 0, wheref : C2! C is
an analytic function like for example a polynomial in z;w. The Riemann surfaceis
called nonsingular if Df (z;w) = (f,;fw) 6 0 for all (z;w) 2 Z2. The same proof
asin the real caseshows that a nonsingular Riemann surfaceis a one-dimensional
complex manifold . For example,if z 7! P(z) is polynomial without multiple roots,
then P%z) 6 0if P(z) = 0, sothat Df (z;w) 6 O for all z;w if f (z;w) = w? P (2).
Sud a surfaceis called a hyp erelliptic curv e.

1.5 The theorem of Sard

De nition. A subsetA of R" hasmeasure zero, , if there existsfor every > 0 a countable
opencover U; of A sud that the sum of the Euclidean volumesof U; is lessthan . A subset
A of a nite-dimensional manifold M is of measure zero, if foreadychart :U! R" the
set (U\ A) has measurezero.

Remark. Becausethe coordinate changes j betweentwo charts are smooth, the property
of having measurezerois independert of the usedchart: if D j M onthe closureofﬁome
open set U and C is a cube in U, then the volume of j (C) is lessor equalto (M n)"
times the volume of C sothat j (C) has measurezeroif and only if C has measurezero.

De nition. Letf :M ! N beasmooth map. A point x 2 M is called regular , if the linear
map Df (x) : R™ ! R" is surjective. A not regular point is called a critical point. The



1.5. THE THEOREM OF SARD 13

set of critical points is denotedby C. If x 2 C, then f (x) is called a critical value. The
complemert of the set of critical valuesis called the set of regular values. Note that the
image of the set of regular points is only a subsetof the set of regular values!

Theorem 1.5.1 (Theorem of Sard) Letf : M ! N be a smooth map be-
tween the m-dimensional manifold M and the n-dimensional manifold N. Then
the set of critical valuesof f has measure zero in N.

Proof. Becausea manifold is by de nition secondcountable, it su ces to prove the state-
mert if M is an open subsetU of R™ andif f : U! R".

The proof goes by induction on the sum m + n of dimensionsof M and N. Becausethe
claim is certainly true for m = 0 or n = 0, we can assumem;n 1.

Dene the setsC; = fx 2 M j Dif(x) = 0; j = 1;:::;ig and the set C = fx 2
M jranDf (x) < ng of critical points. For any k, there is the decomposition

C=(@CnCy)[ (CanC)[ :::[ (Ck 1nCi)[ Cu:
The proof of the theorem has three steps:

(i) f (Ck) hasmeasurezeroif k is large enough.
(i) f(C nCy) has measurezero.
(i) f(Cj nCj+1) hasmeasurezero,wherel j k 1.

Proof of (i); Becausek 1, we have kn n+ k 1. If k is large enough, then
also k m n+ 1 sothat kn m. It is enoughto show that for ead closed cube
K:= "[a;a+¢€ U, f(C\ K) has measurezero. BecauseCy can be covered with
courtably many sudc cubes, this will show that f (Cx) has measurezero. By Taylor's theo-
rem, the compactnessf the cube K and the de nition of Cy, we havef (y) = f (x) + R(X;y),

with jR(X;y)ji Mo jjy xjj** forx 2 Cx\ K andy 2 K, where M is someconstart.

For | 2 N subdivide the cube K into I™ cubesof length e=Il and chooseany cube K %jn this
subdivision which intersectsCy. Clearly, any two points x; y 2 K °satisfy jjx yg me=l.
Therefore, f (K9 L, whereL is a cube of length Nol <*D | with Ng := 2Mo(" mi=g**1.
The volume of L is NJ1 "(*1)  Sincethere are at most I™ sud cubes, the setf (Cx \ K)
is contained in a union of cubeswith total volumeV ~ NM™ nk+) 1 o |1 1.

Proof of (ii)): DecomposeCnC;=fx2Ujl ranDf(x)<ng= K[ :::[ Ky 1, where

Kq=fx2 UjranDf (x) = qg. It suces to show that f (K,) has measurezerofor g m

becauseKy = ; for g> m. We can nd local coordinates in a neighborhood V of x 2 K

sud that V = V; VW, and sothat f hasthe form (t;s) 7! (t; (t;s) with a smooth map
Vi V! RM™ 9 Then

Kg\ fftg\ Vo)g=ftg fx2 V,jDs (t;s)= 0g:

Becauseq 1, we seeby induction that the set of critical valuesof (t; ) has measurezero.
By Fubini's theorem, also f (Kq\ V) has measurezero and since K4 can be covered by
countably many such V, this shows that f (K4) has measurezero.
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Proof of (iii): Again, it is enoughto show that every x 2 C; nCj+; hasaneighborhood V such
that f (V\ (C; nCj+1)) hasmeasurezero. Becausesomepartial derivative of orderj + 1is
nonzero,we canassumeD ;w(x) 6 0, wherew(x) := (Dj) :::Dj()f )(x) isaj'th derivative.
Dene h:U! R™ by x = (Xg;:::;Xm) 7! h(x) = (w(X);X2;:::;Xm). Becausedh is non-
singular, there exists by the implicit function theorem a neighborhood V of x and an open
setW R™ suchthat h:V ! W is asmooth di eomorphisms. Dene A = C;j \ V and
A°= h(A) andg= h 1. Considerthe smooth function F : W ! R™;F(x) = f g(x). De ne

Thereforef (C; \ V) = F(h(C;\ V)) F(0 S)= Fo(S) has measurezero. 2

Remark. Sard'stheoremis alsotrue in the case,whenf 2 CX with k m n+ 1,k 1, but
we do not shaw this here. This smoothnessassumption can however not be weakened any
more. Whitney rst found a C'-function f : R2! R which is not C? and which contains
the interval [0; 2] amongits critical values. A simpler example has beenfound by Grinberg:
let C be the standard Cantor setin [0;1]. Then C+ C = fx+y jx;y 2 Cg = [0;2].
Construct a function g which is di eren tiable and which has C asits critical points. The
function f (x;y) = g(x) + g(y) hasthe setC + C = [0; 2] asthe set of critical values.

Remark. The Theorem of Sard is wrong in in nite dimensionsevenin the smooth case.The
following example of Bonic,Douady and Kupka sho& this: considerthe in nite dimensional
manifold M = 15(N) = fx = (X1;X2;::2) j jjXxjj? = 1-1:1 x?=j? < 1g agd the smooth map
f:M1 R;f(x)= (3x? 2x%)=2 which hasthe derivative Df ()u= " 6(x; x?)2 Iy
and satis es Df (x) = O if and only if x; = O or x; =g.. But on this subsetC = fx 2
M jx; 2f0;1gg M of critical points we havef (x) = RS =2 sothat f restricted to C
takesall valuesin [0;1].

Corollary 1.5.2 (Theorem of Brown) The set of regular values of a
smoth mapf : M ! N is everywhee densein N.

Proof. Becausethe set of critical valueshas measurezero, it can not contain an open set.
2

1.6 Partition of Unity

De nition. Let M be a manifold. A partition of unit y of M with respect to an open
cover fU g ,a is a collection of ls_mooth mapsg :M ! R* =fr2 R jr 0g with

supports supp(g ) U satisfying g =1

Lemma 1.6.1 (A lemma in top ology) If (X;O) is alocally compact Haus-
dor second countabletopological space, then (X ; O) is paracompact.
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Proof. (i) There exists a courtable basisC= fU;g suc that U; is compact.
Proof. By the property of secondcourtability, there exists a courtable basisB. By local
compactnessand the Hausdor property, the setC= fU 2 B j U compactg is again a basis.

gi) There exists a sequenceG; 2 O sud that G; is a compact subsetof G;.+; and sud that
; Gi = X.
I
Proof.. Let C = fUig be a courtable basis given in (i). Let Gy = U; and indgt_:tively
Gk = 1%, Ui, wherejy the is the smallestnumber satisfyingjx > jk 1 and Gk 1 U

(i) X is paracompact.

Proof. Let fU g »a be an arbitrary open cover of X. The set G; nG; 1 is compact and
contained in the opensetGj+1 NnG; ,. Foreahi 3, choosea nite subcover of the open
coverfU \ (Gj+1 nG; g oA of the compact set G,. The union of all these nite coversis
a countable, locally nite re nement of the open cover fU g »,a and consistsof open sets
with compact closures. 2

Lemma 1.6.2 (A lemma in real analysis) Let C(r) = [0;r]® be the cuke
of lengthr in RY. There exists a non-negative smath function f, : R R
whichis 1 on C(r) and 0 on the closure of the complementof C(2r).

Proof. By scaling, it is enoughto prove this forr = 1.

(i) There existsa nonnegative smooth function h on R whichis1on[ 1;1]and zerooutside
( 2,2).

Proof. Let q(t) = 1 oe ™', which is positive for t > 0 and smooth. Dene g(t) =
qit)=(q(t) + g(1 t)) whichislfort 1andO fort 1. Dene h(t) = g(t+ 2)g(2 t).

(i) For x = (X1;:::;Xn), dene f(x) = h(xy) h(x2) h(xp). 2

Theorem 1.6.3 (Existence of a partition of unit y) Given a manifold M
and an open cover U of M. Then there exists a partition of unity with respect
toU .

Proof. A manifold M is by de nition a locally compact secondcountable Hausdor space.
By the topological lemma, it is paracompact.

Let G; the cover of M de ned in the "top ological lemma" and set Go = ;. For x 2 X, let
ix the largestinteger such that x 2 M nG;, . Choose  with x 2 U _, wherefU g is the
xed opencoverof M. Let (V; ) beachart satisfyingx 2 V,V U \ (Gj,+2 nG;,) and
such that (V) R" contains the closedcube C(r).

De ne the smooth function hy(y) = 1y (y) fr (y), wheref, is the function de ned in the
"real analysislemma" and 1y (y) is the characteristic function of V which is oneif y 2 V
and 0 if y 2 V. The function hy takesthe value 1 in someopen neighborhood W, of x and
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has a compact support which is cortained in asetV U, \ (Gj,«» G; ). For every
i 1, choosea nite set of points x 2 M, whose corresponding neighborhoods W, cover
the compactset G; nG; ;. Number the corresponding h, functions fll_:),- gjlzl . The supports
of h; form alocally nite family of subsetsof M. Therefore g(x) = j h; (x) iqga positive
nite smooth function on M. The functions g; = h; =h have the property that ;g =1
De ne now g to beidentically zeroif no h; hassupport in U and otherwise, let g be the
sum of the g; with nonempty support in U . Then g is a partition of unity with respect to
the cover U .

The support of g is contained in U becausethe family of closedsets supp(g ) is locally
nite which implies that ;,, supp(gi) is closedso that the support of g is the union of
the g which have nonempty support in U . 2

1.7 Whitney's embedding theorem

De nition. A smooth map f : M ! N is called an immersion , if Df (x) is injective
at ead point x 2 M. An immersion is called an embedding , if f : M ! f(M) is a
homeomorphism.

Theorem 1.7.1 (Whitney's embedding theorem) A compact manifold
of dimension n can be emkedded in R2"*1 .

Proof. (i) BecauseM iscompact,wecan nd anatlasA = f(U;; i)d-; with a nite number
of charts. We choosethe charts, sothat (U;) contains the diskD"(2) = fx 2 R"jjxj 29
and such that (D" (1)) is still a cover of M. Take a smooth function which is 1 on
D?(1)=fx2 R"jjxj 1gandO outsideD"(2). Let g a partition of unity subordinate to
the cover }(D(1)). Dene the smooth map ; :M ! R" by dening it to be ( ;) ;
onUj andOelse.Dene F:M ! R"™*P py

FO) = (a5 p(x);0u(x);:0156p(X))

F is an immersion.
Proof. Given a point x 2 M. It is contained in a support of one of the maps gi. The
map y 7! i(y) maps a neighborhood V of x homeomorphically to its image (V) R".
BecauseD (x) = D (x) is the identity D (x) is injective.

F is an embedding.
Proof. We have to show that F is injective. Giventwo points x;y 2 M. If gi(x) 6 gi(y) for
somey, then F(x) 6 F(y). Assumenow gi(x) = gi(y) for all i. Let g; a function in the parti-
tion of unity, for which g;(x) = gi(y) 6 0. (It is not possiblethat gi(x) = gi(y) = Ofor all i).
Then x; y arein the support of g; and soin | L(DY). Therefore (x)= (x)6 (y)= (y)
sothat then also F(x) 6 F(y). BecauseF is injective, it is a bijection onto its image and
becauseM is compact, the map F is a homeomorphismsfrom M to F(M) RY with

g=np+p.

(i) Let S" be the n-dimensional sphere. In order to build an embedding of M in R2"*1
we proceedinductiv ely as follows to reducethe dimension. AssumeM is embeddedin R9,
whereq> 2n + 1. The set of projections , onto hyper-planesH, R9 ! in RY% s labeled
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by the sphereS9 ! = fvjjvj = 1g.

There exists a set of measurel of S * such that for v in this set, the projection (V) :
M ! RY !isinjective, that is

ve (x y)Fix vyi;xy2M R9:

Proof. Considerthe map : (M M n) ! S9 Ygivenby (x;y) = jx vyjgix Vi,
where = f(x;x)jx 2 Mgisthe diagonalin M M. If 2n< g 1,then hasby Sard's
theorem an image of measurezero. A point v in the complemen of the image of givesan
injective map .

The exits a set of measurel in S9 ! such that () is an immersion.
Proof. Considerthe compactmanifold M S" 1. De ne the projectionmap :M S" !
RY sS4 11 s9 1 asthe projection onto the secondcoordinate which isin S" 1S9 1
(we identify S" ! as a submanifold of S9 1). Becausedm(M S" ) =n+(n 1) =
2n 1< dim(S% ') = g 1, we know by Sard's theorem that the set of critical values of
has measurezero. A regular value v givesan immersion v becauseD (x)u = (u) has
then maximal rank. 2

1.8 Brower's xed point theorem

Lemma 1.8.1 Given a continuous mapf : R" ! R™ of compact support.
For every > 0, there exists a smamth function f : R" ! R™ of compact
support, suchthat sup,,gn jf (x) f(x)j! Ofor ! O

Rroof. Dene for > 0asmooth function :R"! R with support in fjxj < g sud that
rn  (X) dx = 1 (seethe lemmain real analysis provenin the section about the partition
of unity). De ne

Z Z

g(x)=( ?f)x)= o ()g(x y)dy= . (x + 2)9(2) dz

R

which is obviously smooth becauseD*g(x) = ,.(D* (x + z))g(z) dz. Becauseg has
compact support, there exists a constart C such that jjDg(x)ujj C jjujj forall x 2 R".
We get

Z

ig(x) 9 = i (x+ 2)(9(z) 9(x)) dzjj
z R
(x+ 2)jig(z) 9(x)ij dz
Rn

sup jibg(xujj  C

X2R";u2R";jjujj=1

De nition. The n-dimensional disk is the manifold with boundary fjxj 1g R". It
has as the boundary the manifold S" 1.
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Prop osition 1.8.2 There exists no continuous mapf : D" ! S" ! whichis
the identity on the boundary S" 1.

Proof. Assumesud a function f exists.

(i) There exists then a smooth map g with the sameproperties.
Proof. The function

x) = f (x=jxj) = x59xj; jxj 2 [1=2;1]; f(x) = f (2x);jxj 2 [0; 1=2]

issmooth in for jxj > 1=2. For < 1=8,dene g(x) = ?f(x)gj ?f(x)jj forjxj < 3= and
g(x) = fx) else. This is a smooth map which mapsD" to S" ﬁand which satis es g(x) = X
onS" 1. (Note that g(x) = f{x) for 3=4< jxj < 7=8 because  (y)(x Yy)Txjdy = x=5jX].
(i) The theorem of Sard applied to the map M = int(D")! S" ! = N implies that there
existsa regular valuey of g. The setg !(y) is a onedimensionalmanifold V in M and a one
dimensional manifold with boundary in D" becausethe boundary of V is the intersection
of V with S" ! which is nonempty (it contains y). SinceD" is compact, this manifold is
compact. From the classi cation of one dimensional manifolds (seethe next appendix), it
must be di eomorphic to [0; 1] and has on one side the boundary y 2 S" ! and on the other
sideadieren t point onthe boundary S" !. Sincef (z) = y andf (z) = z, wehavez =y,
which is a contradiction. 2

Corollary 1.8.3 (Bro wer's xed point theorem) Every continuous map
f:D"! D" hasa xed point.

Proof. Assumef (x) 6 x forall x 2 D". Wecan nd then acortinuousmapg:D"! S" 1!
which is the identity on the boundary and which is given by the point obtained by taking
the line connecting x and f (x) and intersecting it with S" 1. By the previous proposition,
such a map doesnot exist. 2

' — a(x)s$

1)

& %

Fig. Proof of Brower's xed point theorem. Construct a retract g from D" to S" 1.
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1.9 Classication of one dimensional manifolds

De nition. Let M be a one dimensional manifold. A map | = (a;b) ! M is called a
parameterization by arc-length if f maps| di eomorphically onto an open subsetU of
M and such that jDf (s)j= 1foralls2 1.

Remark. Any given parameterizationg: | ! M can be changedto be a parameterization
by arc-length.

Prop osition 1.9.1 a) Every one-dimensional connected manifold without
boundary is either di e omorphic to the circle or di e omorphic to the real line.

b) Every one dimensional connected manifold with boundary is di e omorphic
to either the interval [0; 1) or the interval [0; 1].

Proof. a)

(i) Given two parameterizationsf : 1 ! M, g:J ! M by arc length. Then the set
f(I)\ f(J3) hasat most two componerts.

Proof. The mapg ! f mapsopensetsin | onto opensetsin J andD(f ' g)= 1

forall x 2 1. Theset = f(s;t) 21 Jjf(s) = g(t)gis closedin| J and made
up of line segmets of slope 1 which can't end in the interior of I J but extend to the
boundary. Becauseg 'f isinjective and singlevalued, at most oneof theseline segmeits can
end at the four edgesof the rectanglel J. This assureghat hasat mosttwo componerts.

@iy If f(1)\ g(J) hasonly one componert, then it can be extendedto a parameterization
of the union f (1)\ g(J).

If is connectedwecanextendg ! htoalinearmapL :R! R. Now,f andg L piece
together to yield the extension

F:O[L Y7 9():

(iiiy 1f f(1)\ g(J) hastwo componerts, then M is di eomorphic to S*.

Proof. If hastwo componerts, the two must have the sameslope say 1. By translating
the interval J = ( ; ) if necessarywe may assumethat = cand = dsothat a< b
c<d < . The required di eomorphism h : St ! M can now be constructed by
setting = 2 t=( a) and dening h:S'! M by the formula h((cos( );sin( )) = f(t)
for t 2 (a;d) and h((cos( ;sin( ))) = g(t) for t 2 (c; ). Sinceh(S?) is compact and openin
M, it must be M.



20 CHAPTER 1. MANIF OLDS

a b c d
(iv) By Zorn's lemma, any parameterization by arc-length can be extendedto a parametri-
sationf : 1 ! M which is maximal.

(v) If M is not di eomorphic to S?, then the maximal parameterization is onto, in which
caseM is di eomorphic to (a;b) which is di eomorphic to R.

b) Consider, now a connectedone dimensional manifold M with boundary. The interior
int(M) of M is a one-dimensionalconnectedmanifold without boundary. It is by a) either
the circle or the real line. Becausethe circle is compact and hasno boundary;, it is excluded.
The only possibility is that int(M) is di eomorphic to the real line which is di eomorphic
to (0; 1) which can only be in two ways a subsetof a manifold with boundary: adding one
point in which caseM is di eomorphic to (0;1] or adding two points in which caseM is
di eomorphic to [0;1]. 2



Chapter 2

Tensor analysis

2.1 General tensors

De nition. Let E be a linear space. The dual space E of E is the set of all linear maps
f :E! R. It isalinear spacewith addition (f + g)(v) = f (v) + g(v) and multiplication
with real numbers (f )(v) = f (v).

Lemma 2.1.1 If E has nite dimensions, then the dual space E  hasthe sameduigensmn
asE. If fegis abasisin E, thenthe setfe g, denedbyé€ (v) =V, wherev = Ve,
is a basis of E called the dual basis.

Broof. (i) The setfe'gl, is linearly independert: if f = Pifiei = 0, then f(g) =
ifie(g)="fj = 0forallj sothat f = 0. Thereforedim(E ) dim(E) = n.

(||) The setfe gl 1PspansE .Letf :E! R be any linear functioqgl, de ne fi p f(e)

Weclaim that f = f;g. Givenv=,v'g 2 E. We havef (v) = iv'f(e.)— Vi

On the other hand, also ; f;& (" ;vie) = f;V becaused (&)= |. 2

Remark. The dual spaceof E has a natural identi cation with E: givene 2 E, dene
e®:E ! R by eXf) = f(e). Becausethe map e 7! € is injective and linear and by the
lemma, the dual spaceE of E hasthe samedimensionasE and soasE, it de nes an
isomorphism from E to E

De nition. Let E be a real nite dimensional vector spaceand let E be the dual spaceof
E. For p;q 0, denote by T(§’(E) the set of all multi-linear maps

f:(E) EY R;

S,
They are calledtensors of type (p;q). ThesetT(E) =
Examples.

pq—o TR(E) is the setof tensors .

If f :E =R"! R isasmooth map, then the k'th derivative D*f (x) is an elemen
in T2(E).
q

21
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If p= 1;9= 0, then T3(E) is the set of all Ilnlgar mapsfrom E toR andsoT}(E) =

E E. It isacustomto write u2 E as ,u'e = u'g (leaving away the sum is
the Einstein notation which we will not usehere) One says also, an elemert in T¢(E)
is a contra varian t vector .

If p= 0;q= 1, then TY(E) is the set of Img,ar maps from E to R and soTY(E)=E .
It is a customto write v 2 E asv = v.e' An elemert in TY(E) is called a
covarian t vector .

Themapg:E E! R;g(v;w)=v w where |§ the scalar product de nes a tensor
in T)(E). If onede nes gj = g(e;g), theng= i i € d-= Oi e d.

GivenalinearmapA :E! E. DenethemapE E! R by (e';e,) 7! a} =¢ Agj,
Whe[gv w is the standard dot product from E E to R. In componerts ,

a= a{e' g . A linear map A on E de nes soatensora2 T{(E).
Givenus;:ii;up 2 E and vi;iii;va 2 E | then
U up V' V“(Xl """ XPiynitiniyg) = xHu)  xP(up)vi(y)  vA(yq)

de nes atensorin TP(E).
Especially, if fe;gL; be abasisin E and if fe‘gj”:1 be the dual basisin E , then

e, e, € es
is a tensorin TP(E).
Notation. Given two index sets| = (iq;:::]i ) and J = (jl;ili;jq) we use short hand
notation e’ = ¢@: de 2 TS(E) ande = g, . 2 T)E) aswell as g =

e & 2TPE)

Prop osition 2.1.2 Thetensorse €’ form a basisof TP(E). In other words,
the dimension of TY(E) is nP*9 and everyf 2 TP(E) can be written uniquely
as X

Jil

f _f(ell....;eip Ql,.ejq)ZR
A tensorf 2 TP canbe written as
X . . . X
f= fe i ersg,iig,)e, e, € o= flg ¢
i1ipiaiiig 13J
sothat the vectorse, € span T§(E).
ToshONImearlndependence assumef = IJf e = 0. Takev— (e"l"";ekp,a1 rer)
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De nition.  The tensor pro duct of two tensorsf 2 TP(E);g 2 T4 (E) is de ned as the
tensor

fooguts i uPvh v U i Upe gy Vit 11 Vees) = (UL uPT Qv i Vees)
in T{' < (E). Rewritten shortly, for u2 (E )» E9 andv2 (E )' ES thenf g(u;v)=
f (u)g(v).

Prop osition 2.1.3 The tensor product is assaiative and bilinear.

Proof. (i) The bilinearity

(f+g9 h=f h+g h(f) g= (f 9g=1f (9)
is obvious from the de nition.

(i) The tensor product is asseiative: Givenf 2 TP;g 2 TP and h 2 T§:. Givenu 2
(E)r E® ,v2(E )2 E®andw?2 (E )P* E%, then

f(g h)(uviw) f(u)(g h)(v;iw) = f (u)g(v)h(w)

f 9 huviw) (f g)(u;v)h(w) = f (u)g(v)h(w) :

De nition. The direct product of all tensorsis denotedby T(E) = p;qTé’(E). It forms a
graded algebra .

2.2 Antisymmetric tensors

De nition. Let 9(E) bethe subspaceofTé’(E), consistingof tensorsf sudh that f (x1;:::Xq)
is antisymmetric in X1;:::Xq 2 E:

foralli;j = 1;:::;9, where( 1) is the sign of the permutation . One denoteshy S, the
set of all permutations of the setf1;:::;ng. The tensorsin 9(E) are called g-forms or
exterior g-forms .

