Chapter Two

FUNCTIONS

In this chapter, we investigate properties and
notation common to all functions. We begin
with a closer look at function notation,
including an introduction to inverse functions.
The ideas of domain, range, and piecewise
defined functions are addressed. Concavity is
then introduced and applied to quadratic
functions.

The Tools Sectionon page 99 reviews
guadratic equations.
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2.1 INPUT AND OUTPUT

Finding Output Values: Evaluating a Function

Evaluating a function means calculating the value of a fion& output from a particular value of
the input.

In the housepainting example on page 4, the notatien f(A) indicates that is a function
of A. The expressiolf (A) represents the output of the function—specifically, the amof paint
required to cover an area dfft?. For examplef (20,000) represents the number of gallons of paint
required to cover a house 26,000 ft2.

Example 1

Solution

Using the fact that gallon of paint cover&50 ft?, evaluate the expressigi{20,000).

To evaluatef (20,000), calculate the number of gallons required to ca@000 ft:

20,000 ft2

20,000) = —— 2%
4 ) 250 ft2 /gallon

= 80 gallons of paint

Evaluating a Function Using a Formula

If we have a formula for a function, we evaluate it by subitiiy the input value into the formula.

Example 2

Solution

The formula for the area of a circle of radiuss A = ¢(r) = mr2. Use the formula to evaluate
¢(10) andq(20). What do your results tell you about circles?

In the expression(10), the value of- is 10, so
q(10) = - 10? = 1007 ~ 314.
Similarly, substituting- = 20, we have
q(20) = 7 - 20% = 4007 ~ 1257.

The statementg(10) ~ 314 andg(20) ~ 1257 tell us that a circle of radius0 cm has an area
of approximately314 cm? and a circle of radiu80 cm has an area of approximaté57 cm?.

Example 3

Solution

2?2 +1
Let =
etg(r) S5+
@ 9(3) (b) g(-1) (©) g(a)
(a) To evaluatg(3), replace every in the formula with 3:
32+1 10
g(3) = so3 - g L%
(b) To evaluatgy(—1), replace every: in the formula with(—1):
o (-1)2+1 _2_
=5y T1 T
(c) To evaluatgi(a), replace every: in the formula witha:

g(a) =

. Evaluate the following expressions.

0.5.

a®+1
54a




2.1 INPUT AND OUTPUT 63

Evaluating a function may involve algebraic simplificatias the following example shows.

Example 4 Leth(z) = 2® — 3z + 5. Evaluate and simplify the following expressions.
(@ n(2) (b) h(a—2) (©) h(a) -2 (d) h(a) —h(2)
Solution Notice thatz is the input andu(x) is the output. It is helpful to rewrite the formula as
Output= h(Input) = (Input)? — 3 - (Input) + 5.
(a) Forh(2), we havenput= 2, so
h(2)=(2)2—-3-(2)+5=3.
(b) In this caselnput= a — 2. We substitute and multiply out
h(a—2)=(a—2)*=3(a—2)+5
=a’—4a+4—-3a+6+5
=a? —Ta+15.
(c) Firstinputa, then subtract 2:
h(a) —2=a*>—-3a+5—2
=a% —3a+3.
(d) Since we found.(2) = 3 in part (a), we subtract fror(a):
h(a) —h(2) =a®> -3a+5—-3
=a%—3a+2.

Finding Input Values: Solving Equations

Given an input, we evaluate the function to find the outputm&imes the situation is reversed; we
know the output and we want to find the corresponding inpdhdffunction is given by a formula,
the input values are solutions to an equation.

Example 5 Use the cricket functioff” = iR+ 40, introduced on page 3, to find the raf&,at which the snowy
tree cricket chirps when the temperatufejs 76°F.

Solution We want to findkR whenT' = 76. Substitutel” = 76 into the formula and solve the equation
1
76 = ZR +40

1
36 = ZR subtract 40 from both sides
144 = R. multiply both sides by 4
The cricket chirps at a rate of 144 chirps per minute whenehgerature iS6°F.

1
V=4

(a) Find anz-value that results irf (z) = 2.
(b) Is there anc-value that results iff (x) = —2?

Example6  Supposef(z) =

Solution (a) To find anz-value that results irf () = 2, solve the equation
1

2= .
x—4




64 Chapter Two FUNCTIONS

Square both sides

1
4= .
r—4
Now multiply by (z — 4)
Az—4)=1
dr —16 =1
17
= — =4.25.
x 1 b)

Thez-value is4.25. (Note that the simplificatiofw: — 4)/(x — 4) = 1 in the second step was
valid because — 4 # 0.)

(b) Sincey/z — 4 is nonnegative if it is defined, its reciprocdlz) =

if it is defined. Thus,f(z) is not negative for any: input, so there is na-value that results in

flx) =-2.

T is also nonnegative

In the next example, we solve an equation for a quantity §1aeing used to model a physical
quantity; we must choose the solutions that make sense rotitext of the model.

Example7

Solution

Let A = ¢(r) be the area of a circle of radius wherer is in cm. What is the radius of a circle
whose area is 100 cifi

The outpuy(r) is an area. Solving the equatigfr) = 100 for r gives the radius of a circle whose
area isl00 cm?. Since the formula for the area of a circlg;ig’) = 772, we solve

q(r) = 7% =100
) 100

™

r= :I:\/@ = +£5.642.
m

We have two solutions for, one positive and one negative. Since a circle cannot haegatine
radius, we take = 5.642 cm. A circle of area 100 cfnhas a radius 05.642 cm.

r

Finding Output and Input Values From Tables and Graphs

The following two examples use function notation with a éabhd a graph respectively.

Example 8

Table 2.1 shows the revenuR,= f(t), received or expected, by the National Football Lealue,
NFL, from network TV as a function of the year,since 1975.

(a) Evaluate and interprgt(25). (b) Solve and interpref(t) = 1159.
Table 2.1
Year,t (since 1975) 0 5 10 15 20 25 30

RevenueR (million $) 201 364 651 1075 1159 2200 2200

INewsweekJanuary 26, 1998.
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Solution (a) The table showg(25) = 2200. Sincet = 25 in the year 2000, we know that NFL's projected
revenue from TV was $2200 million in the year 2000.
(b) Solving f(t) = 1159 means finding the year in which TV revenues were $1159 mijlliois
t = 20. In 1995, NFL's TV revenues were $1159 million.

Example9 A man drives from his home to a store and back. The entireakp430 minutes. Figure 2.1 gives
his velocityv(¢) (in mph) as a function of the time(in minutes) since he left home. A negative
velocity indicates that he is traveling away from the starelbto his home.

Velocity toward store (mph)
50
40
30 // \\
20
o/ / \
0 t, time (minutes)
102 4 8 10 12 14 16 18120 22 24 26 28 J
—40
Velocity away from store (mph)
Figure 2.1: Velocity of a man on a trip to the store and back
Evaluate and interpret:
(@) (5) (b) v(24) (© v(®) -v(6) () wv(-3)
Solve fort and interpret:
(€) w(t)=15 ® v(t)=-20 (@ o(t)=v(7)
Solution (a) To evaluate(5), look on the graph where= 5 minutes. Five minutes after he left home, his

velocity is 0 mph. Thusy(5) = 0. Perhaps he had to stop at a light.

(b) The graph shows that24) = —40 mph. After24 minutes, he is traveling at 40 mph away from
the store.

(c) From the graphy(8) = 35 mph andv(6) = 0 mph. Thusp(8) — v(6) = 35 — 0 = 35. This
shows that the man’s speed increased by 35 mph in the inteetaleent = 6 minutes and
t = 8 minutes.

(d) The quantity(—3) is not defined since the graph only gives velocities for ngatiee times.

(e) To solve fort whenu(t) = 15, look on the graph where the velocity is 15 mph. This occurs at
t ~ 0.75 minute,3.75 minutes,6.5 minutes, and 5.5 minutes. At each of these four times the
man’s velocity was 15 mph.

(f) To solvew(t) = —20 for ¢, we see that the velocity is20 mph att ~ 19.5 andt ~ 29 minutes.

(g) Firstwe evaluate(7) ~ 27. To solveuv(t) = 27, we look for the values afmaking the velocity
27 mph. One suchis of course = 7; the othert is ¢t ~ 15 minutes.
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Exercises and Problems for Section 2.1

Exercises

In Exercises 1-2, evaluate the function foe= —7. 17.

1 f(z)=2z/2-1 2. flx)=2*-3

For Exercises 3-6, calculate exactly the valuegyofthen
y = f(4) and ofz when f(z) = 6.

3. f(z) = % 4. f(z) = VIO F 22

18.
5. f(z) = 42>/? 6. f(x)=a%* -2
7.10f f(z) = 2z+1, (a) Findf(0)  (b) Solvef(z) =0-

M f(t) =124, (@) Findf(0)  (b) Solvef(t)=0-

9. If g(z) = 2°~52+6, (a) Findg(0) (b) Solveg(xz) =0-
10. It g(t) = —— 1, (a) Findg(0)  (b) Solveg(t) =0-
11. If f(z) ﬁ,find £(=2).

19.

12. If h(x) = az® + bz + ¢, find h(0).

)
13. If P(t) = 170 — 4t, find P(4) — P(2).
14. If g(z) = —%xl/?’, find g(—27).
15. Leth(z) = 1/z.Find (@) h(z+3) (b) h(z)+ 20.
h(3)
16. Let f(x) = 2;:_11. For what value of: is f(x) = 0.3?

Problems

(a) Using Table 2.2, evaluatg(1), f(—1), and—f(1).
(b) Solvef(z) =0 forx.

Table 2.2

-1
0

x

f(z)

(a) In Figure 2.2, estimatg(0).
(b) For whatz-value(s) isf(z) = 0?
(c) For whatz-value(s) isf(x) > 0?

4
3 f(z)
2
1
1 — Eox
S e
Figure 2.2

Let F' = g(t) be the number of foxes in a park as a func-
tion of ¢, the number of months since January 1. Evaluate
g(9) using Table 1.3 on page 5. What does this tell us
about the fox population?

Let ' = g(t) be the number of foxes in monthin the
national park described in Example 5 on page 5. Solve
the equatiory(¢) = 75. What does your solution tell you
about the fox population?

21. If V. = Lar?h gives the volume of a cylinder, what is 25.
the value ofVV whenr = 3 inches andh = 2 inches?
Give units.

Chicago’s average monthly rainfal® = f(¢) inches, is
given as a function of montlt, in Table 2.3. (January is
t = 1.) Solve and interpret:

22. Letg(z) = 3 — z2. Evaluate and simplify: @ f(t) =37 ) F) = £(2)
@ q(5) (b) q(a)
(© q(a—5) (d) ga)—5
(® q(a) —q(5) Table 2.3
23. Letp(z) = 2° 4+ + 1. Findp(—1) and—p(1). Are they c 1 101 201 3] 24151 61 7 8
equal? . ) R |18 |18 |27 |31|35 37| 35| 34
24. Let f(x) = 3 + 22% Find f (§> and T3 Are they

equal?



26.

27.

28.

29.

30.
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Letg(x) = z*+=. Find formulas for the following func- 31. Let f(z) = V22 + 16 — 5.

tions. Simplify your answers.

@ g(—3z) (b) g1—=z) (o) g(z+m)
d 9(vVx) © g(1/(z+1)) () g(«*)
Let f(a:):%.

(a) Find and simplify

o i) el .

(b) Solvef(z) = 3.

(a) Find a point on the graph df(z) = /= + 4 whose
z-coordinate ish.
(b) Find a point on the graph whogecoordinate is.
(c) Graphh(z) and mark the points in parts (a) and (b).
(d) Letp = 2. Calculateh(p + 1) — h(p).
Use the graph of (z) in Figure 2.3 to estimate:
@ f(0) (b) f(1) (© [f(b) (d) flc) (&) [f(d)
Y
40 |
30 \\
20 N
10

b
T
~10 1| Je—tr ¢ | d

Figure 2.3

(a) Using Figure 2.4, fill in Table 2.4.
Table 2.4

z |—2|-1|0f1[2]3
h(z)

(b) Evaluateh(3) — h(1) (c) Evaluateh(2) — h(0)
(d) Evaluate2h(0) (e) Evaluater(1) + 3

Yy
|
12 /
/ 6
x
-3 4 -1+ 1 1 3
| L | |
% |
/
Figure 2.4

34.

(a) Find £(0)

(b) Forwhat values of is f(z) zero?

(c) Find f(3)

(d) What is the vertical intercept of the graph ffz)?
(e) Where does the graph cross thaxis?

Use the letters:, b, ¢, d, e, h in Figure 2.5 to answer
the following questions.

(@) What are the coordinates of the poiitsandQ?

