Arithmetic invariants of discrete Langlands parameters

Benedict H. Gross
Department of Mathematics, Harvard University
Cambridge, MA 02138
gross@math.harvard.edu

Mark Reedef
Department of Mathematics, Boston College
Chestnut Hill, MA 02467
reederma@bc.edu

August 5, 2009

Abstract

The local Langlands correspondence can be used as a toolakingnveri able predictions
about irreducible complex representationpafdic groups and their Langlands parameters, which
are homomorphisms from the local Weil-Deligne group tolthgroup. In this paper we re ne a
conjecture of Hiraga-Ichino-lkeda, which relates the farahegree of a discrete series representa-
tion to the value of the local gamma factor of its parametes.attach a rational function xwith
rational coef cients to each discrete parameter, whictciEdizes to this local gamma value when
X = ¢, the cardinality of the residue eld. The order of this rat&d function atx = 0 is also an
important invariant of the parameter - it leads to a conjedtimequality for the Swan conductor of
a discrete parameter acting on the adjoint representatidred -group. We verify this conjecture
in many cases. When we impose equality, we obtain a predifbiothe existence of simple wild
parameters and simple supercuspidal representatiofispbatich are found and described in this
paper.
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1 Introduction

Let G be areductive algebraic group over the local &ldThe local Langlands conjecture predicts
that the irreducible complex representatiors the locally compact grou@ (k) should correspond
to objects of an arithmetic nature: homomorphism&om the Weil-Deligne group ok to the
complexL -group ofG, together with an irreducible representatioof the component group of the
centralizer of . In light of this conjecture - which has been establishedifgebraic tori, as well as
for some non-abelian groups lik&L , (k) [23],[25], andSL, (k) [27] - it is reasonable to predict
how representation-theoretic invariants ofrelate to the arithmetic invariants of its parameters
¢ o)

An early example of this was the papd#], which predicts branching laws for the restriction
of irreducible representations of the gro8@, (k) to the subgrouisO, 1(k), using the"-factor
of a distinguished symplectic representation oflthgroup ofSO, SO, ;. These conjectures
have now been veri ed in several cases; s&§ pnd [22].

For general groups, one invariant of a discrete series septation is its formal degree.
Recently, Hiraga, Ichino, and lkeda have formulated a aiunje 6] for the formal degree of a
discrete series representation, in terms oflthieinction and'-factor of the adjoint representation
of theL -group.

For the rest of this paper we suppose the local kl$ non-archimedean, with residue efd
of nite cardinality g a power of a prime. We also assume the center®fk) is compact.

We reformulate the conjecture o2€], using Serre's Euler-Poincare measure on G(k),
which is ideally constructed for the study of the discreteese In this form, the conjecture ex-
presses the formal degree in terms of a ratio of adjoint gafactars (' )= (' ,), where' is a
discrete series parameter dngdis theprincipal parameter(corresponding to the Steinberg repre-
sentation). If is induced from an open compact subgrougs¢k), the formal degreeleg _( )
is a rational number. Our rst main result, Propositidri, is that the ratio (" )= (*,) is also
rational. In fact, for any discrete parametemwe de ne a rational function : (x) with rational
coef cients and show that(' )= (' ,) = - (0).

We then calculate the order of (x) at the pointx = 0. This leads to a conjectural inequality
on the Swan conductdx' ) of the Galois representatigkd' = Ad ' , which we verify in some
cases by studying the permutation representation of thé §¥eyp on the roots. We next focus on
parameters witlminimal Swan conductor.e., those for which the inequality df' ) becomes an
equality.

When we combine this condition dif' ) with the formal degree conjecture, the tension be-
tween Galois and Lie theory yields strong conditions oriror example, in a large family of cases
we can determine the precise imag@V ), along with its rami cation ltration, using the theory of
twisted Coxeter elements. See Proposifah This leads to the notion ofsimple wild parameter
which will reappear later in the local Langlands corresprm. We then construct some simple
wild parameters for split simply-connected groupsn two cases: whep does not divide the
Coxeter number o& and wherk = Q.



At this point, the formal degree conjecture almost presxithe representationsfor which
= ' . Putting conjectures aside, this leads to our second maiuitrea construction ofimple
supercuspidal representatiotizat seem not to have been singled out before.pHarger than the
Coxeter numbeh of G, they appear in the constructions &f pnd [62] and are the supercuspidal
representations of minimal positive defdthh. However, our construction is completely different
and works uniformly for any non-archimedean local eld; s&®position9.3. For simplicity, we
only give the construction in this paper whénis split, simply-connected and absolutely simple.
Then the formal degree of an ssc representatiavith respect to Euler-Poincare measurg is

given by the formula

IT()]
jZ(f)j vol 5(J)’

whered < G (k) is an Iwahori subgroup, ardl< T < G are the center and a maximal torus3n
overf respectively. We then compare this formula with the adjgarhma factor and show that the
degree conjecture implies that the Langlands parametear simaple supercuspidal representation
is one of the simple wild parameters arising from our studsnofimal Swan conductors.

Both of our main results are of a group theoretic nature, aadiaconditional: they could be
formulated with little or no reference to the local Langlarmmbnjecture. But without the Langlands
conjecture as our guide, we would never have found them. wifles the existence and number
of simple supercuspidal representations leads us to dongesome unexpected relations between
complex Lie theory and local Galois groups. For example, veeligt that for any complex simple
adjoint groupG there should exist a uniqu&-conjugacy class of simple wild parameters

' Gal(Q=Qy) ! G:

The simple wild parameters mentioned above@orprovide evidence for this whe@ has one of
the typesA,n; Bn; Dn; Go or Eg.

Simple wild parameters and simple supercuspidal repragens are also of arithmetic interest
in the global setting. For example, the matrix coef cientsionple supercuspidal representations
provide local test functions in the trace formula whichailane to explicitly compute multiplicities
in the discrete spectrum of global automorphic represiemshaving simple supercuspidal local
components17]. On the other hand, the Kloosterman sheave&anover nite elds studied by
Deligne [L3] and Katz B(] give rise to simple wild parameters when restricted to thexinposition
group at in nity (cf. [14]).

( )T deg ()=

This paper is organized as follows. In the rst few sectioresmgview the basic ingredients of
the Langlands conjectures - the Weil-Deligne group andejisasentations, local-functions and
"-factors, the dual group, and thegroup. This is foundational material, and we have attethfuie

[l some gaps in the literature. We then turn to the relatguide of the motive oz and the principal
parametet ,, which is used for volume computatations, and to compareversion of the degree
conjecture with that of26]. Our proof of the rationality of : (x) uses Kac's classi cationZ9] of
torsion automorphisms of simple Lie algebras (see &8p).[We nd that the possible irreducible
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factors (inZ[x]) of the numerator and denominator of (x) are remarkably few in number and
can be easily listed.

In chapter5 we compute the leading term of and study its implications for, arriving
at the notions of minimal Swan conductor and simple wild paeters. We show that a totally
rami ed parameter with minimal wild rami cation must be angple wild parameter. We then
construct simple wild parameters in the two cases menti@ieye. To this point, everything
involves representations of the local Weil-Deligne grond & independent of the local Langlands
conjecture. We then turn to the Langlands correspondeseléiin chaptei7, where we reformulate
the conjecture of46] in terms of Euler-Poincare measure. Cha@es additional foundational
material on central characters, which allows us to predisign in our version of the formal degree
conjecture. We conclude with chapteémwhere we give a construction of simple supercuspidal
representations for a split, simply-connected gr@ipver k, and show how the formal degree
conjecture implies that their parameters must be simplé parameters.

Itis a pleasure for us to thank S. DeBacker, N. Katz, D. Raemtl J.K. Yu for helpful discus-
sions, and to thank P. Deligne, A. Ichino, and J.-P. Serr¢hi@ir comments on earlier versions of
this paper.
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2 The Weil group

Let k be a local eld with nite residue eldf of cardinalityq, a power of a prime. We will
assume thak has characteristic zero. This assumption is only used invepfaces (primarily to
simplify the discussion of Galois cohomology) and we badidvat it can be easily removed.

Let A denote the ring of integers & $ a uniformizing element and I€& = $A be the prime
ideal ofA, so thatf = A=P. We x an algebraic closuré& of k, letK be the maximal unrami ed
extension ok in k and letA denote the integral closure Afin K. Thenf := A=$ A is an algebraic
closure off.

The Welil groupWW = W (k) of k is the dense subgroup &al(k=k) consisting of elements
which induce orf an integer power of the automorphism?7! x9. Following the convention in
[11], we x a geometric Frobenius elemeRt 2 W , which satis esFr(x9) = x onf. ThenW is a
semidirect product’V = hFri CIL:lwherel |, the inertia subgroup, is the kernel of the actioWof
onf and is also the absolute Galois groupkof The inertia subgroup is a compact group with
the pro nite topology, so the open subgroupd oéll have nite index, and are also closedlin

We normalize the isomorphiskn ' W 20 of local class eld theory so th& maps to the class
of the geometric Frobeniu in WP, The normalized valuation dn then gives a homomorphism

jitW! o Ry

which satis eskerj j = | andjFrj=q *.

A representation : W !  GL(V) on a nite dimensional complex vector spa¥eis called
admissiblef ker is open and (Fr) is semisimple. The rst condition implies thatl ) is nite.
Since (Fr) normalizes (1), it preserves the subspadé of invariants under (1 ).

The local factors oV are de ned as follows. The-function ofV is given by

L(V;9):=det(l q S (F)jVv') %
The"-factor ofV is given by

"o(Vig) = (V)% sdx);



wheredx is the Haar measure &t giving A* volume= 1, is an additive character &" such
thatA* is the largest fractional ideal contained in the kernel ofand"(V j j S; ;dx ) is the
local" function de ned by Deligne and Tate (c58]). We have

1
"o(V;9) = w(V)gPV N2 9

wherew(V) = “o(V;%) 2 C isindependent o anda(V) 2 Z ¢ is the Artin conductor oV,
de ned as follows. The inertial imageo = (1) is the Galois group of a nite extensidg =K .
If ACis the ring of integers oK ® with maximal idealP® then we de ne the normal subgroup

D; Do as the kernel of the action @y on A(P9%I*1. This gives the lower rami cation
[tration
Do D1 D2 D,=1:
We letd; = jDjj. Now theArtin conductoris de ned by
X d
a(V)=  dim(v=V°i )d—’:
0

i o
Isolating the term fof = 0, we can write
a(V) = dim( V=VP°) + h(V);

where theSwan conductob(V) measures the action of the wild inertia groDg on V. We
sometimes writ@( ) for a(V) orb( ) for b(V).

The Artin conductor is additive iv. The computation o&(V) can therefore be reduced to
the case wher¥ is an irreducible representation @f. Since eactD; is normal in (W), the
subspace®Pi are W-invariant. IfV is irreducible, then eithe¥®i = 0 or VPi = V. If
VPo =V, wehavea(V) = 0. If VPo = 0, the Artin conductor is given by the simpler formula

dimv X"

aVv) = Tdo dj; 1)
j=0

whered; = jDjj andm is the largest integer such that, 6 1.

The Artin conductor re nes the valuation of the discrimimawe will use this relation to nd
Galois representations with a given conductor, and for detepess we review it here. LEtk be
a nite Galois extension ok with groupD = Gal( E=k) and letR be the regular representation of

D. Via the canonical ma@v/ ! Gal(E=k), we get an admissible representationW ! GL(R)
with (W) = D. The Artin conductor oR is given by

a(R) = val (dg=);

wheredg- is the discriminant oE=k (see {8, VI.2]). On the other hand,

X
R= dimV) V;
V2Irr( D)
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so we have X
valc (de=x) = a(R) = (dimV) a(V):
V2Irr( D)

SinceRPi has dimensiofD : Dj] = d=d forall j, we have

Xd_jdd_dx

a(R) = — = —
Odo d; doj

(di 1)=f(e 1)+ bR);
] 0
whered = jDj andf = d=dy, e = dg are the residue degree and rami cation indextofk,
respectively. In particular, we have

valg(de=) f(e 1)

with equality if and only ifE=k is tamely rami ed.
More generally, ifL is the sub eld ofE xed by the subgrougC of D andU is a representation
of C, then @8, VI.2]

a(lnd2 U) = val x(d ) dimU + f o a(U): (2)
TakingU = 1 to be the trivial representation &f and applying Frobenius reciprocity, we nd that

X
val (d - ) = a(ind2 1) = (dim V) a(V):
V2Irr(D)

2.1 The Weil-Deligne group and its representations

For the local Langlands correspondence, the classicaimofia representation of the Weil group
must be re ned in two ways: rst by replacinGL (V) by a reductive complex Lie grou@, and
second by the addition of a nilpotent eleméhtin the Lie algebrag of G; the elemeniN plays
the role of the nilpotent part in the Jordan decompositiommfelement ofy, while the role of
semisimple part is played by a homomorphismW ! G .

Precisely, aepresentation of the Weil-Deligne groiga triple( ; G; N ) whereGis a complex
Lie group whose identity compone@ is reductive, : W ! G is a homomorphism which is
continuous on , with (Fr) semisimple inG, andN is a nilpotent element in the Lie algebyaf
GsuchthatAd (w)N = jwj N forallw 2 W . In particular, we have tha&d (I ) xes N and
Ad (F)N = g N. Two representations; G N); ( % G;N9 of the Weil-Deligne group are
considered equivalent if there is an elemg® G such that °= gg *andN°%= Ad( g)N.

A representatiorf ; G;N) of the Weil-Deligne group can be put on more familiar algébra
footing by associating to it th& -conjugacy class of a homomorphism

' TW  SLn(C)!G :



Since only the case @L , has been discussed in the literature (é#]] we shall give a proof of
this correspondence.

Since (1) is nite, the centralizeth := g (') is reductive, as follows easily fron6] 1.6.4
Prop.5]. MoreoverAd (Fr) normalize. For 2 C ,leth( ) bethe -eigenspace o&d( (Fr))
in h. Finally, note thalN 2 h. We need a re nement of the Jacobson-Morozov theorem, wdagk
that every nilpotent element is contained inggitriple. For background on this, se® chap.5].

Lemma 2.1 There is arsl,-triple (e; f; h) in h such that
e= N 2h(q Y); h2h@)=g™); f 2h():
Any two such triples are conjugate by an elemer@ofvhich centralize®V and xesN.

Proof: This was proved fog = 1 by Kostant and Rallis in34]. We imitate their proof. Let
(e; fo; ho) be anysl,-triple containinge. Write

X
ho=h+h%®  with  h2h(); h°2  h():

61
Comparing eigenvalues in the equate= [ h; €] + [ h® €]; we have

[h;e] = 2e: ()
Likewise, write

X
fo=f2+f% with f%°2h(g; % nh():
6q

Comparing eigenvalues in the equattos h°=[e;fq +[e;f°}; we have
h=[e;f92 [e:h]: (4)

Equation 8) and the containment ir4) are the conditions in33, Cor.3.5] guaranteeing the ex-
istence of an elemerit 2 h such that(e;f; h) is ansls-triple. Sincead(e) is injective on the
2-eigenspace add(h), the relationgh;f ] =  2f , [e;f] = h imply thatf 2 h(q), as desired.
The proof of the conjugacy assertion is identical to that3¥#.[] We reproduce it here for
completeness. Suppose tlieif1; h1) is anothesl,-triple satisfying the conditions of the Lemma.
The elemeny = h;  h belongs to the Lie subalgebna= h®\ h(1), which is normalized b¥.
By the representation theory sl,, we have

M
m = m;; where m =fx2m: [h;x]=ixg:
i 0
The subalgebra M
u:= m;
i>0



is nilpotent and the corresponding subgrdup= exp(u) is unipotent. We consider the orbit
Ad(U) h h+ u. SinceU is unipotent, the orbiAd(U) h is closed. The tangent space to the
orbit ath is [h; u] = u, so the orbit also open. Therefore we in fact have

Ad(U) h=h+u (5)

Next, we observe that= m\ [e;h], again by the representation theorysbf. Sincey =[e;f1 f],
it follows thaty 2 u. Hence by %), there is an element 2 U such that

Ad(u)h = h+y= h;:
We clearly haveAd(u)e = e. It remains to show thaAd(u)f = f;. But this follows from the
same argument used to pradve h(qg) above.