Corollary 2.2.1 If E hasdimension n then the space 9(E) has dimension g = W

Proof. We know that the setfe' = &t > gajij 2 f1:::;ng g is a basis
in T(?(E). Givenf 2 9(E), then, for any permutation 2 Sy, we have by de nition
fi = ( 1) Of () and f; is determined from f (), where permutes| = (iy;:::;iq) into
i@ <:::<i (g. The subsetfer g2 €ajig <ip i< iqgofthe basisofTé’(E)
is therefore a basisfor 9(E).

The number of arrangemerts of g indicesii < ::: < iq with ij 2 f1;:::;ngis 21 .2
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Notation. An antisymmetric tensor can be written as
f= fi o €17 N g
1<t <ig

where €+ A :::” a are a sum of terms (1) e (1) A 2.2~ e (o) where runs over all
permutations of f1;:::; ng.
Examples.

q= 0. 9(E) isthe setof mapsfrom R? = fOgto R and soR.
P .
q= 1. Every elemen in 1(E) canbe writen asf = _, fié. Indeed *(E) =
TP(E).
P . . . :
g= 2. Every elgemert in  2(E) canbe written asf = fjed € €& €. We
write alsof = L f; &~ d for that.

n
i<j
i<j

De nition. Given 2 P(E)and 2 9(E), dene ~ 2 P*9E) by

X
A (Ug;iiiUpsg) = (D (Uu@isu ) (U ey iU pag) s
2S

n

where the summation is taken over the setS,, of all permutations of the setfl1;:::;p+ qg
sudhhthat (1) < (2)<:::< (p)and (p+ 1)< :::< (p+ ). The product is called
wedge pro duct or exterior multiplication on the exterior algebra or Grassmann alge-
bra or Fermionic algebra ( E) = a=0 aE).

Remark. We have
X

plat N (Ug;iiiUp+g) = (1) (U@ U (U ey il peg) -
2Sy

Examples.

Giventwo 1-formsf 2 Y(E) andg2 *(E), then
f 7~ g(uisuz) = f(u)g(uz)  f(uz)g(u) :
Givena2-formf 2 ?(E) anda l-formg2 (E), then
(f ~ g)(uz;uz;uz) = f(ur;uz)g(us) + f (uz;us)g(us)  f (us;us)g(u)
If f;g;h2 Y(E), then

f 2~ g” h(uisuz;ug) = f(ug)g(uz)h(us) + f (uz2)g(uz)h(us) + f (us)g(ur)h(uz)
f (u2)g(ur)h(us) £ (us)g(uz)h(uy) f(u)g(us)h(uy) :

This is the determinant of the matrix

1
f(u) f(uz) f(us)
@ g(uz) g(uz) glus) A :
h(uy) h(uz) h(us)
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P P
In coordinates, we can rewrite the wedgeproduct of = | €', =, ;€ as
X X
A= | g€ nel = P a( 1) €S
13 K= (1)
where isthe permutation whichmapslJ = (i1;::tip;j1;:i55)g) into K = (K1, Ko;:it Kpe ),

with k1 < kp < 111 < Kp+ ).

Examples.

P . P ,
Giventwo oneformsf = = L, fi¢ andg=" [, g€, then

X . )
frg=(fig gf))enreé:

i<j

E = R3. Givenal-formf = fel + f,e + fze2 2 (E) and a 2-form g = g€t »
e+ geet M 8+ gae? M 22 2(E), then

g™ f = (guafs+ Quafi  guafa)et €27 e

Remark. In the literature, also de nitions of the wedge product appear, which dier by
constarts.

Prop osition 2.2.2 (( E) is a graded associativ e algebra) The  welge
product is assaiative, bilinear and satises ~ = ( L)% ~ if 2 9%9and
2 P

Proof. We can write

A - (pt 0

oid] A( )
where A is the alternation mapping A : T(?(E) I 9(E) de ned by
X
Af 1' (1 f;
o 2s

where

is a permutation in the set Sy of all permutations. The bilinearity and assaiativit y follows
now from the bilinearity and assaiativit y of the tensorproduct. The sign of the permutation
(@i gqr Liingrp) 7N (g L gt piLiin g is( D)PYL With = , We get

2Sy
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X

Sh
(1) ( 1) (U@ey:hU@gp) U@isu )
2s,
(1) plgt " (Ug;iii;Upsq):

2.3 Tangent space and tensor elds

De nition. Given a manifold M. A curv e through x is adierentiable map :( 1;1)!
M with (0) = x.

De nition. Twocurves 1; » arecalledequiv alent if D( 1)(0) = D( 2)(0). An equivalence
classof curvesthrough x is called a tangent vector at x. The set of all tangent vectors
Y (x) = D( )(0) at x is denotedby TxM .

Lemma 2.3.1 If M hasdimensionn, then :[ ]2 T4M 7! D (0)(1Q) 2 R"
is a bijection between TyM and R".

Proof. Denote by [ ] the equivalenceclassof a curve , that is the set of all curves ©
which are equivalent to

The map is injective becausetwo curves have the sameimage if and only if they are
equivalent.

To show that the map is surjective, choosea chart (U; ) with x 2 U. Givenv 2 R",
de ne the curve i(t)= I( (x) + tv), where issosmallthat (x)+tv 2 (U) for all
t 2 ( 1;1). By de nition of the derivative,D ;(0)1 = v. Therefore,everyv 2 R" isin the
image of . 2

This bijection makes TyM to a vector spaceby dening [ 1]+ [ 2] = D+ (2)
and  [4= *C ()

Every tangent vector Y = [ ] 2 TyM de nes a derivative of f 2 C! (M) along Y de ned
by Y(f) = d‘itf( (t))ji=o . One usesalsothe notation Y (f) = Y:f = Lx f. The possibility to
identify a tangent vector as a derivation motivatesthe next notation.

Notation. A basisin TyM is denoted by

e =

@ .
@
The dual basisis denoted by
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The reasonfor this notation becomesclear in the next section.

De niton. TM = ., TxM s called the tangent bundle of M. A vector eld isa
function Y : M ! TM sud that the function x 7! Yy (f) is smooth. The set of all vector
elds on M is denotedby ( TM).

De nition. The spaceT§(M) = szM TP(TxM) is called a (p;g)-tensor bundle on M.
The set TY(M) is also called the cotangen t bundle of M becauseT(E) can be identi ed
with E . There is alsoa natural identi cation of T}(E) with E sothat T¢(M) is identi ed
with the tangent bundle.

Remark. If M is a n-dimensional manifold with atlas (U;; i), then the tangent bundle TM
becomesa manifold. It hasthe atlas (TU;;T i), whereT ; :TU;! R"™ R" isde ned by
T ix[D=(i(x):D( )(0)) and where TU; isidentied with U; R".

De nition. A 1-form on M is afunction :M 7! T2(M) such that (x) 2 T2(TxM) and
for any vector eld Y, the function (Y) givenby (Y)(x) = (x)(Y(x)) isin C1 (M).

De nition. A tensor eld of type (p;q) on M is afunction t : M ! T§(M) sudh that
t(x) 2 T§(TxM) and for any 1-forms L2115 P and vector elds Yi;:::Yq on M, the func-
tion x 70 t( 1(x);:ii; P(X);Y1(X);ii:Yg(X)) isin C1 (M). The spaceof all (p;q)-tensor
elds is denotedby B(M) or ( TYM).

Example. Let M ;N be two manifoldsand let f : M | N be a smooth map, then D*f is a
tensor eld of type (0; k).

De nition. A k-form or k-di erential form is a (0;k)-tensor eld such that (x) 2
K(TyM). The exterior multiplication is de ned point-wise ( * )(x) = (X)"* (X).

It is usefulto know, how di erential forms transform under di eomorphisms.

De nition. Let :M ! N beadieomorphism andlet 2 P(M) beadierential form
on N. Then

is a di erential form on M called the pull-bac k of

2.4 Exterior deriv ativ e

De nition. For f 2 C! (M) de ne the exterior deriv ative d (Y) = Y(f) = Y:f. For
2 P(M), de ne the exterior deriv ative d asthe (p+ 1)-form

The following proposition characterizesd uniquely as a "lo cal, degree one anti-deriv ation
satisfying d? = 0"
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Prop osition 2.4.1 (Prop erties of the exterior deriv ativ e)
() dis of degree 1, that is a mapfrom Pto P* andd (Y)=Y(f)= Y:f.

(i) dis an anti-derivation: it is linear and given 2 Pand 2 9 then
d ~ )=d ~ +( 1) ~d
(iii)
d>=d d=0:

(iv) dislocal: d( ju) = d ju, where jU denotesthe restriction of to an
opensetU M.

(v) dis the unigue operation on ( M) with properties (i)-(iv).

Proof. Property (i) holds by de nition.
To see(ii), we usethe fact that the permutation iJ 7! Ji hasthe sign ( 1)P, if jJj = p.
Using the Leibniz rule, we get

X a
@i

X ) X )
= Srainadn ey o Sraxi ax’)

d( |dXI n JdXJ)

1
—~

S %)dxi A dx! A gy

= d A~ +(1° ~d

(iii)
X ) :
d2 |dXI = @ |dXI Adx! A Xm

iij &'@

is vanishing becausepartial derivativescommute and dx' ~ dx/ anti-commute: if we inter-
changethe indicesi; j, the sum changessign, but it is obviously the samesum.

(iv) is clear becausetaking derivativesis a local operation: @@ (f (x)ju) = @@'f (X)ju .

(v) Considerthe O-form f (x) = x'. From (ii), we know that dd = d(dx') = 0. By (i), we
have ddx' = Ofor any | = (iq;:::;ip). From (i)-(iii), we know therefore that

d( jdx'y=d  ~dx + Addx')=(d ) dx'

From the local property (iv), we can compute this in a local chart. Fromd (Y) = Y( ),
pegetd | (@@') = (@&(@')) dx' andso(d )i = (@(@')) . If weplugind =

;(d 1)idx" into the relation d( | dx') = (d )~ dx', wegetthe de nition at the beginning
of this section. 2

Reminder. Since 2 9(M)isamapfrom M to T(?(M ), D (x) isamap from E to T(?(E),
that is D (x)(u) maps(uq;:::;up) 2 EP to R.



2.5. INTEGRATION ON MANIF OLDS 29

Corollary 2.4.2 Given 2 P(M), then

xP .
d (Uo;:::;up) = ( YD ()(uj)(uo;:::;05;:::5Up) ;5
j=0

where 0; means that this entry has been left out.

Proof. This is an exercise. 2

2.5 Integration on manifolds

De nition. Let g fdx'g dx*~ :::~ dx" be a n-form which is bounded on an open set
M R" Dene , =, f(x)dx
Recall the (Change of variables): if is a dieomorphism from A R" to (A) R".
Then 4 z
f(x)dx = f( (x))jdetD (x)jdx;
(A) A

where D is the Jacob ean of

De nition. The set
n=fx2R" ]  x'=1x 0g
i=1
is called a simplex . We considerit also as a subsetof R", the planein R"*! spannedby
", For n = 0, the convertion is that © = f0g.

Examples. A one dimensional simplex is homeomorphicto a closedinterval. A two dimen-
sional simplex is homeomorphicto a closed lled triangle, a three dimensional simplex is
homeomorphicto a closed lled tetrahedron which simpli es someproofs.

Remark. We take here the more conveniert approach of homogeneousoordinates. A sim-
plex canalsobe de ned directly asa subsetof R". The advantage of consideringthe simplex
also as a subsetof R"*! is that there is more symmetry in the coordinates.

De nition. Let M be a n dimensional manifold. A singular p-simplex or shortly p-
simplex isamap : P! M which extendsto a smooth di eomorphism from a
neighborhood of P R" into M. A O-simplexis just a map from the point f Og to a point
in M.

Example. The changeof variable formula at the beginning of this sectioncanbe reformulated
as Z Z
I = I dx;
(A) A

becausefor an-form !, (1 )(x) = det(D (x))! ( (x)).
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De nition. Let beap-formonM and a p-simplex. We can pull back the form to a
neighborhood of , in R". De ne the integration of the p-form on a p-simplex as

2.6 Chains and boundaries

De nition. A p-chain in M is a nite linear combination c = . G i, where ; are p-
simplicesand ¢; are real numbers.

De nition. The integral of a p-form ~

p

can be extended from simplic%s to chzains by linearity:
X
c (G i i
De nition. Dene fori= 0;:::;p+ 1the mapskP: P! P*1 py
KP(x) = (xYooxt Lopxt o xP)i 1

The setsk’( P) are called the faces of the simplex P*%.

De nition. Given a manifold M and a p-simplex , we de ne the i'th face of to be

the (Q, 1)-simplex = kP 1 The boundary of is dened asthe (p 1)-chain
= ipzo( 1) '. The boundary map can linearly extendedto all p-chains by
X X X o
( 7 )= (1 |
j i=0
Lemma 2.6.1 (c) = 0 for all chainsc.

Proof. Forifi j,then

K™ kP(x) = kPIT o kP(x) = (i)t Lopxtinxd Lok xP)
P )
with = P (1) kP ' weget
1

( 1)i+j kp 1 kp 2

[ ]
5(:0 i=0

o X .
= ( 1)I+J k|p 1 kjp 2+ ( 1)|+] k|p 1 kjp 2

i <i i
o X o
= (DK R P (T KD KP 2
j <i ]
o X .
= (DY KK 2+ (Y KKk f=0
j<i i<l
= (O A N N (D KK ?=o:
j<i j<i
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Preview. This fact leadsto singular homology groups . If S, is the vector spaceof all
singular chains on M, then Hpy(M;R) = ker ,=im , 1 is a vector spacecalled the p'th
singular homology group of M with real coe cien ts. It turns out to be isomorphic to
the dual spaceof the de Rham cohomologygroups.

2.7 Theorem of Stokes for chains

The fgllowingtheorem is a generalization of the fundamertal theorem of calculus, which
says f = Df for a function on a one dimensional manifold. It also generalizesthe
theorem of Greenin the plane or the theoremsof Stokesor Gaussin the three dimensional
spaceas you seepartly in a homework.

Theorem 2.7.1 (Theorem of Stok es for chains) Let ¢ be a p-chain on a
panifolgsM and let  bea (p 1)-form on a neightorhood of ¢ in M. Then
d = .

C C

Proof. By linearity, itgs enoyghto considerthe case,where the p-chain consistsof a single

p-simplex. The claim _d = _ is by de nition of the integral equivalent to

z x Z .
a )= (1) (") - (2.1)

. 1
p i=0 p

We canassumep 2, becausefor p= 1
z 1
; d ((MO)D 1)d= (@) ()

is the fundamenrtal theorem of calculus. (SeeWeek 6 homework set).

P .
Consider x1;:::;xP 1, which are coordinates of P ! becausex?® = 1 P i xi. In this
coordinates, the maps kP Loop1y P are given by
X 1
kg l(Xl;...;Xp l) — (1 Xk Xl;...;xp l),|_0
k=1
1o,1..... —  (yl..... i e TR I . .
KPPt inxP hy = (xBnx Lo iixP 1) i 60
The Igp 1)-form = de ned in a neighborhood of P can uniquely be written as
= P, ojddnrnn dXi :::n dxP, whered¥ meansthat this factor hasbeentaken away.

By linearity, we can assumethat only one ; is not vanishing so that
= jdxiA A dX A cin dxP

The left hand side of Equation (2.1) is therefore
‘@
1) * gyl A A dxP
(1) @
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Let y%;:::;yP ! becoordinatesin the neighborhood of P . The pull backsof underthe
boundary maps kP Lare

B(l
KhH v = @ ySyhoinyP Ddytasady? b
k=1
KhH ) = 0isj;
K H () = hony BoyhiinyP Hdytaiady? tri= g
We have therefore to prove
z @; z X
@}(x)dxl:::dxp = (11! (1 yoyliinyP b
p p 1

The left hand sideis

Xk
k6 @ j oo fRi o+ gyP
p1(0 @ddx)dx...dx...dx
which is, after performing the inner integral, equal to
z X
. . A
TCSHE U xKoxI*L s xPydxt odxd codxP
7 Pt K6 |
(O Lot xPydxt oz dxP
p 1

(Lol 7 (yhinyP by = () b Xox e xP): 6 2
K6 |

~—~~
X
B
e
X
©
~
~
—~
<
B
<
©
i
~
|
—~
[N
X
=~
X
L@
X
N
1

k62

which has the Jacobean determinant ( 1) ! and in the secondintegral the change of
variables

which hasthe Jacobean determinant 1. We get
Z ) 9( 1
('@ yoyhiinyP Hdytody? !

which is the right hand side of the equation in the box. 2
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2.8 Theorem of Stokes for oriented manifolds

De nition. A n-dimensional manifold M is called orien table , if there exists a nowhere
vanishing n-form on M.

Remark. Denoteby j :x 7! y = j (x) the coordinate transformations from two over-
lapping charts (Ui; i) and (Vi; j). The pull back of a n-form ! = dy*~ :::” dy" is
jdxt~ oA dx™ = detD ! A manifold is orientable, if and only there exists an atlas

fU;; igof M for which all coordinate changes j satisfy det(D j ) > O.

De nition. A subsetD of M is called a regular domain , if for all points x 2 D M,
there existsa chart (U; ) with x 2 U suchthat (U\ D)= (U)\ H", whereH" = fx 2
R" j x; > Ogis the half spacein R".

Remark. A regular domain D is just a n dimensional manifold with boundary inside the
manifold M .

De nition. A n-form ! hascompact support, if the closure of the set, where! is non-
vanishing, is compact.

De nition. Let ! be a n-form of compact support and let D be a regular domain in the
orientable manifold M. De ne Uy = M n(supp(! )\ D). Cover the compactsetsupp(! )\ D
with a nite cover fU; g};l. Assume, there exist simplices ; such that U; i( ") and
either ( ") ing(D)orU;= (V\ "), whereV R"isopenandsudc that "\ V
is an open subsetof a face which is mappedby ; into U\ (D). Let fg g, be a partition
of unity subordinate to the cover fU;g, . De ne
A K Z

I = ag! :

D =1

R
Lemma 2.8.1 Theintegral ! doesnot depend on the chosencover nor on
the chosenpartition of unity.

and denote by ; the underlying simplices. We have ]!:1 h; = 1 onsupp(! )\ D because

ho = Oonsupp(! )\ D. We get
X Z X Z x x £
g! = hjg! = hjg! :
=1 =1 ij=1 i i
Similarly we get

hj I = hj ag!:
j=1 i iij i
Since | ! j is an orientation -preserving di eomorphism on an open possibly empty set
whereit is de ned and sincesupp(h;gi! )\ i " = supp(h;g!)\ ; ", it follows that
z z

(hg!) = detD( )hg! ()
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detD( i)detD( ilj)hjgi!(j)
z" z
ndetD(,-)(h,-gi!(j)): _(hjgi!)i

J

Theorem 2.8.2 (Theorem of Stok es for orien table manifolds) Let D
be a regular domain in an oriented n-dimensional manifold M and let ! be a
(n  1)-form of compact supprt. Then

Broof. Let gi;:::;0¢ and 1;:::; k bechosenasin the danition of integration. Since
:‘:1 g = 1 on a neighborhood U of supp(! )\ D, we have d( :<=1 g)=0onU and

Xk Xk
dg!)=" (dg)~!+  gd =di

i=1 i=1 i=1

If i is an-simplex which mapped into the interior of D, then
z z
g! =0= !
i D
becausesupp(gi)! intD. Assumenow that ; is a n-simplex which has an image inter-
sectingthe boundary of D. In this case,g;! is vanishing on the boundary of ;( ") except
possibly at the n'th face ['. Now [ is an orientation-preserving regular (n 1)-simplex in
D if n is even and orientation-reversingif n is odd. It follows that

Z Z Z Z
g!=( D" g'=(D(DH g!= g!:
i r D D
Using the Stokestheorem for chains, we conclude
z x Z x Z x Z x Z z
d = d(g!) = d(g!) = g! = g! = o
D D i D D

The theorem of Stokesalready proven for chains and for orientable manifolds with orientable
boundary has di erent generalizations.

1) Stokesfor non-orien table manifolds .

Wepwould like to have for any n-dimensional manifold M and (n 1)-forgn  the prop-
erty ,d =, . The later integral should more precisely be written as |, i , where
i: M! M;x7!xisthe embeddingof M into M. It is not possibleto make senseof the
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integrals in a global way. One de nes an orientable vector bundle M over M and considers
so called twisted k-forms over M. The theorem of Stokescan so be de ned alsoin non-
orientable situations like on a Moebius strip or Klein bottle. There is no indication that

spacetime is not orientable (you could make a tour in our universeand when you return, a
right glove had turned into a left glove).

2) Stokesfor manifolds with piecewise smooth boundaries .

Manifolds with boundary can be generalizedto manifolds with piecewisesmooth bound-
aries. An exampleis the cube M = fijxj+jyj 1 R?g. As long asthe set of singular
points in the boundary, (that is points in which the coordinate maps ; fail to be smooth)
has measurezero, the theorem of Stokes stays true.

3) Stokes for Riemannian manifolds . We will discusslater this generalization. It is a
reformulation of Stokesfor vector elds. In a"curved" manifold, the identi cation of vectors
with 1-forms is spacedependert.
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Chapter 3

Riemannian geometry

3.1 Metric tensor

De nition. Let E bea nite dimensionalvector space.A metric tensor onE isasymmetric
tensor g 2 TY(E), which is non-degenerate : that is

g(u;v)=0;8v2E) u=0:

Remark.

The symmetric tensor g is non-degenerateif and only if the map v 7! g(v; ) from E to E
is an isomorphism.

(This is no more true if E would be in nite dimensional. The above de nition of degeneracy
is then called weakly non-degenerate and the property that v 7! g(v; ) from E to E is
an isomorphismis called strongly non-degenerate ).

Remark. Lgt e be a basisin E. Let u':vi be the coordinates of u;v, sothat u = P ue
and v =p ;Vv'e. Let g; be the coordinates of g dened by g; = g(e;g). Then
g(u;v) = i i u'vl. The symmetry implies that g; = g;;. If we considerg; asan n
matrix, then the non-degeneracyis equivalert with the invertibilit y of the matrix g.

De nition. An orthonormal basis of E relative to g is a basise in E which satis es
gle;eg)= 1fori=j andg(e;g)=0fori6 j.

P .
Remark. With respectto an orthonormal basisf e/ g, , the metric tensorgisg = ij G e
€, wherec = g(e;g)2f 1;1g.

Lemma 3.1.1 (Gramm-Sc hmidt) For every metric tensor g, there exists
an orthonormal hasis relative to g.

Proof. Let g any basis. Put f; = e;. Assume hy;:::;hy is an orthogonal set already
constructed, de ne inductiv ely

X glhyiee),

Pk+1 = s W j

j=1

37
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which is nonzero: (elseey;:::; ex+1 would be linearly independert). We verify g(hg+1 ;hi) =
Ofori & k+ 1:

X oeh

ohihea) = olhieca) SO g p)
j= 9(hishy)
= d(hi;e+)  9(hijes) = 0:

Likethis, wegetan orthogonal sethy;:::;hy.+1 . The orthogonalbasisfx = hx+1 = jg(hk+1 ; hk+1 )]
satises g(fk+1 ;fk+1) = 1 and is therefore also orthonormal. 2

Remark. Note that an orthonormal basisis not unique becausewe can replacethe basis
fegl, with the basisf eqg, .

De nition. AssumeE is nite dimensionalof dimensionn. Let e;;:::; e, be an orthonormal
basiswith respectto g and let e';:::;€e" be the dual basis. The tensor 2 "(E) de ned
by

=elreniing

is called the volume element of E with respectto g.

Lemma 3.1.2 There are only two volume elementson E with respct to a
given metric g.

Proof. Let e;;:::;e, be an orthonormal basisand the corresponding volume form. We
have by de nition (e1;:::;en) = 1,if e1;:::;€,) is a basisin E because
X
etninel = e® e
25,
Any other basisfi;:::;f, is obtained from e;;:::;e, by a orthogonal transformation f; =

Ue. If the determinant of U : E ! E is 1, then the corresponding volume forms are the
same. (If f; = Ug is a change of the basis, then the corresponding volume forms satisfy
flanfn = det(U)et”xneh)

If we had constructed with an orthogonal transformation U of determinant 1 like the

basisf; = e;f; = ;i = 2;:::;n, then we had (f1;:::;f,) = 1.) Becausethe only
ambiguity in the choice of the basiswasthe sign of the determinant of U, the volume elemen
is determined up to a sign. 2

De nition. A choice of the two possiblevolume elemerts in E is called an orien tation in E.
If isavolumeelemen in E andvy;:::; Vv, isabasis,thenit is called positiv ely orien ted,

3.2 Hodge star operation

Notation. We write for X

i1<i 2:<i g
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P
alsoshortly = | €', wherel runsoverall indexsetsl = fiq;:i:;iggwith iy < ip;ii:<
iq.
" . P P : .
De nition. Given = | €; = | ;€ 2 9E), whetefegis an orthonormal basis
with respect to the metric tensorg2 TJ(E). Dene g = ~,,, g(e;e) 2 f 1;1g. Dene
also X
a(; )= 9 1

|
Examples.
1) Let = 181 + 292 and = zel + 282. Then g( X ) = 1 1011t 2 2022.