(b) Evaluatef(b).

(c) Solvef(z) = eforz.

(d) Suppose: = f(z) andz = f(z). What isz?

(e) Supposef(b) = — f(d). What additional informa-
tion does this give you?

; o

C

Figure 2.5

33. A ball is thrown up from the ground with initial velocity

64 ft/sec. Its height at timeis
h(t) = —16t> 4 64t.

(a) Evaluaten(1) andh(3). What does this tell us about
the height of the ball?

(b) Sketch this function. Using a graph, determine when
the ball hits the ground and the maximum height of
the ball.

Leto(t) = t> — 2t be the velocity, in ft/sec, of an object
at timet, in seconds.

(a) What is the initial velocityp(0)?

(b) When does the object have a velocity of zero?

(c) What is the meaning of the quantity3)? What are
its units?
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35. Lets(t) = 11t% + ¢ + 100 be the position, in miles, of 38. (a) Complete Table 2.5 using

36.

37.

a car driving on a straight road at timgin hours. The

car's velocity at any time is given bywv(t) = 22t + 1. f(x) = 2x(z—3)—z(z—5) and g(z) =a”—z.
(a) Use function notation to express the car’s position What do you notice? Graph these two functions. Are
after 2 hours. Where is the car then? the two functions the same? Explain.

(b) Use function notation to express the question, (b) Complete Table 2.6 using
“When is the car going 65 mph?”

(c) Where is the car when it is going 67 mph? h(z) =z° — 52> +6x4+1 and j(z) =2z +1.
New York state income tax is based on taxable income, What do you notice? Graph these two functions. Are
which is part of a person’s total income. The tax owed to the two functions the same? Explain.

the state is calculated using the taxable income (not total
income). In 2005, for a single person with a taxable in-

Table 2.5
come betweef20,000 and$100,000, the tax owed was
$973 plus6.85% of the taxable income oveéi20,000. z | -2l -1lo0l1]2
(a) Compute the tax owed by a lawyer whose taxable f(z)
income is$68,000. g(z)
(b) Consider a lawyer whose taxable incomei$s of
her total income$z, wherez is betweer$s5,000 Table 2.6
and$120,000. Write a formula forT'(x), the taxable s | -2l -1lo0l1l2
income.
(c) Write a formula forL(x), the amount of tax owed h(z)
by the lawyer in part (b). j(z)

(d) UseL(x)to evaluate the tax liability far = 85,000
and compare your results to part (a).

. A psychologist conducts an experiment to determine the
effect of sleep loss on job performance. et f(t) be
the number of minutes it takes the average person to com-
plete a particular task if they have lasmninutes of sleep,
wheret = 0 means they have had exactly 8 hours of
2=141, 3=241, 5=2+43,. ... sleep. For instancef,(60) is the amount of time it takes
the average person to complete the task after sleeping for
Based on this observation, complete the following ~ ©Nly 7 hours. Lepo = f(0) and lett,, ¢, andts be posi-
table of values forf(n), the n™® term in the Fi- tive constants. Explain what the following statements tell
bonacci sequence. you about sleep loss and job performance.

(@ f(30) =po+5

(a) The Fibonacci sequence is a sequence of numbégr%
that beginsl, 1, 2, 3, 5,.... Each term in the se-
guence is the sum of the two preceding terms. For
example,

(b) f(t1) = 2po
n |1]2|3|4|5|6|7|8|9]|10|11]12 (€) f(2t1) = 1.5f(t1)
fn)y|1|1]2|3]|5 (d) f(t2+60) = f(t2 + 30) + 10

i Problems 40-41 concern= r(s), the eyewall wind profile
(b) The table of values in part (a) can be completed evgh 4 hyrricane at landfall, whereis the eyewall wind speed
though we don't have a formula fgf(n). Does the (in mph) as a function of, the height (in meters) above the
fact that we don’t have a formula mean tffdt) IS ground. (The eyewall is the band of clouds that surrounds the
not a function? eye of the storm.) Let, be the height at which the wind speed

(c) Are you able to evaluate the following expressiong greatest, and let, = r(so). Interpret the following in terms
using parts (a) and (b)? If so, do so; if not, explaigs the hurricanes.

why not.

F0), f(=1), f(=2), f(0.5). 40. r(0.5s0) 41. r(s) = 0.75v0
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2.2 DOMAIN AND RANGE

In Example 4 on page 5, we defindtito be the average monthly rainfall at Chicago’s O'Hare
airport in montht. Although R is a function oft, the value ofR is not defined for every possible
value oft. For instance, it makes no sense to consider the valuefof ¢t = —3, ort = 8.21, or
t = 13 (since a year has 12 months). Thus, altho@gis a function oft, this function is defined
only for certain values of. Notice also thatk, the output value of this function, takes only the
values{1.8,2.1,2.4,2.5,2.7,3.1,3.2,3.4,3.5,3.7}.

A function is often defined only for certain values of the ipdedent variable. Also, the depen-
dent variable often takes on only certain values. This léadse following definitions:

If @ = f(t), then

e thedomain of f is the set of input values, which yield an output value.
e therangeof f is the corresponding set of output valu€s,

Thus, the domain of a function is the set of input values, dedrange is the set of output
values.

If the domain of a function is not specified, we usually asstima¢ it is as large as possible—
that is, all numbers that make sense as inputs for the fundior example, if there are no restric-
tions, the domain of the functiof(z) = =2 is the set of all real numbers, because we can substitute
any real number into the formulf(z) = 22. Sometimes, however, we may restrict the domain to
suit a particular application. If the functiofiz) = 2 is used to represent the area of a square of
sidex, we restrict the domain to positive numbers.

If a function is being used to model a real-world situatidre lomain and range of the function
are often determined by the constraints of the situationdmgiodeled, as in the next example.

Example 1

The house painting function = f(A) in Example 2 on page 4 has domain> 0 because all
houses have some positive area. There is a practical uppiertdi A because houses cannot be
infinitely large, but in principle A can be as large or as small as we like, as long as it is positive.
Therefore we take the domain ¢fto be A > 0.

The range of this function is > 0, because we cannot use a negative amount of paint.

Choosing Realistic Domains and Ranges

When a function is used to model a real situation, it may beessary to modify the domain and
range.

Example 2

Algebraically speaking, the formula
T= iR +40

can be used for all values @i. If we know nothing more about this function than its formuta
domainis all real numbers. The formula fbr= %R+ 40 can return any value &f when we choose
an appropriateR-value (See Figure 2.6.) Thus, the range of the functionds all real numbers.
However, if we use this formula to represent the temperaffiras a function of a cricket’s chirp
rate, R, as we did in Example 1 on page 2, some valueR eannot be used. For example, it does
not make sense to talk about a negative chirp rate. Alsog tisesome maximum chirp rat@qax
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that no cricket can physically exceed. Thus, to use this @itarto expres§’ as a function of?, we
must restrictR to the interval < R < Rmax Shown in Figure 2.7.

T (°F)

T (°F) Tmax T == |

|

Togetthis | o Range |
valge of T / l i
40 :' 40 }

|

H R (chirps/min) } R (chiros/mi
—160 \lljﬁﬁéhcl)?R : Domain ) (chirps/min)
Rmax
Figure 2.6: Graph showing that any value can be Figure 2.7: Graph showing that i < R < Rmax then
obtained from somé value 40 < T < Tmax

The range of the cricket function is also restricted. Sirfte ¢hirp rate is nonnegative, the
smallest value ofl" occurs whenR = 0. This happens ai’ = 40. On the other hand, if the
temperature gets too hot, the cricket will not be able to la&eming faster. If the temperatulignax
corresponds to the chirp rafgnax then the values df' are restricted to the interval) < 7' < Thax.

Using a Graph to Find the Domain and Range of a Function

A good way to estimate the domain and range of a function igaonéne its graph. The domain is
the set of input values on the horizontal axis which give tisa point on the graph; the range is the
corresponding set of output values on the vertical axis.

Example 3 A sunflower plant is measured every dajor ¢ > 0. The heightj(t) centimeters, of the plafitan
be modeled by using tHegistic function

h(t) 260

T 14 24(0.9)F

(a) Using a graphing calculator or computer, graph the haigér 80 days.
(b) What is the domain of this function? What is the range? Wlbas this tell you about the height
of the sunflower?

Solution (&) The logistic function is graphed in Figure 2.8.

height of sunflower (cm)
300 -

250

200

150

100

50

t, time (days)

20 40 60 80

Figure 2.8: Height of sunflower as a function of time

2Adapted from H.S. Reed and R.H. Holland, “Growth of an Anriiaint Helianthus’Proc. Nat. Acad. Sgi5, 1919.
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(b) The domain of this function is > 0. If we consider the fact that the sunflower dies at some
point, then there is an upper bound on the domaid,t < 7', whereT' is the day on which the
sunflower dies.

To find the range, notice that the smallest value:ajccurs att = 0. Evaluating gives
h(0) = 10.4 cm. This means that the plant was 4 cm high when it was first measured on day
t = 0. Tracing along the graph(¢) increases. Ag-values get large,(t)-values approach, but
never reach, 260. This suggests that the range.is < h(t) < 260. This information tells us
that sunflowers typically grow to a height of about 260 cm.

Using a Formula to Find the Domain and Range of a Function

When a function is defined by a formula, its domain and rang@éan be determined by examining
the formula algebraically.

1
g(z) = o
The domain is all real numbers except those which do not gieldutput value. The expressibfw
is defined for any real numberexcept O (division by 0 is undefined). Therefore,
Domain: all reak, =« # 0.

The range is all real numbers that the formula can return gmibuvalues. It is not possible fgi(x)
to equal zero, since 1 divided by a real number is never zdroe& numbers except O are possible
output values, since all nonzero real numbers have re@pothus

Range: all real values, g(x) # 0.
The graph in Figure 2.9 indicates agreement with these sdiirédhe domain and range.

Figure 2.9: Domain and range qf(z) = 1/x

by examining its formula.

1
Ve —4

Example 4 State the domain and range@fwhere
Solution
Example5 Find the domain of the functiofi(z) =
Solution

The domain is all real numbers except those for which thetfonds undefined. The square root of
a negative number is undefined (if we restrict ourselvesabrmembers), and so is division by zero.
Therefore we need

z—4>0.

Thus, the domain is all real numbers greater than 4.
Domain: z > 4.

In Example 6 on page 63, we saw that fofz) = 1/+/z — 4, the output,f(z), cannot be
negative. Note thaf(x) cannot be zero either. (Why?) The rangg'6f) = 1/v/xz — 4is f(z) > 0.
See Problem 16.
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Exercises and Problems for Section 2.2

Exercises
In Exercises 1-4, use a graph to find the range of the functiof. f(z) =8 —x 10. f(z) =+vx —3
on the given domain. L L
11. f(z) = ——— 12. f(z) = =
1. f(x):l, —2<r<?2 (z+1)? z?
€T
1 In Exercises 13-14, estimate the domain and range of the
2. f(z) = w2 “1sz=l function. Assume the entire graph is shown.
3 flz)=2>—4, —2<z<3
13. 18 14. 3
4. f(z)=vV9—22, -3<z<1 f(z)
Graph and give the domain and range of the functions in Ex- @)
ercises 5-12.
6 1
5 f(z) = (z —4)3 6. f(z)=2>—4 9
T x
7. f(x) =9 —2? 8. f(x) =2 +2 1 7 2 6
Problems

Find the domain and range of functions in Exercises 15-3%. A car gets the best mileage at intermediate speeds. Graph

algebraically. the gas mileage as a function of speed. Determine a rea-
1 sonable domain and range for the function and justify
15. q(z) = V22 -9 16. f(z) = o= your reasoning.
17. m(z) =9 — = 18. n(z) = 9 — 24 31. (a) Use Table 2.7 to determine the number of calories
that a person weighing00 Ib uses in a half-hour of
In Exercises 19-24, find the domain and range. walking? _ _ _
(b) Table 2.7 illustrates a relationship between the num-
19. f(z) = —2* +7 20. f(z) = Y=+ 77 ber of calories used per minute walking and a per-
son’s weight in pounds. Describe in words what is
21, f(z) = 2* +2 22. f(z) =1/(z+1)+3 true about this relationship. Identify the dependent

and independent variables. Specify whether it is an

o a2

23. flw)=z-3 24. f(z) = (v = 3)" +2 increasing or decreasing function.

25. Give a formula for a function whose domain is all non- (c) (i) Graph the linear function for walking, as de-
negative values of exceptr = 3. scribed in part (b), and estimate its equation.

26. Give a formula for a function that is undefined for= 8 (ii) Interpret the meaning of the vertical intercept
and forz < 4, but is defined everywhere else. of the graph of the function.

