
Chapter One

LINEAR FUNCTIONS

AND CHANGE

A function describes how the value of one
quantity depends on the value of another. A
function can be represented by words, a graph,
a formula, or a table of numbers. Section 1.1
gives examples of all four representations and
introduces the notation used to represent a
function. Section 1.2 introduces the idea of a
rate of change.

Sections 1.3–1.6 investigate linear functions,
whose rate of change is constant. Section 1.4
gives the equations for a line, and Section 1.5
focuses on parallel and perpendicular lines. In
Section 1.6, we see how to approximate a set of
data using linear regression.

The Tools Sectionon page 55 reviews linear
equations and the coordinate plane.
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1.1 FUNCTIONS AND FUNCTION NOTATION

In everyday language, the wordfunctionexpresses the notion of dependence. For example, a person
might say that election results are a function of the economy, meaning that the winner of an election
is determined by how the economy is doing. Someone else mightclaim that car sales are a function
of the weather, meaning that the number of cars sold on a givenday is affected by the weather.

In mathematics, the meaning of the wordfunctionis more precise, but the basic idea is the same.
A function is a relationship between two quantities. If the value of the first quantity determines
exactly one value of the second quantity, we say the second quantity is a function of the first. We
make the following definition:

A function is a rule which takes certain numbers as inputs and assigns toeach input number
exactly one output number. The output is a function of the input.

The inputs and outputs are also calledvariables.

Representing Functions: Words, Tables, Graphs, and Formulas

A function can be described using words, data in a table, points on a graph, or a formula.

Example 1 It is a surprising biological fact that most crickets chirp at a rate that increases as the temperature
increases. For the snowy tree cricket (Oecanthus fultoni), the relationship between temperature and
chirp rate is so reliable that this type of cricket is called the thermometer cricket. We can estimate
the temperature (in degrees Fahrenheit) by counting the number of times a snowy tree cricket chirps
in 15 seconds and adding 40. For instance, if we count 20 chirps in 15 seconds, then a good estimate
of the temperature is20 + 40 = 60◦F.

The rule used to find the temperatureT (in ◦F) from the chirp rateR (in chirps per minute) is an
example of a function. The input is chirp rate and the output is temperature. Describe this function
using words, a table, a graph, and a formula.

Solution • Words: To estimate the temperature, we count the number of chirps in fifteen seconds and add
forty. Alternatively, we can countR chirps per minute, divideR by four and add forty. This
is because there are one-fourth as many chirps in fifteen seconds as there are in sixty seconds.
For instance,80 chirps per minute works out to1

4
· 80 = 20 chirps every15 seconds, giving an

estimated temperature of20 + 40 = 60◦F.
• Table: Table 1.1 gives the estimated temperature,T , as a function ofR, the number of chirps

per minute. Notice the pattern in Table 1.1: each time the chirp rate,R, goes up by20 chirps
per minute, the temperature,T , goes up by5◦F.

• Graph: The data from Table 1.1 are plotted in Figure 1.1. For instance, the pair of values
R = 80, T = 60 are plotted as the pointP , which is80 units along the horizontal axis and60
units up the vertical axis. Data represented in this way are said to be plotted on theCartesian
plane. The precise position ofP is shown by its coordinates, writtenP = (80, 60).
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Table 1.1 Chirp rate and temperature

R, chirp rate T , predicted

(chirps/minute) temperature (◦F)

20 45
40 50
60 55
80 60
100 65
120 70
140 75
160 80

40 80 120 160

10
20
30
40
50
60
70
80
90

100

P = (80, 60)

R, chirp rate

(chirps/min)

T (◦F)

Figure 1.1: Chirp rate and temperature

• Formula: A formula is an equation givingT in terms ofR. Dividing the chirp rate by four and
adding forty gives the estimated temperature, so:

Estimated temperature (in◦F)︸ ︷︷ ︸
T

=
1

4
· Chirp rate (in chirps/min)︸ ︷︷ ︸

R

+ 40.

Rewriting this using the variablesT andR gives the formula:

T =
1

4
R + 40.

Let’s check the formula. SubstitutingR = 80, we have

T =
1

4
· 80 + 40 = 60

which agrees with pointP = (80, 60) in Figure 1.1. The formulaT = 1

4
R + 40 also tells us

that if R = 0, thenT = 40. Thus, the dashed line in Figure 1.1 crosses (or intersects)theT -axis
atT = 40; we say theT -interceptis 40.