2)Let =e"eand =e"e. Theng(; )= g(er;er) g(e;en).

Prop osition 3.2.1 (Lifting of a metric to q(g).) A metric tensor g on
E inducesa metric tensoron %E) bya(; )= ,9 1 1.

Proof. g is obviously a symmetric tensorin T2( 9(E)). The non-degeneracyfollows from

the non-degeneracyof gon E: assumeg(; )= Oforall . Theng(; dx')=g , = Ofor
all 1,sothat | =0foralll andso = 0. 2
gxample. Let ej;e;iiien be an orthonormal basisin E. In this basis, we have g =

G€ €é,wherec 2 f 1;1g. Then
ge';e) =g r rduein rdy) =g g,

andg(e’;e')=0for| 6 J. So,€ is an orthonormal basiswith respect to the metric g.
De nition. More generally, let g be a metric tensoron E and let h be a metric tensoron F.

Form a metric tensorgp on 9(E;F) as pllows: if f1;:::;f is an orthonormal basisin F,
then we canwrite = ; 'fj,and = ; 'f; and
X .
gh(; )= hig | |

where h; = h(fj;f;) 2 f 1;1g. Again, this de nition is independert on the basischosenin
E and the basischosenin F.

Prop osition 3.2.2 (Existence of a Hodge operation) AssumeE is a -
nite dimensional vector space of dimensionn. Let g be a metric on E and! a
volume elementon E with respect to E. There exists a unique isomorphism

WEYL " YE)

suchthat ~ =g(; ) foral ; 2 9E).

Proof. For 2 " %E), dene thelinearmap : 9E)! R by

()= "
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This map is injective. A comparison of the dimension shows that it is an isomorphism.
Therefore,for all 2 9(E), there existsaunique 2 " 9E) suchthat ( )=g(; ).
De ne to be this

Uniquenessas well as existenceof is best seenusing coordinates. Let e;;:::;en be an
orthonormal basisin E. Givene' = €17 :::n a2 9(E). With ¢ = g(e;e), we have

¢=( )1t
with | = fig;iii;iggwith ip < i< igand1°= fif;:::;id0. 2

P . .
Notation. If € is an orthonormal basis with resp%t to g, then g = ij ce' € with
¢ = o(e;e) asin the above proof. Dene ( 1)9 = i”:l G.

Prop osition 3.2.3 (Prop erties of the Ho dge star op erator)
a) For 2 9E)
= ( 1)y 19 9

b)a(; )=( 1%( ; ).

c) 1=1: I =( 1.
Proof. a) Take = e (@D ~:::ne (M Weknowthat = Ce @ A:::ne (D for some
constart C. Because * = ( 1)9(C (q+1y € (n))!

e(l)/\ /\e(q):c(l)c(q)( 1)e(q+l)/\ /\e(n):

Therefore,
e®@n nAe@ = ( 1y A @ Cm 1) Ye@A ne @
= (1) A 1)9e WA Ag (@
b) Using a),

g( 5 = A = (D YD A =~ = (1% )
c) follows directly from the de nition and b). 2
Examples.

1) Let M = R® and let g bethe at standard metric in M. Let e'; €?; €3 be the standard
basisin  *(R®). The 3-form ! = dx! ~ dx?~ dx3 is the volume form on M assaiated to
g Then et=¢e*"e’ e=¢€e"e'= e'"e*and €= e'" e becausein ead case
e~ ¢ = 1. From the above proposition a), we seethat = sothat isaninvolution.

2) Let M = R% and g the Loren tz inner pro duct, which isdened by g11 = 1,0 =
O33s=0u=1landg; = g(e;g) = 0fori 6 j. The Hodge star operation from (R*) to
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3(R*) is an involution and given by

=

enedneh:
el/\e3/\e4.
3= etnegnét
elnen el

@ @, @ @
| [

because

etr (e
en (€
e3/\( e3)
etn(eh

etre?nednet= gyl

2/\el/\e3/\e4: 922!

€
enelne?n et = gal
etnelnened= gyl o

The Hodge star operation from ?(R%to ?(R%) satises = 1 andis given by

(etrer)= enrne;
(e2/\e3): el/\e4;
(etred)=e*né

because

ere)r( erety = gug! =
(enre’)n (et e O22033! = !
(etr ) (21 eh) O11033! =

3.3 Riemannian manifolds

De nition. A metric tensor eld gisatensor eld g2 TJ(M) sud that g(x) is a metric
tensor in TY(TxM). This meansthat there exist bilinear symmetric non-degeneratefunc-
tions gk(; ) : TxM TxM I R, sothat for all vector elds X;Y 2 ( TM), the function
X 71 g(x)(X (x); Y (X)) is smooth.

De nition. A pair (M;g), where M is a manifold and g is a metric tensor eld on M, is
called a pseudo Riemannian manifold .

De nition. A pseudo Riemannian manifold (M ;g) is called a Riemannian manifold , if
the metric tensor eld g is positive de nite, that isif g(x)(v;v) Oforall v2 T4,(M).

De nition. Let M be a n-dimensional Pseudo Riemannian manifold. A smooth map
X! TMMx 7! e(x) = (er(x);:::;en(x)) such that for all x, the setfei(x);:::;en(X)g is
calledan orthonormal coframe eld . It de nesavolumeform! = et”:::re” 2 "(M).
Remark. By Gramm-Schmidt orthonormalisation at ead point x 2 M, as seenin the last

section, a volume form exists in every chart U. Becausecoordinate changes j from one
chart to an other chart have an orthogonal JacobeanD j; , the determinant is 1. If M is
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oriented, we can choose! sothat all coordinate changes j satisfy det(D j ) = 1. Such a
volume form ! is called the volume on M.

De nition. An orien tation on an orientable manifold is an equivalence class of volume
forms, where 1 2 if and only if there exists a function f > Osuchthat ;= f ».

Lemma 3.3.1 AssumeM is orientable. Then M is connected if and only if there exist exactly
two orientations on M.

Proof. Let and be two volume forms. Then = f with f(x) 6 Ofor all x 2 M.
BecauseM is connected,we havef ((0;1)) = M orf (1 ;0) = M sothat either
f>0o0orf <Oand ; areequivalernt.

If M is not connectedand is a union of two disjoint manifolds M1;M,. Let be a volume
on M and denoteby ; the restriction on M;. Let beavolumeon M whichis ; onM;
and , onMj,. Then, ; and ; are not equivalent. 2

We come now to someexamplesof PseudoRiemannian manifolds. We usethe notation to
denote by [g; ] the matrix which hasthe entry g; in the i'th row and the j'th column.

Examples.
1) (Flat three dimensional space in spherical coordinates ). Let (M;g) bethe at
three dimenensional space. With respect to the standard basis e;; e;; e3, the metric g is
givenby g; (x) = 1ifi=j and g; (x) = 0if i 6 j.
Letr = x!; = x2; = x® bethe spherical coordinatesin R3. A point in R can be written
as

X =rcos()sin( ey + rsin( )sin( )e; + rcoq ))es :

Consider the three orthogonal basisvectors

@=@* = cog )sin( )e; + sin( )sin( )e; + coq )es
= @=@°=rcog )cos()e; + rsin( Jcog )e; rsin( )es;
= @=@°= rsin( )sin( )e;+ rcog )sin( )ey:

It is an exercisein a homework to show that with respect to this basis, the metric is given
by 0 1
1 0 0
[61x)=@0 12 0 A
0 0 r2sin®()

€

2) (Flat Lorentz manifold) Take on the manifold M = R* the metric
1

§:

0

0 e
0 1
0O O

OPFr OO
= OOO

where c is the speed of light.
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3) (Schwarzsdild manifold). Take on the manifold M = R4 nfr = Og the coordinates

t=x%r=x% =x2 = x3(that is x!;x?;x® are the polar coordinates in spaceand x° is
the time coordinate. For m=r < 1, the Schwarzschild metric is given by
0 1
(1 2m=r) 0 0 0
0 1 2m=r) 1 0 0
[gij ] = 0 ( 0 ) r2 0 § .
0 0 0 r2sin®())

The Schwarzsdild manifold isimportant in general relativit y. It is a model for the space-
time in presenceof a single massiwe object of massM. (It is according to a theorem
of Birkho the only solutions of Einstein's equations (see later) in the vacuum which
is spherically symmetric). The constart m is dened as m = GM=c?, where G is the
gravitational constart. (2m is calledthe Schwarzschild radius ). The Schwarzsdild model
is the basisfor the known v e tests of generalrelativit y:

the perihelion advance of planets,

the bending of light near the sun

the time delay in radar sounding of planets

the spectral shift of light emanating a massiwe object

or the precessionof a gyroscope which is freely orbiting the earth.
(M g) is a pseudoRiemannian manifold.

De nition. Given a Riemannian manifold (M ;g) and let u be a vector in the tangernt space
TxM. The length of u is de ned as

P Sx—————
gx)(wu) = j  gjuuj:
i
A vector, which has zero length is called abnull vector . One calls vectors u for which
j Gju'u < Otime like, vectorsuwith ; gju'u’ < 0space like.
Examples. 1) Take example 2) from above. The vectorson the light cone

fuj” jgGwi= ] PO+ W2+ (@2 + (W) = Og

are the null vectors.

2) In a Lorentzian manifold (M ;g) with [g] = Diag( 1;1;1;1), the vector (1;0;0; 0) is time
like and for example (0; 1; 0; 0) is spacelike. Particles with spacelike velocity vectors have
velocity smaller than the speedof light, particles with time like velocity vectorshave velocity
larger than the speedof light (tachions).

De nition. The angle betweentwo non-null vectorsu;v is de ned as

P p_____
co{ ) = g(u;v)=( g(u;u) g(v;v)) :

De nition. Let :[a;b]! M be a curve on the Riemannian manifold M. The length of
the curve is de ned by
Zy

i jgC (D ()A);D (1 )jd

a
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Notethat D ( )isalinearmapfromR to R" andthat D (t)(1) isavectorinR" T (M.

Question. Doesevery manifold allow to be a Riemannian manifold (g positive de nite) or a
pseudoRiemannian manifold of a given signature?

Prop osition 3.3.2 Given a manifold M. Then there exists a Riemannian metric g on M .

Proof. We have to show that there exists a tensor eld g 2 TY(M) which is symmetric,
non-degenerateand positive de nite.

Let fU;; g be an atlas for M and let g; be a partition of unity subordinate to the cover
Ui. Let g be a Riemannian metric on R". For exanl‘zple [ = Diag(1;1;1:::;1). Let
G = ;qbethe pull back metrics on U;. Dene g(x) = ; g(X)q (X). F‘,Fhis is smooth and
positive de nite becausefor x 2 M andu 2 TxM, wehaveg(x)(u;u) = ; gig(u;u)> 0.2

Remark. It is not always possibleto build on a given manifold a metric of a given signature.
For example,on the sphereM = S?, there exists no Lorentzian metric, a metric of signature
( 1;1) becausewe could otherwise nd a vector eld on the sphere, which is nowhere
vanishing. But this doesnot exist.

3.4 Theorem of Stokes for Riemannian manifolds

De nition. Assume(M;g) is an oriented Riemannian manifold with volume form ! . The
pointwise Hodge operation : K(T,M)! " ¥(TyM) denesamap KM)! " k(M)
called the Ho dge star operation on ( M).

De nition. Let M be an oriented Riemannian manifold with volume form ! . For a contin-
uousfunction f on M with compzactsupptz)rt, de n%

f = f = fl
Y M Y

Notation. Let M be a Riemannian manifold. The metric g de nes an isomorphism from
TxM to T, M. A common"musical" notion for this isomorphismis

[CTM ! T M; 1T M TM

which comesfrom the fact that [ is index raising and] is index lowering .

Recall. Givenavector eld v2 ( TM). De ne the function
div(v)= d vl:

Theorem 3.4.1 (Stok es for Riemannian manifolds) Givenv 2 (TM)
of compact support and let D be a regular domainin M and n the outer normal
vector eld on the boundary D. Then

Z Z

div(v) = g(v;n) :
D D
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Proof. Using Stokestheorem, we get by de nition of the integral and Stokestheorem for
oriented manifolds that
z z z z
div(v) = d vi= d V= v
D D D D

which reducesthe claim to the identity
Z Y4

vl = g(v;n) :
D D

Chooseat a point in D a chart sothat n(x) = e; is the outer unit normal vector. Let

partition of unity, we can assumethat v hasits support i@,a chart U which is contained in
asimplex , sud that ; is mappedinto D. With vl = i vie', wherev; = g; V', we get

X
vbo = Vi g n €8 1A @A A gl
N,
gi ( Divietrin@nng

D
by the de nition of the integration on D also ) det(D 1)vi = ) det(D 1)011Vo:n - 2

.....

R R
so that vl = ) det(D 1)011V2:::n. On tf}g other hand, sin&eg(v; n) = vi, we obtain

3.5 Interior product and Lie deriv ativ e

De nition. Let M beamanifold and X 2 ( TM) avector eld onM. For 2 **1(M) de-
ne the interior pro duct (alsocalledinterior multiplication or contraction ) is de ned
as

Reminder. Note that if ' are 1- forms, then

LA (X Xy) = det( (X))

Lemma 3.5.1 (Prop erties of the interior product) The interior product
is an anti-derivation of degree 1.

Proof. Wehaveto showvthat ix ( » )= (ix ) +( 1)X ~(ix ) if the degreeof isk.
The linearity is clear aswell asthe degree 1 property.

For proving the anti-derivation property, it is enoughto show it for ;  which are decom-
posableas = e'” :::” € and soto verify

ix(er:d)y= (1)Tretr iy (@)rin el
i=1
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and on the right hand sidewith X; = X.

X S X
(1D ()TEXDErX @) X w (1) eMX @) X w:
i1 2S(k 1) 25(k)

De nition. A curve (x) de ned on an interval [a;b] is calledan integral curv e of a vector
eld X, if & ((x) = X( (X))

Every di erentiable vector eld de nes locally a set of di eomorphism :U! (U) de-
ned for t 2 [a;b] on the manifold.

De nition. Let X 2 ( TM) beavector eld andlet 2 (M) beak-form. Denoteby
the ow de ned by the vector eld X. De ne the new k-form

Lx (9= 2C0 00 ()=t

It is called the Lie deriv ativ e of with respect to the vector eld X.
De nition. Let X;Y bevector elds on M. De ne the vector eld [X;Y]calledLie bracket

as
XYL (F) = Xy(YE) Yy (XT):

Theorem 3.5.2 The Lie derivative has the following properties:
(i) Lxf =X(@)forf2 (M)=THM)

(i) Lx(Y) Ly(X)=[X;Y]for X 2 (TM)

(i) Lx is a derivation on ( M) which commuteswith d.

(iv) The Cartan formula Lx = ix d+ d ix holds.

3.6 Connections

De nition. A curve; :1! M;t7! . iscalledanintegral curve of avector eld X, if
& 1) = X ( (x).
Every di erentiable vector eld de nes soa set of di eomorphism :U! ((U)onM, if

jtj is small enough. This set of di eomorphisms is alsocalleda o w.

De nition. Let X 2 ( TM) be a vector eld. Denoteby : the ow de ned by the vector
eld X. Givenan other vector eld Y,dene Lx Y(x) = %Y( t(X))t=0 . It is calledthe Lie
deriv ativ e of Y with respect to the vector eld X.

De nition. Let X;Y bevector elds on M. De ne the vector eld [X;Y]calledLie bracket
as

X:Y]=LxY LyX:
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, P . P .
Remark. Writg @ = @@'. In local coordinates, X = X'@Y = ;Y'@ we have
Z=[X;Y]= ;Z'@with
Z'= X' @y' Yi@x':
j=1 j=1

De nition. A connection onamanifold M isabilinear mapr : (TM) (TM)! (TM)
which satis es
Fex(Y)=Ffrx(Y)rxEY)=(XH)Y +fr x(Y)

for all f 2 C! (M) and which has vanishing torsion
TX;Y)=rxY ryX [X;Y]=0:
P . .
Example. The canonical connectionon Euclidean spaceisr x Y = DY (X) = j X @Y'.

De nition. A connection on a pseudo Riemannian manifold (M ;g) is called compatible
with the metric if for all vector elds X;Y;Z, the identity

Xo(Y;Z)=9(r xY;Z)+ g(Y;r xZ)

holds. (This de nition is motivated by the Leibniz rule.)

Theorem 3.6.1 (Fundamen tal theorem of Riemannian geometry)
On every pseudoRiemannian manifold (M ; g), there existsa unique connection
r which is compatible with the metric.

Proof. Becauser is compatible with the metric, we obtain the three identities

Xo(Y;Z) = o(r xY;Z)+9(Y;r xZ);
YO(Z;X) = g(r vZ;X)+ 9(Z;r yX);
Zg(X;Y) = g(r zX;Y)+g(X;r xY):

Adding the rst two equalities and subtracting the third one and using that r is torsion
free, this gives

29(r xY;Z2) = Xo(Y;Z)+YQ(Z;X) Zg(X;Y)
+ gX;YLZ) o(lX;ZLY) o(Y.Z]; X)

which shows uniqueness.The right hand sideis linear and is for xed X;Y atensorin Z. It
satis es especially g(r x Y;fZ)=f(r v;Z) forall f 2 C! (M). The formula for g(r x Y;Z)
denesr x.

@) rex(Y)="frx(Y).

It is enoughto show g(r +x (Y);Z) = g(fr x (Y);Z) for all vector elds Z. This is veri ed
by putting in the formula in the box.

(i) rx(fY)=(Xf)Y +fr x(Y).
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Also here, it is enoughto show g(r x (f Y);Z) = g((Xf)Y;Z)+ g(fr x (Y);Z) for all vector
elds Z which is veri ed by inserting the formula in the box.
(i) rxY ryX [X;Y]=

Dito.
(V) Xg(Y;Z)=9(r xY;Z)+ g(Y;r x Z).
Substitute the formula on the right hand side of 3.1. 2

De nition. The unique connection compatible with the PseudoRiemannian metric is called
the Levi-Civita connection or canonical connection .

De nition. |5 a local coordinate system, take X; = @, g; = g(Xi;X;), and [g" ] = [g; ] *,
sothat g= i i dx' dxi. Usethe short hand notation r ; for r x,, dene

X
k= d'9r;@@;
|
the Christo el symbols of the connection. Alternativ ely, the Christo el symbols can be
de ned by the relation X
ri@= h@:
k

It is an exercisein Homework, to seethat thesetwo de nitions are equivalent.
Remark. Becausethe vector elds @, commute, we have ;k = L]-.

Remarks.

1) The equality r 1xY = fr xY for f 2 C! (M) implies that for a given Y, r x (Y)(X)
dependsonly on X (x). The connectioncan therefore by viewed as a family of bilinear maps
from TyM (TM)! T4M indexedby x 2 M. However, r x Y (x) dependsnot only on
Y (x) but alsoonits rst derivative and is so not a tensor (seelater).

Prop osition 3.6.2 (The canonical connection in locg coordinates)
P a) In a local coordinate system, we have with X = Xl @andyY =

Y@,
0 1
X X i X
rxY= @ xjg,l+ ixiykA _@
X @ ik i
i j ik
b) X
2 v=  d(@Qu+ @y @y :

Proof. a) Becauser is bilinear in X;Y, we can assumeX = X/ j;Y = Y' ;. From the
two properties in the de nition of a connection, we get

rxY = 1y (Yi)=Xr (Y')
= xXJ;vhy +XJYr ()

= Xj,-Y'i+XJY' Kok
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= XI=— i+ EJ‘Xi Yo
k

. . o P . P . . . .
By taking linear combinations X = X! j;Y =, Y'@ (or switching on the Einstein
convertion), we get from this the formula we have to prove.

b) The boxed formula in the last proof together with the de nition of the Christo el symbols
givestogether with [@; @] = O for all i; j

2 imi=29re@ @ = Qu + @y @g« :

: P .
The formula for }k = Ig" jki follows from that. 2
Examples.
1) Let M = R" be equipped with a at metric [g; ] = Diag(cy;:::;¢cy). From the formula
for }j in local coordinates, we seethat }j = O because jga = «gj = Gk = 0. This is

alsotrue, if g is constan.

2) Let M = f(x;y) 2 R2jy > 0 g be the upper half plane and [g; ] = Diag(1=y?; 1=y?).
This Riemannian manifold is the Lobac hevsky plane.

We compute
L=l = on= = 1Ay

All other coe cien ts are vanishing.

One of the main reasonsfor de ning connectionsis the notion of parallelism and the fun-
damertal conceptsof geadesicsand curvature to which we comein the following sections.

3.7 Covariant deriv ativ e

A connection de nes a a derivative on tensorswhich hasthe property that it mapstensors
into tensorsand replacesthe partial derivative (which doesnot map tensorsinto tensorsin
general).

De nition. Let X be a vector eld on a manifold M with connectionr . The linear map
r x on ( TM) de nes a linear map on the spaceof tensor elds ( TY(M)) (= dierential
1-forms = covector elds) by

Fxt(Y) = Xt(Y) t(rxY):

Having de ned the connection on 1-forms, we cande ne r x on tensorst 2 Té’(M) by
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Remark. .
Ift2 (TP(M)) ands2 ( Th(M)), then

r<(t s)y=(xt) s+ rxs):

(seethe exercisein Homework 8).

Example.
If M is equipped with a Riemannian metric g2 ( T9(M)) andr is compatible with g, then
r x g = Obecausehis equationis exactly paraphrasingthat r is compatible with the metric:

rx 9(X1;X2) = Xg(X1;X2)  9(r x X1;X2)  g(X1;r x X2) = 0:
De nition. The covarian t deriv ativ e isthe linear map from ( T{M) to ( Té’ﬂ M) de ned
by

Remark. A connection de nes a di erentiation on the spaceof all tensors similar as the
exterior derivative d did it on skew-symmetric tensors. The naive partial di eren tiation
would not lead to a tensorin general. Covariant di eren tiation is the right modi cation.

Notation. If the coordinates of t are t!* f: we write

giide, = Dgtltiile

i1;ige g

for the coordinates of D gt.
Examples.

1) The covariant derivative of a function f is f.; = % and is so identical to the partial
derivative.

P .
2) We have seenin a Proposition of the last section, that if Y = Y!@ is a vector eld,
then

._@{j X .
Y= =——+ LYk
k

If {(i = 0, then this is partial di erentiation with respect to the i'th coordinate.
P K i i 0
Ift=" | tdxkisin ( TY(M)), then

_ @ i. .
t;i = @ kil

Proof. By the de nition at the beginning of this section,

@) = B
r It(@) - @|
@x

X )
@ (@)

t(r i @)

ti:i
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@ X
@

J

tj:

P .
aHift=" |, tgdx* dx'isin ( TP)(M), then

i = @ it _ AU

And it is clear, how this will be generalizedto generaltensors (seethe exercise). For every
upper index, there will be a correction term with positive sign and for every lower index
there will be a correction term with negative sign.

3.8 Parallel transp ort

De nition. A vector eld V is parallel transp orted alonga vector eld X,ifr xV = 0.
De nition. A vector eld along acurvec:|I ! M isasmooth curve X : 1! TM in
the tangent bundle of M sudch that X (x) 2 TxM . For example,the velocity eld Dc(t) is
such a vector eld.

De nition. The covariant derivative along a curve is a map on the spaceof all vector elds
along the curve c de ned in a neighborhood U of x = ¢(t) by

reX =ryvX;

where X is a vector eld on U which is X when restricted to c(I)\ U and whereY is a
vector eld on U which is Dc when restricted to c(l)\ U.

Notation. We write X (t) for a vector eld on the curve c instead of X (c(t)).
Remark. From the properties of the connection, we have
d
Fe(fY)(M) = (G (@)Y ®)+ T Y (D) :

De nition. A vector eld X alonga curve c is called parallel , if r (X = 0.

Prop osition 3.8.1 (P arallel transp ort) Given acurvec : I ! M and
givena vector v 2 TyM where x = c(tg). There exists a unique parallel vector
eld X alongc suchthat X (tp) = v.

Proof. By splitting the interval | in small pieces,we can assumethat c(l) is contained in a
single chart of M. In orderto nd the parallel vector eld X (c(t)) = v(t) on the curve, one
hasto solve the equation

d x X K i j
reXx=0= av (t) + ) j Vi(t)DC (1) :
]
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This is a di erential equation of the form v = F¢(v) in R" with smooth function F; : R" !
R" and has a solution for small t. 2

De nition. The parallel transport from c(0) to c(t) alonga curve cin a Riemannian manifold
(M;9) is de ned asthe map

V(O) 2 TC(O) M 7! V(t) 2 Tc(t)M

by constructing a parallel vector eld v(t) on c(t).

Prop osition 3.8.2 The parallel transport de nes an isometry from T M to
Tery(M). That is, if v(0);w(0) 2 T M are given, then g(c(t))(v(t); w(t)) =
0(c(0))(v(0); w(0)) and especially, anglesbetween two vectors are preservel.