Now, given a representatiqiy G; N) of the Weil-Deligne group, le be the identity com-
ponent of the xed-point$G )" of (1) in G. ThenH has Lie algebrda = ¢ . Choosing an
slo-triple (e; f; h) as in Lemma&2.1 gives a homomorphism : SL, ! H such that

_ .+ 01
e=d 4 o
whence a semisimple element
q1:2 0
s= 0 q i 2 H:

Note thats = exp( % log(g) h) commutes with (Fr), sinceh 2 h(1). Moreover, we have
Ad(s)e= ge; and Ad(s)f = q If:

It follows that Ad(s (Fr)) centralizes (SL»). Sinces commutes with (I ), we obtain the
promised extension
"W SLy!G

by making' = onl and setting (Fr) = s (Fr). The conjugacy assertion in Lemr2al
implies that theG -conjugacy class df is independent of the choice of triple; f; h). To get back
from' to the original datd ; G;N), we de ne

q 1=2 0

=i =@ Y

O

To summarize, we have proved:

Proposition 2.2 The correpondencé; G;N) $ ' just described gives a bijection between the
equivalence classes of representations of the Weil-Delggoup and thés -conjugacy classes of
homomorphisms : W SL, ! G for which' is trivial on an open subgroup df, ' (Fr) is
semisimple and the restriction bfto SL, is algebraic.
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If * is a homomorphism as in Prof.2andA is a subgroup ofV (resp.SL») we often write
" (A)instead of (A 1) (resp.' (1 A)).

Thewild inertia subgroupof W is the prop-Sylow subgroup + of I . If' :W SL,!G is
a homomorphism as in Prof.2, then' (1) is nite, and’ (I +) is a nite p-group contained in the
centralizeM of' (SL»). From a result of Borel and Serr§][ it follows that' (I +) normalizes a
maximal torusS in M . If p does not divide the index @& in its normalizer inM , it follows that
" (I +) is contained irs and is, in particular, abelian.

2.2 Local factors for Weil-Deligne representations

The local factors for representations of the Weil group galiee to representatiorfs G; N ) of the
Weil-Deligne group as follows. Fix a a nite dimensional cplex representation: G ! GL (V)
which is algebraic ot . Then

r TWIG! GL(V)

is a representation aV, which we will again denote by, asr is xed. For any -invariant
subspac&) V,letU' denote the vectors id which are invariant under(l ). Sincel is normal
in W, the spac&)' is preserved by the operatofFr) .

Since each operator fron{W) commutes withN up to a scalar, the kern®ly of N onV is
an invariant subspace, hence th<invariantsv,\'l are preserved by(Fr) . The localL -function of
(;V ) isdened (seeb8, 4.1.6]) by

L(;Vis)=det 1 q° (F)jV, *: (6)
and the local -factor is de ned by
"(;V;s)= "o(V;9) det g S (F)jV'=W ; 7

where"o(V; 9) is the"-factor de ned in sectior2. We want to express these factors in terms of the
corresponding representation

r ' :W SLy!G! GL(V);

which we again denote By, asr is xed. Since we will work with' in the rest of the paper, we
now write

L(5V;s):=L(;V;s); and  "(3V;s):="(;V;s):
SinceV is semisimple undéer, we have

M
V = Vh  Sym"; (8)
n 0

11



whereSym" = Sym"(C?) is the irreducibleSL,-representation of dimension+ 1, andV, is a
semisimple complex representationif. Hence
M
V= V) osymi;
n O

whereSymy , the highest weight line, is the kernel §if in Sym". Since (Fr) = q "=2' (Fr) on
Symy, , we can rewrite®) and (7) as

Y 1

L(;Vis)=  det 1 gz S (F)jVy )
n 0
and .
"(;Vis)=1(;v )g V29 (10)
where
X X
(V)=  (n+laVy)+ n dmV); and
' y "t (11)
L,V )= w(Vy)"*t det( ' (Fr)jvi)™
n 0 n 1

wherea(Vy) andw(V,) are the Artin conductor and local constants of the represienis( ;V )
of W, as recalled in sectioa
Finally, thegamma factoof (*;V ) is de ned by

L(; V51 9)"(5V5s),

(hV;s)= L(Vs) ;

whereV is the representation 8/ SL, dual toV.

2.3 Self-dual representations

A representation
"W  SLp!  GL(V)

is self-dual if it is isomorphic to the contragredient reggetation on the dual spaveor equiva-
lently, if the imagem' ="' (W SL») preserves a non-degenerate bilinear formonNe say
V is orthogonal ifim" preserves a non-degenerate symmetric bilinear fori gand symplectic
if im' preserves a non-degenerate alternating bilinear forivi oim the symplectic case, the di-
mensiondim(V) must be even and the determindetV :=det ' must be trivial oW SLo.
In the orthogonal case,

detV :W Sl !f 1g

12



is a quadratic character of the quotient graMg°® = k , sodetV( 1)= 1is well-de ned.
Assume thaV is orthogonal. In the decomposition

M
V = V, Sym"
n 0

(see B)), each representation, of W is self-dual, and each summaxg Sym" is orthogonal.
SinceSym" is orthogonal whem is even and symplectic whenis odd, we have that, is also
orthogonal whem is evep and symplectic whamis odd. This must also hold for the invariant

subspacey, . SinceV ' n o(n+1)V, as aW-module, it follows that
X
;v )=aV)+ n dimV aVv) mod2;
n 1
and 2 y 32
LSV )%= 4w(Vv) det( ' (F)jVI)"S = w(Vv)=
n 1

SinceV is self-dual, we have (se8&8§, 3.6.8])
w(;V )2 =detV( 1) (12)

and by 5, Thm.1] we have
a(;vV ) a(detV) mod 2 (13)

so we have shown
Proposition2.3 If* : W SL, ! GL(V) is an orthogonal representation, thég;V;s ) =
LV )g (VG 9) with
(V) a(detV) mod 2;
L (:V )2 =det V( 1):

For example, iV is orthogonal andetV is an unrami ed quadratic characterf, then (';V )
isevenand (;V )2=1.

3 Reductive groups and Langlands parameters
Recall thatk is a nite extension ofQ, with xed algebraic closurek. Let G be a connected,
reductive algebraic group ové&r and letkg be the splitting eld ink of the quasi-split inner form

Go of G overk. LetT B be a maximal torus in a Borel subgroup®§ de ned overk. Then
T splits overkg and we letS be the maximak-split subtorus ofl . Letr(Ggp) = dim S denote the

13



k-rank of Gg and letr (G) denote the rank o6 overk. We haver (G)  r(Gp) with equality if
and only ifG' Gg overk. Later we will let” g denote the rank o over the maximal unrami ed
extensiorK of k.

The Galois grouBal(ko=K) acts as automorphisms of the based root datdmX; ;9 of
Go, whereX = Hom (T;Gn), X = Hom  (Gm;T) is the dual lattice of co-weights, X
is the set of simple roots &f in B, and” X is the corresponding set of simple co-roots. Let

XA anc;lg X be the set of all roots and corootsin G; these generate subgroups < X

andZ” < X.

3.1 TheL-group

Let G be a connected, reductive group o@mwith the dual root datungX;X; ;) . Then&
has a maximal torus in a Borel subgratip B such that{ may be identi ed with the group of
algebraic characters: T I C . Then” and” become the sets of roots and simple roots of
TinB. Fixasetfx, : ~ 2 "gof nonzero vectors in each simple root spacé ia Lie( B),
thereby giving a pinninggpinglage E := (T B; fx~g) in &. The action ofGal(ko=k) on each
object in the pinning gives an embedding@dl(ko=k) in the groupAut( &; E) of automorphisms
of G preserving the pinning. The elements oAut( G; E) are calledhinned automorphismSee,
for example, $4] or [16] for more background on pinned automorphisms.

We de ne theL -group of G as the semidirect product

LG := Gal( ko=k) Gl

The centef-Z of -G is the group ofGal(ko=K)- xed points in the center of5. Kottwitz [35]
showed that the Galois cohomology (k; G) of G is in canonical bijection wittHom( o(-Z);C ).
The group-Z is nite if and only if the maximal torus in the center & is anisotropic ovek. For
the rest of this paper:

We assume that the maximal torus in the centeé? of anisotropic ovek.
With this assumption, we have simply

H(k;G)' Hom(-z;C ):

3.2 Langlands parameters

Letpr: -G ! Gal(ko=k) be the natural projection map with kerr®| A (Langlands)arameter
for G is a representation of the Weil-Deligne group" G; N ) such that the composite mapping

w! Lc 1™ Gal(ko=k)

is the canonical surjectioV ! Gal(ko=k). Two parameters are considered equivalent if they are
conjugate byG.
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By the results in sectiofl.1 (with G = “G andG = &), we may reinterpret parameters as
homomorphisms
‘W SL! lG

such that
1) * :SL,! G isahomomorphism of algebraic groups o@r
2) ' is continuous o and' (Fr) is semisimple;
3) the compositav | LG P Gal(ko=Kk) is the canonical surjectiowv !  Gal(ko=k).

As before, two parameters are considered equivalent ifahegonjugate b.

Given a parameter, let A: denote the centralizer i& of the image (W  SL,). We say
that' is discreteif A: is nite. Since we are assuming that the maximal torus in theter ofG
is k-anisotropic, is discrete if and only if (W  SL») is not contained in a proper parabolic
subgroup of-G [4]. In other words, is discrete when its image is “irreducible” G, in the
sense of Serresfl]. We always havéZ A .

Lemma3.11f' : W SL,! LG is adiscrete parameter, then the elemefiEr) 2 -G has
nite order and the image (W) is nite.

Proof: Since' (1) is nite and normalized by (Fr), some powet (Fr)" must centralize (I ).
Since' (Fr) must also centralize(SL>), it follows that' (Fr) " lies in the nite groupA: . Since
" (Fr) and' (1) generaté (W), it follows that' (W) is nite.

For any parameteér, the representation

Ad

Ad' :W SL,! LG ™ Aut(f)

is a self-dual orthogonal representation. Indee@,preserves the Killing form offy; §] and the
action of" G on the cente of f factors through the nite groual(ko=k) and preserves the co-
weight lattice of the connected center®f so that? is orthogonal fo G. Thus the representation
Ad' ong§is the direct sum of two orthogonal representations.

We have the adjoint -functionL ("; €);s), the epsilon factot('; €;s) and the gamma factor

L(, &1 9)"(5 0:9)
L(; 6:9)

attached, as in sectidh2, to the representatioid ' .

(; 69 =

Proposition 3.2 A parametet : W SL,! -G isdiscrete if and only if the adjoirt-function
L(; 6;s)isregularats=0.
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Proof: The centralizeA: is nite if and only if there are no nonzero invariants'ofW  SL»)
in §. Writing M

6= 6n Sym"
n 0

as in @), we see thaf\- is nite if and only if the' (W)-invariants infjo are zero. Consider the
adjointL -function

Y
L(; &;s)=  det 1 q ° ™2 (F)jf),
n O

If ' is a discrete parameter then by LemBathe eigenvalues df (Fr) are roots of unity , so the
only possible pole o (*; §;s) ats = 0 can come from the factor far = 0, which is

det 1 q S (Fr)j6h

But this factor is regular & = 0, sinceg'o(w) = 0. Conversely, ifL("; 6;s) isregular ats =0
then so is its factor fon = 0, so we hav@o(w) =0 and' is discrete.

Note thatL ('; 6;1) is nite for any discrete parameter, by Lemn3al. Hence the adjoint

gamma value:
LG 6,1) (% 60)
L(5 6:0)

(; 6:0)= (14)
is nonzero when is discrete.

For the rest of this paper we will only concern ourselves wfith values as = 0 of local
gamma and epsilon factors attached\tb' , where' : W SL, ! LG is a discrete parameter.
To simplify the notation, we henceforth abbreviate:

()= 60 "()="060; 1C)=1¢106, ()= (06 b)=h;0:

From our results in sectio®h.3, we have that

"()=1()g
with X
(‘)=a®)+ n dimg, a(dets) mod?2 (15)
n 1
and
L (" )2 =det §( 1); (16)
where

det§ =det X : Gal(ko=k) ' f  1g;

by results in 18], where we recall thax = X (T). In particular, ifko is an unrami ed extension
ofkthen (*)isevenand (' )= L

16



3.3 The principal parameter

Recall that the toru3 splits overkg, so its character groul is a Z-representation of the nite

group
LW := Gal( ko=k) [\

whereW = Ng,(T)=T is the absolute Weyl group af in Go.
The choice of pinningdg in G determines a principal nilpotent element

X
No= X2 :=Lie(8);
Az’\

which is xed by Gal(ko=k). Applying the Jacobson-Morozov theorem to the grou@al(ko=k)-
invariants inG, there exists a homomorphisgl , ! G which is pointwise xed byGal(ko=k),
whose differential maps a nonzero nilpotent elemestirio Ng. Thus, the choice of pinning gives
a homomorphism

', :Gal(ko=k) SL,! lG: (17)

The pullback of , toW  SL via the natural surjectiod/ ! Gal(ko=k), also denoted by,
is called theprincipal parameter The centralizeA: | = Ca (" ,) of the principal parameter is just
the centet Z of - G, which is nite by our hypothesis that the maximal torus ir ttenter ofG is
anisotropic (see sectidh2). Hence the principal parameter is discrete.