27. Arestaurant is open from 2 pm to 2 am each day, and a (i) Speuffy at_meanlngful domain and range for
maximum of 200 clients can fit inside. ff(¢) is the num- ] yourtunction. _ )
ber of clients in the restaurahhours after 2 pm each day, (iv) Use yourfunction to determine how many calo-
what are a reasonable domain and rangef{oy? ries per minute a person who weighss Ib

. . . . uses per minute of walking.
28. What is the domain of the functioif giving average P g

monthly rainfall at Chicago’s O’Hare airpor

ble 1.2 on page 5) r? (See TaTabIe 2.7 Calories per minute as a function of weight

29. A movie theater seats 200 people. For any particulafctivity 1001b | 1201b | 1501b | 17010 | 2001b | 220 1b
show, the amount of money the theater makes is a fun®alking 2.7 3.2 4.0 4.6 5.4 5.9
tion of the number of people,, in attendance. If a ticket Bicycling 5.4 6.5 8.1 9.2 10.8 11.9
costs$4.00, find the domain and range of this function. gyimming || 5.8 6.9 8.7 98 | 116 | 12.7

Sketch its graph.

3Source: 1993 World Aimanac. Speeds assumed are 3 mph faingall0 mph for bicycling, and 2 mph for swimming.
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In Exercises 32—33, find the domain and range. (a) Evaluate p(0), p(10), p(50), and explain their
. meaning in terms of rabbits.

32. g(x) = a+1/x, wherea is a constant (b) Graphp(t) for 0 < ¢ < 100. Describe the graph in
33. q(r) = (z — b)"/* + 6, whereb is a constant words. Does it suggest the growth in population you
34. The last digit,d, of a phone number is a function of would expect among rabbits on an island?

its position in the phone book. Table 2.8 givésor the (c) Estimate the range ¢f(¢). What does this tell you

first 10 listings in the 1998 Boston telephone directory. about the rabbit population?

The table shows that the last digit of the first listing is  (d) Explain how you can find the range pft) from its

3, the last digit of the second listing & and so on. In formula.

principle we could use a phone book to figure out other
values ofd. For instance, ifin = 300, we could count

down to the300%* listing in order to determing. So we 36. Bronze is an alloy or mixture of the metals copper and

tin. The properties of bronze depend on the percentage of

write d = f(n). copper in the mix. A chemist decides to study the proper-
(@) Whatis the value of (6)? ties of a given alloy of bronze as the proportion of copper
(b) Explain how you could use the phone book to find s varied. She starts with kg of bronze that contai
the domain off. kg of copper and kg of tin and either adds or removes
(c) Whatis the range of ? copper. Letf(x) be the percentage of copper in the mix
Table 2.8 if = kg of copper are added (> 0) or removed £ < 0).
n|l1|2[3[4]|5]|6|7|8|9]10 (a) State the domain and range 6f What does your
dl3|/8lalol1l8l0l4|3]|5 answer mean in the context of bronze?

(b) Find a formula in terms of for f(z).
35. In month¢ = 0, a small group of rabbits escapes froma  (c) If the formula you found in part (b) was not intended

ship onto an island where there are no rabbits. The island to represent the percentage of copper in an alloy of
rabbit populationp(t), in montht is given by bronze, but instead simply defined an abstract math-
1000 ematical function, what would be the domain and
)= ————— t > 0. i ion?
p(t) =1 009 ' range of this function?

2.3 PIECEWISE DEFINED FUNCTIONS

A function may employ different formulas on different pawfsts domain. Such a function is said to
bepiecewise definedror example, the function graphed in Figure 2.10 has theviidhg formulas:

x? for z <2
6 —x for z > 2.

y =22 for x <2
y=6—x for x > 2

Y
y =a’ %w/\— y=6-=x
| x
2

Figure 2.10: Piecewise defined function

or more compactly y = {

Example 1 Graph the functiory = ¢(x) given by the following formulas:
glx)=x+1 for z<2 and glx)=1 for z>2.
Using bracket notation, this function is written:

rz+1 forz <2
g(w) =
1 forz > 2.
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Solution Forz < 2, graph the lingy = = + 1. The solid dot at the poir2, 3) shows that it is included in
the graph. For: > 2, graph the horizontal ling = 1. See Figure 2.11. The open circle at the point
(2,1) shows that it is not included in the graph. (Note thé2) = 3, andg(2) cannot have more
than one value.)

Figure 2.11: Graph of the piecewise defined functign

Example 2 A long-distance calling plan charges 99 cents for any catblg0 minutes in length and 7 cents for
each additional minute or part of a minute.

(a) Use bracket notation to write a formula for the castof a call as a function of its lengthin
minutes.

(b) Graph the function.

(c) State the domain and range of the function

Solution (8) For0 < t < 20, the value ofC' is 99 cents. Ift > 20, we subtract 20 to find the additional
minutes and multiply by the rate 7 cents per mintiféhe cost function in cents is thus

99 for 0 <t <20
C=ft)= u
99 + 7(t — 20) for t > 20,
or, after simplifying,
99 for 0 <t <20
C=f@t)= .
7t — 41 for t > 20.

(b) See Figure 2.12.
(c) Because negative and zero call lengths do not make sbesggmain ig > 0. From the graph,
we see that the rangeds > 99.

C' (cents)
200 +
I So=1-41
100
T C=99

Figure 2.12: Cost of a long-distance phone call

“4In actuality, most calling plans round the call length to fehminutes or specified fractions of a minute.
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Example 3

Solution

The Ironman Triathlon is a race that consists of three par2s4 mile swim followed by a 112 mile
bike race and then a 26.2 mile marathon. A participant swieesdsly at 2 mph, cycles steadily at
20 mph, and then runs steadily at 9 nfpAssuming that no time is lost during the transition from
one stage to the next, find a formula for the distasycavered in miles, as a function of the elapsed
timet in hours, from the beginning of the race. Graph the function.

For each leg of the race, we use the formiistance= Rate- Time. First, we calculate how long
it took for the participant to cover each of the three parthefrace. The first leg todk4 /2 = 1.2
hours, the second leg todk2/20 = 5.6 hours, and the final leg tod¥6.2/9 =~ 2.91 hours. Thus,
the participant finished the race 2 + 5.6 + 2.91 = 9.71 hours.

During the first leg¢ < 1.2 and the speed is 2 mph, so

d=2t for 0<t<1.2

During the second led,.2 < t < 1.2+ 5.6 = 6.8 and the speed is 20 mph. The length of time
spent in the second leg {5 — 1.2) hours. Thus, by time,

Distance covered in the second leg20(t — 1.2) for1.2 <t <6.8.

When the participant is in the second leg, the total distaowered is the sum of the distance
covered in the first leg (2.4 miles) plus the part of the sedegdhat has been covered by tihe
d=24+4+20(t—1.2)
=20t —21.6 for1.2 <t <6.8.

In the third leg6.8 < ¢t < 9.71 and the speed is 9 mph. Siné& hours were spent on the first
two parts of the race, the length of time spent on the thirddég— 6.8) hours. Thus, by time,

Distance covered in the third leg 9(¢t — 6.8) for 6.8 <t <9.71.

When the participant is in the third leg, the total distanoeered is the sum of the distances
covered in the first leg (2.4 miles) and the second leg (112syiplus the part of the third leg that
has been covered by tinie

d=24+1124+9(t — 6.8)
=9t +53.2 for6.8 <t <9.71.
The formula ford is different on different intervals af
2t for 0<t<1.2
d= {2015— 21.6 for 1.2<t<6.8
9t+53.2 for 6.8<t<9.71.

Figure 2.13 gives a graph of the distance covetdeds a function of timet,. Notice the three pieces.
d, distance (miles)

150 |-

L Run
130 1 ~—— d=9i"1 532
110 -
90 +

L N - Cycle
0 Swim, d =20t — 21.6
50 -
30 -
10 L L L L q

t, time (hours)

I L
12345678910

|
6
Figure 2.13: Ironman Triathlond as a function of

5Data supplied by Susan Reid, Athletics Department, Unityec$ Arizona.
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The Absolute Value Function

The absolute value of a, written|z|, is defined piecewise
For positiver, |z| = z.

For negativer, |z| = —u=.

(Remember that-z is a positive number it is a negative number.) For examplezit= —3, then
-3 = —(-3) =3.

Forz = 0, we havd0| = 0. This leads to the following two-part definition:

The Absolute Value Functionis defined by

. _fx for x>0
f(x)_m_{—x for <0 °

Table 2.9 gives values gf(x) = |z| and Figure 2.14 shows a graph ).

Table 2.9 Absolute value function y
i flx)=|x
T X (2) = o]
-3 3
-2 | 2 27
-1 1
1 £
0 0
1 1 1 1 1 1 1 1 €T
2 2 -3 -2 -1 0 1 2 3
3 3 Figure 2.14: Graph of absolute value function

Exercises and Problems for Section 2.3

Exercises
Graph the piecewise defined functions in Exercises 1-4. Use e?, <0
an open circle to represent a point which is not included and &- fl@)=q vz, 0<z<4
solid dot to indicate a point which is on the graph. z/2, x>4
-1, -1<z<0 For Exercises 5-6, find the domain and range.
1 f(z)=40, 0<z<1
1 1< 2 _
, <z< 5. G(z) = r+1 for z<-—1
z+1, -2<z<0 2243 for x> -1
2. f(z)=<xz—-1, 0<x<2
-3, 2< 4 3 <
T R <z < 6. F(z) = T for <1
1/z for z>1

3. f(z) =12, —-2<z<2

z+4, <=2
4—x, x2>2
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In Exercises 7-10, write formulas for the functions. 9. y 10.

Yy
7F 8,7
7. Y 8. y &7 \
N #1657 5r ’ (1,4)
SN RN | o2 Nl (5.4)
5T (3,5.5)
34 3.2) Nl (7,3) L (3,2.5) G5 e
oO—e | | | Lz | | Lz
177(3,0.5)/(/5,1.5) 143:2) (5,2 2 4 6 8 2 4 6
> 4 6 > 4 6 5

Problems

11. Consider the graph in Figure 2.15. An open circle reprd3. (a) Graphu(z) = |z|/z in the window—5 < z < 5,
sents a point which is not included. —5 <y < 5. Explain what you see.
(a) Isy a function ofz? Explain. (b) Complete Table_ 2.11. Does this table agree with
(b) sz a function ofy? Explain. what you found in part (a)?
(c) The domain ofy = f(z)is0 < x < 4. What is the
range ofy = f(x)? Table 2.11

¢ | -5|-4|-3|-2|-1]|0[1|2]|3|4]|5
|z|/x

|

|

(c) Identify the domain and range ofz).
(d) Comment on the claim that(z) can be written as
Figure 2.15 -1 ifx <0,

u(x) = 0 ifz=0,

12. Many people believe thatz2 = z. We will investigate 1 >0

this claim graphically and numerically.

(a) Graph the two functions and+/zZ in the window 14. The charge for a taxi ride in New York City #2.50 for
_5<a <5, —5<y< 5 Based on what you see the first1/4 of a mile, and$0.40 for each additional /4

do you believe that/x? = z? What function does of a mile (rounded up to the neardsti mile).

the graph ofy/z2 remind you of? (a) Make a table showing the cost of a trip as a function
(b) Complete Table 2.10. Based on this table, do you of its length. Your table should start at zero and go
believe thatv/z2 = =? What function does the ta- up to two miles inl /4-mile intervals.
ble forv/z2 remind you of? Is this the same function (b) What is the cost for a.25-mile trip?
you found in part (a)? (c) How far can you go fof5.30?
Table 2.10 (d) Graph the cost function in part (a).

el -5 —al -3l _2l_-1lol1l2/3lals 15. Amuseum charges $40 for a group of 10 or fewer people.
a2 A group of more than 10 people must, in addition to the
$40, pay $2 per person for the number of people above
10. For example, a group of 12 pays $44 and a group of
15 pays $50. The maximum group size is 50.

(c) Explain how you know that/z? is the same as the
function|z|.

(d) Graph the function/22 — |z| in the window—5 < (a) Draw a graph that represents this situation.
x <5, -5 <y < 5. Explain what you see. (b) What are the domain and range of the cost function?
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16. A floor-refinishing company chargesl 83 per square
foot to strip and refinish a tile floor for up to 1000 square
feet. There is an additional charge &9 for toxic waste
disposal for any job which includes more than 150 square
feet of tile.

(a) Express the cosy, of refinishing a floor as a func-
tion of the number of square feat, to be refinished.
(b) Graph the function. Give the domain and range.