Proof. For any two vector elds X;Y on the curve

SO0K Y () = olr X (0 Y (D) + X (31 Y (1)

The right hand side vanishesif X (t); Y (t) are parallel transported vector elds on c because
thenr ;X = 0andr .Y = 0. 2

Remark. Parallel transport from one point x to an other point y in the manifold depends
in generalon the path from x to y.

3.9 Geodesics

De nition. A curve c is called a geodesic, if its velocity vector eld Dc on c is parallel.

Remark. The length of D¢(t) is constart becausethis is a property of parallel transport of
any vector eld.

Prop osition 3.9.1 Let c(t) be a geodesicin the Riemannian manifold (M g).

In local coordinates, if c(t) = (ci(t);:::;c"(t)), then
;X [ j (1)K
gzt jk(e(t)c ()i (t) = 0:
ik
Proof. This is the formula of the parallel transport of the vector v(t) = c(t). 2

Corollary 3.9.2 (Lo cal existence of geodesics) Given apoint x 2 M and
v 2 TyM, there existsan interval | = [ ; ]anda gexdesicc:1 ! M, which
satis es Dc(0) = v and c(0) = x.
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Proof. Also this result follows from the existenceresult of solutions of ordinary di eren tial
equations. The di erential equation

. X .
€= H(c()d (De(t)
jik

is of the form d=dt(c;d) = d(F(c;d) which can be rewritten as %z(t) = G(z) using
z = (t; c;d). 2

The explicit solutions of the di erential equationsgiving the geadesicscan in generalnot be
found. Evenon a sphere,the ow can be chaotic and comearbitrarily closeto any point in
the sphere. Nevertheless,there are exampleslike the Lobachevsky plane, the sphereor the
plane, where the geadesicsare known.

Examples.
1) Onthe at plane(M;g), where[g]; = Diag(1;1), the geadesic ow is easyto nd because
k((x;y)) = Ofor all x 2 M. The dierential equationsare therefore

x=0;y=0:
That is the geadesicsare the straight lines.

2) On the Lobachevsky plane, with metric [g]; = Diag(1=y?; 1=y?), we have already com-
puted the Christo el symbols. This givesthe di erential equations

y
X22
y:(_ y9) .
y

One can show that the solutions of these di erential equations are circles through (Xx;y)
which havein (x; y) the tangent direction (x;y) and which hit the line y = 0in aright angle.

3) On the sphere,you compute the Christo el symbols in the homework. It is already in
this simple situation corveniert to make such computations with the computer.

De nition. A Riemannian manifold, for which a geadesiccan be de ned for all timest 2 R
is called geodesically complete .

Remark. Not every manifold is complete. Take from any manifold a point away, then the
new manifold is not complete becausethere exists a geadesic moving into the point which
has beentaken away.

De nition. Assume (M ;g) is a geadesically complete manifold. De ne the exp onential
map from TM to M by (x;v) 7! c(1), where c is a geaesic satisfying ¢(0) = x and
Dc(0) = v.

Remark. The reasonfor this name is that for SO(3), the tangent spaceat zerois a space
so(3) of skew symmetric matrices and that exp(0;v) = €' = 1+ v+ v2=2l+ v3=3l+ ::: is
the usual exponertial map.
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Theorem 3.9.3 (Hopf-Rino w) Let (M;g) be a connected Riemannian man-
ifold. Then M is a complete metric space if and only if M is geodesially
complete. Then, every two points X;y 2 M can be connected by geodesic. This
path minimizes the length between all paths from x to y.

The proof is quite lengthy and we skip it here. Note that the assumption was that the
manifold is Riemannian and not only PseudoRiemannian.

3.10 Two dimensional hyperbolic geometry

We considerin this sectionan example of geadesicsin the Lobachevsky plane (M ; g), where
M is the upper half plane.

De nition. SL(2;R) is the set of real 2 2 matrices A = g with determinant

det(A) = ad bc= 1.

a
Cc

De nition. Use complex coordinates z = x + iy, every elemert A 2 SL(2;R) denes a
smooth map on M by the M ®*obius transformation

az+ b

7 —
z cz+d

Sudh a map on C leavesthe real line invariant and maps the upper half plane into itself.

In complex coordinates, every elemen in T;M is also given by a complex number and we
have g(z)(u; v) = uv=lm(z)?, whereV is the complex conjugate of v.

Deniton. A map : M ! M of a Riemannian manifold M is called a isometry , if
g9=g

Lemma 3.10.1 A Mebiustransformation :M ! M givenby A 2 SL(2;R)
is an isometry.

a(cz+d) c(az+b) _ 1
(cz+d)2 -

Proof. We compute DA(z) = =(cz+ d)2. and so

‘v) = . — 1 o 4.
(2)g(u; v) = g(Az)(DAu; DAv) = TmAZ) m(Az)uv(CZ+ d *:
Using Im(Az) = % we have

(2)9(u;v) = Im(z)=(cz+ d)? = g(z)(u; V)

proving that is an isometry. 2
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The length of acurve :1 =[0;1]! M;t 7! x(t) + iy (t) is given by
- e
0 yity
Corollary 3.10.2 If :1 ! M is a curve, then the length of is the same

asthe lengthof ().

Lemma 3.10.3 Amoung all curves connecting two points x + ia and x;b,
with b> a, the straight vertical line (t) = x+ ia+ t(b a) hasminimal length
amongall curves connecting thesetwo points.

Proof.
2P emrem 2t
= —_— = =~ dt = log(b
LO= T oy 9= 1090

On the other hand, with o(t) = x + ia + t(b a) we compute

L( o) = log(b) log(a) :

log(a) :

Corollary 3.10.4 Given two points in M . The half circle throughz;; z, which
is orthogonal to the x axis is the geodesic passingthrough zs; z,.

Proof. Let be the Mebius transformation, which maps z; and z, into a point with same
real part. BecauseMobius transformations presene anglesand circles and lines are special
circles, the inverseimage of the line through (z1); (z2) is a circle which hits the real axis
in an right angle. Since is an isometry, this circle is the shortest path betweenthesetwo
points. 2

3.11 Riemannian Curv ature

De nition. The combination R(X;Y)=r1 xry ryrx I x.]iscalledthe curvature
of the connection. It de nes the Riemann curv ature tensor

K(X;Y;Z;W) = g(R(X;Y)Z; W) :

Recall. If afunctiont: (T M) (TM)3! R is atensor eld, then the value of

De nition. A function t : (T M)® (TM)4! R is C! (M)- multi-inear if for all
f2Cct ),

=
.P
<
>
>
e,
%
o
1 |
23
Bl
Ik
< .-
T
x
'_“: <
- .C
X
X
<
x
%
e}
>
w
=
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Prop osition 3.11.1 (Con venient criterion for tensoralit y) A map t
(T M) (TM)¥! R isatensor eld if and only if it is Ct (M )-multi-
linear.

Proof. If tis C' (M)-multi linear, then t(Y*;:::;YP;X1;:::;Xq)(x) depends only on
Xi(x); Y'(x) becausewe can choosein formula 3.1 functions f with support in an arbitrary
small neighborhood of a point x 2 M. That is

Examples.
a) The map (X;Y;Z) 7! g(r x Y;Z) is not atensor. It is C! -linear in X and Z but not in
Y, becauseby a de ning property of the connection

ar xfY;Z)=9g(fr xY;Z)+ (X:f)g(Y;2)

for all vector elds X;W.
b) The map X;Y 7! g(X;Y) is by de nition a tensor. That is g(f X;Y) = g(X;fY) =

fo(X;Y).
c) The map X;Y;Z 7! g([X;Y];Z) is not a tensor, becausein general
alX;tYLZ) = glbxfY LiyX;Z)=X:Ag(Y;Z)+fglxY;Z) fg(lyX;Z)

6 fo(LxY;Z) fo(LyX;Z)="fo(X;Y]Z):

As the name suggests:

Lemma 3.11.2 The Riemann curvature tensor K is a tensor.

Proof. We have to show that
FKX;Y;Z,W)=K(EX;Y;Z,W)= K(X;fY;Z,W)= K(OX;Y;FZ,W) = K(X;Y;Z,FW) ¢

a) The equality f K (X;Y;Z;W) = K(X;Y;Z;fW) is true becauseg(X;f W) = f g(X; W).
b)

K({fX;Y;Z,W)

glr exr vyZ;W) g(r vr¢xZ; W) o(r x.v1Z; W)
= ofrxrvyZ;W) g(r vfr xZ;W)  o(r six;vy (vir)x Z; W)
= o(frxr vZ;W) g((Y:f)r xZ;W) fg(rvr xZ;W)
frpcyiZ, W)+ (Yif)g(r x Z; W)
= f(rxryzZ,W) fg(rvyrxzZ,W) fo(r xv;Z;W)
= fK(X;Y;Z;W):
¢) The proof of K (X;fY;Z;W) = fK(X;Y;Z;W) is the sameasin b).
d) WehaveK (X;Y;fZ;W) = fK(X;Y;Z;W)+ X:Y:f  YV:X:f [X;Y]f = FK(X;Y;Z;W)
sinceX:f = Lxf and[X;Y]wasdened asLxLy LyLyx. 2
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In order to expressK in local coordinates, take X; = = x' and de ne
Rij ki = K (Xi; Xj; Xk X))

(It is custom to take herethe letter R and not K).
In the following theorem, we needthe identit y

Lemma 3.11.3 (The Jacobi identit y)

DGIYZIT+ Y [Z X0+ [Z5 X YD

Proof. By de nition, we have

Lix;vj=LxLy Lylx

sothat
Lix;ivizn = Lxlpzy Lvizibx
= LxLvyLz LxlLzLy LyLzLx +LzLyLx
Livizxy = LvyLlzx) Lzxily
= LylLzLx LvLxlLz LzLxLy +LxlLzLy
Lizixyn = Lzlxyr Lxiyilz
= LzLxly LzLyLx LxLyLz+LyLxLz:
Adding up the right hand sidesgiveszero. 2

De nition. A vector spaceX with a bilinear multiplication X X ! X;a;b 7! [a;b] is
calledaLie algebra if [a;b= [b;a]forall a;b2 X and [a;[b;c]]+ [b;[c;a]] + [c;[a; k] = O.
Examples.

1) We have just seen,that the space ( TM) of all vector elds on a manifolds M is a Lie
algebraif [X;Y]=LxLy LyLx isthe commutator.

2) The vector spaceM (n;R) of all n n matrices is a Lie algebra with multiplication
[a;b] 7! ab ba

Remark. Lie algebrasare important in subjects like particle physics, the theory of Lie
groups or in dynamical systems.

Theorem 3.11.4 (First Bianc hi identit y and other symmetries of K.)
a) R(X;Y)Z + R(Y;Z)X + R(Z;X)Y = 0 (Bianchi identity)

b) K(X;Y;Z;W)= K(Y;X;Z;W), K(X;Y;W;Z2)= K(X;Y;Z;W).

c) K(X;Y;Z;,W) = K(Z;W; X;Y).
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Proof. a) Adding the three lines

R(X’Y)Z = r.XrYZ ryr )(Z r[x;Y]Z
R(Y,Z)X = ryrzX rzryvX r[Y;Z]X
R(Z'X)Y = rzr XY rxr ZY r [Z:X ]Y

giveson the right hand side
Frx(ryZ rzY)+ry(rzX rxZ)+rz(rxY ryX) rixyiZ iz X rzxY:
This is, becausethe connectionis torsion free,
Fx 21+ 1 v [Z;X]+ 1 z2DX5Y] rxviZ ryviziX 1 ozx Y
and again becausethe connectionis torsion free
XSIY; 2T+ Y [Z XD+ [Z5 X5 YD
The Jacobi identit y assuresthat this is vanishing.

b) The rst identity is clear from the de nition of R. From the compatibilit y of the connec-
tion with the metric, we get

g(r xr vyZ;W) = Xg(r vZ;W) g(r vyZ;r x W)
= XYg(Z;W) Xg(Z;r yW)

Yo(Z;r x W)+ g(Z;r yr x W) ;

o(r yr xZ;W) = Yg(r xZ;W) g(r xZ;r yW)

= YXO(Z;W) Yg(Z;r xW)
XY(Zir yW)+9(Z;r xr yW);

g(r x;v1Z:W) = (XY YX)IZ;W) g(Z;r x;y W) :
We seethat g(R(X;Y)Z;W) = g(Z;R(X;Y)W) which establishesthe secondidentit y.

c) Take X; sothat Rijx =K (Xi;Xj s Xk X))

Rikk = Rjki  Rxji (a)
Rjki + Riij (b
= Rwji Riyjki Rik; Rwi (a)
= Ruj + Rjk + Rijk + Raij (D)
= 2Rwj Rjik (a)
= 2Ruj Rju (b

which givesRij Kkl = Rk”j . 2

De nition. If P is atwo dimensionalplanein TyM and v;w are a basisin P, the expression

K (X)(v; w; v;w)

K(v;w) = VL A WEEA WD)
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is called the sectional curv ature at x in the plane P. (It can be interpreted as half the
scalar curvature of the surface obtained by taking all geadesicsstarting at x in directions
of the plane P. The value of K (v;w) is independert of the basis. If at every point, the
sectional curvature is constart, then the manifold is has constan t curv ature .

Remark. If v;w is an orthonormal basisin the planeP  T4M, then
K (v;w) = K(v;w;v;w)=(g(v;v)g(w;w)) = K (v;w;v;w) :

In the Riemannian case,when g is positive de nite, then g(v;v) = g(w;w) = 1 if v;w
are orthonormal in P sothat then the sectional curvature is given from the Riemannian
curvature by K (v;w) = K (v; w;v;w.

We will introducein the next sectionthe scalarcurvg_,ture S(x) at a point x. It is a number
and related to the sectional curvature by S(x) = i8] K(e;g), wheree;;:::;e, is an
orthonormal basisat x.

3.12 Ricci tensor and scalar curv ature

Let us rst compute the Riemann curvature tensor in coordinates using X; = = x'.

De ne Ri;mnj = R(Xk; Xm;Xn;Xj), sothat
X X
R(Xk; Xm)Xn = R’kmnX,- = R!

nkm:
j j

(The secondexpressionis often usedalsoand is the samelike the middle expressionbecause
of the symmetry of R).

Lemma 3.12.1 (Riemann curv ature in coordinates)

i i i X j i X i i
kan = @1 kn @ km T kn jm km jn:

Proof. This is a straightforward calculation usingr x, Xk = j jmk Xj and [Xy; X(]= 0.

To make the proof more transparert, let , be the matrix with entries [ ]l = 1, . Like
this, the connection can be written more comfortably asr , = @ + . For any m;n, let
Rmn be the symmetric matrix with ertries R,,. The above equation is now the matrix
equality

Rmm=@ n @ m+ mn m n-

But the left hand side was de ned as

[r mirnl

@+ mi@+ nl

= @ n @nt nom m n -

(Note that in a product of two matrices, the matrix, with which onemultiplies rst is stand-
ing to the right). 2

Fmfn alflm
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De nition. Let (M;g) be a Riemannian manifold. The Ricci tensor in T(M) isin local
coordinates de ned as N
Riccik = Ry :

j
Note. There are di erent sign combinations which appearing in the literature for the cur-
vature and the Ricci tensor! For the scalar curvature, there is no disagreemet The sphere
should have scalar curvature +1.

Pe nition. If A:TM ! ;TM isalinear map, then the trace of A is de ned astrace(A(x)) =

i Al(X), whereAg; = j Al g for abasise in TyM . This trace is independert of the basis
becausethe trace of a matrix is basisindependen (it is a coe cien t of the characteristic
polynomial which hasthis property).

Remark. The Ricci tensorRicci(X; Y)(x) canin acoordinate-freeway be de ned asthe trace
ofthe mapv 7! R(X(X);V)Y(x), whereR=r1 xrvy rvyrx oI xyp (TM)!I (TM)
was de ned at the beginning of the last section.

Prop osition 3.12.2 The Ricci tensor is a symmetric tensor eld in
(T2(M)).

Proof. The trace of a tensor eld is again a tensor eld. The symmetry follows from the
symmetry of the Riemannian tensor: use Bianchi's rst identity and the anti-symmetry of
Rijk = Rjii to obtain

X .
RiCCiik = R{jk
'x S
= ‘ Rii ‘ Ruyij
ix | j
= 0 - Rkij
x ! o
= RLji = RiccCiy; :

De nition.
The scalar curv ature Scal(x) of M at a point x is de ned asthe trace of the Ricci tensor:

X . X
Scalx) = Riccii (x) = g’ Riccijj ;:
i i5j
Note. In sometextb ooks, the de nition of Ricci is multiplied with a factor 1=(n 1) and
the de nition of Scalis multiplied with a factor 1=n(n  1).

Reminder. Given two vectors v;w in the tangent space TxM, the sectional curvature
K (x)(v;w) was de ned as

R(v;w; Vv; w)

K O)(viw) = oV A Wi g(vI A wh)
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where g denotesalso the metric lifted to 2(M). If e;;:::;&, is an orthonormal basisin
TxM, then this simplies to

K(x)(e:g) = R(e;g;e:g)=(cq)
wherec = g; 2 f 1,1g.

Remarks.

1) If the metric is positive de nite (Riemannian case)and f e g is an orthonormal basis at

T«M, then X

Scal) =  R(e;g;e;q);
i5j

P o "
becauseScal(x) = ij 0'd'R(e;g;e;g) and g" = 1 for a positive de nite metric.

2) If the manifold (M ; g) hasconstart sectional curvature K, positive de nite g and dimen-
sion n, we have
Ricci= (n 1)Kg;Scal= n(n 1)K :
Proof. By de nition of the sectional curvature, we have using an orthonormal basis e, at
TxM
Kcig = R(e;g;e5g):
Summing over i gives,sinceR(e; ;g ;g ;6) =0
X . .
K( c)gj = Riccij :
i6j
The left hand sideis K (n 1)g;; if the metric g is positive de nite. Taking again the trace
gives X X
K(n 1) g;d'= Ricci = Scal:
i i
That is
K(n 1)n= Scal:
3) If g is multiplied with a factor 2 R, that isif g°= g, then the Riemann curvature
tensors of g and g° are related by

R°= R
and so
Ricci® = Ricci
Scaf = 1Scal:

Example. Considerthe sphereagain. Using the notation at the beginning of this section,
we compute

_ 0 0
- 0 cot()
_ 0 cot( )

2 - cof )sin() O
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SinceR11 = Ri2 = 0, we have only to determine the matrix Ri2 = Ry andit is

Rey = 0 cot( )?
12 = COi ) 2 0
We get
T 1 0 .
[RlCClii ] - 0 sin( )2 = [glj ]
and so

i 10
] 1 —
[Riccij] = 01

P .
andR = Ricci; = 2.

3.13 The second Bianc hi identit y

There exists an other identit y for the curvature, which is very useful for examplein general
relativit y:

Prop osition 3.13.1 (Second Bianc hi identit y)

rx R(Y;Z; VW) + 1 yR(Z; X; VW) + 1 zR(X;Y; V;W) = 0:

Proof. We prove the identity in operator form, that is
r«R(Y;Z)+r vR(Z;X)+r zR(X;Y)=0:
From the de nition of the covariant derivative, we have
rxR(Y;Z)=1[r x;R(Y;Z)] R(rxY;Z) R(Y;rx2):
Plug in the de nition of R(Y;Z) = [r v;r z] r vz}, to get

r x R(Y;Z2)

[rx:;lrvsrzll [rxsrpvzil R(rxY;Z) R(Y;r xZ)
[rz;[r vir zI+ ROGIY;ZD) roxvizy R(rxY;Z)  R(Y;r xZ):

(In the last step, we used[r x ;r rv;z;]] = ROX;[Y;Z]) 1 x;pv;izy = 0.) When summing up
three such terms obtained by cyclic permutation of X;Y; Z, the termsinvolving r disappear
becauseof the Jacobiidentity. Using that r istorsion free:r x Y r yX = [X;Y], we see
that alsothe terms involving R disappear. 2

Remark. In coordinates, the secondBianchi identity is
[ [ | -0-
Rijkcm ¥ Rjmk:i + Rmik;j = 0
If we write the Riemann tensor in matrix form [Rj ]} = R{j «» then this can be rewritten as

Rij:m + Rjm:i + Rmi;j; = 0:
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In order to give a more intuitiv e notion of the Bianchi identity, we intro duce now normal
coordinates.

Appendix. Natural coordinates near a point x 2 M can often simplify the computations
and proofs. These coordinates are called normal coordinates or geodesic coordinates
or Riemannian coordinates .

Prop osition 3.13.2 (Existence of normal coordinates) Let (M;g) be a
pseudoRiemannian manifold and x 2 M. There exists a coordinate system

Proof. Take a coordinate system, such that x = 0. De ne in a neighborhood of x the map
1
(X)) =x+ 5r xX ;

or in coordinates X

(x)' = x' + I (O)xI Xk

NI =

ik
We compute X
(D (u)' = u'+ j(0)xul
ik
and especially D (O)u = u. Furthermore,
X .
(D? (x)(u;v))' = [ OuUkU
jik

sothat (D? (O))}k = J!k(O). Becausein the coordinates (x), the Christo el symbols are

0

| X | k° j | X 2 1° j k
J'OkO: jkD kD :oD 10 D ]kD }oD kO

jiksl ik
and D { = f at the point x = 0, we have
° _ Q.
joko = 0:
(The formula for the transformation of ﬁge Christo el symbols follows from the axioms of
the connectionin coordinatesr x, X; = {}Xk:
X X X
r P,A!OXi AiOXJ = E(O(}O AEOXk:
i i J KO K
The left hand sideis X

X " X
:0 A:O IJ Xk+ A:OA:OIX]
i jik isjik

WhereA} o = @A}o, so that
Kk° X i Al AK® K X k Kk
inO: AiOAjOAk I AjOiOAk .

ij
ik k
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Using X X
0= @( ASA) = (AlgAl + AKAKD) ;
k k
we have o X o X o o o
A] OioAk = A] OAkiO = A" A: Ai .
k k i
This givesthe identit y
X X o
o= ALALAK & AKAIAL
ik j

we have usedabove.) 2

Remark. One of the main advantages of these normal coordinates is, that at a given point,
the covariant derivative becomesthe usual partial derivative.

We give now a more intuitiv e view ("pro of") of the secondBianchi identit y which alsoshows,
why physicists consider general relativit y as a gauge eld theory: considera little cube in
the manifold M . The cube is attached at x 2 M and hasthe sides x¥; x' and x™ located
at somepoint x 2 M. Givena vector Ul 2 T,M, a parallel transport around the xX  x!
plaguette attached to x givesa changeof the vector U by an amourt

U'= R Al x* x':
The sum of the parallel transports around this plaguette Py (x) and the parallel plaguette
Pa(x + xM)is
%Ai
@m
If we sum up all parallel transports around the cube, then ead parallel transport around
an edgehas beenadded twice with opposite sign. That is

Py, Ry, R _ |
@m @k @ '

Becausewe have used normal coordinates, this is the Bianchi identit y.

u' = xK x! xm

3.14 General relativit y

History. Einstein and the mathematician Grossmannrealized between 1909 and 1913that
the metric of space-timeseemdgo depend on the amournt of matter in the regionin question.
(The letter g for the metric stands for gravity).

De nition. For de ning the energy momen tum tensor of matter, one considersmatter
asa uid with velocity vector eld u= dx=d 2 ( TM), (where is the propertime) and
pressure eld p2 C! (M) and density 2 C! (M) is de ned as

T = ( +p=)u'd pd ;
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where c is the speed of light. One requires from physical consenation laws (momentum,
massand energy) that
T =
'k
Example. If the massdistribution with density and pressurep doesnot depend on time,
then

[TV]= Diag(c®; p;p;p):

History. During 1914-1915 Einstein made seeral attempts to nd the correct relationship
betweenthe metric tensor and matter. The guess

gij =T ij

did not reduceto the Newtonian limit and was therefore discarded. Einstein published a
guess
Rij =T ij

P
was rejected because |, R 6 0. In the sameyear, Einstein modi ed the equation to

Gl = Rl :—ZLRg” =TI

De nition. This equation is now called Einstein's eld equation . The left hand sideis a
symmetric tensor called the Einstein tensor .

The fact that G”J = 0 follows from the secondBianchi identity and the symmetries of the
curvature tensor: contract

Rilj km t Rj! mk;i ¥ Rinik =0

overj and| to get X

=0
Now raisei and cortract with k to get

X X :
Scaln Riccik, . Ricci; = 0
k j

which gives X
Scalm 2 Riccif ., = 0:
k

A manifold, for which the Ricci tensor is a multiple of the Riemann tensor is called a Ein-
stein manifold . A special caseis Ricci = 0, which correspond to vacuum solutions of the
Einstein equations. In a homework, you have veri ed that the Schwarzsdild manifold is an
example of such an Einstein manifold.