LetE = 4 1Eq4 be the graded-vector space given by the homogeneous generators of the
W -invariants in the symmetric algebra @@ X . The subspac&y, spanned by the invariant
generators in degres is a Q-representation oGal(ko=k). Re ning results of Kostant, it was
proved in [L6] that the action ofGal(ko=k) SL,on@viaAd', decomposes as

M
R Eq Sym™ 2: (18)
d 1

In particular, we see th&@al(ko=k) | Aut( G; E) acts onf) by the representation:

M
(2d  1)Eg:
d 1
Hence the gamma factor (see sect?op)
=2k (6 6:1)
! =1( ((g)=22 009 7/

can be written explicitly as follows. THe-function is given by

Y
L(oilis)=  det@ g 9 *FojEy)
d

17



whereFq = ' ,(Fr) 2 Aut( G; E). The Artin conductor is given by

X
(J=alo)+ (2d 2)dimEg

X d X

=  (2d DaEg+ (d 2)dimE}
(2d l)[dim(Ed=;é)+ (Ea)] + § (2d  2)dimEg (20)
= X (2d  1)[dimEgq+ b(Eg)] dim E'd
= dic:n g dimE' + * (2d  1)b(Eq);
d

where we recall thai( E 4) denotes the Swan conductor of the representatiov oh E4. SinceFg
is orthogonal and rational on eaEIj , it follows thatFq andF ! have the same set of eigenvalues
and

det( FojEY) *=det( FoE') *=( 1) (C0);
d

wherer (Gop) is thek-rank of Go. From equationX1) we nd that the root number of the principal
parameter is given by

| :Y 2d1Yd -I2d2:Y 2d 1. 2
L o) W(Eq) et( FojEq) W(E9)™ = (21)
d d d

If ko=k is unrami ed thenb(E4) = 0 andw(Eq4) = +1 for all d, so we have

(,)=dmg dmt and !(,)=+1:

3.4 The motive ofG

The adjointL-function of the principal parameter, is closely related to thé -function of the
Artin-Tate motiveM = Mg of G [15], de ned by

M
M= Mg = Eq(1 d);
f1t 22)
M(1)=  Eg(d):
d 1

Here the twistindge (n) of a Gal(k=k)-moduleE overQ is de ned by:
E(nN=E Q@) %

18



and for any prime (recall thatk has characteristic zero) theadic realization of the Tate motive
Q(1) is given by
Q@) =lim -n
n

and -n is the "-torsion subgroup ok . A better de nition ofM Q- in terms of the -adic
cohomology ofG has been given by Y6[3].

Sincek is p-adic, the Tate motiv€- (n) affords (for any primé 6 p) the unrami ed character
of Gal(k=k) sendingFr 7! q ". It follows that

Y 1
L(M;s) = det 1 ¢ ! SFoiE,

d 1
Y L (23)
L(M(1);s)= det 1 q 9 SFoE)
d 1
In particular, we have
L(M;s)=L( ,:0:9); (24)

where' , is the principal parameter. We are interested in the values
L(M):= L(M; 0); and L(M (1)) := L(M(2);0):

SinceFr acts onE via a nite order automorphism de ned ové&p, L (M (1); s) is always regular
ats =0 andL (M (1)) is a positive rational number.

The functionL (M; s) is regular as = 0 if and only if Gal(ko=k) has no non-trivial invariants
in E1. SinceE; is theQ-vector space spanned by the character group of the maximel @ in
the center of5, we see that (M) is nite precisely whenC is anisotropic ovek, which we have
assumed. Thug, (M) is a nonzero rational number with sign 1)" (Go).

The conductor and root number of the motieare de ned in terms of their classical counter-
parts by X v

aM) = (2d Da(Eg); w(M) = wW(Eq):
d 1 d 1

Since eaclit 4 is an orthogonal representation®él(ko=k) anddet( Eg4) = det( X) = det( §)) as
a character ok , we nd that

a(M) a( Egq) a(det(§)) mod2; and w(M)2=det(g)( 1):

The epsilon factor of the motive is then de ned by

“(M;s)= w(M) M3 9
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We set'(M) = "(M; 0)= w(M) ¢®™)=2_ Finally, the gamma factor & is de ned by

L(M(1) "(M),
L(M)

M) = (25)

We now show that the nonzero complex numbéid ) and (' ,) agree up to a sign. From equation
(24), we have

L(5:0:1) = L(M(1)): (26)
Since %
L(:0:00=  det( g" ‘FojEg) ' det(t o 'FylEg) b
d
we have
L('6;0:0)=( 1)'(¢q L(M); (27)
where X
= (d 1)dimE}:
d
It follows that ) e
o/ — r(Go) * 0/ — .
) ( 1) W) 1 (28)

This sign can be computed from the action@il(ko=k) on E. Indeed, from equationlg), we
have
(o) _ Y

Y
i W(Eg? 2= det(Eg)( 1)¢ 1 (29)

d d

If G is absolutely simple, one can check in each case that the (B8l is +1 unlessG has type
Dn, and the splitting eldkg of G is a rami ed quadratic extension &fwhere 1is nota norm.

4 Rationality of adjoint gamma factors

We have seen that our assumption that the connected @6 is anisotropic is equivalent to
assuming that the principal adjoint gamma value

L(0:0:1) "('0;6,0)

(o= =1 ¢80

is nonzero.
We have also seen that a Langlands paramete®’/  SL, ! -G is discrete precisely when
the adjoint gamma value
; 1) "(; 60)

L(; 6;0)
20
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is nonzero. Our goal in this chapter is to de ne a rationaktion - (x) with rational coef cients,
which is an invariant of the discrete parameéteiVe will show that (* ) = - (), andin particular
that (') is a nonzero rational number.

To state this result precisely, we rst recall from Lemrdd that if ' is a discrete parameter
the imageD = ' (W) is nite. Let d be the cardinality oD and letm 1 be an integer with
m 1 mod 4d. (This congruence condition will be explained in the probPoop. 4.1 below.)
LetWy, = | [CHA™i be the Weil group of the unrami ed extensidm, of k of degreem. The
restriction' ™ of' toW,, Sl is a discrete parameter fv,, as

"MEM = F™) = (F)M = (F):

Hence we may consider the ratio§ ™)= (" ;") 2 C forallm 1 mod 4d. We can now state
our rationality result as follows.

Proposition 4.1 Let' : W SL,! .G be adiscrete parameter and lét= j' (W)j. Then there
is a unique rational function: (x) 2 Q(x) such that

(M=M= @@

foralm 1withm 1 mod 4d. In particular, the ratio (' )= (",) = - (q) is a nonzero
rational number.

Individually, the values
n(' ): | (' )q (' ):2 and "(‘ 0) e | (' o)q ('0):2

are both powers df(a complex square root of1) times an integral power @f-=2, hence need not
be rational. Likewise, the valueg'; €;0) andL("; §;1) are products of terms of the form

(1 d“2 ) 1 wherekis an integer, possibly odd, ands a root of unity. To prove Propositichl
we rst consider the ratid (" )="(" ,), and then the valuds(’; ¢;0)andL("; ©;1). The proof will
give more information about these gamma ratios than isctateroposition 4.1. For example, we
will see that there is a polynomialg 2 Z[x], depending only o andk, suchthat ¢ « 2 Z[x].

4.1 The epsilon ratio

Since' and' ™ have the same image, it is clear that their Artin conductonsaide:

()= (": (30)
Though it is less obvious, the root numbers also coincide:
ey=1¢"m: (31)
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To see this, recall that

1 (' — Y [® n+1 Y d " (F at (1)y.
. ( ) - W(! gn) et( ( r)Jgn )!
n O n 1
and similarly for' ™. We have’ "(Fr) = ' (Fr) sincem 1 modd. The congruencen 1

mod 4 implies that
w('; Gn)= w(' ™ 6n)
for all n. Indeed, take any integen 1, any self-dual representation: W !  GL(V) and let

M be the restriction of to the Weil groupN,,, of the unrami ed extensiok, of degreem over
k. Then sinc&km =k is unrami ed, we have$8, 3.4]

w( ™ V)= w(; Indy, V)= w(;V o Indy C)= w(;V)™ (1™ D),
Henceifm 1 mod 4 we have
w( ™ V)= w(;V):
Thus equation3l) is veri ed.
Proposition 4.2 For every integem 1 mod 4d, we have

T k),
o T

wherek(' ) is an integer and the sign is independent ah and given by (' )=!(",)= 1.

Proof: By equations30) and @31), it suf ces to prove this fom = 1. We have

OO g o=

(o) ()

By Prop.2.3we have
(',) a(det(g)) mod 2:

But also
(') a(det(§)) mod 2;

by (15). Hence (') (",) mod 2. Likewise, we have
L(',)?=det(X)( 1)=det(g)( 1)="!()>
this last by (6). Thus we have shown tha¢' )="(' ,) has the form o<(' ); with k(' )=( (')

(" ,)=2aninteger, and sigh(' )=!(",) = 1as claimed.
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4.2 Rationality of L-values

Let' :W SL,! .G be adiscrete parameter and Bet= ' (Fr) . In this section we complete
the proof of Propositiod.1 by analyzing the adjoirit -function

Y _ 1
L(; 6s) = det 1 q° "’Fjg,

where we recall that M
g 6 Sym"

n

as a representation ¥  SL, underAd(' ).

Proposition 4.3 For eachn  0the polynomiaP,(x) = det(1  xF jf,) has integral coef cients
and is an even function of whenn is odd. More precisely, fon 1 the factorization oP(x)
has the form

Y
Pa(x) = Ri(x%);

where eacle is a positive integer such thaie; is even, and eacR; is one of the six cyclotomic
polynomials:

1 X 14X 1+x+x% 1+x% 1+x+x2+x3+x% 1 x+x%
satis ed by them™ roots of unity forl  m 6. The polynomiaPgy(x) can have arbitrary

cyclotomic factors, with the single restriction thag(1) 6 0.

Proof: We rst prove our assertions aboBp(x). Sincel is nite, the Lie algebra' is reductive,
as is theSL ,-invariant subalgebrg) (use B, 1.6.4 Prop.5], as in sectich ).

From [56, Thm. 7.5], it follows (see, for example4d]) that any semisimple automorphism
of a complex semisimple Lie algebhnanay be written as a commuting product s, wheresis
inner and preserves a pinning in. The xed-point subalgebrals andh both have rank equal
to the number of -orbits on simple roots dfi. In particularh is nonzero.

Hence the discreteness 'offorces the derived subalgebrafjf to be zero. Hencéy is the
Lie algebra of atoru§ G, and is spanned by the co-weight Iattice§3fSince(j'0 is preserved
by F, it follows that$ and its co-weight lattice are preserved By HencePy(x) has integral
coef cients. We have already noted tHag(1) 6 0. Finally, given an integral polynomi&)(x) of
degreed whose zeros are roots of unity such tey0) = 1 andQ(1) 6 0, there exists a d
integer matrixA such thadet(1 xA) = Q(x). TakingG to be an unrami ed anisotropic torus
with character groug® on whichFr acts viaA, we havePy(x) = Q(x).

Forn 1, the factorP,(x) arises in the derived subalgeth ;6 ], since the center df
is contained irfy},. Thus we are reduced to a question about semisimple Lie rmgelVle change
notation and replacg)' ; §' ] by an arbitrary complex semisimple Lie algeloral_et Aut( g) be its
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automorphism group and I1& = Aut( g) . Fixa pinninge = (T;B; fx @) in G. ThenAut( G; E)
may be viewed as a subgroupAudit( g) and we have

Aut(g) = G LAl G;E):

We have an elemefit 2 Aut( g) of nite order, and an algebraic homomorphism: SL» !
GF whose centralizeA: in GF is nite. This implies the center ofsF is nite, henceg™ is
semisimple. We have M
9= g Sym"
n 0
underhFi  SLo, and we must show that eaéli (x) = det(1  xF jgn) has the asserted form.
SincePy, (x) is the product of factors arising from the orbitsoon the simple factors af, we may
assume thag = h®is a direct sum o€ copies of a simple Lie algebfaand that= acts transitively
on these summands. Then the representatibh of SL, ongis induced from the representation
of F€  SL, onhand we have

det(l xFjgn)=det(l x°F®jhp):

We may therefore assume tlggis simple.

We invoke Kac's classi cation 29] of torsion automorphisms aof, considering only those
F 2 Aut(g) for which gF is semisimple (see als@J]). The projection ofF in Aut( G;E) is
a pinned automorphism 2 Aut( g) of orderf 2 f 1;2;3g. Each determines a Dynkin diagram
of typefX, whereX is the type ofg, whose nodes correspond to simple roots of the connected
group G , which is also of adjoint type. Each nodlén the diagram is labelled with an integer
ai 1, giving the multiplicity of that root in the highest root & (whenf = 1), the highest short
rootinG (whenf = 2 or 3 except in typeAa,), or twice the highest short root & in type
2Aon.

For each node there is an inner automorphisgy 2 GF of orderm; = fa;, andF is G-
conjugate tos ; for somei. Examining the various cases, we nd tte@t 6 always, thay, 3
iff =2 anda; 2if f = 3. It follows that the ordem of F satisesm 6in all cases.

We can now prove the key result for the rationalityLe¥alues:

Lemma 4.4 Assumey is a simple complex Lie algebra with = Aut( g) . LetF 2 Aut( g) have
nite order and supposé : SL, ! GF is an algebraic homomorphism whose centraliaerin
GF is nite. Decompose M

g=  gn Sym’

n 0

as a representation di  SL,. Then for eacln 0, the characteristic polynomialet(1
XF jgn) has integer coef cients and its irreducible factors ov@rare among the six cyclotomic
polynomials listed in Propositios.3.
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Proof: Asgis an orthogonal representationtfi, each representatiay is self-dual. It follows
thatdet(1 xF jgn) has real coef cients. We have seen that the eigenvalu€saem™ roots of
unity withm 6. Hence the coef cients imet(1 XF jgn) are integers, except possibly when
m=5.

The casan = 5 occurs only once, whe® = Eg. In this caseF 2 G andGF = Cg(F) is
isogenous t®&Ls SLs. The niteness ofA: forces' :SL, ! GF to be principal. But theh
has Bala-Carter typEg(ay) [9] and the centralize€s (' ) is the symmetric groufs. Eachgy, is
actually arSs-module, and ever$s-module is rational, sdet(1 xF jgn) has integral coef cients,
completing the proof of Lemmé.4.

Proposition4.3 is now proved in the case thgh is nonzero only for evem. This occurs
precisely whenthe map : SLo ! GF  Aut( g) factors throughP GL,. So we must consider
the cases where( 1) 6 1, where | is the central element &L», and we must show that
det(1 xFjgn) is an even polynomial whemis odd.

Lemma4.51f' ( 1) 61, thenF hasorderfourand ( |)= F?2.

Proof: Recall thatFr = s, wheres, of orderm = fa, belongs to the connected adjont group
G ,and has ordef . HenceF' = s has ordem and lies in the cente€ of (GF) . In fact,C
is generated b¥ f [43]. SinceA. is nite, the mapping : SL» ! (GF) is distinguished and
therefore evend]. It follows that' ( 1) 2 C, sothat ( 1) = FX for some integek, taken
moduloa, with 2k 0 moda. Since' ( 1) 6 1, we must have even, som 2 f 2;4; 6g by
Kac's classi cation. It suf ces to show thah = 4.

Ifm=2,sothatF?=1,then' ( 1)= F,since' ( 1) 6 1. butthenA: is the centralizer of
' (SL») in G. SinceA: is nite, this means is distinguished (se®]), hence even,so( 1)=1,
a contradiction. Therefomna 2 f 4; 6g.

If m = 6 there are only two possibilities:

G = Eg and GF = (SL2 SlLj SLG): 61 or
G=PSOg and GF=(SL, SLy)= g

where is a diagonal mapping of 4 onto the center of each factor. In both cases, the only
distinguished :SL,! GF is principal and we again havg 1) =1, som 6 6. The lemma is
proved.