17. A contractor purchases gravel one cubic yard at a time,

(@) A gravel drivewayL yards long and 6 yards wide

is to be poured to a depth of 1 foot. Find a formula
for n(L), the number of cubic yards of gravel the
contractor buys, assuming that he buys 10 more cu-
bic yards of gravel than are needed (to be sure he’'ll
have enough).

Assuming no driveway is less than 5 yards long,
state the domain and range ofL). Graphn(L)
showing the domain and range.

If the functionn(L) did not represent an amount of
gravel, but was a mathematical relationship defined
by the formula in part (a), what is its domain and
range?

(b)

(c

~

18.
of the foods you buy. In order to protect consumers,
the state of Michigan passed a “scanning law” that says
something similar to the following:

If there is a discrepancy between the price
marked on the item and the price recorded by
the scanner, the consumer is entitled to receive
10 times the difference between those prices;
this amount given must be at least $1 and at
most $5. Also, the consumer will be given the

19.

At a supermarket checkout, a scanner records the prices

(b) Supposex is the difference between the price
scanned and the price marked on the item, ansl
the amount refunded to the customer. Write a for-
mula fory in terms ofz. (Hints: Look at the sample
calculations.)

(c) What would the difference between the price
scanned and the price marked have to be in order
to obtain a$9.00 refund?

(d) Graphy as a function ofr.

Many printing presses are designed with large plates that
print a fixed number of pages as a unit. Each unit is called
a signature. A particular press prints signatures of 16
pages each. Suppoé&p) is the cost of printing a book
of p pages, assuming each signature printed ckistst.

(a) What is the cost of printing a book d28 pages?
129 pages? pages?

(b) What are the domain and range@?

(c) GraphC(p) for0 < p < 128.

20. Gore Mountain is a ski resort in the Adirondack moun-

tains in upstate New York. Table 2.12 shows the cost of a
weekday ski-lift ticket for various ages and dates.

(a) Graph cost as a function of age for each time period
given. (One graph will serve for times when rates are
identical).

(b) For which age group does the date affect cost?

(c) Graph cost as a function of date for the age group
mentioned in part (b).

(d) Why does the cost fluctuate as a function of date?

Table 2.12  Ski-lift ticket prices at Gore Mountain, 1998—1$99

difference between the prices, in addition to the ~_Ade O%eenclnlgé SCl% | Pera | Jands | Rt
amount calculated above. Upto 6 Free Free Free Free Free
For example: If the difference is 5¢, you should receive 7-12 $19 $19 $19 $19 $19
$1 (since 10 times the difference is only 50¢ and you are13-69 $29 $34 $39 $34 $39
to receive at least $1), plus the difference of 5¢. Thus, thero+ Free Free Free Free Free
total you should receive 1.00 + $0.05 = $1.05, 9- | F - | Feb 22- r 29-
If the difference is 25¢, you should receive 10 times ° B | RER | hRYE | Chsing
the difference in addition to the difference, giving Upto6 Free Free Free Free
(10)(0.25) + 0.25 = $2.75. - $19 $19 $19 $19
If the difference is 95¢, you should receive $5 (be- 13-69 $34 $39 $34 $29
causel0(.95) = $9.50 is more than $5, the maximum 70+ Free Free Free Free

penalty), plus 95¢, giving + 0.95 = $5.95.

(a) What is the lowest possible refund?

6The Olympic Regional Development Authority.
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2.4  COMPOSITE AND INVERSE FUNCTIONS

Composition of Functions

Two functions may be connected by the fact that the outputnefis the input of the other. For
example, to find the cost), in dollars, to paint a room of ared square feet, we need to know
the numberp, of gallons of paint required. Since one gallon covers 256neg feet, we have the
functionn = f(A) = A/250. If paint is $30.50 a gallon, we have the functiati = g(n) = 30.5n.
We substituter = f(A) into g(n) to find the cosC as a function ofA.

Find a formula for cost, as a function of areal.

A
= . d —_ —
C=30.5n and n 550"

A
C =30.5— = 0.122A.
250

We say that” is a “function of a function”, ocomposite functionlf the function givingC' in
terms ofA is calledh, soC = h(A), then we write

C = h(A4) = g(f(A4)).

The function is said to be theompositiorof the functionsf andg. We sayf is theinsidefunction
andy is theoutsidefunction. In this example, the composite function= h(A) = g(f(A)) tells

The air temperaturd,, in °F, is given in terms of the chirp rat&, in chirps per minute, of a snowy

T = f(R)= ;R +40.

Suppose one night we record the chirp rate and find that iesawith time,z, according to the

R=g(z) =20+ 22 wherez is in hours since midnight ar@l < = < 10.

Find how temperature varies with time by obtaining a fornfatah, whereT = h(x).

Example 1
Solution Since we have
substituting fom in the formula forC' gives
us the cost of painting an area fsquare feet.
Example 2
tree cricket by the function
function
Solution

Sincef(R) is a function ofR andR = ¢(z), we see thaj is the inside function and is the outside
function. Thus we substitut8 = g(x) into f:
1 1 1
T = f(R) = f(g(x)) = 79(x) +40 = (20 + 2%) + 40 = ZxQ + 45.

Thus, for0 < 2z < 10, we have

1
T = h(z) = ZxQ + 45.

Example 3 shows another example of composition.
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Example 3

Solution

If f(z) =22 andg(x) = 2z + 1, find
@ flg(x)) (b) g(f(x))

(&) We have
flg(x)) = f2x+1) = (2z + 1)%.
(b) We have
g(f(x)) = g(a®) = 2(a?) + 1 = 22 + 1.
Notice thatf(g(x)) is not equal tgy(f(z)) in this case.

Inverse Functions

The roles of a function’s input and output can sometimes bersed. For example, the population,
P, of birds is given, in thousands, by = f(t), wheret is the number of years sin@807. In this
function,t is the input andP is the output. If the population is increasing, knowing tearyenables
us to calculate the population. Thus we can define a new fumet= g(P), which tells us the value
of ¢ given the value of? instead of the other way round. For this functidhjs the input and is
the output.The functiong andg are callednversesof each other. A function which has an inverse
is said to benvertible

The fact thatf andg are inverse functions means that they go in “opposite doesf’ The
function f takest as input and output®, while g takesP as input and outputs

Inverse Function Notation

In the preceding discussion, there was nothing about theesarhthe two functions that stressed
their special relationship. If we want to emphasize thé the inverse off, we call it f~! (read
“ f-inverse”). To express the fact that the population of hiféisis a function of timet, we write

P=f(t).

To express the fact that the timés also determined by, so thatt is a function ofP, we write

t=f"Y(P).

The symbolf—! is used to represent the function that gives the outfaita given inputP.

Warning : The—1 which appears in the symbgt=! for the inverse function is not an exponent.
Unfortunately, the notatiofi—!(z) might lead us to interpret it a;s({r—) The two expressions are not
the same in generaf—!(x) is the output when is fed into the inverse of, while ﬁ is the
reciprocal of the number we get whens fed into f.

Example 4

Solution

Using P = f(t), whereP represents the population, in thousands, of birds on andslad: is the
number of years sincz007:

(&) What doeg(4) represent? (b) What dogs*(4) represent?

(a) The expressiofi(4) is the bird population (in thousands) in the yeat 1.

(b) Sincef~!is the inverse functionf—! is a function which takes population as input and returns
time as output. Thereforg, 1(4) is the number of years afteéf07 at which there were,000
birds on the island.
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Finding a Formula for the Inverse Function

In the next example, we find the formula for an inverse functio

Example 5 The cricket function, which gives temperatufg,in terms of chirp rateR, is
1
Find a formula for the inverse functio®, = f~1(T)).
Solution The inverse function gives the chirp rate in terms of the terapre, so we solve the following
equation forR:
1
T==. 4
1 R+ 40,
giving
T —40 = l R
4
R = 4(T — 40)
Thus,R = f~Y(T) = 4(T — 40).
Domain and Range of an Inverse Function
The input values of the inverse functigit! are the output values of the functigh Thus, the
domain of f~! is the range off. For the cricket function] = f(R) = iR + 40, if a realistic
domainis0 < R < 160, then the range of is40 < T < 80. See Figure 2.16.
T (°F) =
Tmax T
Range of f
= Domain of f !
40 '
; R (chirps/min)
Domain of f Rmax
= Range of f~*
Figure 2.16
A Function and its Inverse Undo Each Other
Example 6 Calculate the composite functiofis ! (f(R)) and f(f~1(T)) for the cricket example. Interpret the
results.
Solution Sincef(R) = R+ 40.andf~'(T) = 4(T — 40), we have

FHR) = <£-R+40) =4 (G-R+40> —40) =R.

F(F7HD)) = F(A(T — 40)) = 3(4(T —40))+40="T.
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To interpret these results, we use the fact th@) gives the temperature corresponding to chirp
rate R, andf~1(T) gives the chirp rate corresponding to temperafiwr&husf —*(f(R)) gives the

chirp rate at temperatuy R), which isR. Similarly, f(f~*(T')) gives the temperature at chirp rate
f7Y(T), whichisT.

Example 6 illustrates the following result, which we segigtin general in Chaptéy?.

The functionsf andf~! are called inverses because they “undo” each other whenassdp

Exercises and Problems for Section 2.4

Exercises

In Exercises 1-4, give the meaning and units of the compoditeExercises 18-21, find the inverse function.
function.

_ _ _ _ .3
1. A(f(t)), wherer = f(t) is the radius, in centimeters, of18' y=ft)=2+3 19.Q = flz) =27 +3

acircle at timet minutes, and(r) is the area, in square o y=g(t)=vi+1 21. P = f(q) = 14¢ — 2
centimeters, of a circle of radiuscentimeters.

2. R(f(p)), whereQ = f(p) is the number of barrels of oil o . o
sold by a company when the pricegislollars/barrel and 22- Use the graph in Figure 2.17 to fill in the missing values:

R(Q) is the revenue earned in millions of dollars.

3. a(g(w)), whereF = g(w) is the force, in newtons, on (& f(0) =7 (b) f(?)=0
a rocket when the wind speedidsmeters/sec and(F') (© f0)=2 d =0
is the acceleration, in meters/eavhen the force is
newtons.
4. P(f(t)), wherel = f(t) is the length, in centimeters, of Y f(z)
a pendulum at timeé minutes, andP(l) is the period, in
seconds, of a pendulum of length 2
In Exercises 5-12, usf(z) = z2 + 1, g(z) = 2z + 3. . ‘ v
5. f(9(0)) 6. f(g(1)) 7.9(f(0)) 8 g(f(1)) Figure 2.17

9. flg(z)) 10.9(f(z)) 1L f(f(x)) 12.9(9(x)) 53 Usethe graph in Figure 2.18 to fill in the missing values:
In Exercises 13-17, give the meaning and units of the inverse
function. (Assumef is invertible.) @ f(Ol) =! (0) f(?l) =0
(© f(0)=? d f (=0
13. P = f(t) is population in millions in yeat.
14. T = f(H) is time in minutes to bake a cake At’F.

15. N = f(t) number of inches of snow in the firstlays of b
January.

<

f(x)

16. V = f(t) is the speed in km/hr of an accelerating tar
seconds after starting.

17. I = f(r) is the interest earned, in dollars, 0i$¥0,000
deposit at an interest rate o%o per year, compounded a
annually.

Figure 2.18
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24. Letn = f(A) = A/250, wheren is the number of 33.

25.

26.

27.

28.

29.

30.

31.

32.

gallons of paint andA is the area to be painted. Find a
formula for the inverse functiodl = g(n).

Calculate the composite functiong~'(f(A)) and
f(f~*(n)) from Problem 24. Explain the results.

Table 2.13 gives values of an invertible functigh,

(a) Using the table, fill in the missing values:
M f(0) =7 (i) f(?)=0
@iy f71(0) =7 (iv) f1(H=0

(b) How do the answers to (i)—(iv) in part (a) relate to
one another? In particular, how could you have oh;
tained the answers to (iii) and (iv) from the answers
to (i) and (ii)?

Table 2.13

T —2
flx) | 5 4 210

36.

Use the values of the invertible function in Table 2.14 to
find as many values gf ! as possible.

Table 2.14

t 112 3)|4)|5
y=g(t) | 7|12| 13| 19| 22

The cost (in dollars) of producing air conditioners is

C = g(x) = 600 + 45z. Find a formula for the inverse 37.

functiong™*(C).

The formulaV = f(r) = 3nr® gives the volume of a
sphere of radiug. Find a formula for the inverse func-
tion, f~*(V), giving radius as a function of volume.

The cost,C, in thousands of dollars, of producingkg 38.

of a chemical is given b¢' = f(q) = 100 + 0.2¢. Find
and interpret

@ f(10) () f71(2000 (9 f7H(O)

The perimeter of a square of sideis given by P =
f(s) = 4s. Find and interpret

@ fB3) O 7120 (© f7U(P)

The gross domestic product (GDP) of the US is given by
G(t) wheret is the number of years since 1990 and the
units of G are billions of dollars.