All the descriptions given in Example 1 provide the same information, but each description has
a different emphasis. A relationship between variables is often given in words, as at the beginning
of Example 1. Table 1.1 is useful because it shows the predicted temperature for various chirp rates.
Figure 1.1 is more suggestive of a trend than the table, although it is harder to read exact values of
the function. For example, you might have noticed that everypoint in Figure 1.1 falls on a straight
line that slopes up from left to right. In general, a graph canreveal a pattern that might otherwise
go unnoticed. Finally, the formula has the advantage of being both compact and precise. However,
this compactness can also be a disadvantage since it may be harder to gain as much insight from a
formula as from a table or a graph.

Mathematical Models

When we use a function to describe an actual situation, the function is referred to as amathematical
model. The formulaT = 1

4
R+40 is a mathematical model of the relationship between the temper-

ature and the cricket’s chirp rate. Such models can be powerful tools for understanding phenomena
and making predictions. For example, this model predicts that when the chirp rate is 80 chirps per
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minute, the temperature is60◦F. In addition, sinceT = 40 whenR = 0, the model predicts that the
chirp rate is0 at 40◦F. Whether the model’s predictions are accurate for chirp rates down to0 and
temperatures as low as40◦F is a question that mathematics alone cannot answer; an understanding
of the biology of crickets is needed. However, we can safely say that the model does not apply for
temperatures below40◦F, because the chirp rate would then be negative. For the range of chirp rates
and temperatures in Table 1.1, the model is remarkably accurate.

In everyday language, saying thatT is a function ofR suggests that making the cricket chirp
faster would somehow make the temperature change. Clearly,the cricket’s chirping does not cause
the temperature to be what it is. In mathematics, saying thatthe temperature “depends” on the chirp
rate means only that knowing the chirp rate is sufficient to tell us the temperature.

Function Notation

To indicate that a quantityQ is a function of a quantityt, we abbreviate

Q is a function oft to Q equals “f of t”

and, using function notation, to
Q = f(t).

Thus, applying the rulef to the input value,t, gives the output value,f(t). In other words,f(t)
represents a value ofQ. HereQ is called thedependent variableandt is called theindependent
variable. Symbolically,

Output= f(Input)

or

Dependent= f(Independent).

We could have used any letter, not justf , to represent the rule.

Example 2 The number of gallons of paint needed to paint a house dependson the size of the house. A gallon
of paint typically covers250 square feet. Thus, the number of gallons of paint,n, is a function of
the area to be painted,A ft2. We writen = f(A).

(a) Find a formula forf .
(b) Explain in words what the statementf(10,000) = 40 tells us about painting houses.

Solution (a) If A = 5000 ft2, thenn = 5000/250 = 20 gallons of paint. In general,n andA are related by
the formula

n =
A

250
.

(b) The input of the functionn = f(A) is an area and the output is an amount of paint. The
statementf(10,000) = 40 tells us that an area ofA = 10,000 ft2 requiresn = 40 gallons of
paint.

The expressions “Q depends ont” or “ Q is a function oft” do not imply a cause-and-effect
relationship, as the snowy tree cricket example illustrates.

Example 3 Example 1 gives the following formula for estimating air temperature based on the chirp rate of the
snowy tree cricket:

T =
1

4
R + 40.

In this formula,T depends onR. Writing T = f(R) indicates that the relationship is a function.
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Functions Don’t Have to Be Defined by Formulas

People sometimes think that functions are always represented by formulas. However, the next ex-
ample shows a function which is not given by a formula.

Example 4 The average monthly rainfall,R, at Chicago’s O’Hare airport is given in Table 1.2, where time,t, is
in months andt = 1 is January,t = 2 is February, and so on. The rainfall is a function of the month,
so we writeR = f(t). However there is no equation that givesR whent is known. Evaluatef(1)
andf(11). Explain what your answers mean.

Table 1.2 Average monthly rainfall at Chicago’s O’Hare airport

Month, t 1 2 3 4 5 6 7 8 9 10 11 12

Rainfall,R (inches) 1.8 1.8 2.7 3.1 3.5 3.7 3.5 3.4 3.2 2.5 2.4 2.1

Solution The value off(1) is the average rainfall in inches at Chicago’s O’Hare airport in a typical January.
From the table,f(1) = 1.8. Similarly,f(11) = 2.4 means that in a typical November, there are 2.4
inches of rain at O’Hare.