We pause to remark that a case whefe | ) 6 1 andF has order four occurs i&;. Here
=1 andi corresponds to the branch node. The gr(@p) isisogenoust®Ls SL, Slg.
Under the principal homomorphism: SL, ! (GF) , theF -eigenspaceg(i) decomposes as

g(i) = Sym’ +2 Sym® +2 Sym® +2 Sym*

and' ( I)= 1oneachsummand.
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Returning to our task, we complete the proof of Proposiicdas follows. By Lemmat.5, we
may assume th&t has order four, with eigenspace decomposition

g=9@) o 1) g) 9o i):

Since' ( 1)= F2actsby 1onSym",we have

gn  Sym® g(i)+ o( i);
and the eigenspacg$i) andg( i) are dual to each other, singés orthogonal foi-. Hence the
only eigenvalues oF ong, are i and these come in pairs. It follows that

det(1 xFjgn)=(1+ x?)

where the symplectic representatgnof i has dimensiozk. Thus, Propositiod.3is proved.

For integerk 0, the polynomialP,y+1 (X) in Propositiond.3is even. LetQok+1 (X) be the
polynomial with integer coef cients such thBbk+1 (X) = Qak+1 (x2). LetPQ(x) be the analogous
polynomials for the principal parametey; these are zero for odulbecause | 2 ker' ;.

We have shown that ¢ m

uom) -

where + (x) 2 Q(x) is the rational function

S (dM);

) T Pax M) Qawa(x * Y PR(x 'Y
o Px(X 1K) Qaar (x % 3)  Ph(x K)

k

Here the integem(* )=( (') (",))=2andthesign 1 =1 (" )=!(",) are as in Proposition
4.2. This completes the proof of PropositidriL

5 An inequality for the Swan conductor

We have seen that the adjoint gamma rat(o )= (' ,) is the value ag of a rational function

~(x) 2 Q(x). Inthis chapter, we nd the order of- (x) atx = 0. This leads to a conjectural
inequality for the Swan conductor of a discrete parametéichvwe verify in some interesting
cases. When equality is achieved, we obtain conditions @md we are led to the notion of a
simple wild parameterL_ater in the paper, simple wild parameters will arise inltal Langlands
correspondence.
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5.1 The leading term in the gamma ratio

We will compute the order of - (x) atx = 0 in terms of the rami cation of and the variety of
Borel subalgebras df ('). This generalizes a result for unrami ed parametersiit] fvhich was
in turn inspired by a conjecture of Lusztigg on formal degrees for af ne Hecke algebras.

Our result is as follows. Let : W SL, ! LG be a discrete parameter, and \etbe the
image under the differential : sl, ! ¢ of a nonzero nilpotent element gh,. Let g'N(') denote
the kernel ofad(N ) on the spac@ (') of inertial invariants, and set

= dim g'N(' ).

If N is a principal nilpotent element iy ('), then" is the rank ofy (). For the principal
parameter , we write

0=

Then g = dim M! and is the rank o6 over the maximal unrami ed extensidf of k.

Proposition 5.1 Atx = 0, the rational function - (x) has order equal t(%[‘- o+ (") b(" )l

Proof: Given two rational function§ (x); g(x) in the variablex, we write

im 1) _

)I(l!mo 9 =1:

f(x) g(x) if

As before, we set

=g ), fn = 0,0 F="(F);

so that
L Gs)= L (a;9);
where %
L (x;s)=  det(l x S "2Fjf,) * (33)
n 0
is a rational function ix with complex coef cients. SinceetF = 1onﬁn, we have
Y
L. (x;0)=  detl x "2Fjfi,) *
nYO
= det( x "%Fjfi,) ! det@ x"?Fjf,) *
n 0
x90)=2 det( Fjfi) 1 det(@ Fjhg) %
where

X
d' )= ndimHfy:
n 0

27



Now fi is the Lie algebra of the (possibly disconnected) subgroup
H=Cs( (1) G
andfig is the Lie algebra of the subgroup
M: = Cy(' (SL2))= Ca( (I SL2))

whose identity component
C =M

is a torus with nite xed point set undeF , since' is discrete. Indeed, we have
jcFi=det@ Fjfo):

We note thalA: = MF containsCF as a normal subgroup and sinCé is nite, we have
A =CF = (M )F:

Returning to our calculation, we have

Lo 34)
(X :
jCFj det( Fjf)
A similar calculation gives
. ( 1) X‘- +d(' )=2 (35)
(X _—
det( Fjf)
Thus, we nd that
L-(x1) . . .
L (x.0) J CTj x (36)
Applying this result to the principal parametey, we get
L (x;1) .
0 'Fo 0-

whereFo = ' ;(Fr) . We note thaC:  is the identity component of the subgroup ¢! )-invariants
in the center of5. It follows thatC-O C: for any discrete parameter, andC-FO0 = CFO, where
F="(F).

Turning to the epsilon ratio, we express the intdger) = 5( (') (",)) interms of Swan
conductors. We have X
()=a(; O+ n dimf:

n 1
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Since X X
dmf=  (n+1)dimf, and dimfy = dimf, =" ;
n 0 n 0

it follows that

()=dim g dimfA+ b )+dim i dimfy

=dim@§ - +b('): (38)
Applying this result td ,, we get
("o)=dim g "o+ b(,); (39)
so that
k()=30C) (=300 ~ +b) B (40)

Combining equations4Q), (36) and @7), we get the following formula for the leading term of

- (x):
(x) j cf=CTj [t Torb( ) B g)=2. 1)

which gives the order of vanishing
ord( )= 30 To+ b))

asserted in Profb.1
A variant: By a result of SpaltensteibZ, 2.8] we have

. =rank(§ () +2dim By; (42)

whereBy, is the variety of Borel subalgebras &f(') containingN . Hence we may also express
the order of vanishing as

ord( - )=dim By + slrank(@ ) o+ b)) B(): (43)

Example 1: Suppose is tamely rami ed. Then the splitting eldko of G is also tamely rami ed
overk and we have(' ) = b(' ;) = 0. The image' ,(I) Gal(ko=k) is cyclic; let# be a
generator. Then

“o = dim ¥

Theimage (I ) = Dgis also cyclic, generated by an element #s for somes 2 G. Conjugating
by G, we may assume that2 T# (see 3)). Thent” is a Cartan subalgebragf(') = g , so that

rank(§ () = dim ¥ = ¢
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It follows that
orgl( +)=dim By (44)
X=

(cf. [41, (7.2)] for some cases whereis unrami ed).

Example 2: Suppose (1) T (soko=k is unrami ed). Then a similar argument shows that
ord( +)=dim By + 3b(" ): (45)
x=0

(cf. [42, Prop. 4.1] for some cases wheMe= 0).

5.2 Aninequality

We conjecture that the rational function (x) is regular atx = 0, for any discrete parameter.
By Prop.5.1, this is equivalent to the following inequality.

Conjecture 5.2 Let' : W SL,! LG be adiscrete parameter, et = dim g'N(' ) and letb(" )
be the Swan conductor of the representatial{' ) on€). Then

c b)) ot b(y): (46)

One can also be led to Conjectlr by considering formal degrees. See seclidbelow.
Conjectures.2holds if* is tamely rami ed or if* (I ) is contained in a torus i, by Examples

1 and 2 above. In sectidgh3below we will verify Conjectur®.2when’ (1) T andg (+) = £.
If ko=k is tamely rami ed andN =0 then

o) (47)
as we will show, so Conjectufe2amounts to the nontrivial lower bound
(') o (48)

To see 47), let# 2 Gal(ko=k) be a generator of the inertia subgroupGsl(ko=k) and letD¢ =
' (1). ThenDg = D1 [hli, where 2 #G is an element of G of order prime top. Since' is
discrete, the xed point subalgebfR° = (6°1) is contained in a Cartan subalgebrafjof The
Lie algebraf) has rank equal toy (see, e.g.,43]). It follows that™ =dim §°° "o, as claimed

in (47).
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5.3 Minimal Swan conductors

If equality holds in 46), that is, if
orgl( )=0;
X =

we say that hasminimal Swan conductoiThe principal parameter, clearly has minimal Swan
conductor. If istamely rami ed, then Example 1 above shows th&ias minimal Swan conductor
precisely wherN is a principal nilpotent element ig (). For example, ifg (') = f we have
N =0, which is principal irf. Such parameters were studied10][ If * (1) T, as in Example
2,then' can have minimal Swan conductor only ifis tamely rami ed, putting us in the previous
case.

5.4 Further veri cation of the Swan inequality

Our next aim is to verify the inequalityd6) and give conditions for equality in some additional
cases. When equality holds, twisted Coxeter elements wifiecinto play. We brie y review these
now, in our present context. For more details on twisted @melements, se®§] or [43].

Assume thaG is absolutely simple and th&p=k is tamely ramied. Let# 2 Gal(ko=k)
be a generator of the inertia subgroup®#l(ko=k). Recall that# preserves a pinning i,
hence# permutes the corresponding setof simple re ections inW. The number of#-orbits

set of representatives for these orbits andidet s; s ,. TheW-orbit of #w in #W (under
conjugation) is independent of the choice of represerasivand of the order in the product. The
elements in th&V -orbit of #w are called#-twisted Coxeter elemerdsid their order, denoted lby

is the#-twisted Coxeter numberf G. Two basic properties of #-twisted Coxeter elemeiw are
as follows. Firstf*¥ = 0. Second, there is an elemen2 - G normalizingf, such thatAd( )
has ordeh and acts vigtw onf. The#-twisted Coxeter numbers are tabulated as follows. We give
the type ofG in the formeX , whereX is the type of the root system @& ande is the order oft.

Type: | An 1| ?A2n | ?A2n 1| Bn;Ch Dn °D, | D4 | G2 | F4 | E6 | °E6 | E7 | Es

h: n in+2 | 4n 2 2n 2n 2| 2n 12 6 | 12| 12| 18 | 18 | 30

We return now to our inequality4p). Let' : W SL,! LG be a discrete parameter and let
D; = ' (I+) be the image of the wild inertia subgroup of | . After conjugating by3, we may
arrange thab 1 normalizesf* (see the remark at the end of sectibf).

Assume now that satis es the two conditions:

D, T and g°r=*% (49)

SinceD; T, the extensiotko=k is tamely rami ed; let# be a generator of the inertia subgroup
of Gal(ko=k). The condition§®? = % is the stronger one: First, it implies tha{SL5) T,
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so that' s trivial on SL,. Second, it implies that the imadge = ' (W), which normalizes
D4, must normalizéf’. In particular, the tame inertia groupo=D1 maps to a cyclic subgroup of
Gal(ko=k) AL generated by an elemetiv of order prime ta.

Proposition 5.3 Assume tha® is absolutely simple and that: W | G is a discrete parameter
satisfying the condition@9). Then the inequalit{46) holds for' . Moreover, has minimal Swan
conductor if and only iD, = 1 and#w is a #-twisted Coxeter element ¥ . In this case we
have

dmg® =" =0; b')= o

and[Do : D1] = h is the#-twisted Coxeter number &. In particular, p does not dividé.

Proof: Recall that” is the set of roots of in ), and letf§y be the root space corresponding to
~n2 ™. SinceD; T, we have X
o=t 0
/\2 N
as a representation @f;, and the action oD 1 ontis trivial. Since@Dl = {, the action oD on
each root spacg is non-trivial. As a representation By, we have

X
g=1% Indp° § :

n2 " =tw

HereDy acts orft and permutes the roots via its projectiorhtavi in Gal(ko=k) [\M, "=#w is
a set of representatives for the orbitshgtvi on " andD is the stabilizer of* in Dy. SinceD;
acts trivially onf, we haveb(f) = 0. SinceD; D , the higher rami cation groups foP are
the same as those fbrg and we have

b(indg® § )= o )

for all ~, by Frobenius reciprocity. In this equation the left sideéhe Swan conductor for the
Do-represent<';1tiornd80 f and the right side is the Swan conductor for Bhe-representatiofy .
Note that eaci(§ ) 1 sinceD; is nontrivial on) . Thus, we have

X
b(* ) = DG ) j " =Hwi; (50)

~2 M =thw

with equality if and only ifb(§ ) = 1 for all
Let m be the largest index such that, 6 1. SinceDo andD have the same rami cation
subgroups, we have
ay 1 iD,j X 1
bo )= = 12

2D D] D, DD (51)
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If b(§ ) =1 forall then equationg1) implies thaD j is the same for alt 2 ", which means
that all -orbits of roots have the same cardinality. Sifeé acts faithfully on” the orbits are
free,soinfacD = Djforall . From 61) we have

xn 1 .
1=hb(g)=1+ . I
som =1 andD, = 1. From 43, Lemma 4.1], we have
Lemma5.4j"=#wj o - andequality implies:
1. * =0, sothat"=#wj = “g;

2. the ordere of w satis es the inequalite  h, with equality if and only i#w is a#-twisted
Coxeter element afW .

Combined with §0), this proves the inequalityg), which we have shown to be equivalent 4®)
in this case.

If equality holds in 46), then we have seen that #ilv-orbits in* have the same cardinality,
equal to the ordee of #w. In this case we have

e "=t ="}
but it is known b3, 7.2] thath o = j”j. From Lemmab.4it follows thate = h and that#w is a
#-twisted Coxeter element éfWW . This completes the proof of Prop.3.

We can say more abolit1, by comparing the Lie- and number-theoretic viewpoints. a¥e
sume now tha6 is adjoint. On one hand, the gro=D 1 is the Galois group of a tamely rami ed
extensionE=k, with maximal unrami ed subextensiod = EP°, andE = K ( ), where his
a uniformizer inK . By Prop. 5.3 the inertia subgrougal(E=K) = h i is cyclic of orderh,
generated by an element2 -G normalizingT and projecting to a-twisted Coxeter element
in#W. Theratio := ( )= is a primitiveh™ root of unity in the residue eldF of E. The
subeld Fy( ) F, generated by over the prime sub eld,, hasp? elements, whera is the
order ofpin (Z=hZ) . Sincep [h, the group algebr&p[ ] is semisimple, and the map sending

7! gives an algebra homomorphidf[ ]! Fy( ); whereby theRy-vector space underlying
Fo( ) has dimensiom and affords the unique simpkg[ ]-module containing when scalars are
extended td~,.

Let Pe be the maximal ideal in the ring of integers Bf ThenPEzPE2 is a one-dimensional
vector space ovelf. As anF,[ ]-module,F is a direct sum ofF : F,( )] copies ofF,( ). Since
D, = 1, the groupD; = D;=D; is also anF,[ ]-module which, by 48, IV.2 Prop.9], is a
submodule of, and is therefore also a direct sum of some number of copiBgs(0).

On the other hand) 1 is contained in the-torsion subgrouf[p] := ft 2 T: tP = 1gof T,
which is anFy[ ]-module having dimension= dim T over Fo. SinceFy[ ]is semisimple;f'[p]
is a direct sum

'f[p] =Vi Vi
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of simple moduled/; overF,[ ]. The eigenvalues of on eachv; consist of a singl&al(F,=F,)-
orbit of the eigenvalues of in T[p] F. These eigenvalues are certhff-roots of unity, related
to the exponents oV ; all primitive h!" roots of unity occur as eigenvalues, each with multiplicity
one (see$3, 7.6]). Hence there is a uniqug|[ ]-submodulef'( )  T[p] isomorphic toFp( )
and we must hav® 1 = T( ). To summarize, we have proved:

Proposition 5.5 Assume thaG simply-connected and absolutely simple. LetW | LG be a
discrete parameter whose image is the nite Galois gr@up= Gal( L=k). Assume that the wild
inertia subgrouD; of D satis es

D; T and gPr=*%

Then the splitting eldky of G is tamely rami ed ovelk and the inertia subgroup ¢ normalizes
T.