(a) What does7(11) represent?
(b) What does>~!(9873) represent?

34.

39.

The formula for the volume of a cube with sideis

V = 3. The formula for the surface area of a cube is

A = 652

(a) Find and interpret the formula for the functien=
f(A).

(b) If Vv =
9(f(A)).

Interpret and evaluatg(100) and f~'(100) for the

house-painting functionp = f(A) = A/250. (See
Problem 24.)

g(s), find and interpret the formula for

5. The cost of producing thousand loaves of breadd¥ q)

dollars. Interpret the following statements in terms of
bread; give units.

(@) C(5) =653

(b) C71(80) = 0.62

(c) The solution taC(¢) = 790is 6.3
(d) The solution taC ™! (x) = 1.2 is 150.

The areaA = f(s) ft?, of a square wooden deck is a
function of the sides feet. A can of stain cost$29.50
and covers 200 square feet of wood.

(a) Write the formula forf (s).

(b) Find a formula forC' = g(A), the cost in dollars of
staining an area ofl ft2.

(c) Find and interpre€ = g(f(s)).

(d) Evaluate and interpret, giving units:

M f(®) (i) g(80) (i) g(f(10))
The radius,r, in centimeters, of a melting snowball is
given byr = 50 — 2.5¢, wheret is time in hours. The
snowball is spherical, with volumié = 377 cm®. Find
aformula forV = f(t), the volume of the snowball as a

function of time.

A circular oil slick is expanding with radius, in yards,

at timet in hours given by- = 2t — 0.1¢2, for ¢ in hours,

0 < t < 10. Find a formula for the area in square yards,
A = f(t), as a function of time.

Carbon dioxide is one of the “greenhouse” gases that are
believed to affect global warming. Between January 1998
and January 2003, the concentration of carbon dioxide in
the earth’s atmosphere increased steadily from 365 parts
per million (ppm) to 375 ppm. Le€'(¢) be the concen-
tration in ppm of carbon dioxideyears after 1998.

(a) State the domain and range@ft).
(b) What is the practical meaning 6f(4)?
(c) What doe<C'~!(370) represent?
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40. Table 2.15 shows the cost(m), of a taxi ride as a func- 41. The perimeter, in meters, of a square whose sidenig-

tion of the number of milesy, traveled.

(a) Estimate and interpre&t'(3.5) in practical terms.
(b) AssumeC is invertible. What doe€'~'(3.5) mean

in practical terms? Estimaté™*(3.5).
Table 2.15

C(m) | 0| 2.50 | 4.00 | 5.50 | 7.00 | 8.50

2.5 concaviTy

Concavity and Rates of Change

ters is given byP = 4s.

(a) Write this formula using function notation, whefe
is the name of the function.

(b) Evaluatef(s + 4) and interpret its meaning.

(c) Evaluatef(s) + 4 and interpret its meaning.

(d) What are the units of ' (6)?

The graph of a linear function is a straight line because tegame rate of change is a constant.
However, not all graphs are straight lines; they may bendrugoan. Consider the salary function

S(t) shown in Table 2.16 and Figure 2.19, wheig time in years since being hired. Since the rate
of change increases with time, the slope of the graph ineseast increases, so the graph bends

upward. We say such graphs a@ncave up

Table 2.16  Salary: Increasing rate of

change
t (years)| S ($1000s) Rate of change
AS/At
0 40
3.2
10 72
5.6
20 128
10.2
30 230
18.1
40 411

S ($1000s) More
400 steep
Larger
300 increase
Less
200 r Steep 10 years
100 Smaller increase

10 years

10 20 30

Figure 2.19: Graph of salary function is concave up
because rate of change increases

t (years)

The next example shows that a decreasing function can alsorimave up.

Example 1 Table 2.17 show&), the quantity of carbon-14 (ing) in 2200 g sample remaining aftethousand
years. We see from Figure 2.20 tl@ts a decreasing function éf so its rate of change is always
negative. What can we say about the concavity of the graghwéat does this mean about the rate

of change of the function?



Table 2.17 Carbon-14: Increasing rate of

change
t (thousand O (u0) Rate of change
years) AQ/AL

0 200
—18.2

5 109
-9.8

10 60
—5.4

15 33

Solution

2.5 CONCAVITY
Q, carbon-14 (11g)
5000 years
200 ‘*‘\ -
"
150 - Larger decrease
AN l
AN
100 - More NG
steep S~ 5000 years
50 - “~~__ | Smaller decrease
/ ~
Less steep
! ‘ — ¢ (thousand years)
5 10 15

85

Figure 2.20: Graph of the quantity of carbon-14 is concave up

The graph bends upward, so itis concave up. Table 2.18 shaivthe rate of change of the function

is increasing, because the rate is becoming less negaitpeeR2.20 shows how the increasing rate
of change can be visualized on the graph: the slope is negati increasing.

Graphs can bend downward; we call such gragirecave down

Example 2

Table 2.18 gives the distance traveled by a cyclist, Karigna &unction of time. What is the con-

cavity of the graph? Was Karim’s speed (that is, the rate ahgle of distance with respect to time)
increasing, decreasing, or constant?

Solution

Table 2.18 shows Karim’s speed was decreasing throughetitith Figure 2.21 shows how the

decreasing speed leads to a decreasing slope and a graphbehids downward; thus the graph is

concave down.

Table 2.18  Karim’s distance as a function of d, distance
time, with the average speed for each hour (miles)
: : - L t
t, time d, distance | Average speed, 60 ess steep
(hours) (miles) Ad/At (mph)
0 0 50 1 Smaller increase
1h
20 mph 40 - 2{'35?, r
1 20
15 mph 30 1 Larger increase
2 35
20 -
10 mph 1hr
3 45 10k
7 mph
4 52 | | | | | (tﬁ time)
ours
5 mph 1 2 3 4 5
5 57 Figure 2.21: Karim’s distance as a function of time
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Summary: Increasing and Decreasing Functions; Concavity

/

/

Figure 2.22:

Increasing and
concave down

N

Decreasing and

N\

Figure 2.23:

concave down

N

Figure 2.24: Figure 2.25:
Decreasing and Increasing and
concave up concave up

Figures 2.22-2.25 reflect the following relationships keswconcavity and rate of change:

upward.

bends downward.

e If fis a function whose rate of change increases (gets lessiveegaimore positive as
we move from left to right), then the graph of is concave up That is, the graph bends

e If fis a function whose rate of change decreases (gets less/pasitmore negative as
we move from left to right), then the graph ¢fis concave down That is, the graph

If a function has a constant rate of change, its graph is adivtkit is neither concave up nor

concave down.

Exercises and Problems for Section 2.5

Exercises

Do the graphs of the functions in Exercises 1-8 appear to b@.

concave up, concave down, or neither?

6

2.

t

fz) | 10|13

1.7

2.2

f(®)

20

10

7.y=a>2>0

8. y=a2<0

Calculate successive rates of change for the function,
p(t), in Table 2.19 to decide whether you expect the
graph ofp(¢) to be concave up or concave down.

Table 2.19

t 0.2 0.4 0.6 0.8
p(t) || =3.19 | —2.32 | —1.50 | —0.74

. Calculate successive rates of change for the function,

H(z), in Table 2.20 to decide whether you expect the
graph of H (x) to be concave up or concave down.

Table 2.20

T 12 15 18 21
H(z) || 21.40| 21.53| 21.75| 22.02

. Sketch a graph which is everywhere negative, increasing,

and concave down.

. Sketch a graph which is everywhere positive, increasing,

and concave up.

7In fact, we need to take the average rate of change over anaaitpismall interval.
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Problems
Are the functions in Problems 13-17 increasing or decreas- G) z| O| 5| 10| 15| 20| 25
ing? What does the scenario tell you about the concavity of y | 20| 95| 170 | 245 | 320 | 395

the graph modeling it?
13.

14.

15.

16.

17.

18.

When money is deposited in the bank, the amount of

money increases slowly at first. As the size of the account 0 () (1
increases, the amount of money increases more rapidly,

since the account is earning interest on the new interest,

as well as on the original amount.

After a cup of hot chocolate is poured, the temperature

cools off very rapidly at first, and then cools off more ) o _

slowly, until the temperature of the hot chocolate eventd9- Match each of the following descriptions with an appro-
ally reaches room temperature. priate graph and table of values.

When a rumor begins, the number of people who have (a) The weight of your jumbo box of Fruity Flakes de-

heard the rumor increases slowly at first. As the rumor creases by an equal amount every week.

spreads, the rate of increase gets greater (as more people (b) The machinery depreciated rapidly at first, but its

continue to tell their friends the rumor), and then slows value declined more slowly as time went on.

down again (when almost everyone has heard the rumor). (c) In free fall, your distance from the ground decreases
faster and faster.

When a drug is injected into a person’s bloodstream, (d) For a while it looked like the decline in profits was

the amount of the drug present in the body increases slowing down, but then they began declining ever
rapidly at first. If the person receives daily injections th more rapidly.

body metabolizes the drug so that the amount of the drug

present in the body continues to increase, but at a de- £y 2 0 1 2 3 415

creqsing rate. Eventually, the quantity levels off at a sat- (E) 200 | 384 | 336 | 256 | 144 0

uration level.

When a new product is introduced, the number of people x 0 1 2 3| 4|5

who use the product increases slowly at first, and then the F)
rate of increase is faster (as more and more people learn
about the product). Eventually, the rate of increase slows
down again (when most people who are interested in the (G)
product are already using it).

Match each story with the table and graph which best = 0 1 2 3| 4| s
represent it (H)
’ 412 | 265 | 226 | 224 | 185 | 38

400 | 320 | 240| 160| 80| O

<

(a) When you study a foreign language, the number of
new verbs you learn increases rapidly at first, but
slows almost to a halt as you approach your satu-
ration level. 0] ()

(b) You board an airplane in Philadelphia heading west.

Your distance from the Atlantic Ocean, in kilome-
ters, increases at a constant rate.

(c) Theinterest on your savings plan is compounded an-
nually. At first your balance grows slowly, but its rate

of growth continues to increase. (i (Iv) l
T

(E) z | O 5| 10| 15| 20| 25
20| 275| 360 | 390 | 395 | 399

(F)

20| 36 | 66 | 120 | 220 | 400




88 Chapter Two FUNCTIONS

20. An incumbent politician running for reelection declared rate
that the number of violent crimes is no longer rising and
is presently under control. Does the graph shown in Fig-
ure 2.26 support this claim? Why or why not?

time, ¢
F I
year A B CD E

2002

2000 4
Figure 2.27
1998

22. The relationship between the swimming spdéd(in
T cm/sec) of a salmon to the lengtbf the salmon (in cm)
| | ! ! L number of is given by the functioh
500 1000 1500 2000 2500 Violentcrimes

U =19.5V1.
Figure 2.26

(a) If one salmon is 4 times the length of another
salmon, how are their swimming speeds related?
21. The rate at which water is entering a reservoir is given for (b) Gr_aph the functior/ - 19'5‘/_2' Describe the graph
time ¢ > 0 by the graph in Figure 2.27. A negative rate using words such as increasing, decreasing, concave
means that water is leaving the reservoir. For each of the up, concave down.

following statements, give the largest interval on which: ¢) Using a property that you described in par_t (b), an-
swer the question “Do larger salmon swim faster

—~

(a) The volume of water is increasing. than smaller ones?”

(b) The volume of water is constant. (d) Using a property that you described in part (b), an-
(c) The volume of water is increasing fastest. swer the question “Imagine four salmon—two small
(d) The volume of water is decreasing. and two large. The smaller salmon differ in length by

1 cm, as do the two larger. Is the difference in speed
between the two smaller fish, greater than, equal to,
or smaller than the difference in speed between the
two larger fish?”

2.6 QUADRATIC FUNCTIONS

A baseball is “popped” straight up by a batter. The heightefball above the ground is given by
the functiony = f(t) = —16t> + 64t + 3, wheret is time in seconds after the ball leaves the bat
andy is in feet. See Figure 2.28. Although the path of the ballrigight up and down, the graph of
its height as a function of time is concave down. The ball ggefast at first and then more slowly
because of gravity.

vy (feet)

y=f(t) = —16t> + 64t +3

Fight
3

5
— t (seconds)

Figure 2.28: The height of a ball seconds after being “popped up”. (Note: This
graph does not represent the ball’s path)

8From K. Schmidt-NielsenScaling, Why is Animal Size so Importai€ambridge: CUP, 1984).
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The baseball height function is an example ofj@adratic function whose general form is
y = ax? + bz + c.