Remark. The Einstein eld equationscan begeenasthe equationssaying that g is a critical
point of the Hilbert action functional g 7! |, R(g) d (g) where is the natural volume
form assaiated to g and R(g) is the scalar curvature. Hilbert shaved (also in 1915) that
the condition @@ = 0O leadsto the Einstein equations.
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A nal remark. Generalrelativit y is for the mathematician a special caseof (Pseudo) Rie-
mannian geometry; in which many interesting problems needfurther researd:

Solving the Einstein equations . This problem is a problem in partial di erential equa-
tions. Given the energy momertum tensor of matter T on a manifold M, the problem is
to nd a metric g, which satis es the Einstein equations. As the above remark tells, this
is also a problem in the calculus of variations, becauseone hasto nd a critical point of a
functional. There are simple situations like a rotating binary system,whereonestill hasnot
yet found the solutions.

Conceptional problems in general relativit y. Generalrelativit y dealseither with the
problem of nding the metric g from the energymomertum tensor T or with the problem of
nding gealesiccurvesin a given Lorentzian manifold (M ;g). It is most of the time a fair
simpli cation to disregardthe in uence the gravitation of the test particle (which is moving
on the geadesics). This is similar to other classicaltheories:

in classical mechanics, whereonetreats the ewolution of a multi-particle systemlike
the solar system approximativ ely and through perturbation approacdes.

in quantum mechanics, quantum medanical multi-particle systemsare alsotreated
perturbativ ely (eventhe Helium atom can not yet beensolved completely without sim-
pli cations). Quantum mechanical many body problem lead evenunder simpli cations
to very dicult problems.

in electro magnetism , oneeither dealswith a givencurrent j and solvesthe Maxwell
equationsdF = 0;d F = j, to getthe elds F. Or onedealswith a given eld F and
nds the solution of a chargedtest particle. In the secondproblem, onedisregardsthe
eld given by the test particle.

Coming back to generalrelativit y: the problem of two massiwe bodies "t wo body problem"

is not even an issue of the theory treated so far but one can neverthelesstreat the
problem perturbativ ely. Assume,the metric g is given, then ead of the two bodies should
move on gealesicsof (M ;g). Their motion de nes an energy momertum tensor T in space-
time M which then de nes the metric g through the Einstein equations. But where do we
begin? Sincewe do not know the metric, we do not know the motion of the two bodies and
can not determine the energy momertum tensor. A physicist who dealswith this problem
either xes the orbits of the bodiesin a Newtonian approximation (maybe with corrections
due to gravitational radiation) and tries then to solve the Einstein equations G(g) = T,

where T is now given. Even this problem is unsolved (see previous problem). The full

problem is even harder and not part of the theory treated so far.

Finding special solutions of the Einstein equations with interesting top ology .
Popular are worm holes (Einstein-Rosen 1935, Wheeler 1955, Morris-Thorne 1988), com-
pact regions G in a Lorentzian manifold (M ;g), which have a topological simple boundary
(that is G is di eomorphic to a sphereS?®) but for which the interior of G hasa nontrivial
topology (that is int(G) is not simply connected). Suc solutions can have intriguing prop-
erties like the existenceof closedtime-lik e curves. Theseare called "time machines”. It was
onceconsideredby Einstein and Rosenthat elemenary particles are just special solutions of
the Einstein equationsand mathematically similar to little black holes. This is a reasonable
attempt becauseone knows "no hair theorem" that a black hole is determined by its mass,
charge and angular momen tum . This ideais neverthelessdiscardedbecauseelemerary
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particles like the neutrino behave asif they were points.

The recert new interest in worm hole (Morris-Thorne 1988) appeared becauseit became
reasonableto have worm holes,which are "tra versable", in the sensethat there are no evert
horizons. The approach was to take an interesting geometry (M ; g), compute the Einstein
tensor G and look, whether it is reasonableto have a energy momertum tensor T which
satisesthe G=T.

Geodesic o w. The geadesic ow on a given Riemannian manifold is a Hamiltonian
system which is interesting from the dynamical system point of view. It is known for a
long time already, that such a dynamical system can be "chaotic" if the curvature R(x) is
strictly negative for all points in the manifold. Mathematicians have also found that there
are metrics on other manifold like the spherefor which the o w is "chaotic".

Physics in the Planc k scale. The laws of generalrelativit y break down in the Planc k
scale similar asthe laws of classicalmedanics have in the small to be replacedby classical
quantum medanics or eld theories are replaced by quantum eld theories. The problem
is that the experimental investigation of this region is not yet possible. Mathematics helps
to dewvelop and test new ideas. The impossibility to remove ideasthrough experiments has
lead to many interesting approaches.
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Chapter 4

Exercises with solutions

41 Week 1

Mal09a, O. Knill, Septem ber 1995

Weekl
Due: Friday, Octob er 6, 1995
Topics: Manifolds, Dieomorphisms

Only the problems with a star (*) have to be done. If you have time, look also at the rest
of the problems.

1) (*) Topic: Manifolds. Shaw that the n dimensionaltorus T" = St ::: S!isamanifold.
Construct an explicit atlas. Hint; Usethat T" is a product manifold.

2) (*) Topic: Manifolds. Show that the k-dimensional sphere can not be made into a
manifold where the di erential structure is generatedby an atlas with a single chart.
Hint: Sk is compact.

3) Topic: Manifolds. Show that the setf(x;y) 2 R?j xy = ag is a manifold if and only if
a6 0. Construct an explicit atlas in the casea 6 0.

4) (*) Topic: Manifolds. A real 2n  2n matrix A is called symplectic, if ATJA = J, where
J = 01 é . (The n  n matrix 1 is the identity matrix andthe n n matrix O is
the matrix with all zeros.) Shaw that the set of symplectic2 2 matrices coincideswith

SL(2;R) and is a manifold.

5) Topic Manifolds. The Mebius strip is the opensetM = f(; t)j 2[0;2 J;t2 ( 1;1)g
in the plane, wherethe identi cation (0;t) (2 ; t);8t2 ( 1;1) is doneon the bound-
ary. Give an atlas, which makesM to a manifold.

6) (*) Topic: Dieomorphisms. Giventhe map f : R ! R? given by f (X1;X2;X3) =

(sin(x1)x3x3; x3x3). Compute Df (x) for k = 1;2;3 and state explicitly, from where to
where the map D¥f (x) goes. Write the Taylor expansionof f at 0 up to order 3.

69
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7) Topic: Di eomorphisms. Shaw that the manifold R¥ is di eomomorphic to the mani-
fold SK nfPg, where P is a point on the sphereSk. Give an explicit formula for the
di eomorphism in the casek = 1.

8) (*) Topic: Dieomorphisms. Show that a smooth bijective map needsnot to be a
di eomorphism. Hint: Give an examplef : R ! R.

9) Topic: Di eomorphisms. Let M; F be manifolds. Shaw that the projection :M F !
M; (X;y) = x is a smooth map.

10) Topic: Di eomorphisms. Let M1;M3;N1; M2 be manifolds. Show that if M is dif-
feomorphic to N; and M, is di eomorphic to N, then M1 M, is di eomorphic to
N: No.

Mal09a, O. Knill, Octob er 1995

Week1 (Solutions)

Topics: Manifolds, Dieomorphisms

1) (*) Topic: Manifolds. Each of the one-dimensionaltori S! is a manifold with the atlas
(Uz; 1);(Uz; 2), wherethe ;; » arethe stereographicprojections from the north and

south pole. The torus T" is the set T" = fx = (X1;X2;:::;%n) | Xi 2 S'g. We
construct an atlas on T" by taking for each nite sequencd = (i1;:::;in) the open set
U = Ui(ll) Ui(zz) e Ui(n”) andthe map | (x) = ( I(i) (X1); ,(f) (X2);:::; i(:)(xn)) from
U T" to R™.

2) (*) Topic: Manifolds. AssumeS" hasexactly onechart (U; ). Then U = S" is compact.
Because is cortinuous, (U) R" is compact. Because ! is cortinuousfrom (U)
to U, the set (U) is also open. The only open and closedsetin R" is the empty set.
This is not possible: becauseS" is not empty, it is not possiblethat :S" ! ; isa
bijection.

3) (*) Topic: Manifolds. The condition ATJA = J is equivalent to ac bd= det(A) = 1.

The set of symplectic 2 2 matrices is therefore the set of SL(2;R) of 2 2 matrices
with determinant 1. Consider the manifold M (2;R) of all real 2 2 matrices. Since
it is a nite dimensional vector space, it is trivially a manifold. Consider the map
f : M ! R;f(A) = det(A);f(a;b;c;d) = ac bd The map f has the derivative
Df (A)u= (c; d;a; b) uwhich isalinear map from R* M (2;R) to R. The rank of
this map is maximal 1 if and only if Df (x) doesnot vanish or equivalertly, if A is not
zero. Becausef (1) doesnot contain the zero matrix, 1 is a regular point. The lemma
in the courseshaws that SL(2;R) = f 1(1) is a 3-dimensional manifold.

4) (*) Topic: Di eomorphisms. Write f (x) = f (X1;X2;X3) = (Sin(x1)x3x3; x3x2) = (f 1(x); f 2(X)).

a) The rst derivative is a linear map from R3 to R2. We write D; for G@;.

Df (X)u

(D]_f]_(X)LI]_ + Dof1uy + Daf qus; lez(X)Ul + Dofous + D3f2U3)
(cos(X1)X3x3Up + SiN(X1)3X35X3Up + SIN(X1)X3U3; 2X1X3U7 + 2X3X5U3)
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b) The secondderivative is a bilinear map from R® R3to R?. We canwrite Df (x) =
(D?f 1(x); D?f 2(x)).

D2f1(x)(u® ;u?@) sin(x1)x3x3uP u® + sin(x,)6xoxsu$ U

+ cogx1)3x3xa(ui’ uf + uf uf?)
+ coxa)3(ui uf + uP ul?)

+ sin(x1)3x3uP uP + uP u?) -

D2f,(x)(u® :u@) = 2x2uP u® + 2x2uPP U@ + axyxa(UP u? + U Uy

c) The third derivative D3(x) is a multilinear map from R® R® R?3to R2. Again, we
decomposeD 3f (x) = (D3f1(x); D3f,(x)) and sincel have to type everything in TgX, |
give only the rst part:

D3f1(x)(uD:u@:u®) = cogxy)x2xzu uP u® + sin(x1)6x3u? uP uP
£ sin(xa)3x3xa(ui’ ug) uf? + up) uP? ul + uluf ul)

+ cogx)Bxaxa(u” uz) ug” + up) u? uf? + upuf up?)

sin(xa)x3(us u? uf? + uP uP uf + P u? ul?)
+ sin(x1)6x2(uP u@ uf + uPu@u® + uP uP Uy
+ cogx)3x5uP uP uf) + uPuPuP + + uPuPul?)
For the Taylor expansionat x = 0, we get with Df (0)(u) = (0;0); D?f (0)(u®;u®@) =
(0;0); D3f (0)(u® ;u@;u®) = (0;0) the expansion

D2f (0) D3(f (0))
2! 3l
RO Y)(Y;y; YY) s

wherejjR(0; y)(y;y;y;Y)ii  Cijyij* for someconstart C.

fO+y) 0+ Df (Q)y +

(y:y) + (y:y:y) + RO y)(y:y:y:Y)

5) (*) Topic: Di eomorphisms. The map x 7! x2 is bijective from R to R. However, the
inverseg(x) = x 7! sign(x)jxj'= is not di erentiable at zero, becauselimy; ojDg(x)j!
1.

42 Week 2
Week2

Due: Friday, Octob er 13, 1995

Topics: Compactness, Embedding and immersion, Theorems of Sard and
Whitney

1) (*) Topic: Critical points, regular points, critical values, regular values.
What is the set of critical points, critical values,regular points and regular values of the
following maps:

a)f :R21 R2 f(x;y) = (x%;2xy),
b) f :R?! R,f(xjy)= (x2+y?)?,
c)f :R*! R;f(x)=1,
dyf :R3! R3f(x)=x.
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2) (*) Topic: Immersions, Embedding .
a) Give an example which shows that an injective immersion does not needto be an
embedding.
b) Prove that an injective immersion of a compact manifold is an embedding.
¢) Give an exampleof an immersion of the circle in the plane, which is not an embedding.

3) Topic: Compactness .
A theorem of Tychonov states that a product of compact setsis compact. Prove

spaces then the product space(X; ::: Xp;d) with the metric d(x;y) =  d(x;; Vi)
is compact too.

Hint. A metric space(X;d) is compact, if and only if every sequencex, in X hasan
accunulation point x: for every > 0, there exists n, such that d(x,;Xx) <

4) (*) Topic: Compactness .
We have shown in classthat a manifold is paracompact, a property which allowed us to
construct a partition of unity. However, not all manifolds are compact. Which of the
following manifolds are compact and why:
aM =R"; n> 0,
b) M = S", the n-dimensional sphere.
c)M =SL(2;R)=fA |2 2 matriceswith determinant 1g
d) M = SO(3;R) = fA]j orthogonal 3 3 matrices with determinant 1 g,
e)M = Tn =38! ::: S! the n-dimensionaltorus.
Hint. You can usethe fact that a subset A of R¥ is compact if and only if it both
bounded (it is contained in a ball of nite radius) and closed(the complemeri is open).

5) Topic: Measure zero sets.
Show that the set of rational numbers has measurezeroin the set of real numbers.

6) Topic: Theorem of Sard.
Prove that the set of critical valuesof a smooth function f : R! R has measurezero.
In class,we have constructed the devil staircase function g(x), which hasthe Cantor
setC [0;1] asthe set of critical values. Shaw that the function f (x;y) = g(x) + g(y)
from R?! R hasthe set[0; 2] asthe set of critical values.
Hint. You have to verify that C + C = [0; 2].

7) (*) Topic: Theorem of Sard.
Shaw that a k-dimensional planein R" has measurezeroif k < n.

8) (*) Topic: Theorem of Sard.
A manifold M is called simply connected , if every closedsmooth curvet 7! (t) in
M can be cortinuously deformedto a point: For each , there exists a contin uous map
F:S! [0;1]! M andapoint P 2 M sudc that (t;0) 7! F(t;0)= (t)andF(t;1) = P,
for all t 2 S*. Show that S is simply connectedif k 2.
Hint. A closedcurve in Sk is given by a smooth map f : S'! SK. UseSardto nd a
point, P 2 Sk, P 2 f (S!) and usethen stereographicprojection.

9) Topic: Partition of Unit y.
Construct an explicit partition of unity of the circle S* with two functions g;; g». Hint:
Construct rst (seethe lemmain real analysis) an explicit partition of unity of R with
in nitely many functions h; suc that h;(x+ 2 ) = h;, for all i. Construct then the set
of functions g : S*! R by gi((cos( );sin( )) := h;( ) which satisfy g (X) = gi+2 (X).
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10) Topic: Theorem of Whitney , Immersion .
The Klein bottle is a two dimensional compact manifold obtained by identifying the
boundariesof a cylinder in opposite direction. It canberealizedasthe square[0; 1] [0; 1],
with the following identi cations of points (0;t) (1;1 1t);t2[0;1], (s;0) (s;1);s2
[0; 1]. Draw an immersion of the Klein bottle in R3 and argue (do not prove), why it is
not possibleto embed it in R3. Shav with Whitney's theorem that one can embed the
Klein bottle in R®. Can you embed it in R*?

Week2 (Solutions)

Due: Friday, Octob er 13, 1995
1) () a)f :R2! R2 f(xy) = (x?; 2xy),

Df (x)(u) = (2xuy + Ouz; 2yu; + 2xu3) = Au ;
with
2x 0
2y 2x

A point x is a critical point if and only if A is not surjective which is equivalent that the
determinant 4x? is vanishing and sox = 0. So,C = fx = 0g. The set of critical values
is f (0;0)g. The complemert is the set of regular values.

by f :R2! R,f(x;y)= (x?+ y?)?,

A=

Df (x)(u) = (2(x? + y?)2xuy; 2(x* + y?)2yu,)

A point is a critical point if and only if Df (x) : R? ! R is not surjective which is
equivalert that (2(x2 + y2)2x; 2(x? + y?)2y) = (0;0) or (x;y) = (0;0). The set of critical
valuesis ff (0; 0)g = fOg.

of :R*! R;f(x)=1

BecauseDf (x) = 0, every point is a critical point and the imagef 1g is the set of critical
values.

d)f :R3! R3;f(x) = x. SinceDf (x)u = u, there are no critical points and no critical
values.

2) (*) Topic: Immersions, Em beddings .
a) Takethe map f from M = (0;1) to N = R2? givenby f (t) = (sin(2 t); sin(4 t)).
You can produce plots with Mathematica.

The image of this map is a gure eight, a compact set, which can not be homeomorphic
to the set (0; 1) which is not compact.

b) An injective immersion of a compact manifold M in a manifold N is an embedding:
Proof. We know that Df (x) is injective at all points and that f is injective and that the
imagef (M) is compact. We have to show that f ! is cortinuous.

Given a sequencey, ! vy, with yq = f(Xp);y = f(x) 2 f(M). By the inversefunction
theorem, there exists a neighborhood U of x suchthat f : U ! f (U) is adi eomorphism.
By the injectivity of f, the compactset K = f (M nU) doesnot contain x and there
exists a neighborhood V of y, which is disjoint from f (M nU). Therefore, if-lyn 2 V, then
f 1(yn) 2 U. Take now a sequenceof neighborhoods U, U of x with |, U, = fxg.
Denote by V the corresponding neighborhoods of y which have empty intersection with
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f (M nUy). Givenany k. For large enoughn, y, 2 Vi sothat x, 2 Ux. This shows that
Xn ! X.

c) Take any closedcurvef : S R? which has a self-intersection.

3) (*) Topic: Compactness .
a)M = R"; n> 0, not compact becausenot bounded.
b) M = S", the n-dimensional sphere. Is bounded and closed: for any x 2 S;,, jjxjj 6 1,
the opensetfy 2 R"jjy xjj < (1 jjxjj)=2 is also not in S, which shaws that the
complemen of S" is open.
c)M = SL(2;R)=fA |2 2 matrices with determinant 1g is not bounded. Sincethe
sequencex,, = Diag(n;n 1) 2 SL(2;R) has no accurulation point, the manifold M is
not compact.
d) M = SO(3;R) = fA ] orthogonal 3 3 matrices with determinant 1 g is bounded
sincejAjj 1and closed:if AAT & 1, then alsoBBT 6 1 for B near enoughto A.
e)M =T" =38! ::: S the n-dimensionaltorus. is compact since S* is compact
and the theorem of Tychonov says that the product of compact spacesis compact.

4) (*) Topic: Theorem of Sard.
To seethat the k-dimensionalplanein R" hasmeasurezeroif|$< < n, write it asanimage
of asmooth mapf : Rk ! R" givenby f (xq;:::;Xk) = P + i Xi&, whereP is a point
in the plane and g are k linearly independert vectorsin the plane. Every point x 2 Rk
is a critical point becauseDf (x) has only a k-dimensional range. Therefore, f (R¥) is
the set of critical values. The theorem of Sard tells that this set has measurezero.

5) (*) Topic: Theorem of Sard.
Given a closed smooth curvet 7! (t). This is a map from S to SX. Every point
in St is a critical point and the curve f (S') has by Sard measurezeroin Sk. There
exists therefore a point Q 2 S which is not in the curve. Consider the stereographic
projection o from this point which is a smooth di eomorphism from Sk nfQg to RX.
Consider the map F(s;t) = o(1 s) Ql (t). Fors= 0, F(0;t) = { and for s = 1,
F(;t) = Pl(O) = Q. We have proventhat is contractible.

43 Week 3

Mal09a, O. Knill, Octob er 1995

Week3
Due: Friday, Octob er 20, 1995

Topics: Tensors, Forms, Tensor pro duct, Exterior pro duct

1) Topic: Tensors.
Given three vectors v,vo,vs in E = R3. Shaw that (vi;vo;v3) ! det(V) is a tensor,

whereV isa3 3 matrix with rowsv;. Verify that it is an antisymmetric tensor and so
a form.

2) (*) Topic: Tensors. '
a) Given atep,sor_f 2 T3(E). Let f' be the componerts with respect to a basisfe g,
sothat f = ,f'e. Assumee = Ae; is an other basisin E, where the coordinate
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changeis given by a linear invertible map A : E! E. Compute the componerts ¥ of
the tensor f in the basisfegi”:l

b) Let f be qgensorln T2(R™M) having the componerts f; with respectto a basisfe gl
sothat f = ., fi€, where €' is the dual basis. Compute the componerts i of the
tensor f in the samebasisfegl; asin a).

3) (*) Topic: Tensors.
a) Given atg,nsorf 2 T§(E). Let f i be the componerts with respect to a basisf e g,
sothat f = j;_; f'e €. Assumee = Ae; is an other basis,whereA is an invertible

linear map E ! E. Compute the componerts f*! of the tensor f in the basisfe g, .

b) Let f bealgensorln T2(R™) having the componerts fj; with respectto abasisfe g, ,
sothat f = ;€ e, where € is the dual basis. Compute the componerts i, of
the tensor f in the samebasisfe gL, asin a).

C) Letf be q_.,tensorln TL(R™) having the componerts fJ with respect to a basisfe g,
sothat f = 45 ; fle g, where€ isthe dual basis. Compute the componerts f} of
the tensor f in the samebamsfegl_1 asin a).

4) Topic: Tensors.
Formulate and prove the generaltransformation rule for a tensor f 2 T{(E) asdonein
the last two questions.

5) Topic: Forms.
Let E = R". Shaw that P(E) is isomorphicto " P(E) by giving an explicit isomor-
phism.

6) Topic: Tensor product .
Give an example which shaws that the tensor product is not commutativ e.

7) (*) Topic: Tensor pro duct .
Let E bethe 3-dimensionalvector space.Giventhe two tensorsf = f le;+ f 2e,+ f 3e3 =
e+ 26+ 3e3;0= gler + g% + 063 = de; + 5ep + e3 2 TEHE). Computef g.

8) (*) Topic: Exterior pro duct .
a)E=R",n 3.Let 2 ?E)and 2 XE). Compute " (ug;up;us).
b) Let E = R". Show that for 2 3(E), ~ = 0. Giveanexample 2 ?(E) for
which ~ 6 0.

9) (*) Topic: Exterior pro duct .
Given %::;; "2 YE). Let fegl; beabasisin E. Dene the matrix Al = (g).
Verify
(1~ 2iin MY(epriiiie,) = det(A) :

10) Topic: Exterior pro duct .

Shaw that in general, not every g-form can be written as an exterior product f1 ~ f,
11N g of 1-forms.

Week3 (Solutions)

Topics: Tensors, Forms, Tensor pro duct, Exterior pro duct
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1) (*) Topic: Tensors.
We have squthat if' the basistransforms ase = Agj, then the dual basistransforms as
e =Be = Bfé,whereB = (AT) *.

) X X X
fX=fE)=1Be)=1( BFe)= BKf(d)= BKf':

b) X X X
= f(ex) = f(Aex) = f( &)= ef(e) = Alfi:

2) (*) Topic: Tensors.
a)

X X X X )
¥ =f(e€)=1(Be;Be)=1( Bfe; B/d)= BFB/f(d;d)=  BfBf!:
i i ij B]

b)

X X X X
flece) = f(AeiAe) = A Alg)=  AlAIf(e;g) = ALAT ¢
i j i 8]

i

c)

€= f (& 6) = f(Be;Ae) = ¥ Bre) Aoz BrAIT(ig)= | BEAIT
;= &) = f(Be'Aeg) = f( i €, |e])— i A (ele])_ ity
i i i i

3) (*) Topic: Tensor product . Usethe bilinearity of the tensor product to compute

f g = (e1+ 2+ 3e3) (der+ 5 + &)
= 4 e+be et+te e
+ 8 e +10e;, e+ 26 e
+ 12e5 e+ 153 e+ 3e3 e3:

4) (*) Topic: Exterior pro ducty

[ o P
a)E=R",n 3. Wit =  j;é~édand = , ye
N (ugrug;uz) = (ugsuz) (us) (ug;uz) (u2)+ (uz;uz) (ug):
b) From ~ = ( 1)° ~ = A follows ~ =0.Take =el"el+ e et

Then ~ =26'r"&re3re?) 6 0.
5) (*) Topic: Exterior pro duct .

(I~ 20008 My(eiiie) = det(A)
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is proven by induction with n using the dewvelopmern of the determinant with respect to

the n'th row. Let = 1~ 2:::~ " 1 Then by induction
n X n
N Mey;iiiien 1) = (1) (e@:::em ) "(em)
X X

Xi ; (n)=i
( D" det(AMNAT = det(A) ;

where A(™) is the matrix obtained from Al by deleting the n'th row and the i'th column.

4.4 \Week 4: Midterm

Mal09a, O. Knill, Octob er 1995

Midterm

Due: Friday, Octob er 27, 1995

Topics: Manifolds (Chapter 1), Tensors (Chapter 2, Sections 1-4)

by himself/herself.

Material : Openbook: there are no restrictions for using materials. All books, notes
and homework can be used. It is only required that everybody makesthe midterm

Time : 4 hours in one sitting . No credit for work donein overtime .

together, beforeturning it in.

Form : Pleaseusea blue book or write on good new paper, which is stapled well

October again.