Assume further thdt has minimal Swan conducté' ) = “¢. Thenp does not divide the
#-twisted Coxeter numbér of G, where# is a generator of the inertia subgroup 6fal(ko=k),
and we have

1. Dp=1.

2. D1 = T( ) is a simpleF,[ ]-submodule off [p] of order p?, wherea is the order ofp in
(z=h) .

3. Dg= Dy [Adi' (Z=p?& [ZFh, where projects to a#t-twisted Coxeter element .

Examples: Suppose andn are odd primes, anglis a generator of the cyclic grofg=n) . Then

for G = & = PGL, we haveD; = T[p], and for& = SOn+1, the wild inertia grouD 1 is the
-stable complement to the line #p] on which acts by inversion. We can choose coordinates

for T = (C )" sothat

Dy =f(tata:iiitn) 2 T[pl: tits th = tata  th 10

At the other extreme, suppos& = G is a simple adjoint group whose Coxeter numbés one
less than a prim@. Letk have residue cardinality = h + 1. Then there is a uniqué/ -orbit
O T[p] whose elements are regular¢h The wild inertia grouD1 ' Fo is generated by some

2 O, the normalizer inV of h i is generated by a Coxeter element with lift2 KI‘, and the
inertia groupDg = h; i, of orderp(p 1), is a Borel subgroup in B GL2(p) embedded ir
(see A9)).

6 Simple wild parameters

We say that a discrete parameter W | LG is asimple wild parameteif

g =0 and K')= g
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If  satis es conditions49) of section5.4, then by Prop5.3,' is a simple wild parameter an
does not divide thé-twisted Coxeter numbér of G. In section6.2we will construct examples of
such parameters whéh is split. However, simple wild parameters also exist whatoes divide
h; in section6.3we give examples of them fér= Q.. We begin with a construction of some wild
extensions of an arbitrary non-archimedean local leld

6.1 Some wild extensions

Letgbe a power of a primp and x anintegerm 2 not divisible byp. Choose a positive integer
f such thaif 1 mod m and choose an integermodulom belonging to the kernel af 1
onZ=m. To the datal := ( g; m; f;r ) we associate the groug with two generators andF, and
relations
s"=1; Ff=g"; FsF l=g%
Thus, 4 is an extension
1! Z=m! q! z=f1v 1 (52)

where a generator &=f acts as multiplication by on Z=m. Replacing= by the new generator
FO= §/F changes tor®=r + Nj,whereN =1+ g+ ¢+ + ¢ 12 End(Z=m), and the
class of the extensio®®) is given by the class af in

ker(q 1)=imN = H?(Z=f; Z=m):
For exampler 2 im N precisely when we can chooB€so that 4 is a semidirect product
d= hsi Eﬂ;lqi

We are interested in representations gfon nite dimensional vector spaces over the prime
eld Fp, or what is the same, nite modules over the group algeégfag].

Lemma 6.1 LetV be a nite K[ g]-module withV® = 0. Then any extension of by V is split.
Proof: Suppose™ is an extension
1 v =l g! 1

of 4byV. Lift sto an element of of the same ordan, and denote it again by, Let Fy denote
an arbitrary lift of F to ~. Then we havéosF, 1 = xs9, for somex 2 V. SinceVs =0 andV is
nite, we haveV = (1  s)V. Itfollows that there i/ 2 V withysy s * = F,'x 1Fq. If we
setF = Fgy, thenFsF 1= g9,

LetH be the subgroup of generated by andF. SinceF normalizegsi, every element of
H is of the formF 2sP for some integera andb. Suppose tha2s? = z 2 V. Thenz normalizes
hsi. Hence the commutater 1szs 1 belongs to bottnsi andV. Sincep Cim, this commutator is
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trivial, so that we havezs ! = z. Butthenz = 1 by the assumption thathas trivial invariants in
V. Hence we havel \ V =1 and the subgroupl is a complement t& in ~

We are interested iRy[ ¢]-modulesv having a particular restriction to the group algebpés]
of rsi overF,. For suchVv we will construct a Galois extensidal(L=k) with wild inertia sub-
groupV and tame quotienty. By Lemma6.1, we will then haveGal(L=k) = V [

Before describin/ we rst recall thatF,[s] is a semisimple algebra, sinpe_im. In the eld
F = Fy,we xanelement 2 F of orderm, which is possible sincen | q 1, and view
the nite eld F,( ) generated by as anF,[s]-module, wheres acts as multiplication by. Up
to isomorphismf,( ) is the unique simplé&;,[s]-module containing as an eigenvalue afwhen
scalars are extended kg. We havedimg, Fp( ) = a; wherea is the order op in (Z=mZ) , and
Fo( ) has theRy-basisf 1; ; 2;:::; @ 1g

Suppose tha¥ is anF,[ g]-module whose restriction tBy[s] is isomorphic ta=,( ). ThenV
is determined by the action &f onF,( ). Let

vi=F 12 F():
Forl i a 1wehave
F '=Fs 1=5%F 1= dv=v %
where the last two terms are products{ ). It follows that
F x = vx9 8x 2 Fp( ):

The relationF" = s" forcesN(v) = ', whereN: F ! Fy is the norm mapping. Likewise, on
the F,-vector space underlying, the operators

S X= X F x=wx% for x2F

de ne a Fy[ g]-module, which we denote byy( ;v). Since andv belong toF,( ), the trace
mapping
tr:F! R()

gives an epimorphism d%,[ 4]-modules
tr: Vg(;v)! V:

We now construct the extensidrrk in stages. First leK be the unrami ed extension df of
degred , with residue eldF. Identify F  with the roots of unity oK  of order prime tq. Since
N(v™) = N(v)™ = '™ =1: Hilbert's Theorem 90 gives an eleman? F suchthat9 1= yv™:
LetE = K ( ) be the extension d generated by a root of the Eisenstein polynomial equation
x™ = u$; where$ is a uniformizer ink. ThenE=k is a tamely rami ed Galois extension of
degredE : k] = mf . The inertia subgrou@al(E=K) is generated by the elemensuch that

s( )=
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LetF 2 Gal(E=k) be any Frobenius element. Since
F()"=F(M™=F@us$)=ul$ =ul * M=(v )M
we haveF ( )= Jv for some integej. Replacing= by s | F, we may choos€ so that
F()=v:

Then
FiFO)=Nw) = " =s():

Finally, we have
sSTF( )= % =F( )=Fs():

Thus,Gal(E=Kk) is generated two elemergsandF satisfying the relations ofy. Since
jGal(E=k)j =[E :K]=m f =] gj;

It follows that
Gal(E=k) ' g;

with inertia subgroup
Gal(E=K) 'h si' Z=m;

and unrami ed quotient
Gal(K=k) ' z=f:

For the nal stage, we note that multiplicative grolp is a direct product
E =hi F 1+ Ag): (53)

Let
E ! 1+ Ag)=1+ ?Ag)

be the map induced by projectiiy ontol + A g according to the direct producsd). The
mappingl+ A g ! Ag givenbyl+ x 7! xinduces anisomorphism &}[ 4]-modules

1+ Ag)=(1+ 2Ag)! Vy(;v):
Via the trace, we get an epimorphism
E | (1+ Ag)=(1+ 2Ag)! Vy(;v)'" v

which corresponds, by local class eld theory, to an abedirtensiorL.=E which is Galois ovek
with wild inertia groupGal(L=E) ' V as modules oveGal(E=k) = 4. We have

Gal(L=k) ' V [
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with inertia subgroup
Gal(L=k)p =Gal(L=K) "' V " OR() Ol
and wild inertia subgroup
Gal(L=k); =Gal(L=E) " V"' Fy( )":
Finally, the higher rami cation group
Gal(L=k), =1;

sincethe mafE ! V giving rise toL is trivial on1 + 2Ag. This extensiorL=k depends on
the initial datad = ( g; m;f;r ) used to de ne 4, the choice of 2 F , and theFy[ 4]-moduleV
whose restriction té[s] is isomorphic ta( ).

6.2 Simple wild parameters wherp does not divide the Coxeter num-
ber

Assume thaG is absolutely simple, simply connected and split dyeand that the Coxeter number
h of G is not divisible byp. The dual group G = & is a simple adjoint group. Lét be a maximal
torus inG with normalizem™l and Weyl groupv = N'=T". Let 2 N be a lift of a Coxeter element
in W all such lifts are conjugate to one anotherby Since is adjoint, has ordeh. Leta
denote the order gf in (Z=hZ) andlet 2 F have ordeh.

We have seen that the semisimplg] ]-modulef[p] = ft 2 T : tP = 1g contains a unique
simple submoduld'( ) which is isomorphic to thé&p[ ]-moduleF,( ), on which acts as mul-
tiplication by . The -eigenvalues iy T()are; P;ii:; P ' each with multiplicity one.
Thus, we have a subgroup

) N:

From the theory of the Coxeter element, no root vanishe (). Hence the centralizer dft( )

in § is justf. Since has no nonzero invariant vectorstinit follows that the groupf'( ) CHli

has no nonzero invariants @ We will construct simple wild parameters whose inertiahge is
Do = T( ) Chii.

Since all irreducible characters @ are de ned overQ [55, 1.15], all generators of a given
cyclic subgroup ofV are conjugate. Singe [h, the grouph i is also generated byY. Hence
there is an elemetit 2 N suchthaF F 1= t; 9forsomet; 2 T. Infact, sincef = (1 )T,
we may choos€ in its coset moduld so that; =1 andF F 1= a:

Lemma 6.2 The centralizers! andT of in N andT are related by:N' = f h i:
Moreover,T is isomorphic to the fundamental group(G) and the exponent d dividesh.
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Proof: The groupXl projects to the centralizer of the Coxeter elemefit2 W. Since Coxeter
elements generate their own centralizers, any eleménil is of the formg = t ", wheret 2 T
andn is an integer. Since botfpand centralize , we havet 2 T . HenceXN = T hi.
The product is direct, sinde i projects injectively intdV . Let Gy be the simply-connected cover
of G, and letT. denote the preimage df in Gg. and let~ denote a lift of in Gsc. The group
generated by- acts on each term in the exact sequence

11 (& Tt T1 o1

The coboundary from the resulting long exact sequence gimésomorphisni™ ' 1(G). The
last assertion is a well-known property of the Coxeter nunrdued follows from the fact that

j (G)j=detx ).

SinceF2F 2= @ = | Lemma6.2impliesthat-2 = t °for some integebandt 2 T .

It follows that some power of liesinh i. Letf be the order oF modulo , and letFf = .
The grouphF; generated by and is isomorphic to 4, whered = (q; m;f;r).

SinceF F 1 = 4 it follows thatF permutes the set; 9 @: :::; @ ‘gof -
eigenvalues irfFp  T( ). SinceT( ) has multiplicity one inf'[p], it is preserved by . Thus,
T()is anFp[ g]-module whose restriction #p[ ] is isomorphic td=,[ ]. The second part of the
proof of Lemma6.1shows thatF; i\ T( )=1. Thus, we have a subgroup

p=T()yom i N:
The procedure of sectidgh1gives a Galois extensido=k with
Gal(L=k)' D= T() 4

inertia subgroup
Gal(L=K)' Do= T( ) Chli

and wild inertia subgroup
Gal(L=E)' Di= T()

Thus, we have a discrete parameter
" I GallL=k)' D

with the desired lower lItration images aridis a simple wild parameter, by Prop.3.

6.3 Some simple wild parameters foQ,

We apply the construction df=k in section6.1to the eldk = Q. Letm =2n + 1 be an odd
integer 3. Letf be the order oR in (Z=m) , letF = Fx and letr = 0, so that we have the
datad = (2 ; m;f; 0). The group 4 may be realized concretely as a group

¢=AL[Cl=fx7ax¥*: a2 A, c2Cg;
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of linear transformations of the additive groBp, whereA F is the unique subgroup of order
m andC = Z=f is generated by the Frobenius automorphigm) = x2. Choose 2 A of order
m and letv = 1. TheF;,[ g]-modulesV andVy4( ;v) = F( )* = F* coincide; we denote this
group byB.

The tame extension B = K( R 2), whereK is the unrami ed extension d§ of degreef
in k, with Galois groupGal(E=k) = AC. We get a Galois extensido=k whose Galois group
D = Gal( L=k) can be realized concretely as

D=BAC =fx7'ax* +b: a2 A; b2 B; c2Cg;

with structure2’ m f , consisting of Galois-twisted af ne transformationsbf= F* with dilation
factora constrained to lie ir\.

There is a unique nontrivial charactes : B ! f  1g which is invariant unde€, given by
o(B=( )T

whereTr : F ! 5 is the absolute trace. Sin€zis cyclic, ¢ extends to a charact&C; the
various extensions are determined by their values.dBach extension of to BC induces to an
m-dimensional irreducible representatiordfand any such representation»fis obtained in this
way. There is a unique extension BC ! f  1gfor which the induced representation

M :=Ind 5

hasdet(M) = 1. Using 48, p.122] we nd that this character is given by the Jacobi symbol:

(
+1 if m 1,7 mod8

2
m 1 if m 35 mods8

()=

Thus, M is the unique irreducible representation ®@fof dimensionm which is nontrivial on
B and has trivial determinant. Sinceis real, the representatidil is orthogonal and gives a
homomorphism

":D! SOM):

We now prove a uniqueness result fork:

Lemma 6.3 In a given algebraic closur&a, the eldL is the unique Galois extensionkf Q;
with Gal(L=k) ' D, inertia subgroupDy ' BA, wild inertia subgroupB and Swan conductor

M)=1.

Proof: Any abelian extensioh =E which is Galois ovek with Gal(L=E) ' F* arises from a
surjective mapping
#:E ! F'
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which is equivariant for the action @al(E=k) ' 4. We show that is unique, as follows. Let
s 2 Gal(E=K) be a generator correspondingt@ A. For anyy 2 E , we must have

#(s(y)= #(y)2F":
It follows that# vanishes oK . In particular# vanishes o+ and we also have
m#( )= #( M) = #(2)=0;

so#( )=0. But
E =hi F @+ Ag);

so# is determined by its values dn+ A g. To haveb(M ) =1 we must havét(1 + 2Ag)=0.
Hence we have two isomorphisms

(1+ Ag)=(1+ 2Ag)! F';
namely# and the canonical map+ y 7!y mod . It follows that thereis 2 F such that
#(1+ y)=y mod :
Since2 2 k, there exists a Frobenius elemén? Gal(E=k) xing , and we have
F(y) #Q+ F(y)=F#Q1+ y)=F( y)=F() F(y);
so 2 F», whichmeans = 1. Hence# is uniquely determined, as is the extensicrk.

Remark: The subeldLgy of L xed by AC has degreea over k, and has the fornLg =
k[x]=(f (x)) wheref (x) is an Eisenstein polynomial whose roots are permuted shtnahsitively
by B and generate. Whenm = q 1, David Roberts has pointed out that

f(x)= x9+2x+2

( see g for the casesn = 3,5;7). Forq 8, the discriminanty = d - of the ring of
integers inL o has2-adic valuatiorvaly (dg) equal to the Artin conducta(V) of the permutation
representatio = Ind EC C (cf. (2)). Since

Vijga =Ind8* C;  Vjg =Ind§ C;
we havedim VPo = dim VP1 =1 and

valg(do) = q 1+

q 1
m
Let G be a split group ovek of one of the following types:

Spon; SOon+2; PGLon+1; Go; Es:
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We construct simple wild parameters for the above gro@psising our representatiod , the
natural inclusions ok -groups

i:SOM)}! SOM CQO); j :SOM) ] SL(M); g:G2(C) ! SOy(C);
and the Dempwolff subgroup iBg [59].