Finding the Zeros of a Quadratic Function

A natural question to ask is when the ball hits the ground. gitagph suggests thgt = 0 when

t ~ 4. (See Problem 25 on page 92.) We can phrase the question kyatlgoFor what value of
doesf(t) = 0? Input values of which make the outpuf(¢) = 0 are calledzerosof f. Itis easy to
find the zeros of a quadratic function if its formula can bedeaed (see the Tools section to review
factoring).

Example 1 Find the zeros of (z) = 2% — x — 6.
Solution To find the zeros, sef(x) = 0 and solve for: by factoring:
2 —2-6=0
(x —3)(z+2)=0.
Thus the zeros are = 3 andz = —2.
Some quadratic functions can be expressdddtored form
q(x) = a(z —r)(z - s),
wherea, r, ands are constants; # 0. Note that- ands are zeros of the functiop The factored
form of the functionf in Example 1 isf(z) = (x — 3)(x + 2).
We can also find the zeros of a quadratic function by using tiaelcatic formula. (See the Tools
section to review the quadratic formula.)
Example 2 Find the zeros of (z) = 2> — 2 — 6 by using the quadratic formula.
Solution We must solve the equatiart — = — 6 = 0. For this equationg = 1, b = —1, andc = —6. Thus
e —b£ Vb2 —dac  —(—1) £ /(—1)2 — 4(1)(—6)
B 2a N 2(1)
14++v2
= 2\/_5 =3o0r —2.
The zeros are = 3 andx = —2, the same as we found by factoring.
The zeros of a function occur at theintercepts of its graph. Not every quadratic function has
x-intercepts, as we see in the next example.
. 1 . —_
Example 3 Figure 2.29 shows a graph bfz) = —5392 — 2. What happens if we try to use algebra to find its

zeros?

IS

y-intercept

Figure 2.29
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Solution To find the zeros, we solve the equation
1
—§x2 —-2=0
1
—§$2 =2
2= —4
r=+v—4

Sincey/—4 is not a real number, there are no real solutiong, bas no real zeros. This corresponds
to the fact that the graph @éfin Figure 2.29 does not cross theaxis.

Concavity and Quadratic Functions

Unlike a linear function, whose graph is a straight line, adyatic function has a graph which is
either concave up or concave down.

Example 4 Let f(x) = 22. Find the average rate of changefobver the intervals of length 2 between= —4
andx = 4. What do these rates tell you about the concavity of the goagt?

Solution Betweenr = —4 andx = —2, we have
Average rate of change f(—2) — f(—4) (=2) —(-4)* 6
of f o 2—(=4) =244 7

Betweenr = —2 andx = 0, we have
Average rate of change f(0) — f(—2) 0% —(-2)?
of f S 0-(-2)  0+2
Betweenr = 0 andz = 2, we have

Average rate of change f(2) —
of f - 9_

Betweenr = 2 andz = 4, we have

Average rate of change f(4) — f(2) 4*—2* 6
of f T 4-2 0 4-2 7
Since these rates are increasing, we expect the graphmbe bending upward. Figure 2.30 con-
firms that the graph is concave up.

f(O)_22—02_2
0o  2—-0 7

flz) =a?
Slope = 6
l /
/)
/
/
Slope = 2 )
2 /
l y
= I I T
2 4

Figure 2.30
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Example 5

Solution

A high diver jumps off a 10-meter springboard. Foin meters and in seconds after the diver
leaves the board, her height above the water is in Figuregh@8XQiven by

h = f(t) = —4.9t* + 8t + 10.

(a) Find and interpret the domain and range of the functiahtha intercepts of the graph.
(b) Identify the concavity.

h (meters)

15

o 1)

: : — t (seconds)
1 2 3

Figure 2.31: Height of diver as a function of time

(a) The diver enters the water when her height is 0. This coetien
h=f(t)=—4.9t> +8t+ 10 = 0.

Using the quadratic formula to solve this equation, we fird 2.462 seconds. The domain is
the interval of time the diver is in the air, nameélyx ¢ < 2.462. To find the range of,, we look

for the largest and smallest outputs for-rom the graph, the diver’s maximum height appears
to occur at about = 1, so we estimate the largest output value fdo be

f(1)=—4.9-1>+8-1+10 = 13.1 meters

Thus, the range of is approximately) < f(¢) < 13.1.
The vertical intercept of the graph is

f(0)=—4.9-0%+8-0+ 10 = 10 meters

The diver’'s initial height is 10 meters (the height of theisgboard). The horizontal intercept is
the point wheref (¢) = 0, which we found in part (a). The diver enters the water apipnately
2.462 seconds after leaving the springboard.

(b) In Figure 2.31, we see that the graph is bending downwaed ibs entire domain, so it is
concave down. This is confirmed by Table 2.21, which showsttiearate of changeMh/At,
is decreasing.

Table 2.21
1 (sec) h (meters) Rate of change
Ah/At
0 10
5.55
0.5 12.775
0.65
1.0 13.100
—4.25
1.5 10.975
—-9.15
2.0 6.400
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Exercises and Problems for Section 2.6

Exercises

Are the functions in Exercises 1-7 quadratic? If so, wrie thl1. Solve forz using the quadratic formula and demonstrate
function in the formf(z) = az? + bz + c.

your solution graphically:

(@ 6z — % =232" (b)y 222 +72=5.1x

1 flz)=27T—xz)° +1 )
12. Without a calculator, graph = 322 — 16z — 12 by fac-
2. L(P)=(P+1)(1-P) toring and plotting zeros.
m3
3. g(m) =m(m*—2m) +3 <14 -3 )t V3m In Exercises 13-24, find the zeros (if any) of the function al-
gebraically.
4. h(t) =—-16(t —3)(t+ 1)
1 y=(2— - cy =22
5. R(g) — F((]2_~_1)2 13. y=(2—x)(3—2x) 14, y = 22" + 52 + 2
5 . 15. y = 4o — 42 — 8 16. y = T2* + 162 + 4
6. K(z)=13>+13
” 17. y =922 + 6z + 1 18. y = 622 — 17z + 12
7. T(n) = V5 + V3nt — [ —
4 19. y =522 422 —1 20. y =322 22+ 6
8. Find the zeros = 2r? — 6r — 36 by factoring.
o (r) =2r" —6r y 9 1y 1T 4232419 22,y = 8927 + 5a + 34
9. Find the zeros of)(z) = 5z — x4+ 3 using the quadratic
formula. 23. y=x*+ 522+ 6 24. y=x — /T — 12
10. Find two quadratic functions with zeras= 1, x = 2.
Problems
25. Use the quadratic formula to find the time at which th81. LetV (t) = t* —4t+ 4 represent the velocity of an object
baseball in Figure 2.28 on page 88 hits the ground. in meters per second.
26. Is :jherie a’;quadratic function with zeres= 1, z = 2 (a) What is the object's initial velocity?
andz = 37 (b) When is the object not moving?
27. Determine the concavity of the graph pfz) = 4 — 2 (c) Identify the concavity of the velocity graph.

28.

29.

30.

betweenr = —1 andx = 5 by calculating average rates
of change over intervals of length 2.

Graph a quadratic function which has all the follow-
ing properties: concave up-intercept is—6, zeros at
r = —2andx = 3.

Without a calculator, graph the following function by fac-
toring and plotting zeros:

y=—4cx +2° +4¢ for ¢>0

A ball is thrown into the air. Its height (in feet)seconds
later is given byh(t) = 80t — 16¢>.

(a) Evaluate and interprét(2).
(b) Solve the equatior(t) = 80. Interpret your solu-
tions and illustrate them on a graph/g(t).

32.

The percentage of schools with interactive videodisc
player€ each year fromi992 to 1996 is shown in Ta-

ble 2.22. If x is in years since 1992, show that this
data set can be approximated by the quadratic function
p(z) = —0.82 + 8.8z + 7.2. What does this model
predict for the yeaR004? How good is this model for
predicting the future?

Table 2.22
Year 1992 | 1993 | 1994 | 1995 | 1996
Percentage 8 14 21 | 29.1 | 29.3

9Data from R. Famighetti, ed:he World Almanac and Book of Facts: 1998ew Jersey: Funk and Wagnalls, 1998).
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33. Let f(z) = z? andg(z) = 2?4+ 2z — 8. h, height (km)
(@) Graph f and g in the window —10 < z < 10, ° \77" Airplane = ===~
—10 < y < 10. How are the two graphs similar? 4] pag
How are they different? draocpsgg
(b) Graphf andg in the window—10 < z < 10, 3 | here

—10 < y < 100. Why do the two graphs appear
more similar on this window than on the window
from part (a)?

(c) Graph f andg in the window —20 < z < 20,
—10 < y < 400, the window—50 < z < 50,
—10 < y < 2500, and the window—500 < x <
500, —2500 < y < 250,000. Describe the change Figure 2.32
in appearance of andg on these three successive
windows.

d, horizontal
4430 distance (meters)

34. A relief package is dropped from a moving airplane3s. (a) Fit a quadratic function to the first three data points

Since the package is initially released with a forward hor- in Table 2.23. Use the fifth point as a check.

izontal velocity, it follows a parabolic path (instead of  (b) Find the formula for a linear function that passes
dropping straight down). Figure 2.32 shows the height of through the second two data points.

the package’, in km, as a function of the horizontal dis- (c) Compare the value of the linear functiomat= 3 to
tanced, in meters, it has traveled since it was dropped. the value of the quadratic at= 3.

(d) Compare the values of the linear and quadratic func-
tions atz = 50.

(e) For approximately what: values do the quadratic
and linear function values differ by less tha5?
Using a calculator or computer, graph both functions
on the same axes and estimate an answer.

(a) From what height was the package released?

(b) How far away from the spot above which it was re-
leased does the package hit the ground?

(c) Write a formula forh(d). [Hint: The package starts
falling at the highest point on the parabola].

Table 2.23

z| O 1 2 3 50
y | 1.0 | 3.01 | 5.04 | 7.09 | 126.0

CHAPTER SUMMARY

e Input and Output e Concavity
Evaluating functions: finding () for givena. Concave up: increasing rate of change.
Solving equations: finding if f(z) = b for givenb. Concave down: decreasing rate of change.

e Domain and Range e Quadratic Functions
Domain: set of input values. Standard form for quadratic functions:
Range: set of output values 9
Piecewise functions: different formulas on different in- f(z) =az”+br+c, a#0.
tervals.

Factored form gives zeros s of quadratic:
e Inverse functions

If y = f(z), thenf'(y) = = f@)=a(x—r)(x—2s).
Evaluating f ' (b). Interpretation off~*(b). Formula

for f~*(y) given formula forf(x). Quadratic formula:

v —b+ V/b?% — dac

2a



94 Chapter Two FUNCTIONS

REVIEW EXERCISES AND PROBLEMS FOR CHAPTER TWO

Exercises

If p(r) = r? + 5, evaluate the expressions in Exercises 1-2In Exercises 13-14, let(z) = 3z — 7, g(z) = = + 1 to find
a formula for the function.

1. p(7) 2. p(z) + p(8)
13. f(g(z)) 14. g(f(z))
3. Leth(x) = x* + bx + c. Evaluate and simplify:
(@ A1) (b) h(b+1) In Exercises 15-16, find the inverse function.
4. If = + 100z, evaluate without a calculator
9(@) = ave v 15. y=f(z) =3z -7 16. y =g(z) = 2>+ 1

(@ g(100) (b) g(4/25) (o) g(1.21-10%)

A _ 2
5. Find the zeros of(l) = 7l — I”. 17. Use the graph in Figure 2.33 to fill in the missing values:
6. (a) How can you tell from the graph of a function that
anzx-value is not in the domain? Sketch an example.

=? ?) =
(b) How can you tell from the formula for a function that @ ffol) ’ ) (b) f(;l) ” 0
anzx-value is not in the domain? Give an example. © f(0) = @ (=0
In Exercises 7-10, state the domain and range. Y
7. h(z) = 2* + 8z 8. f(x) =+vz—4 %
4
9. r(x)=y4—+Vz—4 10. g(x):4_|_gc2
.\ x
2.2
f(@)
11. Letg(x) = z* + z. Evaluate and simplify the following.
Figure 2.33
a) —3 b 1) —
@ —3g(x) ®) (1)~ In Exercises 18-20, le = f(t) be the population, in mil-
(© g(=)+m (d) g() lions, of a country at time in years and lef2 = g(P) be the
® g()/(z+1) ) (g(z))’ daily electricity consumption, in megawatts, when the papu

tion is P. Give the meaning and units of the function. Assume

12. Let f(z) = 1 — z. Evaluate and simplify the following. both f andg are invertible

@ 2f(z) b) flz)+1 (9 fO-=)
@ (f@)* @ f)/z 6 Vi) 18. g(f (1)) 19. f7H(P) 20. g7H(E)

Problems

In Figure 2.34, show the coordinates of the point(s) repriese21. f(0) = 2
ing the statements in Problems 21-24. 22. f(=3) = f(3) = f(9) =0
, 23. f(2) = 9(2)
b/g(x) flz) 24. g(x) > f(x)forz > 2
. axr . . .
- In Problems 25-27, if (x) = e find and simplify
25. f(a) 2. f(1—a)  27.f (1 L a)

Figure 2.34
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29.