Due : Return the paper to the Mailbox of the TA Yue Lei, by 12:00 AM, Friday,
October 27, 1995. Note that there is then still no class. Classstarts the Monday 30.

this midterm.

Points: there are 6 problemswith atotal of 150points. The number for eac problem
and subproblem is indicated. Note that there are no long computations involved in
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1)

2)

3)

CHAPTER 4. EXERCISESWITH SOLUTIONS

Topic: Manifolds (30 points)

a) (10 points) Show that the n-dimensionaltorus T" and the n-dimensional sphere S"
are di eomorphic if and only if n = 1. Hint. You can usewithout giving a proof that T"
is not simply connected,that is, there are closedcurvesin T" which can not be deformed
to a point.

b) (10 points) Shaw that T" is not di eomorphic to R".

c) (10 points) Show that T¥ is not dieomorphic to T" for k < n. Hint. Find an
embeddingf : TX! T" and usethe theorem of Sard.

Topic: Manifolds . (Total 20 points) _
Consider SU(2), the set of all complex 2 2 matrices A suc that ATA = 1. More
precisely we de ne for (a;b;c;d) 2 R#, the matrix

. a+ib c+id
A@bicd = 4 a b
and de ne _

SU(2) = f(a;b;c;d) 2 R*jAT A= 1;A = A(a;b;c;d) g
where AT is the transposeof A and A is the complex conjugate of A.
a) (10 points) Prove that SU(2) is a manifold by identifying it asthe setf (h) where
f :R*! R is smooth and whereh 2 R is a regular value for f .
b) (10 points) Prove that SU(2) is di eomorphic to S3.

Topic: Manifolds (Total 30 points)
Let N be a n-dimensionalmanifold and let M be the manifold N R". Givena smooth
mapH :M ! R;x=(qp) 7' H(g;p). The di erential equations

_@, . @
q= @)H(q,p).p_ @H(q.p),

describe a so called Hamiltonian  system on M. (Our solar systemis an example of
such a system). Because

GHEOPD) = SHE@PLT SH(@PR
_ @, . @, @, @ .
= @H(q,p)@H(q,p) @H(q,p)@H(q,p) 0;

the energy surface S, = fx=(q;p)2 M jH(q;p) = hg M is left invariant by the
dynamics. Knowing the topology of the set S;, is an important rst stepto understand
the dynamics.

a) (10 points) Shaw that S;, is a manifold if there is no point (g;p) 2 S, for which
(4p) = (0;0).

From now on work in the special case,where M is the cylinder M = T! R, where
T! = R=(2 Z) isthe onedimensionalcircle obtained by identifying points g;q+ 2k on
R for k 2 Z. The smooth mapH : M ! R,

p2

H(gp) = om T 9 sin(q)
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4)

5)

6)

is the energy function of the pendulum, m is the mass of the pendulum and g is the
gravitation constart.

b) (10 points) For which energyvaluesh 2 R is the energy surfaceS;, a manifold?

¢) (10 points) For which energyvaluesh 2 R is S, a connectedmanifold?

(A manifold M is called connected , if any two points can be connectedby a path, that

is if for any pair of points x;y 2 M, there exists a smooth curve : R ! M satisfying
(0)=xand (1) =y).

Topic: Immersion, Embedding (Total 30 points)
Determine from ead of the following maps from M = (0;2 ) to N = R? whether they
are immersions, embedding or nothing from both. Prove your claims.

a) (10 points) t 2 (0;2 ) 7! (coq2t); sin(2t)).
b) (10 points) t 2 (0;2 ) 7! (coq3t); sin(5t)).
¢) (10 points) t 2 (0;2 ) 7! (cos(2); cog3t)).

Topic: Linear Tensors, Tensor pro duct, Exterior pro duct. (Total 20 points).
Let E = R®
a) (10 points) Compute the tensor product g h of the tensors

g=9"%e; e+ d¥les e 2 TE(E);

h=hpet €+ hyet e 2TYE):

b) (10 points) Compute the exterior product of two tensorsf = dx!~ dx? 2 2(E);g=
2dx?~ dx3 2 2(E).

Topic: Exterior deriv ativ e. (Total 20 points).
Let M be our universe,that is a four dimensional manifold. Givena 1-formA 2 (M)

A(X) = Ar(x)dxt + Ao(x)dx? + Ag(x)dx® + Ax(x)dx*

on M. (The 1-formson M are describing an electromagnetj¢vector potential).

a) (10 points) Compute the exterior derivative F = dA = Fij (x)dx' ~ dxI'. (The
2-form F = dA 2 ?(M) describesan electromagnetic eld).

b) (10 points) Compute the exterior derivative dF of the 2-form F. (The equation you
get is one group of the Maxw ell equations ).

i<j

Mal09a, O. Knill, Octob er 1995

1)

Midterm (Solutions)

Topic: Manifolds (30 points)

a) (10 points) If n = 1, then T! = S! by de nition becauseT" was de ned as the
product St st ::: Sl

We have shown in an exercisethat S" is simply connectedfor n 2. Howewer, T" is
not simply connected. If two manifolds are di eomorphic, then one manifold is simply
connectedif and only if the other manifold is simply connected.



80 CHAPTER 4. EXERCISESWITH SOLUTIONS

b) (10 points) T" is compactwhile R" is not compact. If two manifolds are di eomorphic,
then either both are compact or both are not compact.

c) (10 points) Assumethere f : Tk T" is a di eomorphism. Every point x 2 TX is a
critical point becauseDf (x) is not surjective (it hasrank k). The theorem of Sard tells
that the image has measurezeroin T". It can therefore not be surjective.

2) Topic: Manifolds . (Total 20 points)
a) (10 points) The condition ATA = 1 is equivalert to a® + I + ¢+ d®> = 1. Dene
therefore f (a;b;c;d) = a? + ¥ + ¢ + d?. Then SU(2) can be identied with the subset
f 1(h) of R%. A point (q;r;s;t) 2 R* is aregular point if Df (g;r;s;t) = (2q; 2r; 2s; 2t)
is not vanishing. This is the caseif and only if g> + r>+ s>+ t2 6 0. Everyh 6 O is
therefore a regular value and especially h = 1. By the lemma proven in class, the set
SU(2) is a real manifold.
b) (10 points) The di eomorphism betweenSU(2) and S is given by the identi cation
between2 2 matrices and R4, that is by the already in a) used map i 3 7!
(a;b;c;d) 2 R4,

3) Topic: Manifolds (Total 30 points)
Note that the "if and only" claim is not true. The energy surface can be a manifold
either with smaller dimension asin questionb) below.

a) (10 points) There is no point (g;p) 2 Sy for which

@ @
@ e

if and only if (q; p) is a regular point for the Hamiltonian H. BecauseS, = H 1(h), we
know by the lemma provenin classthat Sy is a manifold if h is a regular value.

(@p = (=H(p); H (g p)) = (0;0)

b) (10 points) By a), S, is a n 1 dimensional manifold if (2p;coqq)) 6 (0;0) that
is if (o, p) is disjoint from the two sets S §; Sy which pass through the two points
( =2;0); (3 =2;0). The rst setis consisting of a point, the secondset s the set f p?=2 +
gsin(q) = gg which is not a manifold (it is not locally Euclidean near the point (0; 0)).

¢) (10 points) For h > g, the manifold S, cortains a circle above the line p = 0 and
a circle below p = 0. It is therefore not connected. For g < h < g, the manifold Sy
is a circle and so connected. (Physically, in the rst situation h > g, where the energy
is large, the pendulum rotates around its certer either in one direction or in the other
direction. In the secondsituation, the pendulum has not enoughenergyto turn around
and oscillates. In the situation h = g, the pendulum is at rest and can not move.)

4) Topic: Immersion, Embedding (Total 30 points)
a) (10 points) f (t) = (cos(2); sin(2t)) is an immersion because

Df (t)(u) = 2( sin(2t)u; cog2t)u) 6 (0;0):
It is not an embedding, becausethe map f is not injective: f (t) = f(t+ ).

b) (10points) t 2 (0;2 ) 7! (cog3t);sin(5t)) isanimmersionbecausg 3sin(3t); 5cog5t)) 6
0. It is not an embedding becausethe map is not injective: f ( =6) = f (5 =6).
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) (10 points) t 2 (0;2 ) 7! (cog2t); cos(3)) is neither an immersion nor an embedding,
Df (t) = (0;0) for t = 0 and we have therefore no immersion. A map which is no
immersion can alsonot be an embedding.

5) Topic: Linear Tensors, Tensor pro duct, Exterior pro duct. (Total 20 points).
a) (10 points)
(ger e+ ges e (hiet €&+ hpet eh)
= g®hpe; e e €+g®hne e e €
+ g%hpes e e €+g¥hne; e e €
b) (10 points) The exterior product of two tensorsf = dx*” dx? 2 2(E);g = 2dx?”"
dx® 2 2(E) is vanishing becausedx? * dx? = 0.
6) Topic: Exterior deriv aﬂv e. (Total 20 points).
a) (10 points) F = dA = Fy (x)dx ~ dx. By denition Fy (x) = (Z& G,
This means
_ @a(x)  @\(x) 2 @\3(x)  @1(x) 3
F = a ac dxt~ dx? + a ac dx! ~ dx
N @\@5{(1)() @\égX)XmA dx® + @\((;(ZX) @\((5((3)() A2 A dx
N @\@5{(2)() @\égX)dxz A dxd + @\é(s)() @\((;(le) A3 A dx®
b) (10 points) Sinced? = 0, we have dF = d?A = 0. (If wewrite E! = Fy,; E? =
Fis; E® = Fy4 (electric eld) and and B! = Fgz;; B2 = Fy;B% = Fy3 (magnetic
eld), then dF = 0 is equivalent to the two Maxwell equations curl(E) + diB = 0 and
div(B) = 0, where curl and div are with respect to the spacecoordinates x?; x3; x* and
where we wrote t = x* for the time coordinate.)
45 Week 5
Mal09a, O. Knill, Octob er 1995

Week5
Due: Friday, November 3, 1995

Topics: Vector elds, Tensor elds, dieren tial form, exterior deriv ativ e

1) (*) Topic: Tensor elds, Riemannian metric

Let M be a manifold and let g 2 TJ(M) be a tensor eld on M which is symmet-

ric g(x)(u;v) = g(x)(v;u);8u;v 2 TyM and non-degenerate : g(x)(u;u) 0 and
g(x)(u;u) = 0if and only if u = 0. The pair (M;g) is called a Riemannian mani-
fold. On a Riemannian manifold, one can nd an isomorphism betweenthe cotangen
bundle T M = T2(M) and the tangert bundle TM = Tg(M) by de ning vI(x)(u) =
g(x)(v(x);u). This is called lowering of indices. The inverse map is denoted by
v 7! vl and is called raising of indices . Verify that w = vl satis eg,in coordinates
wi(x) = g; (x)V'(x) and that v = wl satis es in coordinates v'(x) = = ; g’ (x)w; (x),
where the matrix B(x) = @' (x) is the inversematrix of A(x) = gj (X).
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2) (*) Topic: Vector elds, Gradient eld .

Let M = S? bethe two dimensionalsphereS = fx$+x2+x35 = 1g. Letf : M ! R bethe
function f (x) = x3. Let Y be a vector eld on M givenby Y (x) = grad(f )[(x) = d (x)
and [ is dened asin question 1) with respect to the metric g; = . Let ¢ be
the ow de ned by this vector eld: that ist 7! (x) is a curve through x so that
d=dt {(x) = Y( {(X)). Show that for all x 2 M, there existsy 2 M with ((x)! vy for
t! 1. Hint. Considerthe function t 7! f( ((x)) from R ! R and prove that it is
monotone. (Such a function is called a Liapuno v function . [?]

3) (*) Topic: Exterior deriv ativ e.
Let M = R%andf 2 °(M) begivenby f (x;y;z) = x?+ 3y3z. Compute the 1-form
g=d 2 (M) andthe 2-formdg2 ?(M).

4) (*) Topic: Exterior deriv ativ e.
Let f (x) = f1(x)dx!+ fo(x)dx?+ f3(x)dx® be a 1- form on a three dimensional manifold.
Computeg= d.

5) (*) Topic: Exterior deriv ativ e.
This is a proof of a Corollary in the notes:
De ne
x .
a (ug;:iiiup) = ( 1YD ()(uj)(ug;:::;05;:::5up) -
j=0
Show
(i) @& 2 PT(M)if 2 P(M). That is verify that d{ )(x) is an antisymmetric tensor
forx 2 M.
(i) Verify that d’is an anti-derivation: for 2 P(M)and 2 9(M), onehas

ac ~ )=da” +( 1P ra
(iii) Verify (& d = 0.
(iv) Show that dis local.
(v) Concluded = d , whered is the exterior derivative.

Mal09a, O. Knill, November 1995

Week5 (Solutions)

1) (*) Topic: Tensor elds, Riemannian metric p
a) In oler to rewrite v[(>9(u) = g(x)(v(x);u) in coordipates, write u = ; u'e; and
v(x) = vi(e, gx) = g (x)€ € andvi(x) = vi(x)€. We get
X

vieoul
i i X
viu = ge)(v(x);u) = gj OV U
X

X
vix)e(  u'e)

X ) :
(g V'O
i
P )
andsovl = | gj (V' (X).
b) Write the relation V[ = * | g; (x)\./i (x) as VI = [glv, we get by inversion the other
relation v = [g] vl. In coordinates, v'(x) = j g’ (xX)w; (x).
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2) (*) Topic: Vector elds, Gradient eld .
Consider the function t 7! f ( ((x)) from R ! R. The derivative %f( (X)) is by the
chain rule

o (GOY (X)) = o (OO (%))

X )
| (@@if)( () 4(x)

. . X .
gi (' ONdT( ()= d'((x)* O:
i i

(The special form of the tensor g was not important. We neededonly g(v;v) > 0 for
vé 0)

Sinced%f ( t(x)) > 0,f ( {)ismonotonically increasinguntil the maximal valuef ( {) = 1
is reached. That isy = (0;0;1) 2 M is the north pole.

Remark. The above calculation shows, it doesnot matter, what form the metric has. For
any gradient o w, from which we have just seenan example, the function f is always
monotone. One can usethis ow in order to nd local maxima or critical points of a
functional f .

3) (*) Topic: Exterior deriv ativ e.
Given f (x;y;2) = x? + 3y®z. We have g(x;y;z) = 2xdx* + 3y2dx? + 3y3dx® and so
do(x;y;z) = 0

4) (*) Topic: Exterior deriv ativ e.
d00= (92 Dygenacs (32 Bhyganger (31 Bygenge.

5) (*) Topic: Exterior deriv ativ e.
(i) & is clearly a multilinear tensor eld in (Té’(M )). In order to shaow that it is a
di erential form, we have to verify the anti-symmetry:

That is, we haveto show that d (X)(Uo; U120 Uk Uks1 ;i Up) = d (X)(Uo;Us; ot Uksr ;Ui oits
for any choicek < k + 1, becauseany permutation can be written as a product of suc
permutations. Write

d (x)(Uo;:::;Up) ( 1D ()(u;)(uo;:::; 055155 Up)

8 k;k+1
+ ( D*D (O)(uj) (Ui 0k Up)
+ (DD ()(U)(Uoj i Oker ;110 Up)

"F;he last two summandschangesign, when k and k + 1 are interchanged. The rst sum
ISK k+1 (117) on the right hand side changessign, when k; k + 1 are interchanged, be-
cause was antisymmetric.

(ii) The claim
ac ~ )=da ™ +( 1P ra
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is proven by putting in the de nition for @ and the formula for the wedgeproduct you
veried in an earlier homework: usethe notation So+ g+1 for the set of permutations
satisfying (0) < :::< (p)and (p+ 1)< i< (p+ d) and Sy, ., for the set of
permutations  satisfying (1) < ::: < (ppand (0) < (p+ 1)< :::< (p+ 0.
Adding the right hand sidesof the two equations

(a)» (UO;”:;up+q): ( 1)]( 1) D (Uj)(u (0);'”;0‘;:::;U (p)) (u (p+1) + -+ U (p+ g
j:l 23p+q+1
X
( DPC " d )(uo;iiiiUprg) = (D (u@i:su )
28, qn

NS .
( CDPID (U)(U ;U (pen) 572550 (pays iU (pag)))
j=1

givesthe right hand side of the equation

X X .
a( N )(uo;:iiiiUpsq) = (1) (2D (u)u ;55U () (U (pe1) 5:iiU (prg)

28, qn 171
X X a _
+ (D) (1) (U@;::5uEy)D WU iU pey o5 05005U (prg) -
28, qu =P
(iii)
X1 o
(@ d) (X)(ug;:::i;Upsr) = ( 1)*ID? (Ui up)(uos sx Oyt O30t Ups )
i8]
X

= ( 1)"ID? (x)(ui;uj)(Uos:zs;isiii 050 Upsr)

[<i
+ ( )" D2 (x)(ui;up)(Uos:ii;Qisiiis 0y Upsr) = 0
i<j

(iv) dis local becausethe derivative D is local and a sum of local functions is local.

(v) From the theorem in the notes, we know that & = d , where d is the exterior
derivative.

46 Week 6

Mal09a, O. Knill, November 1995

Week6
Due: Friday, November 10, 1995

Topics: Integration of forms, Theorem of Stokes, closed and exact forms
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1) (*) Topic: Integration
Consider the 1-form

= adxt+ dx? = (X2 + 7x2)dxt + ( xt+ x2sin((x?)®)) dx?

R
on the manifold M = R2. Compute the integral . overthel-chainc=2;+3, 3,
where the simplices ; are de ned as

1 P=[0I M;oa(t) = (40)
o o =01l M; () =@ tt)
3 1 T=[01! M; ()= (01 t):

2) (*) Topic: Exact and closed forms, Theorem of Stok es.
A pform iscalledclosed, ifd = 0. It iscalledexact, if = d forsome(p 1)-form

a) Show that the 1-form
= gdxt+ dx® = (2xE+ x%cogxtx?))dx! + (x! cogxx?)) dx?

is closed.

b) Show that is exact, by nding aO-form suchthat =d .

c) Let cbethechainc= ;+ >+ 3 wherethe ; areasin problem 1. Show that there
exists a 2-chagiy bsuch that c= b.

d) Compute . overthechainc= ;+ >+ 3dened in c)and where isthe one
form = qdx! = x2dx?. =

Note: In the whole question, expressionslike x> mean coordinates x = i x'g and not
exponents.

3) () Topic: De Rham cohomology (Preparation for material coming later in

class).
a) Verify that the set of closedp-forms is a vector spacein P(M).

b) Verify that the set of exact p-forms is a vector spacein P(M).
c) Verify that the set of exact p-forms is a vector spacein the set of closedp-forms.
d) Considerin the set of closedforms the equivalencerelation , + = ,for
an exact p-form . Verify that the set of equivalenceclassesforms a vector space. (This
vector spaceis denoted by HP(M;R) = fclosedformsg=f exactformsg and it is called
the p-th de Rham cohomology group ).

4) (*) Topic: Theorem of Green in the plane.
Given a vector eld v = vie; + v?e, = x'e; + (X% + x1)e, in the plane M = R?
equipped with the at metric g; (x) = j (seeWeek5 homework). By index lowering,
we can @smiate to v the 1-form = v, givenby (x) = 1(x)dx!+ »(x)dx?, where
(00 =" g OV () = VI(x).
a) Compute d .
b) Let c by the 2-chain c= , where is the simplex

2= fx= (xX%x5hx) 2R3 X%+ xt+ x2= I;x' 0g! R?

givenby (x) = (x;x?). Compute 7

R
c) Compute . directly.
d) Compute . with the theorem of Stokesusing b).



86 CHAPTER 4. EXERCISESWITH SOLUTIONS

5) (*) Topic: Gradien t, Div ergence, Curl .
Recall. Let v = (vi;v?;v3) beavector eld in R3. We assaiate with this vector eld a1-

form by index lowering asin the previousproblem: = vl = ;dx'+ 2dx?+ sdx3.

Denition. To any 1-form = .dx'+ ,dx?+ 3dx® we can asswiate the 2-form

= adx!Mdx?+ 1dx?2dx® Ldx!” dx3. Denote alsothe inverseoperation with
sothat =

De nition. The curl(v) of a vector eld v is de ned asa vector eld w which satis es
wh= dv:

De nition. The div ergence div(v) of a vector eld v is de ned asthe function div(v) =
d i

De nition.  Given a function f on R3, de ne the gradient eld as the vector eld

grad (f) = o l.

a) Verify that div curl(v) = 0.

b) Verify that curl grad(f ) = O.

6) (*) Topic: Fundamen tal theorem of calculus, Stok es, Div ergence theorem .
a) Let beal-simplexin R®andlet bea0O-formin R3. Let g bethe tensorin T(R?)
asin the last problem. Usethe theorem of Stokesto verify

z 1
, grad®(f)( (D (1) dt=1f( (1) f( (O):

Hint. In Calculus, a 1-simplex is acurve and onewrites Rol grad(f)( (t) 9t) dt for
the line integral on the left hand side, wherev w is the scalar product betweenvectors
which is in our casemore accurately replaced by g(v;w).

b) Let bea 2-simplexin R® and bea g-form in R3. Usge the theorem of Stokesto
verify the theorem of Stokesin R?3, that is ( 2) curl(v) = ( 2V do.

Hint. Asscciate to a vector eld v and to the 2-form d a vector eld w = curl(v).
Identify the integral of the 2-form d over a 2-chain as a surface integral of curl(v)
through the surface ( ?2), sothat the theorem of Stokesbecomesthe usual theorem of
Stokesin RS,

c) Let bea3-simplexig R argl  a2-formin R3. Usethe theorem of Stokesto verify
the divergencetheorem v = div(v).

Hint. Assccigte to  pa vector eld v and to the 3-form d  the function div(v), so that
the relaton d = , becomesthe divergencetheorem.

Mal09a, O. Knill, November 1995

Weeko6 (Solutions)

The aim of this homework wasto let you seethat the integration of k-forms on k dimensional
chains is a generalization of line integrals, surfaceintegrals, volume integrals you know from
calculus and that the theorems of Green, Stokes, Gaussare generalizedby the theorem of
Stokes for chains. The integration in calculus is not satisfactory. For example, in three
dimensions,too many spacesare identi ed: the spaceof vectors, the spaceof one-forms,the
spaceof two-forms all have three dimensions. Historically, it is a bad accidert that the lan-
guageof di erential forms (Cartan calculus) wasinvernted only in this certury, partly forced
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by the fact that generalrelativit y neededa theorem of Stokesalsoin four dimensional space.

1) Sincemany of you asked questionsabout this problem, there is here a (maybe too) de-
tailed solution:
. . . R R
The integration of a 1-form  overal-simplex : ! M wasde ned as = ,
which is an integral of a 1-form over a subset of R which is just usual integration over
= [0;1] R. Given (t) = (x(t);y(t)), then the pull-bac k (  )(t)(u) was de ned as
( ())(D (t)u) foranyu2 T;. Notethat A(t)=D (t):R! RZ?isgivenbythel 2
ﬁ:; . Togetthe pull-back of (x) = 1(x)dx*+ ,(x)dx? and ()= (t)dt
in coordinates, usedx!(e;) = 0 and dx?(e;) = 0 and dx*(e;) = 1 and dx?(e;) = 1to get

matrix

O = EO)AMU)
= 1 @O)dXA®U) + 2 (1) dXP(A(tU)
= 1 @) A ((Au)ter + (A(u)Pe) + o (D) dX*((A(Du) er + (A(t)u)’ey)
= 1 O)ABWYH + 20 O)(AU)?)
= [0 @)x)+ 20 (1))y((t)]u:
We obtain therefore 7 Z,
= 1( (O)x(t) + 2( (1)y(t) dt;
which is the usual integral of acurve : = [0;1]! R? from calculus. We get D (t) =
(1) and D ,(t) = 11 and D 3(t) = 01 . Therefore
YA z 1 z 1 t3 1
= 1 (1) 1+ o( (1) Odt= t*dt= Zjg= 3
1 0 0 3 3
Z Z,
= (1) D+ o (1) 1dt
’ OZ 1 z 1
= ( )2+ 7t2dt+  ( t)+ tsin(t®) dt
0 7 L 0
= % > %+ . t sin(t®) dt
13 %1
= Tt . t sin(t°) dt :
z Z, Z,

= 2( (1) dt = 1 tsin(@ 1H° dt
0 0

3

sothat (oneintegral can not be solved elemenarily (a property of most integrals))

z 1 13 zZ, Z,
= 2§+ 3 3t tsin(t®) dt]+ (1 t)sin((l t)°) dt
c 0 0
37 “1

—+4 tsin(t®) dt:
3 0
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The integral can be written as a series: 1=7 1=102+ 1=3240 1=186480C :: by making a
Taylor expansionand integrating ead term.