When Is a Relationship Not a Function?

It is possible for two quantities to be related and yet for neither quantity to be a function of the other.

Example 5 A national park contains foxes that prey on rabbits. Table 1.3 gives the two populations,F andR,
over a 12-month period, wheret = 0 means January 1,t = 1 means February 1, and so on.

Table 1.3 Number of foxes and rabbits in a national park, by month

t, month 0 1 2 3 4 5 6 7 8 9 10 11

R, rabbits 1000 750 567 500 567 750 1000 1250 1433 1500 1433 1250
F , foxes 150 143 125 100 75 57 50 57 75 100 125 143

(a) IsF a function oft? IsR a function oft?
(b) IsF a function ofR? IsR a function ofF?

Solution (a) BothF andR are functions oft. For each value oft, there is exactly one value ofF and exactly
one value ofR. For example, Table 1.3 shows that ift = 5, thenR = 750 andF = 57. This
means that on June 1 there are750 rabbits and57 foxes in the park. If we writeR = f(t) and
F = g(t), thenf(5) = 750 andg(5) = 57.

(b) No,F is not a function ofR. For example, supposeR = 750, meaning there are750 rabbits.
This happens both att = 1 (February 1) and att = 5 (June 1). In the first instance, there are143
foxes; in the second instance, there are57 foxes. Since there areR-values which correspond to
more than oneF -value,F is not a function ofR.

Similarly, R is not a function ofF . At time t = 5, we haveR = 750 whenF = 57, while
at timet = 7, we haveR = 1250 whenF = 57 again. Thus, the value ofF does not uniquely
determine the value ofR.
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How to Tell if a Graph Represents a Function: Vertical Line Test

What does it mean graphically fory to be a function ofx? Look at the graph ofy againstx. For a
function, eachx-value corresponds to exactly oney-value. This means that the graph intersects any
vertical line at most once. If a vertical line cuts the graph twice, the graph would contain two points
with differenty-values but the samex-value; this would violate the definition of a function. Thus,
we have the following criterion:

Vertical Line Test: If there is a vertical line which intersects a graph in more than one point,
then the graph does not represent a function.

Example 6 In which of the graphs in Figures 1.2 and 1.3 couldy be a function ofx?

6 12

50

100

150

x

y

Figure 1.2: Since no vertical line intersects this
curve at more than one point,y could be a

function ofx

50 100 150

50

100

150

(100, 50)

(100, 150)

x

y

Figure 1.3: Since one vertical line intersects this
curve at more than one point,y is not a function

of x

Solution The graph in Figure 1.2 could representy as a function ofx because no vertical line intersects this
curve in more than one point. The graph in Figure 1.3 does not represent a function because the
vertical line shown intersects the curve at two points.

A graph fails the vertical line test if at least one vertical line cuts the graph more than once, as
in Figure 1.3. However, if a graph represents a function, then everyvertical line must intersect the
graph at no more than one point.

Exercises and Problems for Section 1.1

Exercises

Exercises 1–4 use Figure 1.4.

2.2 6.15.2 6.94 8

2.9

4.9

f

g

x

y

Figure 1.4

1. Findf(6.9)

2. Give the coordinates of two points on the graph ofg.

3. Solvef(x) = 0 for x

4. Solvef(x) = g(x) for x

In Exercises 5–6, write the relationship using function nota-
tion (that is,y is a function ofx is writteny = f(x)).

5. Number of molecules,m, in a gas, is a function of the
volume of the gas,v.

6. Weight,w, is a function of caloric intake,c.
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7. (a) Which of the graphs in Figure 1.5 representy as a
function ofx? (Note that an open circle indicates a
point that is not included in the graph; a solid dot
indicates a point that is included in the graph.)

x

y(I)

x

y(II)

x

y(III)

x

y(IV)

x

y(V)

x

y(VI)

x

y(VII)

x

y(VIII)

x

y(IX)

Figure 1.5

(b) Which of the graphs in Figure 1.5 could represent
the following situations? Give reasons.

(i) SAT Math score versus SAT Verbal score for a
small number of students.

(ii) Total number of daylight hours as a function
of the day of the year, shown over a period of
several years.

(c) Among graphs (I)–(IX) in Figure 1.5, find two which
could give the cost of train fare as a function of the
time of day. Explain the relationship between cost
and time for both choices.