REVIEW EXERCISES AND PROBLEMS FOR CHAPTER TWO

(a) Find the sides = f(d), of a square as function of
its diagonald.

(b) Find the areaA = g(s), of a square as function of
its sides.

(c) Findthe areal = h(d) as a function ofi.

(d) What is the relation betweefy g, andh?

The cost of producing thousand loaves of breadd¥q)
dollars. Interpret the following statements in terms of
bread; give units.

(@ C(5) =653

(b) C~'(80) = 0.62

(c) The solution toC(q) = 790 is 6.3
(d) The solution taC'~*(z) = 1.2 is 150.

In Exercises 30-32, el = f(t) = 2(t — 32), whereH is
temperature in degrees Celsius dnslin degrees Fahrenheit.

30.
31.

32.

33.

34.

35.

Find and interpret the inverse functiofr, * (H). 36.

Using the results of Exercise 30, evaluate and interpret:
@ f(0) (b) f7'(0)

(c) f(100) (d) f*(100)

The temperaturd, = g(n) = 68 + 10 - 27", in degrees

Fahrenheit of a room is a function of the number,of
hours that the air conditioner has been running. Find and
interpretf(g(n)). Give units.

The period, T, of a pendulum of lengthi is given by
T = f(l) = 2m+/l/g, whereg is a constant. Find a
formula for f~!(T") and explain its meaning.

The area, in square centimeters, of a circle whose radig;
2 .

isr cm is given byA = &r-.

(a) Write this formula using function notation, whefe
is the name of the function.

(b) Evaluatef(0).

(c) Evaluate and interpref(r + 1

(d) Evaluate and interpref(r) +

(e) What are the units of ~*(4)?

).
1. 38.
An epidemic of influenza spreads through a city. Fig-
ure 2.35 is the graph df = f(w), wherel is the number

of individuals (in thousands) infectad weeks after the
epidemic begins.

(a) Evaluatef(2) and explain its meaning in terms of39
the epidemic.

(b) Approximately how many people were infected at
the height of the epidemic? When did that occur?
Write your answer in the fornf(a) = b.

(c) Solve f(w) = 4.5 and explain what the solutions
mean in terms of the epidemic.

(d) The graph usedf(w) 6w(1.3)"". Use the
graph to estimate the solution of the inequality

95

6w(1.3)~" > 6. Explain what the solution means
in terms of the epidemic.

I
8
6]
4/
2/ F(w)
0 w

2 4 6 8 10 12 14 16

Figure 2.35

Let ¢ be time in seconds and lett) be the rate, in gal-
lons/second, that water enters a reservoir:

r(t) = 800 — 40t.

(a) Evaluate the expression§0), r(15), 7(25), and ex-
plain their physical significance.

(b) Graphy = r(¢) for 0 < ¢ < 30, labeling the inter-
cepts. What is the physical significance of the slope
and the intercepts?

(c) For0 < t < 30, when does the reservoir have the
most water? When does it have the least water?

(d) What are the domain and rangergt)?

Suppose thatf(z) is invertible and that bothf and
f~! are defined for all values af. Let f(2) = 3 and
1) 4. Evaluate the following expressions, or,
if the given information is insufficient, write unknown.

@ f7'3) b @) (© f(@)
Suppose thaj(z) = h~*(x) and that bothyj andh are

defined for all values af. Leth(4) = 2 andj(5) = —3.
Evaluate if possible:

@ jh4) () j(4) © h((4)
@ 35(2) @ r'(=3) () (=3
@ h(5) (M) (h(=3)"" () (h(2))"

. Values of f andg are given in Table 2.24.

(a) Evaluatef(1) andg(3).

(b) Describe in full sentences the patterns you see in the
values for each function.

(c) Assuming that the patterns you observed in part (b)
hold true for all values of, calculatef(5), f(—2),
9(5), andg(—2).

(d) Find possible formulas fof (z) andg(x).
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40.

41.

42.

43.

Chapter Two FUNCTIONS

Table 2.24
T -1 0 112|3)] 4
fl@) | -4 -1]2 8|11
glz) | 4 110|1|4)|9

Problems 44—45 concern studies which indicate that asearbo
dioxide (CQ) levels rise, hurricanes will become more in-
tense'® Hurricane intensity is measured in terms of the mini-
mum central pressure (in mb): the lower the pressure, the mor
powerful the storm. Since warm ocean waters fuel hurricanes

P is a decreasing function dff, sea surface temperature in
°C. Let P = n(H) be the hurricane-intensity function for

Letk(z) =6 — 2°.

present-day C®levels, and le? = N (H) be the hurricane-

intensity function for future projected CQevels. If Hy is the

@
(b)

(c)
(d)
Let f(a) be the cost in dollars af pounds of organic ap-

ples at the Gourmet Garage in New York City in Januar

Find a point on the graph of(z) whose z-
coordinate is-2.

Find two points on the graph whogecoordinates
are—2.

Letp = 2. Calculatek(p) — k(p — 1).

are the units of each of the numbers?

(@ f(2) =498 (b) f(0.5) =1.25
(© f71062)=025 (d) f'(1245) =5

Lett(x) be the time required, in seconds, to melt 1 gram

of a compound at°C.

(a) Express the following statement as an equation us-
ing t(z): It takes 272 seconds to melt 1 gram of the

compound at00°C.
(b) Explain the following equations in words:

() (800) =136 (i) 7' (68) = 1600

(c) Above a certain temperature, doubling the temper-
ature,z, halves the melting time. Express this fact

with an equation involving(x).

Table 2.25 showsV (s), the number of sections of Eco-
nomics 101, as a function &f, the number of students
in the course. Ifs is between two numbers listed in the
table, thenV(s) is the higher number of sections.

Table 2.25

s |50 75100 | 125 | 150 | 175 | 200
Ni)|4|4| 5|56 ]| 6|7

(a) Evaluate and interpret:

(i) N(150) (i) N(80) (i) N(55.5)
(b) Solve fors and interpret:
(i) N(s)=4 (i) N(s) = N(125)

Graphk(z) and locate the points in parts (a) and (b}44. N(Ho) — n(Ho)

average temperature in the Caribbean Sea, what do the follow
ing quantities tell you about hurricane intensity?

45, n(H() + 1) — n(Ho)

: 6. Table 2.26 shows the populatiof?, in millions, of Ire-
2006. What do the following statements tell you? What

land'* at various times between 1780 and 1910, wiih
years since 1780.

(&) When was the population increasing? Decreasing?

(b)

For each successive time interval, construct a table
showing the average rate of change of the popula-
tion.

(c) From the table you constructed in part (b), when is

(d)

()

the graph of the population concave up? Concave
down?

When was the average rate of change of the popu-
lation the greatest? The least? How is this related to
part (c)? What does this mean in human terms?
Graph the data in Table 2.26 and join the points by a
curve to show the trend in the data. From this graph
identify where the curve is increasing, decreasing,
concave up and concave down. Compare your an-
swers to those you got in parts (a) and (c). Identify
the region you found in part (d).

Something catastrophic happened in Ireland be-
tween 1780 and 1910. When? What happened in Ire-
land at that time to cause this catastrophe?

Table 2.26 The population of Ireland from 1780 to

1910, wherg = 0 corresponds to 1780
t 0| 20| 40| 60| 70| 90| 110 130
P|40|52|6.7(83|69|54| 47| 44

19journal of Climate, September 14, 2004, pages 3477-3495.
1adapted from D. N. Burghes and A. D. Wood, Ellis Horwoddathematical Models in the Social, Management and

Life Sciencep. 104 (Ellis Horwood, 1980).
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The surface area of a cylindrical aluminum can is a mea-
sure of how much aluminum the can requires. If the can
has radius- and heighth, its surface areal and its vol-
umeV are given by the equations:

A=2mr®>+2rrh and V = mrh.

(a) The volume,V, of a 12 oz cola can is 355 cin
A cola can is approximately cylindrical. Express its
surface areal as a function of its radius, wherer
is measured in centimeters. [Hint: First solve for
in terms ofr.]

CHECK YOUR UNDERSTANDING

Are the statements in Problems 1-51 true or false? Give &8.

explanation for your answer.

o

10.
11.
12.

13.

14.

15.

16.
17.

1
2
3.
4

© ® N O

19.
L f f(t) = 3t> — 4 thenf(2) = 0.
N f(z) = 2® — 9z + 10 then f(b) = b* — 9b + 10. 20.
If f(x) = a?thenf(z + h) = z* + h>. 21
1
. If ¢ = ———= then the values of that makeg = %

1 Vz2 45 M= 22
arez = 2. :
IfW = ﬂthenwher‘t:&W: 1.

t—4 23,
If f(t) = t* 4 64 thenf(0) = 64.
If f(z) =0thenz = 0.
If f(z)=a?+ 2z + 7thenf(—z) = f(x). 24.
3
Cf = ———then can never be zero.

g(x) N g(x)

If h(p) = —6p + 9 thenh(3) + h(4) = h(7). o5
The domain of a function is the set of input values.

If a function is being used to model a real world situa-
tion, the domain and range are often determined by t
constraints of the situation being modeled.

The domain off(z) =
bersz, z # 0.

numbersr > 2.

The range off (x) = % is all real numbers.

Therangeo@:4—li30<y<4.
x

If f(x) =
therange off is 12 < = < 14.

4 3 consists of all real num- 28.
29.
If f(x) = v/2 — «, the domain off consists of all real 30.

31

32.

22 + 6 and its domain i95 < = < 20 then 33,

CHECK YOUR UNDERSTANDING 97

(b) Graph A = s(r), the surface area of a cola can
whose volume is 355 cifor 0 < r < 10.

(c) What is the domain of(r)? Based on your graph,
what, approximately, is the range &ffr)?

(d) The manufacturers wish to use the least amount of
aluminum (in cni) necessary to make a 12 oz cola
can. Use your answer in (c) to find the minimum
amount of aluminum needed. State the values of
andh that minimize the amount of aluminum used.

(e) The radius of areal 12 oz cola can is about 3.25 cm.
Show that real cola cans use more aluminum than
necessary to hold 12 oz of cola. Why do you think
real cola cans are made to this way?

The domain off (z) = is all real numbers.

x
vz +1
The graph of the absolute value functigr= |z| has a V
shape.

The domain off (z) = |z| is all real numbers.
It fz) =
f(@) = g().

If f(z) = |=| andg(zx) =
g(x).

|x| and g(x) = | — z| then for all z,

—|z| then for allz, f(z) =

Ify:ﬁthenyzlforx;éo.

x
3 if z<0

If f(x) =4 22 if 0<az<4, thenf(3)=0.
7 if >4
z if x<0

Letf(z) =q 22 if 0<z<4 |If f(z)=4
-z if >4 thenz = 2.

8- If f(3) =5andf is invertible, thenf ! (3) = 1/5.
27.

If h(7) = 4 andh is invertible, therh ™" (4) = 7.
If f(z) =22 —6thenf ' (8) = 0.

If R=f(S) = 25 +8thenS = f~1(R) = 2(R—8).
In generalf ' (z) = (f(z))"*.
If f(z) = %ﬂ thenf(¢~1) = 1/1/11_

The units of the output of a function are the same as the
units of output of its inverse.

The functionsf(z) = 2z + 1 andg(z) =
inverses.

1
sz —1are
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34

35.

36.

37.

38.

39.

Chapter Two FUNCTIONS

. If ¢ = f(=) is the quantity of rice in tons required to feed40
2 million people for a year ang = g(q) is the cost, in
dollars, ofq tons of rice, thery(f(x)) is the dollar cost
of feedingz million people for a year.

If f(t) =t+2andg(t) = 3t,theng(f(t)) = 3(t+2) =
3t + 6.

A fireball has radius: = f(¢) meterst seconds after an

41

explosion. The volume of the ball i = g(r) metef 44,

when it has radiug meters. Then the units of measure-
ment ofg( f(t)) are metet/sec.

rate of change of a function over an interval of length 1
increases as the interval moves from left to right.