Proposition 6.4 Let = Gal( L=k) be the Galois group of the unique extenslorof k = Q>
constructed above, fan =2n+ 1. Then

1. Themap : ! SO(M) is asimple wild parameter fd& = Sppp.
2. The composition
' soM) ! soM C)
is a simple wild parameter fd& = SOzp42.
3. The composition
' soMm) ! sL(M)
is a simple wild parameter fo = PGLn+1 .

4. Form=7,themap : ! SO(M)= SO;(C) factors through an embedding
G2(C) ! SOy(C) andis a simple wild parameter f@ = G,.

5. Form = 31, the group embeds irfEg(C) and gives is a simple wild parameter fGr= Es.

Proof: As representations @, the Lie algebra§ are given in the rst three cases by
soM)=2M; soM C)=M 2Mm; siM)= 2M  (S°M)o;

where 2M is the exterior square dfl and(S2M)g ' (Sym?M )=C is the trace-zero subspace
of the symmetric square &l . SinceM s irreducible and orthogonal f@o = BA, the spaces

M and(S?M )o have no nonzero invariants undep, sofi°° = 0 in all cases. Sincé/l is
multiplicity-free onB, we have( *M )Pt =0, so

) 2M) = W: n = rank( so(M)):

Sinceb(M ) = 1 we have
b(M 2M)= n+1=rank( soM C))

with an identical calculation fok ®which is isomorphic tt onDg = BA. Since all characters
of B have order two, we have

b((SZM)o)zm(m+1):2ml (m 1)=n
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SO
b( M (S?M)g) =2n =rank(sl(M)):

proving the result in the rst three cases.

In G = G»(C) we have a subgroup ' F; generated by tha-torsion subgrouf'[2], along
with an involution inN' acting by inversion off'. Each nontrivial character of of B appears in
fis and each eigenspafe is a Cartan subalgebra §f so that the decomposition

M
is = 6

16 28

expressef as a direct sum of seven Cartan subalgebras.

The centralizer of any nontrivial element Bf is isomorphic toSO4(C). HenceB may be
viewed as the group of diagonall matrices in any of these copies 804(C), in which each
S04(Z) (dot product form) normalizeB and is transitive on the noncentral elementBinSince
S04(Z) is a nonsplit extension dof;, it follows that the normalizeK (B) of B in Go(C) is
transitive onFg f 0Og and is a nonsplit extensidh SL(B) =22 SL3(2). This extension splits
over the subgroup ddL3(2) of order7 3 normalizing an anisotropic torus BL3(2). Hence for
m =7 withf = 3, the groupD = BAC of structure2® 7 3is a subgroup of5. Sincefj® = 0
and[BA :B]=7, we have

—_— 14_ .
g = = = 2:

It follows that the quotient ! Gal(L=Q2) = D ,! G3(C) is a simple wild parameter fdB,.
Composing with the ma@2(C) ! SO;(C), we get a seven dimensional orthogonal representa-
tion of D which hasdet = 1 and is nontrivial orB, hence is equivalent tdl .
In & = Eg(C) we have a subgroup ' F3, generated by a maximal isotropic subspace
U  T[2], along with an involution i acting by inversion off'. Each nontrivial character of
of B appears if)jg and each eigenspafe is a Cartan subalgebra §f so that
M
Gis = 6

16 28

expressef as a direct sum d31 Cartan subalgebras.

The Dempwolff grouD is a nonsplit extensio® = 2° SLs(2) which embeds in the normal-
izer in G of B. The extension splits over the subgroupSifs(2) of order31 5 normalizing an
anisotropic torus ir5Ls(2). Hence, form = 31 with f =5, the groupD = BAC of structure
25 31 5isasubgroup ob. Since§® =0 and[BA : B] =31, we have

248

e = 57 = 8;

so the composition ! Gal(L=k) = D,! Eg(C) is a simple wild parameter fdg, as claimed.
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Remark 1: ForG = Eg (resp.G>) one can check that the restrictionfpfo D is given by
ng = 2(V1+ Vo + V3 + V4) (resp. ng =V + Vz);
whereV; = Ind EC i are the irreducible representations of dimengaifresp. 7) other tham .

Remark 2: All of the simple wild parameters constructed in this paperehabelian wild inertia
groupsD1, but there are simple wild parameters for which this is net ¢thse. The simplest
example is foiG of type G, andk = Qs, whereD is the Heisenberg grou*? of order27 and
D=3%2 8 2

7 Euler-Poincaré measure and Formal Degrees

We say is aninvariant measuren G(k) if is a real multiple of a positive Haar measure on
G(k). The set of invariant measures forms a one-dimensionalesébr space.

An irreducible admissible representatipnV ) of G(k) belongs to thaliscrete seried has
a matrix coef cient which is square-integrable with respgxr some (equivalently any) nonzero
invariant measure on G(k). When this holds, there is a real numlleg ( ) such that

Z
deg () jh (@vivii? = jhv;vij % (54)
G(k)

for everyv 2 V andw 2 V, the contragredient representation space, where is the natural
pairing betweery andV. According to R4], this is an unpublished result of Mackey; for a proof
see B2].

The real numbedeg ( ) is calledformal degreeof . It depends on the choice of invariant
measure . If we replace by a scalar multiple , the formal degree changes by:

deg, ()=c * deg():

In other words, the discrete series representatidetermines a positive Haar measdegy ( )
on G(k) which is independent of.

If =ind f.,;(k) V is compactly induced from a nite dimensional represemtati of a compact
open subgroupg of G(k), then one can us&4) to show that
z
deg ( ) =dim V: (55)
J

The Steinberg representati®tg of G(k) is a discrete series representation which is canonical in
the sense of being uniformly constructed for all groups. rEtie

deg ()

deg (Sta) (56)
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is positive and independent of the choice of invariant mesaspand may be taken as a normalized
formal degree, equal tbwhen = Stg. In fact, there is a natural choice of invariant measure on
G(k) which achieves this normalized formal degree, up to sigis iBithe Euler-Poinc&measure

G, Which Serre introduced irdp] to study the cohomology of discrete subgroup&¢k). In this
section we review this measure and use it to reformulatedivadl degree conjecture i2€], in a
manner consistent wittb6).

7.1 Invariant measures onG(k).

Serre proved the existence of an invariant measdren G(k) with the property that for any dis-
crete, co-compact torsion-free subgroup G(k), the Euler-Poincdr characteristic ofl ( ; Q)
is given by 7
(H (;Q)= G:
nG(k)
The measureg, calledEuler-Poincaé measurgs non-zero o1& (k) precisely when the connected
center ofG is anisotropic ovek (which we have assumed). In this cagel)’(®) ¢ is a positive
Haar measure o8(k), wherer (G) is thek-rank ofG.
The Euler -Poincd@ measure ¢ is the unique invariant measure @Gtk) for which

deg ;(Ste) =( 1)@
(see B] and [46]). Hence, for any discrete series representatiaf G(k), the canonical degree

deg ()

= r(G)
deg (sy = V@ deg ()

is indeed achieved byg, up to sign.

The volume of any open compact subgraup G(k) with respect to ¢ is a rational number.
Indeed, it suf ces to check this for one open compact subgyeince any two are commensurable.
Letl  G(k) be an Iwahori subgroup, which xes (pointwise) a facet of i@ dimension in the
building of G(k). The group is a semidirect product of its normal ppSylow subgroup . and
a nite subgroupT () of order prime tqo:

| =1+ [CTdo):
The groupT(q) is the group off-rational points in an algebraic tordsover f, wheredim T =
dimE o() = *4. Using [15, 4.11] we nd that
z L(M (1)
—_ : H m.
&(G) ST Ttz jT(@) 9 ™;
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P '
wheree(G) = ( 1)"(®) r(Go) jsthe Kottwitz sign oG andm = d dim(Ed‘)(I )). An equivalent
formulation, using thé -function of the principal parametgy, is

L Lt
ST L(,60 jtZ]

The right hand sides of these formulas are clearly rationaibvers.

To reformulate the conjecture of Hiraga-Ichino-lke&&][on formal degrees, we need to com-
pare ¢ with a a positive Haar measurg de ned in [18] as follows. LetGbe the split form oG
overk,let :G! GP%be anisomorphism ovéder, and let °be a differential form of top degree on
the Chevalley model o&°over A, which has good reduction mdel. Let (! 9 be the pull-back
of 1 %to G. Then

iT@j aq ° (57)

s=1i (9
Another measure
it gj = fM=2

was used in15], which gave the functional equation
L(M() j'ci=eG) j-Zj L(M) &t (58)
Sincej" (M)j = ¢®™)=2 we obtain the following relation betweers and ¢:

(D@ 2zZj =] M) c=j (i e (59)

7.2 The Local Langlands correspondence

The conjectured degree formula 26 depends on the conjectural local Langlands corresporgjenc
of which there is more than one version. For example, theespondence discussed 0] and
[21] involves H 1(k; Go), which parametrizes the pure inner forms of the quasi-gptup Go.
Here however, we want to include all inner forms in our cohjes, so we use another version,
in uenced by Arthur ] and involvingH 1(k; Gaq), whereG,q = Go=Z is the adjoint group o,
which parametrizes the inner forms@#.

The dual group of5.q is the simply-connected cov@s. of the derived subgroup @. The
pinned action ofal(ko=Kk) on G lifts to Gs¢, and- G,g = Gal( ko=k) [GJ. is theL -group ofGq.
Let-Z be the center df Go4. Explicitly, - Z is the subgroup oBal(ko=K)-invariants in the center
Zsc of Gsc. We may identify B5]

H(k;Gag)' Hom(*Z:C ): (60)

Thus, the inner forms 0B are parametrized by irreducible character$ 8f, in such a way that
Go itself corresponds to the trivial characterd . We x a character g of 2 whose restriction
toLZ corresponds to the inner for@® of Gq. If G = Gg we take ¢ to be the trivial character.
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Recall our standing assumption that the maximal torus ircémeer ofG is anisotropic ovek,
which is equivalent to assuming that the cefhtgrof “G is nite.

Given a discrete parameter: W SL, ! G, the groupA: =-Z is a nite subgroup of the
adjoint group(G)ag = G=2(6). LetA. be the full preimage oA =-Z in G under the adjoint
isogenyGsc ! (G)ag. Thus,A: is a central extension

11 Z¢!'A ! Az o1
We letlrr( A- ; ) be the set of irreducible charactersfof whose restriction t&s is a multiple
of . For the principal parametée, we haveA: & = Zsc andirr(A- 5 )= f &0

Let 2(G=k) be the set of equivalence classes of irreducible discreiessepresentations of
G(k) and letL (G=k) be the set of5-conjugacy classes of paifs ), where’ :W SL,! G
is a discrete parameter an@ Irr( A+ ; ).

Conjecture 7.1 LetG be a connected reductive group okeand assume the maximal torus in the
center ofG is anisotropic. There is a bijection

2(G=k) 'L (G=K):

which we denote by 7! (* ; ), with the following properties.

1. If o is the Steinberg representation Gi(k) then' | is the principal parametet , and
0o~ G-

2. 1f; 92 2(G=k)have’ ="' othen and °have the same central character.

3. If istrivial then is generic.

4. For a given discrete parameter, the following are equivalent:

() Al 2 2(G=k)with' ="' are supercuspidal.
@i If' ='and =1 then issupercuspidal.
(i) " (SLp)=1.
5. The formal degree of 2 2(G=Kk), with respect to the Euler-Poincameasure g, is given
by
dim(C ) ().

( 1) deg ()=

A X7 (o) (6D

where the signisthat of(" )=!(",)= L
In part2, note that we may identify the centers of the inner form&o®o it makes sense to
compare the central character on these various groups. Wepecify this central character in the

next section. In par, note thatif =1 then ¢ =1 so is arepresentation dp(k), which
has generic representations sil@&gis quasi-split.
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Formula @1) is a reformulation of the formal degree conjecture2g]] To see this, we note
that Hiraga et al. use the invariant measugelo calculate formal degrees, and they conjecture that

dim . .
= - ")l 2
deg () T ¢ )i (62)
Comparing conjectures@) with the relation §9) between g and g, we obtain the formula

dim _j ()i
ATEZ] T

(1 deg ()= (63)

We have seen that(" )= (',) is a rational number. From equatior85) and @7) it follows that

the signof (' )= (',)isthatof! (" )=!(',). Hence we may remove the absolute value signs in
formula ©3) to obtain the formulagl) in conjecturer.L In chapter8, we will make a conjecture
relatingthesign 1 =1 (" )=!(",) in (61) to the value of the central character obn a certain
elementinZ (k).

Remark: The bijection conjectured to exist ihl has been established for to8iq], for the groups
GLn (k) [23], [25] and thence foBL, (k) [27]. In the rst two cases, the grouph: are trivial. In
the general case, one expects to have a natural parametrizat! - for theL -packets

(G=k)=f 2 *G=Kk):' ='g

but the labeling of the individual representations in elaghacket by the irreducible representations
2 Irr( A+ ; @) is perhaps not canonical, and may depend on auxiliary choice
We give a simple example for the gro= SL to illustrate this ambiguity. Assume thiat
has odd residual characteristic. We then have a surjearemorphism

WIW 1 g 1 k =k 2

onto a nite group of type(2; 2) which embeds (uniquely up to conjugacy) as a nite subgroup
of the complex Lie group G = & = SO3(C), given by rotations byl80 degrees around three
orthogonal axes. Hence there is a unique Langlands paramete

"W  SL,! 'G;

trivial on SL,, whose image is a nite group of typ@;2). The subgroupA: < SL »(C) is
guaternion of order eight; it has four irreducible repreagons of dimension one and trivial on
2ec=1 | g, and one irreducible representation of dimension two wkdgton-trivial onZsc.

The L-packet - (G=k) consists of the constituents of the restriction of a singleducible
representation oGL (k). These constituents are given as follows. Ket, K1 be hyperspecial
maximal compact subgroups @f(k) = SL,(k) which x adjacent vertices in the building (which
is a homogeneous tree). Bdth surject ontdSL,(Fq) via reduction modul& . Let gand ; be
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the two irreducible cuspidal representationsSaf, (F;) of dimension(q  1)=2. Fori;j 2 f0; 1g,
let jj be the compactly-induced representation

j =ind ¢
ThelL-packet of for G=k = SLy=kis
(G=k) =1 j i, 2f0,1g @
The four representations; havedeg (( jj) = 1=2 and all have central character taking

to the scalaf 1)(4*Y) =2 Each ij is generic for one of the four orbits of generic characters of
the unipotent radical of a Borel subgroup®i »(k), but we see no natural way of deciding which
j is to have = 1, without making additional choices of a hyperspecial vedea generic
character.
This ambiguity does not arise for the non-split inner fo@%k, whereGYk) is the compact
groupSL1(D) of norm-one elements of a quaternion division algdbraverk. HereGYk) has a
unique character of order two which factors through the natural map

SLi(D) ! Ui(Fy);

ij

whereU;(F) is the kernel of the norm mappiﬁﬁs12 ! Ky . We havedeg _( ) = 1, in accor-
dance with the formal degree conjectuéd); where is the two-dimensional representation of
A .