2)
d = @—@(ZXl + x% cogx!x?))dx? ~ dx! + @@1(% cogxx?)) dx ~ dx?
= [eosf*x?) x*x2sin(x*x?)]dx? ~ dx!
+[cos(x*x?)  x1x?sin(xx?)]dx! ~ dx?
= 0:
b) = (x})?+ xx2coqx!x?) satises = d sothat is exact.

c) Let bbethe simplexb: 2= f(Xg;X2;X2) j Xo+ X1+ X2 = 0;X0;X1;X2 0Og! R?. From
the de nition of the boundary we have b=c= 1+ 5+ 3. (It is here more corveniert
to descrice 2 in homogeneousoordinates.)

d) Use Stokes 7 7 7 7
= d = 1dx* A dx? = 1= :—L;
R c b b b 2
because , 1= 1=2 s the areaof the triangle b( 2).
4) a)
@3(x) @*(x
d =( @(1) @(2))dx1A dx? :
b) Consider : 2! ( 2). By de nition,
Z VA
d = d
c 2
In order to compute this integral, let U be the triangle U = ( 2) R?2. Dene amap
:U! 2 astheinverseof . Then
Z Z Z Z
d — d — d — (@Z(X) @l(x))dxldXZ .
2 U U U @1 @2 ,

b Rf dl"dz—Rf d
ecause |, f (x)dx x“= |, f(x)dx.

c) cis asum of one-dimensionalsimplices ; + >+ 3 and we can assa@iate to it a path
in the plane. By problem 1), integration of a 1-form  over such a simplex is the line
integral of the vector eld x 7! v(x) = [(x) over the path
z z

= vds:

d) Using Stokes, we get b b

The left hand sideis by c) the line integral ~ v( (t)) _(t) dt, where is the boundary of
the regionc( 2) RZ2. The right hand sideis by b)
Z
@%(x) @'(x)

U( @? @2

Ydxtdx? :

5) By de nition
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curl(v) = ( dvi)! :
div(v) = d Vi
grad(f) = (d)!
a) We compute, using =( 1)P6 P = anddd=O0and] =]
diveurl(v) = d dvi= ddv :
b)

curl grad(f) = ( dd)! = 0:

89

6) Seealso Abraham-Marsden-Ratiu p. 504-510.The translation betweenthe dierent lan-

guagesis the following: (it is conveniert to take the following three boxesas de nitions

the line integral, surfaceintegral or volume integral):

The line integral of a vector eld v overacurve is
z z
v ds= VI;

integral of a one-form over a one simplex.

where (t) = (t) is the one dimensional simplex. The right hand side is the

The surface integral of a vector eld v through a surfaceS is
z z z

v do= (VW)= (W),
S S

sideis an integral of a two-form over a two dimensional simplex.

where : 21 R23isthe simplex assiated to the surface. The right hand

The volume integral of a function eld f overaregionG in R is
z z

f dv = f;
G

integral of a three-form over a three dimensional simplex.

where is the simplex assaiated with the region G. The right hand sideis an

of

a) The fundamerntal theorem of calculusis obtained from the Stokesfor forms (identify the

curve with a one dimensional simplex )
z z

grad(f ) ds

grad(f)!
z
(d 1)

1
QL
1

fC@ fC0):
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b) Similarly, the theorem of Stokesis obtained from the theorem of Stokesfor forms: (identify
the surfaceS with a two dimensional simplex )
z z

curl(v) do (curl(v))!
S

Z
= ( d(vh)
4
= dh
Z
= Vi
Z
= vds:
S

c) Also the theorem of Gaussis obtained from the theorem of Stokesfor forms: (identify
the region G with a three dimensional simplex )

Z Z
div(v) dv = div(v)
G z
= d i
Z
= d i
Z
= vl
Z
= v dO
G
47 Week 7
Mal09a, O. Knill, November 1995

Week?7
Due: Friday, November 17, 1995

Topics: Riemannian manifolds, change of metric under transformations, Ho dge
star operation

1) (*) Topic: Flat manifold in spherical coordinates
a) Compute the coordinates of the metric tensor in R 3 in spherical coordinates (r; ; ).
Hint: You have to verify that

0
1 0 0

[g1x)= @0 r? 0o A
0 0 r2sin®()

b) Let :S?=fjjxjj=1g! R3 bethe inclusion (x) = x. Compute the pull-back
metric g on S2.
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2) () Topic: Schwarzschild metric
Let (M;g) be the Schwarzsdild manifold. That isM = fx = (t;r; ; )jr 6 2mgand

(1 2m=r) 0 o o
- 1
wf 0 wmoto o g
0 0 0 r2sin?())

(Weassumeherec = 1). Find the lengths of the following vectorsu = u(x);v = v(x);w =
w(x) in the tangent space TyM and the angles betweenthem: u = (1;0;0;0);v =
(0;1,0,0);w= (1;(1 2m=r);0;0).

3) (*) Topic: Loren tz transformations
Verify that the linear transformations u 7! Au (Lorenz boost) and u 7! Bu (Rotation)
given by

0 cos ) sinh() O O ! 0 0 !
_ sinh( ) cosh() 0 O 0 coy ) sm( 0
A= 0 0 10 § B = % sm( ) cos( 0 §
0 0 0 1 1

are preserving the length of a vector in the Lorenz manifold (M ; g), whereM = R* and
[g] = Diag( 1;1;1;1).

4) (*) Topic: Eddington-Fink elstein metric, Black holes |
Let (M;Qg) be the Schwarzscild manifold from problem 1). It describesthe metric of
space-timenear a star or a planet of massm. If you look at the metric tensor g, then
it blowsup atr = 2m = 2G m=c = 2Gm, the Schwarzschild radius . If we want to
see,what happens, when the star is smaller than the Schwarzsdild radius, we needto
intro duce a new coordinate system. De ne the map :R*! R* by

trs s )=(vr; 5 )

where ;
v=t+r+2mlogj— 1j:
9]2m J

Verify that the push-forward metric h = g is given by

0 1
@ &) 10 0
L 1 0 0 0 §_
WH—% 0o o0 0 '
0 0 0 r2sin®())

It is called Eddington-Fink elstein metric and is only singular at r = 0.

5) (*) Topic: Light can not escape black holes
If we restrict the Sdwarzsdild manifold (M;h) with a subspacef = const;; =
constg, we get the manifold N. Let : N ! M be the embedding. Verify that the
pull-back  h of the Eddington-Fink elstein metric h is

2m
kl=( mi= G )G
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Given a point x in the pseudoRiemannian manifold (N; k). The set of null vectorsin
TxN is calledthe ligh t cone at x. This namecomesfrom the fact that a radially moving
photon, which is described by apath 7! () in N, satis es alwaysD ( ) in the light
cone.

a) Verify that the light coneat a point x = (v;r) in N is given by the union of

Lin (t;1)
Lout (t;1)

f (0;1)] 2Rg TkN;
f(2=(1 ZTm);l)j 2Rg TN :

b) Givena world line 7! () of an incoming photon , that is satisesD () 2
Lin (X). Verify that v( ) = A is constart.

c) Givenaworld line 7! ()= (v( );r()) of an out-going photon de ned by the
property that D ( ) 2 Loy . Verify that v( ) = 2r( ) + 4mlogjr( ) 2mj+ B for some
constart B.

d) Useby); c) to verify the following picture. An incoming radially falling incoming photon
can erter from the regionr > 2m into the regionr < 2m and reach the singularity r = 0.
An outgoing photon which is in the regionr < 2m at sometime tg, stays in the region
r < 2m for time t > to. An out-going photon which is in the regionr > 2m at time tg
escapesto in nit y. In other words, light is trapp ed inside a black hole.

6) (*) Topic: Hodge star operation, Maxw ell equations
Consider the Lorenz manifold M = R# with the metric [gj ] = Diag( 1;1;1;1).

F(x) = Ex)dx!~rdx? E?(x)dx!”dx® E3x)dx!~ dx*
+ B3(x)dx2~ dx®  BZ(x)dx?” dx* + BL(x)dx> ~ dx*

be a 2-form on the Lorenz manifold (M ; g), wherethe electric eld E(x) = (E*(x); E?(x); E3(x))
and magnetic eld B(x) = (BY(x);B?(x);B3(x)) are given. We have veri ed already in

the midterm, that dF = 0O follows from F = dA. With (t;y;y?%y3) = (x1;x?;x3;x%),

the equation dF = 0 is equivalent to the rst group of Maxw ell equations

div(B)
curl(E)

%O
e

where div and curl are with respect to the spacecoordinatesy = (y*;y?;y?).
ayDened = d . Verifythat d isamapfrom P(M)to P (M) which satis es
d d=0.

b) Given the electromagnetic eld tensorF 2 2(M) asabove. Compute d F.
c)Letj(x) = j1(x)dxt+jo(x)dx2+ j3(x)dx3+j4(x)dx* =  (x)dxt+it(x)dx?+i%(x)dx3+
i3(x)dx* be a 1-form describing the scalar eld (x) (time dependert charge) and three
dimensional vector eld i = (i;i?;i%) (time dependert current). Verify that d F = j is
equivalent to the second group of Maxw ell equations

div(E)
curl(B) @E=@
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Mal09a, O. Knill, November 1995

Week7 (Solutions)

1) Wehaveg=  h, whereh is the at metric on R® and where

r coy )cos()
(y)=(r; ;)= @rsin( )cos() A :
rsin( )

By de nition, h(x)(u;v) = h(( x))(D u;D V) sothat g; isthe standard scalarproduct
of the i'th row e in D with the j'th row g in D (seethe notesfor g). That is

0
1 0 0

[6:10) = h(e(x) () =[glx)=@0 12 0 A:
0 0 r2sin®()

b) Wehave ( ; )=(1;; ) andso

0
D =@

o O
= OO
>

WegetD ( ; )(ui;uz) = (0;us;up) andfori= 1;2,

[ 9l = 9(;; XD (x)e;D (x)g)
= [9%;
_ 1 0
0 1sin?()
3) Givena vector u= (ul;:::;u*) in TyM. Its length in the Lorentz metric is

juj = ThzE (@) (W) ()2

We have
cosH )ul + sinh( )u?
sinh( )ul + cosh )u?
AU = % () . H) g;
u4
and 0 1
ul

BU = % cos( )u? + sin( )ud §;

sin( )u? + cog )u®
u4
Using the identity cost?( ) sinh?®( ) = 1 we get
jiAujiz = costf( )(uh)? sinh?( )(u?)*+sinh?( )(u')?+cosh?( )(u?)Z+(ud)?+(u*)? = jjuji? :
Using the identity cog( ) + sin?( ) = 1, we have

iiBuji? = (uh)?+ cog( )(u?)?+sin’( )(u®)?+ sin*( )(u?)?+ cos'( )(u®)*+ (uh)? = jjujj? :
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4) The derivative of (x) = (t;r; ; )= (t+r+ 2mlogjs— 1j;r; ; )is

1
1 1+ 1:(# 1) 00
0 1 0 0
A(x):D(x):%0 0 10%:
0 0 0 1

If B = (A 1T, then the push-forward metric h = gisde ned by h(y)(u;v) = h( *x)(Bu;BV).

That is, in coordinates: hy, = ij BLB{ gj , whereg is the Schwarzsdild metric. This gives

0 1
1 & 10 0
L 1 0 0 0 § _
[h'l]‘% 0o 02 0 '
0 0 0 r2sin®())

5)Let :N ! M bethe embeddingof N in M. Then D isaconstart 2 4 matrix
0 1

£

A=D (x):%

OO O
OO rOo

That is Au setsthe last two coordinates of u to zero.
We have ( h)(u;v) = h(Au; Av) and so

2m
l=1 nl= G 72

a) Given a point x = (v;r) in N, the light coneat x is the set of vectors (u; w) such that
K((u; w); (u;w)) = (1 2Tm)u2+ 2uw = u((1 sz) +2w) = 0:
That is, either u = 0, which gives
Ln(tr)=f (0;1)j 2Rg TxN
orifué 0,2w= (1 ZM)u, that is
L) =1 (=1 2y

b)IfD ()= (u;v) 2 (0; R),thenu=v = 0andv( ) is constart.
c)Ilfv()=2r( )+ dmlogjr( ) 2mj+ B, then

olv()_zdr()+ 4m dr( ) .
d “d r() 2md) ~

That isu= 2v+ 4m=(r 2m)w and so (u; w) 2 L oyt -

d) We have to analyze the two vector elds, one of the incoming and one of the outgoing
photon. The incoming photon satis esv = constand r decreasegonstartly. The vector eld
of the outgoing photon is becomingvertical at the Schwarzsdild radius and doestherefore
not crossit. The bestis to make a picture (you can nd it in almost any book about general
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relativit y for example: J.Foster, J.D. Nightingale "A short coursein generalrelativit y",
155.

6)ayd = d d = dd = 0 follows from dd= 0.

b) From

F(x) = EYx)dx*~dx?> E2(x)dxt~ dx® ES3(x)dx!» dx*
+ B3(x)dx2~ dx®  B2(x)dx® " dx* + B(x)dx3 ~ dx*
we get (write also€ = dx/)

erre?)= eret; eret= (et éd)

(E@red)=elnet: elnet= (27 ¢d)
(etrey=enet; eret= (elréd)
(note that = for a 2-form in the Lorenz metric)
F(x) = Eldx3rdx* E?x)dx?” dx*+ E3(x)dx?» dx3
+ B3(x)dx!~ dx*  BZ(x)dx* ~ dx® + BY(x)dx A dx? :
c) Using = for a1 form, we get (write also€ = dx!
et = enene;
e = etrednet;
e = elrefret;
e = etne?n el
and so

d F = ( @E1 @E: @E3)dx'
+ @E;+ @Bs @B;)dx?
+( @E;+ @B, @B.)dx®
+( @E3+ @Bs @B3)dx*

95
p.

sothat by comparisonof coecients, d F = j = ( ;i1;i2;i3) = (; i1;iz;is)l isindeedthe

secondgroup of Maxwell equations:
div(E)
curl(B) @&=@
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4.8 Week 8

Week8 (Last homework)

Due: Monda y, November 27, 1995 (after thanksgiving)

Topics: Riemannian manifolds, connections, geodesics, curv ature Einstein
equations

1) (*) Topic: Christoel symbols .
e have de ned the Christo el symbols on a Rie@annian manifold (M;g) by ;, =
19"9(r j @; @). Suppose,wedene ~“byr ;@= |, ¥ @. Provethat [ = ~K.
2) () Topic: Christoel symbols.
Compute the Christo el symbols for the two dimensional manifold (M ;g), where M is
the two dimensional sphereand where g is the metric in the week7 homework.

3) (*) Topic: Connection
0
Verify that if t 2 ( TP(M)) ands2 ( Tk (M)), then

r<(t s)y=(xt) s+t (rxs):

4) (*) Topic: Covariant deriv ativ e
Write down the generalformula for the covariant derivative in coordinates

jutiie
ig;io;nigs

t u Jidpilals _aiie il
and useinduction in p andin q.

5) () Topic: Covariant deriv ativ e
Verify
gjk=0
and from that Ricci's theorem
gl =o0:
6) (*) Topic: Einstein equations, Curv ature .
Let (M ; g) be a pseudoRiemannian manifold. Let Ricci 2 ( T2(M)) bethe Ricci tensor
in (M;g) and let R be the scalar curvature. One de nes the Einstein tensor

o1
G = Ricci  ZRg:
iccl 5 g
The Einstein equation of generalrelativit y is
G=8T,;

where T is the energy-momenum tensor of matter. If T = 0 (vacuum), the vacuum
Einstein equation is G = 0.

Shaw that G = 0 is equivalert to Ricci = 0 if the manifold has dimension 4.

Hint. For Ricci = 0) G = 0 we give no hint. For the other way, write G = 0 in
coordinates Riccij = 1=2Rg; = 0, raise one coordinate Riccil = 1=2R }, and form the
trace of this equation.
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7) (*) Schwarzschild metric . (This exerciseneedseither patience, that is hours of calcu-
lation (with the risk of making a mistake), or a trick of special normal coordinates still
with nasty calculation (again with the risk of doing a mistake), or a symbolic Mathemat-
ica computation which takes a few seconds. Since | chosethe third possibility myself,
I can lean you my Mathematica source code, which you can nd on my Web page or
below. To get the credit for this problem, you have to print out the intermediate results,
Mathematica givesfor the Christo el symbols and for the Curvature tensor).

Problem. Verify that the Schwarzsdild metric g in R# satis es the vacuum Einstein
equation. That is, compute

. )
J!k = 9” (Qu + @g; @gj«) :

and then _ _ ) X X .
kmn = @ kn @ m * Jkn J!m ]km J!n
j i
and nally X
RiCCiik = R} ik
j
and (using the last problem) verify that G = 0.

Hint. Use Mathematica on a Macintosh, PC or Sun or Next workstation and run the
following few lines. Identify rst from ead variable, what it does and whether it is
deduced correctly from the formulas you have in the text. 1 simple method to get
also the intermediate results on a Unix machine is to load down the program, store
it as "schwarzschild:m" on your computer and type in "math < schwarzschild:m >
results”. In "results”, you nd all the necessaryinformation. Clean this le by editing
the mess (removing unnecessarylines and labeling essetial things) and print it out
"lpr results and attach it to your paper.

8) () Kerr-Newman metric . If you like letting a computer do proofs for you, take for
example the Kerr-Newman metric (seefor example the new and nice book of Ciufolini
and Wheeler "Gravitation and Inertia" p.41) and verify that it satis es the Einstein
equations by modifying the above program.

Mal09a, O. Knill, November 1995
Week8 (Solutions)

P . P
1) Replacingr j@ =, k@ in PJ!k = g'o(r ; @; @), usingthe linearity of g and the
de niton 9(@; @ = ga aswellas | g'gq = | gives
X

K = ¢ To(@: @
_ il
= ik9 Gk
- ~l i
= ik k
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3) By the de nition of the covariant derivative

Fx(t SYLunYP P X Xgrg) = Xt S)(YH i YP P X i Xge o)
% P’
(t S)(Yl ..... erI ..... Yp+p0;xl;...;xq+q0)
i=1
R d

We split up ead of the two sumsinto two sumsand usethe de nition of the tensor product
and the Leibniz rule X:(f g)= (X:f) g+ f (X:g) to get

Fx(t S ) = (XYL YPRP) syt X gs )
UYL YRR (OXS(X 101 X ge )

t(Y ..... erI ..... Y Xl;:::' )S(Yp+1.:...Yp+p Xl;:::;xq+q0)
i=1
% P’

t(Yl ..... Yp le q)S(Yp+1 . rXYI ..... Yp+p Xl,,xq+q0)
i=p+l

B L YR X x X X g)s(Y P YRR X X g g0)
=1
K o

t(YLn YR X X q)s(YpJ’l'::"Yerp X x Xjiiin Xqego) :
i=p+

The rst expressionplus the rst sum plus the third sum are

(rx)OY 5 YR X X g)s(Y P YR P X g 5 X g )

4) In order to prove the formula

tJl lp — @ Jl lp
gl T | ti
qs Vo UL q
jrght X g
1 p 1¢)1
+ |It |q+ niE il til:::icI
| |
X it R
1 p 1p .
||1t| Mg ||qt|1 !

we assumethat it is known for tensors of the form T(§’ and deducefrom it the claim for
tensors of the form TP"l and Tq+l We use also the formulas for p = 1;9 = 0: (seea
proposition in the text)

uj;i:@c.(piuj*' hu
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and for p= 0;g= 1 (from the de nition)

Ujsi = =7 Uj

i
@& [
Sinceewery tensort of the form Té’*l can be written asa sum of tensorsof the form s u,

whereu 2 T¢ and s 2 T{, we can assumewithout lossof generality that t = s u. Since
J1i per 1 o+
till:::i;l - Sjill:::i;u]pl
we get by Leibnitz o o S
Jiitjpsr B o+ Sp,dper
till:::i;;i1 - S:i:::i;;iu]p ot S]ill:::i;u;ip ' .
Plugging in the induction assumptionfor s and the known formula for u givesthe claim for
Té”l . Similarly, one can show the other induction step.

6) Assume rst Ricci = 0. Sincethe scalar curvature is a trace of the Ricci tensor, we have
also Scal= 0 and so alsothe Einstein tensor G = 0.
For the other direction, if G = 0, then we have (by the hint)

- 1
RICCIij = ERgij .
Raising one coordinate (multiply with g/ and sum over j) gives
oo 1
Riccif = SR K

If we take the trace, we get on the left hand side the scalar curvature R and on the right
hand side %R 4 = 2R. This equality R = 2R is only possibleif R = 0. But R = 0 and
G = 0 together imply by de nition of G that Ricci = 0.

7) If you were running the program, you obtained rst the coe cien ts for the Christo el
symbols j k, then the coe cien ts of the Christo el symbols }j , then Riemann curvature
tensor R}k, and nally the Ricci tensor Ricciik which vanishesafter the simpli cation com-
mand.

Mal09a, O. Knill, December 1, 1995

Final
Due: Wednesday, December 6, 1995

Topics: Manifolds, Tensor analysis and Riemannian geometry

Material : Thereis norestriction in the useof material. All books, notesor homework
can be used. It is only required that everybody makesthe nal by himself/herself.

Time : 4 hours in one sitting . No credit for work donein overtime .

Form : Pleaseuseablue book or write on good new paper, which is stapled together,
beforeturning it in. If possible,usea new pagefor a new problem.
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Due: Return the paper to the mail box of the TA Yue Lei, by 12:00 AM noon,
Wednesdg, Decenber 6, 1995.

Points: there are 8 problemsead giving 20points. The points in ead subproblemare
distributed equaly. That is if the problem has4 subproblems,ead of the subproblems
givesmaximal 5 points, if the problem has2 subproblems,then eat subproblemgives
maximal 10 points.

1)

2)

Topic: Manifolds (20 points)

Put a cross, wherewer a manifold matcheswith a certain property. Add this page (or
better the table only) physically to your paper (glue, tape or staple). To simplify the
grading, pleasedo not copy by hand the table again.

In this question, you have exceptionally not to give proofs, nor to justify your answer.
Reminder: a manifold is simply connected if every closedcurve can be cortracted to a
point. (The precicede nition isin the 2. Weekhomework). To the notation F;sedin the
table: giventwo setsA; B, then AnB = fx2 Ajx2Bg. S" = fx2R" j . x?=1g
denotes the n-dimensional sphere, T", the n-dimensional torus, M is here the two-
dimensional Mo ebius strip M = f(x;y) 2 R2j(x;y) 2 [0;1] (0;1)g= , where is
the identi cation (0;y) (1;1 y) of the "left" boundary with the "right" boundary.

[ Manifold | compact | orientable | connected | simply connected ||
Sl
SZ
TZ
R2
R nfOg
R? nf(0;0)g
S?nfP = (0;0;1)g
M
M R
S

Topic: Manifolds, Pseudo Riemannian manifold (20 Points)
Let G=fA 2 M(2;R)jg(Av; Aw) = g(v;w); 8v;w 2 R?g be the setof all linear isome-
tries of the Pseudo-Riemannianmanifold (R ?;g), where [g] = 01 2

a) Determine G asa subsetof all real 2 2 matrices M (2; R).
b) Provethat G is a manifold and determine whether it is compact or not, connectedor
not.

Let H = fB 2 M(2;R) j h(Bv;Bw) = h(v;w);8v;w 2 R?g be the set of all linear
isometries of the Riemannian manifold (R?;h), where[h] = é 2
c) Determine H asa subsetof all real 2 2 matricesM (2;R).

d) Provethat H is a manifold and determine whether it is compact or not, connectedor

not.
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3)

4)

5)

Topic: Tensors (20 Points)
Let (M; g) be the standard Lorentz manifold, that isM = R# and [g] = Diag( 1;1;1;1).
Let F be the electro-magnetic eld tensor asin Homework 8, that is

F(x) = Exdx!”rdx® E?(x)dx!~dx® E3(x)dx!~» dx*
+ B3(x)dx2” dx®  BZ(x)dx? A dx* + B(x)dx® A dx* :

Shawv by computing it, that F ~ ( F)(x) only dependson the Euclidean lengths jj B (x)jj
and jj E (x)jj of the magneticrsp. electric eld (the Euclideanlength of athree dimensional
vector X is jjxjj2 = x% + x3 + x3).

Hint: in Homework 7 you have computed already

F(x) = Eldx3rdx* E?x)dx?” dx*+ E3(x)dx?» dx3
+  B3(x)dx! ~ dx* + B2(x)dx! ~ dx3 + BY(x)dx ~ dx? :

Background information: The integral
electromagnetic eld.

w F 7 F iscalled the action integral of the

Topic: Tensors, Riemannian manifold (20 Points)

a) Let (M;g) be a Riemannian manifold (g is positive de nite). For which dimensionsn
of the manifold M does : X(M)! ™ k(M) satisfy = 7

b) Let d be the exterior derivative: *(M) ! k1 (M) andd = d. The linear
operator L : k(M) 7! k(M) de ned by

L=dd +dd

is called the Laplace Beltrami operator . Verify that L = (d+ d )2.
c) A 2-form F on a 4-dimensional Pseudo Riemannian manifold is called self-dual if

F = F. Verify that any self-dual 2-form is a solution of the vaccuum Maxw ell
equations dF = 0;d F = 0.
d) A k-form , which satises L = 0 is called harmonic , where L is the Laplace-

Beltrami operator. Shaw that a self-dual2-form F on a4 dimensionalpseudoRiemannian
manifold is harmonic.