8. Using Table 1.4, graphn = f(A), the number of gallons
of paint needed to cover a house of areaA. Identify the
independent and dependent variables.

Table 1.4

A 0 250 500 750 1000 1250 1500

n 0 1 2 3 4 5 6

9. Use Figure 1.6 to fill in the missing values:

(a) f(0) =? (b) f(?) = 0

1 2 3

20

40
f(t)

t

Figure 1.6

10. Use Table 1.5 to fill in the missing values. (There may be
more than one answer.)

(a) f(0) =? (b) f(?) = 0
(c) f(1) =? (d) f(?) = 1

Table 1.5

x 0 1 2 3 4

f(x) 4 2 1 0 1

11. (a) You are going to graphp = f(w). Which variable
goes on the horizontal axis?

(b) If 10 = f(−4), give the coordinates of a point on
the graph off .

(c) If 6 is a solution of the equationf(w) = 1, give a
point on the graph off .

12. (a) Make a table of values forf(x) = 10/(1 + x2) for
x = 0, 1, 2, 3.

(b) Whatx-value gives the largestf(x) value in your ta-
ble? How could you have predicted this before doing
any calculations?

In Exercises 13–16, label the axes for a sketch to illustratethe
given statement.

13. “Over the past century we have seen changes in the pop-
ulation,P (in millions), of the city. . .”

14. “Sketch a graph of the cost of manufacturingq items. . .”

15. “Graph the pressure,p, of a gas as a function of its vol-
ume,v, wherep is in pounds per square inch andv is in
cubic inches.”

16. “GraphD in terms ofy. . .”
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Problems

17. (a) Ten inches of snow is equivalent to about one inch
of rain.1 Write an equation for the amount of precip-
itation, measured in inches of rain,r = f(s), as a
function of the number of inches of snow,s.

(b) Evaluate and interpretf(5).
(c) Finds such thatf(s) = 5 and interpret your result.

18. You are looking at the graph ofy, a function ofx.

(a) What is the maximum number of times that the
graph can intersect they-axis? Explain.

(b) Can the graph intersect thex-axis an infinite number
of times? Explain.

19. Let f(t) be the number of people, in millions, who own
cell phonest years after 1990. Explain the meaning of
the following statements.

(a) f(10) = 100.3 (b) f(a) = 20
(c) f(20) = b (d) n = f(t)

In Problems 20–22, use Table 1.6, which gives values of
v = r(s), the eyewall wind profile of a typical hurricane.2

The eyewall of a hurricane is the band of clouds that surrounds
the eye of the storm. The eyewall wind speedv (in mph) is a
function of the height above the grounds (in meters).

Table 1.6

s 0 100 200 300 400 500

v 90 110 116 120 121 122

s 600 700 800 900 1000 1100

v 121 119 118 117 116 115

20. Evaluate and interpretr(300).

21. At what altitudes does the eyewall windspeed appear to
equal or exceed 116 mph?

22. At what height is the eyewall wind speed greatest?

23. Table 1.7 shows the daily low temperature for a one-week
period in New York City during July.

(a) What was the low temperature on July 19?
(b) When was the low temperature 73◦F?
(c) Is the daily low temperature a function of the date?
(d) Is the date a function of the daily low temperature?

Table 1.7

Date 17 18 19 20 21 22 23

Low temp (◦F) 73 77 69 73 75 75 70

24. Table 1.8 givesA = f(d), the amount of money in bills
of denominationd circulating in US currency in 2005.3

For example, there were $60.2 billion worth of $50 bills
in circulation.

(a) Findf(100). What does this tell you about money?
(b) Are there more $1 bills or $5 bills in circulation?

Table 1.8

Denomination ($) 1 2 5 10 20 50 100

Circulation ($bn) 8.4 1.4 9.7 14.8 110.1 60.2 524.5

25. Use the data from Table 1.3 on page 5.

(a) Plot R on the vertical axis andt on the horizontal
axis. Use this graph to explain why you believe that
R is a function oft.

(b) Plot F on the vertical axis andt on the horizontal
axis. Use this graph to explain why you believe that
F is a function oft.

(c) Plot F on the vertical axis andR on the horizontal
axis. From this graph show thatF is not a function
of R.

(d) Plot R on the vertical axis andF on the horizontal
axis. From this graph show thatR is not a function
of F .