7.3 The Swan inequality revisited

The formal degree conjecture leads to our conjectured aléguor the Swan conductor in the
following way. Suppose
— a4 G(K)
=ind 'V
is a supercuspidal representation compactly-induced &omite dimensional representation of
a parahoric subgroug of G(k). Then

dmV =deg () vol ((K):

The termvol ; (K') belongs to the seo of rational numbers whose numerator and denominator
are prime top. If the degree conjecture holds, then by our calculatitl) 6f the leading term of
* (x), the formal degredeg _ ( ) is a rational number iQpo times

r-q,

wherer: is a rational number depending brand is the order of - atx = 0. There is a nite
setS of primesp with the property that eveny is a product of powers of primes frogn Hence if
p is suf ciently large, we have

dmV=R q;
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whereR: 2 Q. SincedimV is an integer, it follows that 0, as conjectured k.2, and
indicates that has minimal Swan conductor exactly whe&im V is prime top.

8 Central characters and root numbers

In view of part 2 of Conjectur&.l, it is natural to try to predict the central character of tiszcete
series representationsof G(k). Recall thaiG is quasi-split ovek and split ovelky. We continue
to assume that the maximal torus in the ce@t@f G is anisotropic ovek. The aim of this section
is to construct a charactér of Z (k) from a discrete parametér : W SL, ! -G. This
was done by Langlands for real groups 8Y]. In [4] Borel outlined a non-Archimedean version
of Langlands' method, but Borel's account omits an esseptiat, namely the vanishing of the
Schur multiplier ofGal(k=k), due to Tate47, Thm. 4].

Our approach té - relies instead on Tate local duality, and is more converfi@nour later
study of of root numbers. At rst sight our approach may appeabe different from that of
Langlands, so we will also complete the non-Archimedeanrigarof Langlands' construction and
we will show that the two constructions give the same charaet.

8.1 Tate Duality

Recall that is the set of roots of in G andZ is the sublattice oK (T) generated by . The
character group = X (Z) = X (T)=Z isa nitely generated abelian group with an action of
Gal(ko=k) and we may identify
Z =Hom(A; Gn):
SinceZ (k) is compact, the natural pairily Z ! Gy, gives, by Tate local dualityd0, 11.5.8],
a pairing
H2(kiA) HOKkiZ) I H2(kiGm) = Q=Z
which identi es
H2(k; A) = Hom( Z (k); Q=2):

Via the exponential mayp 7! exp(2ix ) (which depends on a choiceiof P 1) we thus identify
H2(k; A) with the group of charactets: Z(k) ! C having nite order.

8.2 An approach via the fundamental group

Let 1(&) denote the fundamental group of the Lie grapthe dual group of3, based at the
identity of G. We rst show how to identify the group = X (Z) with the fundamental group
1(6). Letp: G ! Gyer be the simply-connected covering of the derived groufs péind let
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Tsc be the maximal torus obsc mapping ontof \ Gger. The Lie algebra of T has a canonical
decomposition

t= lt\sc 2
wherefs. and? are the Lie algebras dt.c and the center of, respectively. Let
exp:f! T

be the exponential map, de ned by
(exp(x))= 't 8 2 X (T);

where we make the same choice of P ~ 1 as before, to embe@=Z into C .
Let
€=GCs 2

and exteng to the analytic surjective mapping
p:6! G (64)

given byp(t;z) = p(t) exp(z). Since® is simply-connected of the same dimensionGasit
follows that the mappingdd) is the universal covering @, and that

kerp= 1(G):

Itis clear thaker pis contained infsc 2. SinceZ = X (Ts), the restriction optoTse 2 ts
into a commutative diagram

1! X (ff):z ! (i\SC:Z?) 21 %:x?(f)! 1
? ? ?
Lyexp "yexp 1 tyexp
11 kerp ! fe 2 1 F T 1

where the rows are exact and the vertical maps are isomenphBinceX (T) = X (T), we have
A= X (T)=z . It follows that the exponential map gives an isomorphism

A P kerp= 1(6):

Since the isomorphism is canonical, it respects the acfior &Gal( ko=k) on G andG by pinned
automorphisms. Thus we have gequivariant exact sequence

11 Al 6! G! 1 (65)
Now, given a parameteér : Gal(k=k) ! G, any set-theoretic lifting

'~ Gal(k=k) !
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gives a well-de ned cohomology clags 2 H?2(k;A) which measures the failure 6f to be a
homomorphism. In other words, = (' ), where

‘HYk; &) ! H?(k;A)

is the coboundary map of the exact sequer@®. ( By Tate duality as in sectioB.1, we get a
character
e:zZ(k)! C

of nite order whose inverse is given by

1o (z2) Y= ho;zi; 822 Z(k):

As a special case, suppagds connected. Then
2 = Gab

is the quotient of5 by its derived group. Let : G | 2 be the natural projection. We have a
smaller exact sequence
11 Al 2t 7211

with coboundary 7 : H1(k;Z) ! HZ2(k;A). The composition
Hi(k;Z) 1% H%Kk;A)! Hom(Z(k);C )
is the Langlands correspondence for the tatusrom the commutative diagram
H1(k; G)! H2(k; A)
?
y
Hik;Z)! *  HAKA);
it follows that! - is the inverse of the character #{k) corresponding to the parameter ' 2

H(k; 2).

8.3 Langlands' approach

Fork = R, Langlands had a different way to construct central chara¢tG has connected center,
the example at the end of the previous section is identichataylands' construction, now in the
p-adic case. We consider the opposite case, wieig semisimple, which we now assume. We
adapt Langlands' method to tipeadic case, and compare with our previous construction.
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We start by embeddin® in a groupG1 with connected center such that the quoti€atG
is an induced torus. The eventual central character is gmtdgnt ofG;. Our aim is to relate this
construction to the previous one. For concreteness, welakgroup

Gl =G z T;
with center
Z ZT' T:

The quotieniG,;=G = T=Z is a maximal torus in the adjoint gro@,q, hence is induced, since
permutes a basis & (T=Z) consisting of simple roots af=Z in G,q. The dual group 06 is

Gt € AE
where
€=G6, % and B="Ty 2

and

A=ker[Gs.! Gl= 1(6)

are as in the previous section. The natural maps
-Gy B=A=T and *:G;! €&=A=G

are the abelianization quotient and the map dual to the edibgd: G| G, respectively. From
Shapiro's lemma and Tate's restit?(k; C ) = 0, it follows that

H2(k;B) = H%(k; Ts) = 0;

so that any parameter 2 H(k; G) may be lifted to' 1 2 H(k; G1) (cf. [37, Lemma 2.10] for
k = R). As in the last paragraph of the previous section, the inodtyg in H1(k; 21) = Hi(k;T)

gives a character: , of T(k), which we then restrict to get a charactét : Z(k) ! C : Two

lifts ' 1;' § are related by:

v 0 [
1~ 1,

where is a parameter fof =Z. Applying functorality to the mag@ ! T=Z, we see that: ,
agrees witH . 0 onZ(Kk), so the character? is well-de ned.
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We now show that 9 is is equal to the charactér constructed in the previous section. Con-
sider the diagram

?
?
y "1
1! Al 3 T 1
2 ?
? ?
y y
1! Al 6! e}l 1
5
?

Foreach 2 ,wechoosé~( )2 &, ~( ) 2 T suchthat 1( )isthe classof~( );~( )) in
G]_ =6 A F. Then
~: 1 € and ~: ! F

are set-theoretic liftings of and ' ; which give rise to the 2-cocycles ik whose classes in
H2(k;A) give! . Tand! ?, respectively. Since; does not fail to be a homomorphism, it follows
that! - = 19 =1, as claimed.

8.4 Deligne's formula for orthogonal root numbers
Recall thak has characteristic zero, with Galois group Gal( k=k). Let
%:. ! O(V)
be an orthogonal complex representation off he root numbew(% satis es
w(®?=det% 1)= 1

Sincedet %is also an orthogonal representation ofvith the same determinant &sthe quotient

W _
w(det %
Let w»(% be the second Stiefel-Whitney classiah H2(k; Z=2). If det%= 1, thenwx(% = %
where

(N =

: Hom( ;SO(V)) = H(k;SO(V)) ! H?(k;Z=2)
is the coboundary map of the central extension
11 z=2! Spin(V)! SO(V)! 1
with trivial -action. We mapZ=2 ! 2, takinga 7! ( 1) and letcy(% be the image of

wa(% 2 H?(k; »)= f 1g. Deligne's formula for orthogonal root numbet] is as follows.
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Proposition 8.1 We have
(A= (N2 H3k; »)=f 1g:

Corollary 8.2 Assume thatlet%= 1, so thatc(% = w(% = 1. Then

w(% = +1 if and only if the homomorphisfb: | SO(V) lifts to a homomorphisréo: !
Spin(V).

8.5 Lifting Ad to Spin

The adjoint representatiofd : G ! SO(f) lifts uniquely to a homomorphisn‘kd S CH
Spin(§), where@ is the simply-connected cover &, as in sectior8.2 LetA = X (T)=z" be
the fundamental group @; we obtain a homomorphism

e:Al =2

making the following diagram commute:

11 AP e ! G | 1
2 ? ?
? ? ?
ey Ady AdY

1! Z=2! Spin(6) ! SO(f)! 1:

The value (a) = ( 1)%® is the scalar by whicla 2 A acts on the spacé of spinors off}, via

the homomorphisn&d. This scalar can be calculated as follows. Choose maximas tand Borel
subgroupf’ B in G and let2 be the sum of the roots df in B. Let T be the preimagd

in®. ThenX (T) X (Ts) and 2 X (Ts) is a weight offsc in V. Given 2 X (T) with

coseta 2 A, we have

(@)= (exp@a)= €M i=elh2i=( pn2h (66)
This proves, in particular, the well-known fact thad : G ! SO(§) lifts to a homomorphism
Ad: G! Spin(@)ifandonlyif 2 X (T).

Recall thatA = Hom( Z; Gnn), whereZ is the center of oup-adic groupG whose dual group
is G, so that the charactermay be viewed as an elementof The torusT is also dual to our
maximal torusT in G, so2 2 X (T). Equation 66) shows that

=2 ( 1)22z: (67)

This involution inZ does not depend on any choices of maximal tori or Borel suig.oSince the

action onZ is independent of inner twisting, andpreserves a pinning on the quasi-split form,
we see that is k-rational. Thus, we have@nonical involution =2 ( 1) 2 Z(k), of order one
or two.
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8.6 On the root number of the adjoint representation

In this section we conjecture a relation between root nusbad central characters. To motivate
this conjecture, let us rst suppose thatis an inner form of a split group ovér; so that-G = G.
Let' : | & be adiscrete parameter andigt ) = w(f}) be the root number of the orthogonal
Galois representation

Ad' ;1 &M so):

Thenw(' ) = landw(')=+1 ifandonlyif Ad" lifts to Spin(), by Deligne's formulag.1
On the other hand, from the diagram

?
L ?
y
1! AP e ! G | 1
? 2 ?
2 2 2
ey Ady AdY
1! Z=2! Spin(6)! SO(f)! 1

we see thafd ' lifts to Spin(f) if and only if the class 2 H?(k; A) from section8.2 belongs
to the kernel of the map

‘H2(k;A)! H?%k; o)=f 1g
induced by . Viewing =2 ( 1) as the canonical involution id, this means thahd ' lifts to

Spin(@) ifand only if! - () = +1 , where! - is the character af (k) corresponding t@ under
Tate duality. Combining these two criteria fad ' lifting to Spin()), we nd that

wt)="!()= 1

whenG is an inner form of a split group.
This suggests the following more general conjecture.

Conjecture 8.3 LetG be a connected reductive group okeand assume the maximal torus in the
center ofG is anisotropic. Let 2 2(G=Kk) be a discrete series representation corresponding
to the discrete parametér : W  SL, ! LG asin conjecturé’.1and let' , be the principal
parameter forG. Then the ratio ‘)

-

H( )
of orthogonal root numbers is equal to the scalar by whichd@eonical involution 2 Z (k) acts
on the representation.

= 1

We note that D. Prasad()] has shown that the action ofon a self-dual irreducible generic
representation often determines the sign of the invaridinelar form on the space of the represen-
tation.
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9 Minimal Swan conductors and simple supercuspidal rep-
resentations

By Prop.4.1, the formal degree conjecture in part 4 of Conjecfliecan be expressed as

dim( )

r(G) = _—\ /

(a); (68)

where  (x) 2 Q(x) is a certain rational function whose leading term was stlidiesection
5.1 In section5.3, this analysis led to the notion of discrete parameterith “minimal Swan
conductor”; recall that these are the parametefsr which

dim g+ b(' ) = "o+ (' ,): (69)
If Gissplitand§ (') =0, thenN =0 and the conditionq9) simpli es to
b(")="; (70)

where’ is the rank ofG.

The tension between the two conditior@) and (70) is strong enough to force to be a
particularly simple kind of supercuspidal representatitve give here the construction of these
simple supercuspidal representations, which is based ari@us fact about the geometry of af ne
Coxeter groups.

9.1 Afne Coxeter groups

As a general reference for this section we recommétd Let be an af ne root system on
a Euclidean af ne spacé&. Each root 2 is a non-zero af ne function o\, denoted by
X 7'h;xi.LetH :=fx 2A : h;x i =0gdenote the corresponding root hyperplane, with
positive sideH* := fx 2 A : h;x i > 0g. An alcoveis a connected component of the set
fx2A : h;xi&0 8 2 gofpointsinA notlying on any root hyperplane. wall of an
alcove is a root hyperplarté whose intersection with the closure of the alcove contamspen
subset oH . Every alcove is the intersection of the positive sidesohialls.

Fix an alcoveC and let

T=f 2 : h;xi>0 8x2Cg

be the correspondingpsitiveaf ne roots. There is a unique nite subset *, thesimpleaf ne
roots, such that * consists of those af ne roots of the form
X
n ;
2
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with n integers 0. There are unique positive integers such that the sum

X

a =1
2
is the constant function 1 onA. The walls ofC are the hyperplangs for 2 . The aim of
this section is to proveEach alcoveCClies on the positive side of some wall®that is not a wall
of C°
This is reformulated and proved in Lemr@d below, after some preparation.
The closure ofC is partitioned into a disjoint union

[
C= Cy;

I(
of non-empty facet€;, indexed by the subseds with J 8 , andC; is the set of points
x 2 Cwhereh;x i =0for 2 Jandh;xi>O0for 2 J. [Bourbaki, V.1.6]. For 2
letr denote the orthogonal re ection ik about the hyperpland . These re ections generate a

group
W)= h : 2 i

of Euclidean af ne transformations @&. In fact, W() is an af ne Coxeter group generated

by fr 2 g, andW() acts simply-transitively on the set of alcoveg VM.3.2]. The
corresponding action &V () on is given by:
w:xi=nhw xi: 8 2 :x2A:

We reformulate the above geometric statement as follows.
Lemma 9.1 Givenw 2 W() withw 6 1, there exists 2 suchthatv 2 *

Proof: Sincew 6 1, the alcoveC,, ;= w 1C is distinct fromC. Eachroot 2 is either always
positive or always negative of,,; is positive onCy, if and only ifw 2 *. Write asa
disjointunion =, t ,Where , and are the sets of roots in which are positive and
negative, respectively, o, . SinceC,, 6 C, the set is hon-empty,

We must show that there exists2 , for whichw =2 . Suppose on the contrary that
WL . Since is non-empty, we havg +j < j j. Hencew . andw . 6
Takingd = w ., we have a (non-empty) fac€; C. Letx 2 C;y and lety = w 1x 2 Cy.
Forall 2 4+ wehaveh;yi=hw;xi=0.Butthen

X X

1= ah;yi= ahyyi G0
2 2
a contradiction. Therefone + is contained in * but is not contained in .