Topic: Tensors, exterior deriv ativ e, Integration, Stok es (20 Points)

Let F be a 2-form on a four dimensional manifold (M;g) given by F = dA, where
A2 (M) isal-form. If F is the electromagnetic eld, then A is called a vector
potential and F is the eld generated by A.

a) Givenany f 2 C! (M). Show that the gauge transformed 1-form A+ d generates
the sameelectro magnetic eld as A. Verify further that if d A = 0 (Lorentz gauge),
then the Maxwell equationsdF = 0;d F = j implies

LA =],
whereL = dd + d d is the Laplace-Beltrami operator from above.
Background information: if [g] = Diag[ 1;1;1;1], d A = 0, and j = O, then ead
coordintate of A satis es the wave equation (;’t—zzAi = A; and explains why ligh t
consistsof wavesfrom a classicalpoint of view.
b) Givena current j in the Maxwell equationsdF = 0;d F = j. Show that

dj=0:
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6)

7

8)

c)If j == ;1) = ( ;ia;ig; i), verify that d j = O is equivalent to the contin uity
equation
_=div(i) ;

where div is the three dimensional divergenceyou know from calculus.
Background information: this property meanscharge conserv ation .
d) Let G be a four dimensional regular domain in M with three dimensional smooth
boundary G. Verify that the integral of the 3-form j over G is vanishing: that is
prove that z
j=0:

G
Connection (20 points)
We have seenthat t(X;Y;Z) = g(r x Y; W) is not atensor. (X;Y;Z denotevector elds
on M). Assume, we have on a manifold M two connectionsr ;r ° (which need not
to be compatible with any metric g on M). Prove that t(X;Y;Z) := g(r x (Y); W)
g(r 2 (Y); W) is atensor.

Hint. Usethe criterium for tensorality in the text.

Riemannian manifolds, Curv ature (20 Points)

a) Give an example of two Riemannian manifolds (M ; g), (N; h) sud that there exists a
di eomorphism :M ! N but sud that the scalar curvatures satisfy R(x) < 1 for all
X2 M and R(y) > 2forally 2 N.

b) A dieomorphism : (M;g) ! (N;h) is called an isometric di eomorphism if
the metric tensor g is the pull-back of h, that isif (h) = g. Two PseudoRiemannian
manifolds are called isometric if there exists an isometric di eomorphism from (M; Q)
to (N; h). Show that beeingisometric is an equivalencerelation on the set of Riemannian
manifolds.

Topic: General questions (20 points)

True or false? Also here, like in the rst problem we do not needa proof nor a reference
for the answer. Please Il out the box below and add it physically to your paper (for
example, cut the table away and glue it to your paper).

a) A nite dimensional manifold is always paracompact.

b) A nite dimensional manifold is always locally compact.

¢) The product of two connectedmanifolds is connected.

d) An embedding :M ! N is always injective.

e)Let :M ! N beasmooth map betweento manifolds. Every critical valuey 2 N

is the image of a critical point.

f) Any compact v e dimensional manifold can be embeddedin R 2.

g) The setof all vector elds on a compact manifold is a nite dimensional vector space.
h) Any smooth function can be developed into a corvergert Taylor series.

i) If the curvature of a two dimensional manifold M is vanishing everywhere,then M is
di eomorphic to the plane.

) In coordinates, the Riemann curvature tensor satis es Rjj k1 = Ry;i for all i; j; k; 1.
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[ ([0 [ag[d[e)[H]g [N [D]D ]

[Putacrosswheretue [ T | [ [ [ [ T T T 1

Mal09a, O. Knill, December 1, 1995

Final (Solutions)

1)
[ Manifold | compact | orientable | connected | simply connected ]|

St X X X

S X X X X

T? X X X

R? X X X

R nfOg X X

R?nf(0;0)g X X

S?nfP = (0;0;1)g X X X

M X

M R X

ST R X X
2) Let G = fA 2 M(2;R) j g(Av;Aw) = g(v;w);8v;w 2 RZ2g be the set of all linear
isometries of the Pseudo-Riemannianmanifold (R ?;g), where [g] = 01 2

a)
G=fa= 20 j@ ¢=1¥ f=12 =¥ E=0g

is the set of Lorentz boosts. To seethat G is a manifold, considerthe mapf : M (2;R) !
R:EA7I @ @ 182 d? P % G isamanifold, because0 is a regular value. To see
that, ched that Df (x) is surjective for x 2 G.

b) The manifold is di eomorphic to two copiesof R write it asa hyperbolain R?2. It is not
compact, It is not connected.

c)H =fA2M(2;R)jATA = 1gis the setof orthgonal matrices.

d) It is a compact manifold, not connectedsincethere are two componerts, one with deter-
minant 1 and one with determinant 1.

3) F~ (F)(X) = jiB(X)ij*  [EM)i?.

4) a) We know the formula = ( DI O W if is ak-form. Sinceg is positive
de nite, we have ( 1)9 = 1. ( 1)*(" K = 1istrue if k isevenorif n Kk is even. This is
always true, if n is even.

b) Becaused? = (d )= 1,wehaverL = dd + d d= (d+ d ).

c)IfF= F,thend F= dF = 0.

d)LF = (dd F +d dF) = 0+ 0= 0.

5) a) Givenany f 2 Ct (M), wehaved(A + d) = dA+ dd = dA+ 0= F. The equation
dF = 0;d F = j implies

LA=ddA+ddA=ddA=dF =] ;
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b) Fromd F = j, we get

dj=ddF=0:
c) Givenj = ( ;i)=( ;i1;ip;iz). Computing
. @ @ . @. @.
dj=0= @Jl"‘@h“‘@]s“'@u
is
_=div(i):
d) By Stokesand d j = 0, we have
z z z
j= dj= dj=0
G G G

6) t(X;Y;Z) == g(r x(Y);Z) g(r $(Y);Z) if and only if
tEX;Y;Z2) = (XY, Z2);t(X;fY;Z2) = Ft(X;Y;2);t(X;Y;fZ2) = Ft(X;Y;2) :

The rst equality is true by an axiom of the connections. The third equality is true be-
causeg is a tensor. For the secondequality, we computed in the text g(r x (fY);Z) =
fa(r xY;Z)+ (X:f)g(Y;Z). The secondsummandis not depending on the connectionand
ar x(FY);Z) or S(FY);2)=fg(r xY;Z) fo(r 2Y;2)=t(X;Y;2).

7) a) Take (M; g) the sphereof radius 1=10 and for (N; h) the spherewith radius 10. These
two manifolds are di eomorphic by the di eomorphism (x) = 100x. R(x) = 1=5< 1 for
alx2M and R(y) = 5> 2forally2 N.

b) Re exivit y: (M;g) is isometric isomorphicto (M ;g) by taking the identity map.
Transitivity: (M;g) (N;h) (K;i), then (M;g) (K;i). c) Symmetry: take 1.

8) a) A nite dimensional manifold is always paracompact.

b) A nite dimensional manifold is always locally compact.

¢) The product of two connectedmanifolds is connected.

d) An embedding :M ! N is always injective.

e)Let :M ! N beasmooth map betweento manifolds. Every critical valuey 2 N is
the image of a critical point.

f) Any compact v e dimensional manifold can be embeddedin R 2.

g) The set of all vector elds on a compact manifold is a nite dimensional vector space.
h) Any smooth function can be developed into a corvergert Taylor series.

i) If the curvature of a two dimensional manifold M is vanishing everywhere, then M is
di eomorphic to the plane.

j) In coordinates, the Riemann curvature tensor satis es Rjj k1 = Ry;; for all i; j; k; 1.

[ [a[D[o[d][e[H]a[h][)]]]
[ Put across,wheretrue [ X | X [ X [ X [ X [ X ] | | [X]

Remarks. The set of all vector elds on a manifold is an important example of an in nite
dimensional vector space.

There exist functions f which arein nitely often di eren tiable at 0 but for which the Taylor
seriesdo not corvergeat 0. An exampleis given by Borel. Take a smooth function f which
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is constart 1 on[ 1=2;1=2] and which is vanishing outside [ 1;1]. For any sequencec, the
function

X 2x X"
ux) = fe—=)—¢n
hzo  dcaji”nt
convergesfor all x 2 R and is in nitely often di erentiable evegywhere. The n'th dgrivative
at zerois uM(0) = c,. If ¢, = nIn", then the Taylor series , u(M(0)=nit" = = n"t"

obviously does not corverge. Example of a at manifold with vanishing curvature is the
cylinder or the torus. Both are not di eomorphic to the plane.
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Chapter 5

App endices

In the appendices,we add de nitions and results from other topics like topology, measure
theory, linear algebra, real analysisor di erential equations.

5.1 Topology

De nition. A top ological space (X;O) isasetX and a collection O of subsetsof X with Topological space
the following properties: O is closedunder nite intersectionsand arbitrary unions and and
X 2.

Notion. The setsin O are called open sets. The complemert of an open set is called open set

closed. For an arbitrary setA in X, denoteby A its closure , the intersection of all closed closed set

setswhich contain A. Denote also with int(A) the interior of A, that is the union of all closure of a set

open subsetsof A. Givena point x 2 X. A setV which contains U 2 O with x 2 U is also interior

called a neigh borho od of x. Neigh borho od
Examples.

1) If d is a metric on a set X, (this meansthat d is a function from X X ! [0;1 ) Metric space
satisfying d(x;y) = d(y;x);d(x;y) = 0, x = y and d(x; z) d(x;y) + d(y;z)), then

O=fU X j8x2X;9r>0;B;(x)="fyjd(x;y)<rg Ugisatopology. Every metric

space(X; d) de nes a topological space.

2) If O is the set of all subsetsof X, then (X ; O) is called a discrete top ological space. Discrete top ological space
3) If O =1fX;;g, then (X;0) is called the trivial top ology . Trivial top ological space
De nition. Let (X;0);(Y;P) be topological spaces.A mapf : X ! Y is called contin-

uous, if f 1(U) 2 O for all U 2 P. If f is continuous, bijective (one to one and onto) Contin uous map

and if f 1 is also continuous, then f is called a homeomorphism . A mapf : X ! R iS Homeomorphism

often called a function . The supp ort of afunction f is the closureof the setf (R nf0g). Support of a function

Example. If (X;d);(Y; ) are metric spacesthen f is continuousif and only if d(x,;x)! 0
implies (f (xp);f(x))! O.

De nition. A topological space (X;0O) is called Hausdor , if for two dierent points Hausdor space
X;y 2 X, there exist disjoint setsU;V 2 O with x 2 U andy 2 V.

Example. Every metric spaceis a Hausdor spacebecausetwo points x;y are separatedby

107
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Second countable

Open cover
Sub cover

Locally nite

Compact

Locally compact

Paracompact

Dense set

Sigma algebra

Measure space

Measure
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B, (x); B (y) if r < d(x;y)=3.

De nition. A basis B of a topological space(X; O) is a subsetof O sud that every U 2 O
can be written as a union of elemeris in B.

Example. Given a metric space(X;d), then B= fB,(x) jx 2 X;r > 0g is a basis.

De nition. A topological space(X; O) is called second countable if the topology has a
countable basis.

Example. Every metric space(X;d) suc that X cortains a countable densesetis second
countable. Especially, (R";d(x;y) = jjx Vijj) is secondcourtable.

S
De nition. A setof setsU O is called an open cover if ,yU = X.If UandV are
opencoversandV U, then V is called a subcover of U. A setof subsetsU O is called
locally nite , if every point hasa neighborhood U, such that O\ U is a nite set of sets.

De nition. A topological space(X;O) is called compact if every open cover hasa nite
subcover.

Examples. A metric space(X;d) is compactif every sequencex, in X hasan accunulation
point in X. A subsetin R" is compactif and only if it is bounded and closed. If (X;;O;),
for i = 1;2 are compact topological spacesthen the product spaceis compacttoo.

De nition. A topological space(X;0O) is called locally compact if every point has a
neighborhood, which is contained in a compact set.

Example. R" is locally compact but not compact.

De nition. A topological space(X;O) is called paracompact if every open cover has a
courtable, locally nite subcover.

De nition. A subsetA of atopological space(X ; O) is called dense if every U 2 O contains
an elemen of A.

5.2 Measure theory

De nition. A isa - algebra if A is a set of subsetsof satisfying

2 A,
A2A! AS2A,
An2A) T onAn2A

The pair ( ;A) is called a measure space.

De nition. :A! R isameasure if

(A)2[0;1] 8BA2A
An 2 A disjoint) ( ,An)=

(An) ( -additivit y)

n
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The measureis called nite if () < 1. In this case,it can be normalized to be a
probability measure () = 1.

Example. Let be a bounded closedsubsetof R" and let A be the smallest -algebra A
called Borel Q -algebra whi61 cortains all open setsin There exists a measure on
such that (-, [&;B]) = ?:1 (b &) for all cubes i”:l [ai;b] . This measureis
called the Leb esgue measure .

De nition. A map f from one measurespace( ;A) to an other measurespace( ;B) is
called measurable if f 1(B) 2 A for all B 2 B. Especially, if R and B is the Borel
-algebraon R, then f is called a bounded measurable map.

De nitr'gpn. Denote by S the set of measurablemaps which take nitely many values: S =
n

ff = 2, i 1la, with ; 2 RgDene for f 2 S the integral
z X
fd:= a fX=ag:
a2f ()

For a generalbounded measurablemapf : ! R™*, wede ne the integral

Y4 Z

fd=sup gd
gZS
. R R R

For a general function f dene f = f* f , where f*(x) = max(f (x);0) and

fo)= (1) x.

De nition. Given two measurespaces( 1;A1), i = 1;2 with nite measures ;. De ne
on 2 the -algebra A asthe smallest -algebrawhich cortains all setsA; A, with
A; 2 Aj. There existson ( ;A) a nite measure = ; 2 which satises (A1 Aj) =
1(A1) 2(A2). It is called the pro duct measure .
Theorem of Fubini: Let f be a bounded measurablemapon( = 1 2;A1  A3). Then
Z z
fd=fy)dix)d 2(y)

1

5.3 Linear algebra

De nition. Let E be a nite dimensional vector spaceand let E be the dual space. The
scalar pro duct betweenavectorv 2 E and a vectorw 2 E is a map from E E! R
dened asv w = v(w). It is alsocalled dot pro duct

Leb esgue measure

Measurable map

Integral

Pro duct measure

Scalar pro duct

. e P .
Property. In coorqmates, the scalar product is given as follows. If v = Vi€, where Dot product

vi=v(e)andw="; we with w = é&(w), then

X o X :

v w=v(w)= viw €' (g) = viw

iij j
De nition. Givena basisfeig in E and the dual basise 2 E . AlinearmapA :E! E
denes amatrix Al =€ Aej, where A; is the ertry in the i'th row and j'th column.
Property. In coordinates, X
(AvY = AV ;

Matrix



Adjoin t map

Pull-bac k of a tensor

Push-forw ard

Determinan t
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) ' ) : P P .
becausee Aegj = A{ and by linearity & Av=¢€ A  Vv'g= A’i v'. We have also

Becausefor e:f_tm e, the left hand sideis € Ae; = AF, while the right hand side is €
o Ale = (o AT g = AL

De nition. If A:E ! E is alinear map, then the adjoint map AT :E ! E isde ned

by the relation v. Aw = ATv w. p P

Property. This means(ATv); = ATv ¢ = v Agj = ,vi¢ Ag = Alv.

Lemma 5.3.1 (Transformation of the dual basis) Let e be a basisin E
and let e = Ae be an other basis, wher A is an invertible map. Then
(AT) '€ is the dual basis of the basis g .

Proof. LetB:E ! E bethe linear mapin E suc that Bé = €& is the dual basis. We
have
l=¢d =B Aei=ATBe @:

Therefore ATB€e = € for all j sothat ATB is the identity and B = (AT) 1. 2

Using this lemma, coordinate transformations of any tensor can be computed. Let us solve
Problem 2a) of Week 3:

We have sequhat if 'the basis transforms as € = Aej, then the dual basis transforms as
e =BTe = j Bfe/, whereB = A 1.

X X X .
X =f()=fBTe)=f( Bfe)= Bff(e)= BKf':
i i i

Remark. We compute here the tensor in a new basis, that is we move to a basis, which
correspondsto a pull-bac k of the tensor:

This is dierent from push-forw ard , the tensor with amap A : E'! E which is de ned
as

De nition. Let E bean dimensionalvector spaceand M (n; R) the algebraof n n matrices.
For A 2 M (n; R), the determinan t is de ned as

X
det(A) = (1AL ;) An (n);
28,
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where runs over all n! permutations in the group S, of all permutations of n elemerts and
where (1) is the sign of the permutation. (We wrote here Aj instead of A;).

Properties of the determinant are: det(AB) = det(A) det(B), which implies for ir@ertible A,
det(A 1) = det(A) ! det(l) = 1. If ; arethe eigervaluesof A, then det(A) = ~_, . If
det(A) 6 0, then A is invertible and A * = Ad(A)(det A) !, where Ad(A)] = ( 1)1 AT,
where A'f" is the matrix obtained from A by deleting the i'th row ar|g j'th column. This
formula for the inverseis equivalert to the developmert det(A) jx = i”:l Adj;Ai , where
j is arbitrary .

Denition. Let A : E ! F be alinear map from a vector spaceE to a vector spaceF.
The kernel of A is the setfv 2 E j Av = 0g. The image or range of A is the set
fAV2 Fjv2Eg.

5.4 Real analysis

De nition. Givenamapf : R" I R™. Denote by Df (x) the linear map Df (x)h =
lim, of (x+ h) f(xX))= from R" to R™ if the limit existsfor eadh h 2 R". It is called

the deriv ativ e or rate of change of A. Deriv ativ e
Notation. Givena basisin R" and R™, we write f (x) = f (x1;:::;Xn) = (F2(X);:::fm (X)).
Then Df, the Jacobian of f isam n matrix de ned by Jacobian
0 1
% @f1 11 @f1 §
@fm i @fn

where we wrote @ as a short hand for @(@;).

Important properties:

The chain rule: D(f g)(x) = Df (g(x)) Dg(x).

Chain rule

Theinverse function theorem if Df (x) isanisomorphism,then
f is a local di eomorphism at x: there exists a neighborhood U
of x, suchthat f :U! f(U) is a di eomorphism.

.. . . . X . . Inverse function theorem
Deniton. Amapf :U R™! R" iscalleddieren tiable in U, if Df (x) existsfor all pieren tiable map

x 2 U. Denoteby Df themapU R™ ! R" givenby Df (x;u) = Df (xX)u. If this map is
cortinuous, we sa it is contin uously dieren tiable and we write f 2 C1(U;R"). If the
map Df : U R™;(x;u) ! Df (x)u is cortinuously di erentiable, then f is de ned to be
in C2(U;RM). Inductively, if DX *f :U (RM)X! R" is continuously di eren tiable, then
we write f 2 CK(U;R™). If f 2 CK(U;R") for all k, then f is called smooth . Smooth map

The k'th deriv ativ e of a function f : R™ I R" is de ned as follows: for vectorsu® = kin derivative
(u(l');:::;uﬁ'q)) 2 R™and f (x) = (f1(X);:::;fn (X)),
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Taylor's theorem
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Banach's xed point theorem
Banch xed point theorem
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@ @. . B @ @ () = e .
@<i1@<i2m@(ikfl(x)ui1 = L

ik '
igjigi=1

Note that D*f (x) is linear in ead of the coordinates ull) and soa multilinear map from

(R™Mk=RM™ RM™::: RM™! R". Sometimes,you will encourter the notation D; = @@i.

Example. Givenamapf : R™! R, then Df (xX) = (@f;:::;@f) is the gradien t and

@@f ::: @ of
D?f (x) = %
@@f .1 @ af
in the sensethat D2f (x)(u;v) = (u';D?f (x)v), where( ;) is the scalar product (here R™

is identi ed with its dual space(R™) by u 7! u". Seethe linear algebra appendix for the
notion of the scalar product)

If f :R™! R" is k times di erentiable at x, then, for small enoughh 2 R™, Taylor's
theorem holds:

D2f (x)
21

f(x+h)=f(Xx)+Df (x)h+ (h;h) + :::+ (h;:::;h) + R(x; h)(h; h;:::;h)

where R(x; u) is a "rest term" which satis es R(x; 0) = 0 and can explicitly be given:

Zl(l t)k 1

& D (D¥f (x + tu) D" (x)) dt :
0 !

R(x;u) =

Remark. The notion of derivative is in somebooks done as follows: denoteby L*(R™;R")

the setof all linear mapsfrom R™ ! R". De ne inductively LK(R™;R") = LY{(R™;L* 1(R™;R"),

which is the spaceof all multilinear maps from R™ ::: R™ ! R", Given a function
f:U RM™! R", then D*f is a function from U to LX(R™;R") de ned inductively by
D*f = D(DK f).

5.5 Dieren tial equations
De nition. Let (X;d) be a metric space. A map : X ! X is called a contraction , if

there exists < 1 such that d( (x); (y)) d(x;y) for all x;y 2 X. The constart is
called a contractivit y factor of

[Banadh's xed point theorem]
A cortraction in a complete metric spacehas exactly one xed point in X.
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Proof. (i) By induction, one shaws that for any pair x;y 2 X

dt "(x); "(y)) " dxy):
(ii) Using the triangle inequality, we get for all x 2 X,
X 1 K 1 1
d(x; "x) d( *x; *x) “dis (<) d(xoixa):
k=0 k=0
(i) Forall x 2 X, x, = "(x) is a Cauchy sequenceand has by completenessof X a limit
x. Indeed, by (i),(ii),

d(Xn;Xn+k) "od(x; xk) n % d(x; x1) :

(iv) The limit x doesnot depend on x: assumethere are two limits x;y. They are both
invariant under and satisfy

dix;y) = d( (%); (¥) dixy)
This is only possibleif x = y 2
Notation. Let X be a Banach space(a complete normed vector spaceand especially a com- Banach space

plete metric spacewith metric d(x;y) = jjx yjj) and | aninterval in R. Denote by B (x)
the ball fy 2 X jjjx vyjj < rgaround x of radius r in the spaceX. Ball in a Banach space

Let X = B;(Xg) X and assume is adierentiable map X ! X. If for all
x2X,jiD (X)j ji<1land

I (o) xoli (@ )r

then hasexactly one xed point in X.

Proof. The condition jjx  Xojj < r implies that
i) xoi i (x) ()i +1ii (Xo0) Xl r+ (@ Jr=r:

The map maps therefore the ball X into itself. Banach's xed point theorem applied to
the complete metric spaceX and the contraction implies the result. 2

De nition. Let f bea mappingl X ! X . A dierentiable mappingu :J ! X of an

openball J | in X is called a solution of the dieren tial equation Solution of dieren tial equation
x = f(tx)

if we have for all t 2 J the relation

u(t) = f(t u(t) :
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[Cauchy-Picard Existence theorem]
Letf :1 X ! X becontinuousin the rst coordinate and di erentiable in
the second.
For every (to;Xo) 2 I X, there exists an openinterval J | with midpoint
to, such that on J, there exists exactly one solution of the di erential equation
x = f (t; ).
Proof. There existsan interval J(tg;a) = (t a;to+ a) | anda ball B(Xg;b), sut that

M = supfjj f (t; x)jj j (t; x) 2 I(to;@) B (Xo;b)g
aswell as

k= supf BT (6X1)  f(Ex2)jj

Jixe Xz
are nite. De ne for r < a the Banach space
Xy = C(I(to;r); X) = fy:J(to;r) ! X; y continuousy

j (6 X1); (5 x2) 2 J(to;@)  B(Xo;b);x1 6 X20

with norm
jiyii = sup jiy(Djj
t2J (to;r)
Let Vi, be the open ball in X, with radius b around the constart mapping t 7! xo. For
everyy 2 Vi, we de ne 7
t
() :t7! xo+  f(s;y(s))ds
to
which is again an elemert in X ;. We prove now, that for r small enough, is a contraction.
A xed point of is then a solution of the di erential equation x = f (t; x), which exists on
J = J;(to). For two points y1;y2 2 V;, we have by assumption

if(sya(s)  f(siya(s)ii  k diya(s)  y2(9)i Kk iyr vl

for every s 2 J,. Thus, we have
Z t
iy i = 0 f(ssyu(s) f(siyas)) dsjj
z°
iif (s;ya(s))  f(siy2(9))j ds
to
kr jjyr  Yali :
On the other hand, we have for every s 2 J,
jif(s;sy(shii M
and so Z, Z,
i (X0) Xoli =1Ji  f(sixo(s)) dsjj jif(s;xo(s))jjds M r:

to tO
We can apply the above lemma, if kr < 1 and Mr < b1 kr). This is the case, if
r < bM + kb). By choosingr small enough, we can get the cortraction rate as small as
we wish. 2

To obtain solutions which exist for all time (global solutions), further requiremerts are
necessary
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