26. Since Roger Bannister broke the 4-minute mile on May
6, 1954, the record has been lowered by over sixteen sec-
onds. Table 1.9 shows the year and times (as min:sec) of
new world records for the one-mile run.4

(a) Is the time a function of the year? Explain.
(b) Is the year a function of the time? Explain.
(c) Let y(r) be the year in which the world record,r,

was set. Explain what is meant by the statement
y(3 :47.33) = 1981.

(d) Evaluate and interprety(3 :51.1).

Table 1.9

Year Time Year Time Year Time

1954 3:59.4 1966 3:51.3 1981 3:48.53

1954 3:58.0 1967 3:51.1 1981 3:48.40

1957 3:57.2 1975 3:51.0 1981 3:47.33

1958 3:54.5 1975 3:49.4 1985 3:46.32

1962 3:54.4 1979 3:49.0 1993 3:44.39

1964 3:54.1 1980 3:48.8 1999 3:43.13

1965 3:53.6

1http://mo.water.usgs.gov/outreach/rain, accessed May 7, 2006.
2Data from the National Hurricane Center, www.nhc.noaa.gov/aboutwindprofile.shtml, last accessed October 7, 2004.
3The World Almanac and Book of Facts, 2006 (New York), p. 89.
4www.infoplease.com/ipsa/A0112924.html, accessed January 15, 2006.
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27. Rebecca Latimer Felton of Georgia was the first woman
to serve in the US Senate. She took the oath of office
on November 22, 1922 and served for just two days. The
first woman actually elected to the Senate was Hattie Wy-
att Caraway of Arkansas. She was appointed to fill the
vacancy caused by the death of her husband, then won
election in 1932, was reelected in 1938, and served until
1945. Table 1.10 shows the number of female senators at
the beginning of the first session of each Congress.5

(a) Is the number of female senators a function of the
Congress’s number,c? Explain.

(b) Is the Congress’s number a function of the number
of female senators? Explain.

(c) Let S(c) represent the number of female senators
serving in thecth Congress. What does the statement
S(104) = 8 mean?

(d) Evaluate and interpretS(108).

Table 1.10

Congress,c 96 98 100 102 104 106 108

Female senators 1 2 2 2 8 9 14

28. A bug starts out ten feet from a light, flies closer to the
light, then farther away, then closer than before, then far-
ther away. Finally the bug hits the bulb and flies off.
Sketch the distance of the bug from the light as a function
of time.

29. A light is turned off for several hours. It is then turned on.
After a few hours it is turned off again. Sketch the light
bulb’s temperature as a function of time.

30. The sales tax on an item is 6%. Express the total cost,C,
in terms of the price of the item,P .

31. A cylindrical can is closed at both ends and its height is
twice its radius. Express its surface area,S, as a function
of its radius,r. [Hint: The surface of a can consists of a
rectangle plus two circular disks.]

32. According to Charles Osgood, CBS news commentator,
it takes about one minute to read 15 double-spaced type-
written lines on the air.6

(a) Construct a table showing the time Charles Os-
good is reading on the air in seconds as a func-
tion of the number of double-spaced lines read for
0, 1, 2, . . . , 10 lines. From your table, how long does
it take Charles Osgood to read 9 lines?

(b) Plot this data on a graph with the number of lines on
the horizontal axis.

(c) From your graph, estimate how long it takes Charles
Osgood to read 9 lines. Estimate how many lines
Charles Osgood can read in 30 seconds.

(d) Construct a formula which relates the timeT to n,
the number of lines read.

33. Match each story about a bike ride to one of the graphs
(i)–(v), whered represents distance from home andt is
time in hours since the start of the ride. (A graph may be
used more than once.)

(a) Starts 5 miles from home and rides 5 miles per hour
away from home.

(b) Starts 5 miles from home and rides 10 miles per hour
away from home.

(c) Starts 10 miles from home and arrives home one
hour later.

(d) Starts 10 miles from home and is halfway home after
one hour.

(e) Starts 5 miles from home and is 10 miles from home
after one hour.

21

5

10

15

t

d(i)

21

5

10

15

t

d(ii)

21

5

10

15

t

d(iii)

21

5

10

15

t

d(iv)

21

5

10

15

t

d(v)

34. A chemical company spends $2 million to buy machin-
ery before it starts producing chemicals. Then it spends
$0.5 million on raw materials for each million liters of
chemical produced.