Remark: The lemma is false for nite root systems: If is a base of a nite root system, then
there is a unique elemeny 2 W () suchthatv =
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9.2 Afne generic characters

In this section we assume for simplicity that gudadic groupG is simply-connected, quasi-simple,
and split ovek. Let™ = r(G) denote the rank o&. Let T be a maximak-split torus inG, let Tg
be the maximal compact subgroupTofk) and letN be the normalizer of in G(k). LetR be the
set of roots ofT in G. Fix a Chevalley basis in the Lie algebra®f This determines, for each root
2 R, an embedding
x k¥ ] G(Kk)

such thattx ()t 1 = x ( (t)c), forallt 2 T andc 2 k. Our choice ofT determines an
apartmentA, which is an af ne Euclidean space under the vector spaceX (T), together with
a system of af ne roots onA. The choice of Chevalley basis determines a base-pohtA ,
which we use to identify

A=R X (T); and = f +n: 2R;n2Zg

Each afneroot = + nindexes araf ne root groupU = x (P") which pointwise- xes the
positive side of the hyperplat¢ and is normalized b¥y. An element 2 Ty acts on the quotient

U=U, ' P"=p"™ " ¢*

as scalar multiplication by the image oft) in f . The canonical action dfl on A identi es the
af ne Weyl groupN=Tgo with W() ;if n 2 N hasimagevin W( ), we have

nUnl=uU, :

Fix an alcoveC in A with corresponding simple and positive af ne roots ~ *. The stabilizer
of C in G(k) is the lwahori subgroup

| :=hlg; U : 2 ™i:

Let
Ti=h2Ty: ())21+P 8 2X (T)g:

The subgroup
Iy :=hT; U @ 2 *i |

is the prop-Sylow subgroup of and we have

whereT(q) = ft 2 To : t% = tg projects isomorphically ontdo=T;. Finally, we consider the
subgroup
l44 ==HT;U @ 2 7 i
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Lemma 9.2 The subgroup .+ is normal inl. with quotient
M

I =les ! U-=U4y
2

asTo-modules.

Proof: Eachafneroot 2 * may be uniquely written as
X
= n ’
2

+

P
where then are integers 0. We have 2 ifand onlyif n > 1. The commutator
[U ;U ] is contained in the subgroup ¢f generated byJ; +; for i;j positive integers with

i +j 2 . Also[T4;U ] U +1. It follows thatl., is normal inl. and contains the
commutator subgroup of. , so that + =1+ is abelian.
Foreach 2 ,theinclusiord | [, factorsthrough a map
f' U=U +1 ! [+ =14t @

Sincel ; =l++ is abelian, we get a well-de ned homomorphism

M
U =uU +1 ! |+:|++ X (71)
2

which i%surjective, from the de nition of ++ . From uniqueness-of-expressidd0] 3.1.1] the
product = , U (taken in any order) intersects. trivially. It follows that the map in 1) is
also injective.

Remark: For every pointx in the Bruhat-Tits building of5(k), Moy and Prasad have de ned
Itration subgroupsG(K)xr+  G(K)xr indexed byr 2 R ¢, of the parahoric subgroup(k)x at
X. LetXg be the unique point in the alco on which all simple af ne roots 2 take the same
value. This common value s=h, whereh is the Coxeter number @, and we have

I+ = G(K)xo;0+ = G(K)xg:1=h; e = G(k)xo;1=h+ = G(k)xo;2=h:

Recall thatZ is the center of5. LetZ(q) = Z\ T(q). Note thatZ (k)I+ = Z(q) [|+. We
say that a character: Z(k)I+ ! C isaf ne genericif

() istrivialonl.s and
(i)  isnontrivialonU forevery 2

There argZ(q)j (q 1) *! afne generic characters. They are permuted freely by treigr
T(q)=Z(q) (see the proof of Pro@.3below). Hence, there aj& (q)j> (q 1) orbits of T(q) on
the set of af ne generic characterso{k)l . .
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9.3 Simple supercuspidal representations
For each af ne generic character: Z(k)I. ! C ,let be the compactly-induced representa-
tion o
=ind 500 (72)
of G(Kk) in the space of functiorfs : G(k) ! C having the properties:
f(hg)= (h)f(g)forall h2 Z(k)l+, g2 G(k).

The support of consists of nitely many left cosets & (k)1 + in G(k).

Proposition 9.3 Let and be af ne generic characters & (k)I+. Then
1. the representation is irreducible (and supercuspidal) f@s(k);

2. the representations and are equivalent as representations®¢k) if and only if =
for somet 2 T(Q).

Proof: To ease the notation we write (in this proof onlg) = G(k); H = Z(k)I+, so that
G = HNH , by the af ne Bruhat decompositior6, 3.3.1]. We rst prove the second assertion.
By Mackey's theorem3g], we have

M
Homg( ; ) Homyy e (5 M):
n2H nG=H

Suppose& 2 N and = "onH\ H". Letwbetheimage of inW () . Assume rstthaiv 6 1.

By Lemma9.1there exists 2 suchthaw 2 ~ . Thenwe havé) = Uj 2H\ H":
Since = "onH\ H"wealsohave = "onU .
ButnU n 1= U, iscontainedid; ,sincew 2 * CANd I 44 ker by condition

(i) above. Therefore is trivialonnU n 1, so "istrivialonU . But we have seen that= "
onU . So istrivialonU , contradicting condition (ii) above for. Thereforew = 1, son, which
we now callt, lies inTg. SinceTg = T(gQ)T1 andTy 1., we may takd 2 T(q). The second
assertion is proved.

For irreducibility we take = . It suf ces to show that the elemenhtabove lies inZ. [8,
3.11.4] Choose 2 andlet be the gradientof . OnU , both and ' may be viewed as
nontrivial charactersof) =U ,; ' f. Ift 2 T(g)issuchthat = 'onH then ! tisthe

trivial character of. Forx 2 f,we have * Y(x)= (( (t) 1)x). Since is nontrivial onf,
we must have (t) = 1. Therefore is in the kernel of every root of in G, sot 2 Z, as claimed.

The irreducible representations constructed in Prop9.3 will be called simple supercuspidal
representationsf G(k). By part 2 of Prop.9.3there ar§Z(g)j> (q 1) equivalence classes of
simple supercuspidal representations.
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Remark: The “spherical” analogue of , wherel . is replaced by the unipotent radical of a Borel
subgroup ofG(k), is highly reducible. Indeed, this is the Gelfand-Graewespntation, whose
constituents are the generic representatiors(éf). See the remark after LemnSal

9.4 Formal degrees of simple supercuspidal representatign

Recall thatG is split and simply-connected and thatis the center ofG. SinceG is simply-
connected, the Iwahori subgroups its own normalizer. Formul&b{) gives the volume of with
respect to Euler-Poincameasure as
Z L}

(1y© o= (a0
! L('0:6:0)
where' ; is the principal parameter. Sine® is split, the Artin conductor (' ;) = 2N is the
number of roots ol in G, while the root number (* ;) = 1. Hence the gamma factor of is

N L(' o;g; 1)
L("4:0;0)

iT@j q ; (73)

("0)=1

and we may write 7

(D o=a ™D () T

Let :Z(k)l+ ! C be an afne generic character. From Prof.3 we have a simple
supercuspidal representation compactly induced from onZ (k)I .. Letus view as induced
from1:

=ind °™ ;  where = ind 4y,

We write
Z(k)=Z+ Z(q);

whereZ, = Z(k)\ 1, isap-group andz(q) = Z(k)\ T(q) has order prime tp. We have
Z(K)y=2Z(@ 1+ and [l :Z(k)I+]1=[T(9) : Z(q)]I:
It follows that has dimension
dim =[1:Z1+]=[T(d): Z(Q];
so the formal degree of is given by

dim gNt

ol () - 2@ () (74)

( 1) deg ( )=
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9.5 Predictions for the Langlands parameter

While guided by conjecturé.1, our construction of simple supercuspidal representatitic not
depend on any conjectures. In this section we again use tireeleonjectur&.1to analyze the
putative Langlands parameter for a simple supercuspidal representation= . SinceG is

split and simply-connected we have

LG = G =Aut( §)

and-Z = 1. Asin Prop.4.1, we view formal degrees as rational functions. This meanswst
consider simple supercuspidal representations of thepgi®(k,,) wherekm =k is the unrami ed
extension of degremn 1. LetK be the maximal unrami ed extension kf(in a given algebraic
closure ofk) and letF be the endomorphism @& (K ) given byFrob, so thatG(km) = G(K )" .
ThenF preserved (K ) and each af ne root group (K),for 2 . Foreachintegamn 1, let
[ (M), Iim), and| J(,T) be the subgroups @& (kn,), de ned as in sectio®.3, with k replaced by, .
Then

M=
2

wheref,, is the residue eld oky,. The mappingy 7! gF(g) F™ %(g) on!l (™ gives a group
homomorphism
m Z(ke) M= 0 Z (k)1 =l

whose image contairls. =l.. . Given an af ne generic characterof Z (k)l ., we get an af ne
generic character

m = m Zke) M1 C
and a simple supercuspidal representatign= , of G(ky) whose formal degree is given by
qn(N+)

(1) degn( m)= (75)

iz@mi (M
where T is Euler-Poinca& measure oiG(ky). The right side of equation7p) determines a
rational function( x) 2 Q(x) such that

(1) degn( m)=( d"); (76)
forallm 1 mode, whereF* = 1 onZ(K).
For each sucim, conjecturer.1 gives a discrete parametel” = ' = We also assume that
these parameters are compatible, via the base-changeléormu
o T W (km) (77)
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SinceF = ' (Frob) has nite order, there is a positive integesuch thalA: m = A+ forallm 1
mod f . Then it makes sense to require that

w = (78)
Then conjecturd.1 predicts the formula
\ dm( ) (™
m =1 y
(1) degn(m="!(C) AT D) (79)
forallm 1 mod 4def, ! In terms of rational functions, this means that
dim( )
x)=1( . . C o (X):
(=10 )50 ™
Comparing equationgb) and (79) we nd that we must have
N I ) <A
()= =\ _ vy WNe_ I
T Lo O T iz dim ®9

whereL: (X;s) is the rational -factor de ned in 83). Since the right side 0oB0) has no poles, it
follows from 33) that' is trivial onSLj and that.: (x;s) 1, forcing

6o =0: (81)

The derived subalgebra §? : has zero invariants under the cyclic grddig=D1, hence this derived
subalgebra is zero. It follows thgP ! is the Lie algebra of a torus. We must also have

a' )=2(N+)=dm g+ "
sincea(' )=dim §+ b(' ), this means that
b(" )= " (82)

Thus, the degree conjecturel implies that the parameter of a simple supercuspidal reptaton
is a simple wild parameter, as de ned in sect@n

To say more about , we con ne ourselves here to the simplest case, namely \plteres not
divide the order of the Weyl grolfy of G. In this case, conditionglQ) of section5.4 are satis ed,
so Prop5.3applies. It follows thabD, = 1, D1 is contained in a maximal torus & and the tame
quotientD o=D is generated by a Coxeter elemenin the Weyl group of5. SinceG is split and
the exponent oZ (K ) divides the Coxeter numbérof G, the congruence condition if© can be
simpliedtom 1 mod 2, whered is the order ofyin (Z=h) .

Note that! (' o) =1 and! (" )= 1sinceG is split overk.
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To complete our analysis of the parameter of a simple suppidal representation, we now turn
to the groupA: , still under the assumption thptLJW|j. We have seen th@; is an elementary
abelianp-group. By b7, Thm 2.28(c)], the centralizeZ s (D 1) is connected. SincgP1 = {, we
have

Ca(D1) =T and Cg(Do)= T

The image (F) of Frobenius normalize® 1, so we have (F) 2 N, projecting to an element
u 2 W such thatu wu = wd Recall thatG is simply-connected an@ is adjoint. LetY =
X (T)= X (T), and identifyf = C Y. We have canonical isomorphisms

fw oy ly=y} YYH1 w)Y =Hom(TY;Gn):

Sincew is a Coxeter elementl w)Y is the root lattice off andu acts triviallyonY1 w)Y.
From the equation
ul@a w=@ w@a+w+ +wlhHu

it follows thatqu ! acts trivially on(1  w) Y=Y, so thatu acts as ther-power map onf".
Thus, we nd that
A =[fTweEt

SinceA: is abelian, we havdim =1.
SinceT% = Z is the center of3, it also follows that

AT =JIm(Z(k)j:
The assumption thgt W | implies thatp JZj, soZ(qg) = Z (k). Thus, in equationg80) we have
A =2 = jZ(K)j and dim( )=1:

We summarize what we have proved in this section:
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Proposition 9.4 Suppose tha is simply-connected, almost simple andkisplit of rank™. As-
sume that the simple supercuspidal representatien  of G(k) correspondstothe palt ; )
as in conjecture7. 1. We also assume conjectufel and the base-change relatiofis7) and (798)
hold for , and' ™ whenm 1 mod 2¥F . LetL be the xed- eld ofker' ink. Then' isa
simple wild parameter:

0 V=0 and B )=
If moreovem does not divide the order of the Weyl groug@&fthen we also have:

1. Theimagé (W) = Gal( L=k) is contained in the normalizéd of a maximal torug in G
and has rami cation lItration of the form

Gal(L=k)= D Do>D g1; Do=1:

2. Leth be the Coxeter number & and letd be the order ofymoduloh. ThenD=D is cyclic
of orderdc wherec divides the exponent &f.

3. We havd( = D; [hli,where 2 N has orderh and projects to a Coxeter elementii.

4. The wild inertia groupD 1 has orderp?, wherea is the order ofp in (Z=h) , andD; is
the unique simplé&p[ J-submodule off[p] containing the -eigenvalue = ( )= where
is a uniformizing parameter of the tame extensibr= LP1 of k such that " 2 EPo,

Moreover, we have
6°t =% and Cg(Dy) = T:

5. The centralizeA: = ft2 T : t = t9gis abelian and has order equal to that5{q).

Remark: We have seen th&@(k) hasjZ(g)j> (g 1) simple supercuspidal representations. One
can check that each orbit of simple supercuspidal reprasens undeG,q(k), whereGgq is the
adjoint group ofG, has cardinalityZ (q)j. Prop.9.4suggests that for split simply-connected groups
G the simple supercuspidal representations (€) should be partitioned in§@ (g)j (g 1) distinct

L -packets, each of cardinalif ()] and consisting of a singl&,4(k)-orbit. On the arithmetic
side, we believe that further analysis of our constructibtihe extensior=k and the embeddings
of Gal(L=k) into G will show that there are exactjZ (q)j (q 1) equivalence classes of simple
wild parameters.
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