The functionf in the table could be concave up. 47
T -2 0 2 4
5 6 8 12
f(z) 48,
The functiong in the table could be concave down. 49
t -1 1 3 5 50.
gt)| 9 8 6 3
51.

42.
43.

L 45,
If the graph of a function is concave up, then the average

46.

. A straight line is concave up.
. A function can be both decreasing and concave down.
If a function is concave up, it must be increasing.

The quadratic functiorf (z) = z(x + 2) is in factored
form.

If f(z) = (z + 1)(z + 2), then the zeros of are 1 and
2.

A quadratic function whose graph is concave up has a
maximum.

All quadratic equations have the forfifz) = az?.

If the height above the ground of an object at timis
given bys(t) = at® + bt + c, thens(0) tells us when the
object hits the ground.

To find the zeros off (z) = az® + bz + ¢, solve the
equationaz? + bz + ¢ = 0 for .

Every quadratic equation has two real solutions.

There is only one quadratic function with zerosrat=
—2andz = 2.

A quadratic function has exactly two zeros.
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TOOLS FOR CHAPTER 2: QUADRATIC EQUATIONS

Expanding an Expression
Thedistributive propertyfor real numbers, b, andc tells us that
a(b+ ¢) = ab + ac,

and
(b + ¢)a = ba + ca.

We use the distributive property and the rules of exponemsuitiply algebraic expressions involv-
ing parentheses. This process is sometimes referredexpandinghe expression.

Example 1 Multiply the following expressions and simplify.

(a) 322 <x + éx—f") (b) ((2t)2—5)Vt

Souton (@) 3¢° (-4 go° ) = (36%) () + (34%) (o ®) =304 o
(b) ((2t)2 = 5) Vt = (2t)2(Vt) — 5Vt = (4¢7) (tl/Q) — 5t1/2 = 4¢%/% — 5¢1/?

If there are two terms in each factor, then there are fourdenmthe product:
(a+b)(c+d)=alc+d)+blc+d) =ac+ ad+ bc+ bd.

The following special cases of the above product occur atjy. Learning to recognize their forms
aids in factoring.

(a+b)(a—b) =a* —b*

(a+b)? =a®+2ab+b?

(a—b)?=a®—2ab+b?

Example 2 Expand the following and simplify by gathering like terms.

(@ (502 +2)(x —4) (b) @VF+2AF-3) () (3—

)2
Solution @ (52> +2) (z = (52°) (z) + (52%) (—4) + (2)(z) + (2)(—4) = 5z® — 202* + 22 — 8
(b) (2f+2)(4\f 3)=( )(4 (\/F)2+(2)(—§)(\/F)+(2)(4)(\/F)+(2)(—3)=8r+2\/F—6

)
© <3—%x> ) <%

N | =

8
N——
+
/|\
N | =
8
N———
I
Nej
I
w
8
+
—_

8
(V]

Factoring

To write an expanded expression in factored form, we “untiplyl' the expression. Some tech-
niques for factoring are given in this section. We can chackoring by remultiplying.
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Removing a Common Factor

It is sometimes useful to factor out the same factor from @diche terms in an expression. This is
basically the distributive law in reverse:

ab + ac = a(b+ c).

One special case is removing a factor-af, which gives

—a—b=—(a+Db)

Another special case is

(a—b)=—(b-a)

Example 3 Factor the following:

2 4
(@ zefy+goy () 2+ 1P -3+l (©) g - e
Solution @ gxzy + gxy = gxy(x +2)
(b) (2p+1)p® =3p(2p+1)= (»* =3p)(2p+ 1) =p(p* = 3)(2p + 1)
(Note that the expressiq2p + 1) was one of the factors common to both terms.)

(C)_S_Zt_i__S_t 5+E
8w 16w 8w 2/

Grouping Terms

Even though all the terms may not have a common factor, wearaetimes factor by first grouping
the terms and then removing a common factor.

Example 4 Factorz? — ha — x + h.

Solution v*—hzx—x+h=(2"—hz)—(x—h)=a(x—h)—(x—h) = (z—h)(z—1)

Factoring Quadratics

One way to factor quadratics is to mentally multiply out tlesgibilities.

Example5 Factort? — 4t — 12.

Solution If the quadratic factors, it will be of the form
t2— 4t —12=(t+?2(t +?).

We are looking for two numbers whose productis2 and whose sum is-4. By trying combina-
tions, we find
t2 — 4t — 12 = (t — 6)(t + 2).
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By a similar method as in the previous example, we find2M — 6M? = (2 — 3M)(2 + 2M).

Perfect Squares and the Difference of Squares

Recognition of the special produdts + y)2, (z — y)? and (x + y)(z — y) in expanded form is
useful in factoring. Reversing the results in the last sective have

a® + 2ab + b* = (a + b)?,

a® — 2ab + b* = (a — b)?,

a’? —b* = (a—Db)(a+Db).
When we can see that terms in an expression we want to fag@gaiares, it often makes sense
to look for one of these forms. The difference of squarestite(the third one listed above) is

Factor: (a) 16y — 24y +9 (b) 25S8%R* - T6 (©) z%(x—2)+16(2— )

Example 6 Factor4 — 2M — 6M?2.
Solution
especially useful.
Example7
Solution (@) 16y> — 24y +9 = (4y — 3)?

(b) 2552R* — 7% = (55R2)” — (T%)° = (5SR% — T3) (55 R2 + T9)
(€) 2*(x—2)+16(2— ) = 2?(x —2) — 16(x — 2) = (z — 2) (2® — 16) = (z — 2)(z —4)(z +4)

Solving Quadratic Equations

Give exact and approximate solutionsito= 3.

The exact solutions are = 4+/3; approximate ones are ~ +1.73, orz ~ +1.732, or z ~
+1.73205. (sincev/3 = 1.732050808 . ..). Notice that the equation? = 3 has only two exact
solutions, but many possible approximate solutions, dejpgron how much accuracy is required.

Some equations can be put into factored form such that tréuptof the factors is zero. Then we
solve by using the fact thatif - b = 0, then eithew or b (or both) is zero.

Do not make the mistake of setting+ 1 = 15 andx + 3 = 15. Itis not true that: - b = 15 means
thata = 15 or b = 15 (or both). ( Although it is true that i - b = 0, thena = 0 or b = 0, or both.)
So, we must expand the left-hand side and set the equati@h teqzero:

22 44z + 3 = 15,
22 4+4x —12 = 0.

(x —2)(x+6)=0.

Example 8
Solution

Solving by Factoring
Example 9 Solve(z + 1)(z + 3) = 15 for z.
Solution

Then, factoring gives

Thusz = 2 andx = —6 are solutions.
Example10  Solve2(z + 3)? = 5(z + 3).
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Solution

You might be tempted to divide both sides fy+ 3). However, if you do this you will overlook
one of the solutions. Instead, write

2z +3)> —5(x+3) =
(x+3)2(x+3)—5)=0
(x+3)2x+6—-5)=0

(x+3)(2z+1) =

1 .
Thus,z = —5 andz = —3 are solutions.

Solving with the Quadratic Formula
Alternatively, we can solve the equatian® + bx + ¢ = 0 by using the quadratic formula:
_ —b+Vb? —dac

The quadratic formula is derived by completing the squarg/fe: az? + bx + c. See page 239 in
Tools for Chapter 5.

Example 11

Solution

Solvell + 2z = 2.

The equation is
—2? 4+ 22 +11=0.

The expression on the left does not factor using integernsesose

—2+\/4 4D 24 VA8 24 V163 2443 2/3
= =1-2V3

(—1) -2 -2
— 4—4(-1)(11) -2-48 —2-+16-3 —2-43
T = 2D =———-= - i =1+2V3.

The exact solutions ate= 1 — 2v/3 andz = 1 + 2v/3.

The decimal approximations to these numbers 1 — 2v/3 = —2.464 andz = 1 + 2V/3 =
4.464 are approximate solutions to this equation. The approxmsalutions could be found directly
from a graph or calculator.

Exercises on Tools for Chapter 2

For Exercises 1-18, expand and simplify. 9. —10r(5r + 67s)
1. 3(z +2) 2. 5(z —3) 10. z(3x — 8) 4 2(3x — 8)
3. 23z —7) 4. —4(y +6) 11. 52z — 2) — 3(z — 2)
5. 12(z +y) 6. —7(5x — 8y) 12, (x4 1)(x 1 3)
7. z(2x + 5) 8. 3z(2z — 9z)

13. (z — 2)(xz +6)
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14. (5 — 1)(2z — 3) 57. B> —10B + 24
15. (z +2)(3z — 8) 58. 2 + 2% — 2cx
17. (12y — 5)(8w + 7) 60. o' —o? 19
18. (5z — 3)(z — 2)

61. (t+3)*> — 16
Multiply and write the expressions in Problems 19-27 withogsy 2 4 4, 4 4 — Y2

parentheses. Gather like terms.
63. a® — 24>+ 3a—6

64. b> — 3b> — 9b + 27

65. c?d* — 25¢* — 9d* + 225
66. ha® +12 — 4ha — 3z
67. r(r—s)—2(s—r)

19. —(z—3)—2(b—x)

20. (x —5)6 —5(1 — (2 —x))

21. (3x - 2a72) 44 (5+42)(3z —4)
22. (t*+1) 50t — (25t + 125) 2t

23. P(p—3¢)°

24. (A% - B?)® 68. y° — 3zy + 227

25. 4z —3) +7 69. z’e %" 4 2pe ™"
26. — (\/ﬁ + 1)2 70. 12" + 3t + 25

71. (s +2t)> — 4p°
72. P(14+7r)> + P(1+7r)%r
73. 2 — 62 + 9 — 422

27. u (u_l + 2“) 2%

For Exercises 28-76, factor completely if possible.

28. 2z +6 29. 3y + 15 74. dk + 2dm — 3ek — 6em
30. 5z — 30 31. 4t —6 75. mr? —27r +3r — 6
32. 10w — 25 33. u® — 2u 76. 8gs — 12hs + 10gm — 15hm
34. 3u* — 443 35. 3u7 4+ 1242 Solve the equations in Exercises 77-108.
36. 122%y% — 18z 37. 14rs® — 21rst 77. 2° + T2 +6=0
2 _

38. 224+ 3z +2 39. 2% + 3z —2 78. y° —5y—6=0

79. 2w? —10 =
40. 22 — 3z +2 41. z? — 3z — 2 9. 2w” +w 0=0

80. 45> + 35— 15=0
42, 22+ 22 +3 43, 22 -2 -3 9 3

8. =+ — =8
44, %2 — 22 +3 45. 22 422 —3 T 2

3

46. 22* + 5x + 2 47. 32> —x — 4 82. T t1=
48. 2% — 10z + 12 49. 22 4+ 3z — 28 83. /y—1=13
50. z° — 22° — 3z 51. 2° + 22% — 3z 84. oy +3=17

85. V2xr—14+3=9
52. ac+ ad + be + bd 86 21 13 _
53. 2° + 2zy + 3zz + 6y z—=5 225z

2 —

54. 22 — 1.4z — 3.92 87. —16t> + 96t + 12 = 60
55. a’z® — b2 88. 3 —6r2 =5r — 30

56. wr® + 27rh 89. ¢® —4g = 3¢* — 12
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90. 8 +2z — 322 =0

91. 2p® +p? — 18 —9=0

92. N? —2N — 3 =2N(N - 3)
1

93. — ¥ =t
64

94, 22 —1=2z

95. 422 — 13z —12=0
96. 60 = —16t> 4 96t + 12
97. n® 4+ 80 = 5n* + 16n
98. 5a° 4 50a® = 4a + 40
99. 4> +4y—2=0

2 7
100. =
z—3 22-3z
22+ 1 — 222
101, ——— =0
@1y

102. 4 - — =0

0

108. 24+ —— - —— =0

104. Vr2 +24 =
105. — = —2

106. 3y/x = %x

107. 10 =/ —
Vs

Bz +4)(z—2)
(x=5)(x—1)

In Exercises 109-112, solve for the indicated variable.

109. T = QW\/Z, for {.
g

110. Ab® = C, forb.
111. |22 + 1| =7, for z.
2 _ 2
112, T OmeAmT g g

r—m

108. =0

Solve the systems of equations in Exercises 113-117.

113 y—2a:—a72
o
114 {y:l/x
" ly =4z
115 x2+y2:36
“ly=z-3
116, v=4-7
y—2zx=1
17, Jy=2"-1
y=e"

118. Let ¢ be the line of slope3 passing through the ori-
gin. Find the points of intersection of the lideand the
parabola whose equationgs= z2. Sketch the line and
the parabola, and label the points of intersection.

Determine the points of intersection for Problems 119-120.

119, y
I2+y2:25 y=x—1

120. y