(a) The number of liters produced ranges from 0 to 5
million. Make a table showing the relationship be-
tween the number of million liters produced,l, and
the total cost,C, in millions of dollars, to produce
that number of million liters.

(b) Find a formula that expressesC as a function ofl.

35. The distance between Cambridge and Wellesley is 10
miles. A person walks part of the way at 5 miles per hour,
then jogs the rest of the way at 8 mph. Find a formula that
expresses the total amount of time for the trip,T (d), as a
function ofd, the distance walked.

5www.senate.gov, accessed January 15, 2006.
6T. Parker,Rules of Thumb, (Boston: Houghton Mifflin, 1983).
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36. A person leaves home and walks due west for a time and
then walks due north.

(a) The person walks 10 miles in total. Ifw represents
the (variable) distance west she walks, andD repre-

sents her (variable) distance from home at the end of
her walk, isD a function ofw? Why or why not?

(b) Suppose now thatx is the distance that she walks in
total. IsD a function ofx? Why or why not?

1.2 RATE OF CHANGE

Sales of digital video disc (DVD) players have been increasing since they were introduced in early
1998. To measure how fast sales were increasing, we calculate arate of changeof the form

Change in sales
Change in time

.

At the same time, sales of video cassette recorders (VCRs) have been decreasing. See Table 1.11.
Let us calculate the rate of change of DVD player and VCR salesbetween 1998 and 2003.

Table 1.11 gives

Average rate of change of DVD

player sales from1998 to 2003
=

Change in DVD player sales
Change in time

=
3050 − 421

2003 − 1998
≈ 525.8

mn $/
year.

Thus, DVD player sales increased on average by$525.8 million per year between1998 and2003.
See Figure 1.7. Similarly, Table 1.11 gives

Average rate of change of VCR sales

from 1998 to 2003
=

Change in VCR sales
Change in time

=
407 − 2409

2003− 1998
≈ −400.4

mn $/
year.

Thus, VCR sales decreased on average by$400.4 million per year between 1998 and 2003. See
Figure 1.8.

1999 2001 2003

3050

Change in time = 2003 − 1998

6

?

Change in sales
= 3050 − 421

year

DVD player sales (1000s)

Figure 1.7: DVD player sales

1999 2001 2003

2409

Change in time = 2003 − 1998

6

?

Change in sales
= 407 − 2409

year

VCR sales (1000s)

Figure 1.8: VCR sales

Table 1.11 Annual sales of VCRs and DVD players in millions of dollars7

Year 1998 1999 2000 2001 2002 2003

VCR sales (million $) 2409 2333 1869 1058 826 407

DVD player sales (million $) 421 1099 1717 2097 2427 3050

7www.census.gov/prod/2005pubs/06statab/manufact.pdf,accessed January 16, 2006.
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Rate of Change of a Function

The rate of change of sales is an example of the rate of change of a function. In general, ifQ = f(t),
we write∆Q for a change inQ and∆t for a change int. We define:8

Theaverage rate of change, or rate of change, of Q with respect tot over an interval is

Average rate of change

over an interval
=

Change inQ
Change int

=
∆Q

∆t
.

The average rate of change of the functionQ = f(t) over an interval tells us how muchQ
changes, on average, for each unit change int within that interval. On some parts of the interval,
Q may be changing rapidly, while on other partsQ may be changing slowly. The average rate of
change evens out these variations.

Increasing and Decreasing Functions

In the previous example, the average rate of change of DVD player sales is positive on the interval
from 1998 to 2003 since sales of DVD players increased over this interval. Similarly, the average
rate of change of VCR sales is negative on the same interval since sales of VCRs decreased over this
interval. The annual sales of DVD players is an example of anincreasing functionand the annual
sales of VCRs is an example of adecreasing function. In general we say the following:

If Q = f(t) for t in the intervala ≤ t ≤ b,
• f is anincreasing function if the values off increase ast increases in this interval.

• f is adecreasing functionif the values off decrease ast increases in this interval.

Looking at DVD player sales, we see that an increasing function has a positive rate of change.
From the VCR sales, we see that a decreasing function has a negative rate of change. In general:

If Q = f(t),
• If f is an increasing function, then the average rate of change ofQ with respect tot is

positive on every interval.

• If f is a decreasing function, then the average rate of change ofQ with respect tot is
negative on every interval.

Example 1 The functionA = q(r) = πr2 gives the area,A, of a circle as a function of its radius,r. Graphq.
Explain how the fact thatq is an increasing function can be seen on the graph.

8The Greek letter∆, delta, is often used in mathematics to represent change. Inthis book, we use rate of change to mean
average rate of change across an interval. In calculus, rateof change means something called instantaneous rate of change.
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Solution The area increases as the radius increases, soA = q(r) is an increasing function. We can see this in
Figure 1.9 because the graph climbs as we move from left to right and the average rate of change,
∆A/∆r, is positive on every interval.

1 2 3 4 5

10
20
30

40
50
60
70
80 q(r) = πr2

R

Lower value
of r results in

lower value
of A

R

Higher value
of r results in

higher value
of A

-

6

∆r

∆A

r, radius

A, area

Figure 1.9: The graph of an increasing function,A = q(r), rises when read from left to right

Example 2 Carbon-14 is a radioactive element that exists naturally inthe atmosphere and is absorbed by living
organisms. When an organism dies, the carbon-14 present at death begins to decay. LetL = g(t)
represent the quantity of carbon-14 (in micrograms,µg) in a treet years after its death. See Ta-
ble 1.12. Explain why we expectg to be a decreasing function oft. How is this represented on a
graph?

Table 1.12 Quantity of carbon-14 as a function of time

t, time (years) 0 1000 2000 3000 4000 5000

L, quantity of carbon-14 (µg) 200 177 157 139 123 109

Solution Since the amount of carbon-14 is decaying over time,g is a decreasing function. In Figure 1.10, the
graph falls as we move from left to right and the average rate of change in the level of carbon-14
with respect to time,∆L/∆t, is negative on every interval.

5000

50

100

150

200
	

Lower value of t results
in higher value of L

� Higher value of t results
in lower value of L

?-
6

∆t
Increase in t

-∆L
Decrease in L

t, time (years)

L, carbon­14 (µg)

Figure 1.10: The graph of a decreasing function,L = g(t), falls when read from left to right

In general, we can identify an increasing or decreasing function from its graph as follows:

• The graph of an increasing function rises when read from leftto right.

• The graph of a decreasing function falls when read from left to right.
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Many functions have some intervals on which they are increasing and other intervals on which
they are decreasing. These intervals can often be identifiedfrom the graph.

Example 3 On what intervals is the function graphed in Figure 1.11 increasing? Decreasing?

−3 −2
−1

1 2 3

−1

1

2

f(x)

x

Figure 1.11: Graph of a function which is increasing on some intervals anddecreasing on others

Solution The function appears to be increasing for values ofx between−3 and−2, for x between0 and1,
and forx between2 and3. The function appears to be decreasing forx between−2 and0 and forx
between1 and2. Using inequalities, we say thatf is increasing for−3 < x < −2, for 0 < x < 1,
and for2 < x < 3. Similarly,f is decreasing for−2 < x < 0 and1 < x < 2.

Function Notation for the Average Rate of Change

Suppose we want to find the average rate of change of a functionQ = f(t) over the interval
a ≤ t ≤ b. On this interval, the change int is given by

∆t = b − a.

At t = a, the value ofQ is f(a), and att = b, the value ofQ is f(b). Therefore, the change inQ is
given by

∆Q = f(b) − f(a).

Using function notation, we express the average rate of change as follows:

Average rate of change ofQ = f(t)

over the intervala ≤ t ≤ b
=

Change inQ
Change int

=
∆Q

∆t
=

f(b) − f(a)

b − a
.

In Figure 1.12, notice that the average rate of change is given by the ratio of the rise,f(b)−f(a),
to the run,b − a. This ratio is also called theslopeof the dashed line segment.9

9See Section 1.3 for further discussion of slope.
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In the future, we may drop the word ”average” and talk about the rate of change over an interval.

a b

f(a)

f(b)

Q = f(t)

6

Rise = f(b) − f(a)

-Run
b − a

?

Average rate of change = Slope

t

Q

Figure 1.12: The average rate of change is the ratio Rise/Run

In previous examples we calculated the average rate of change from data. We now calculate
average rates of change for functions given by formulas.

Example 4 Calculate the average rates of change of the functionf(x) = x2 betweenx = 1 andx = 3 and
betweenx = −2 andx = 1. Show your results on a graph.

Solution Betweenx = 1 andx = 3, we have

Average rate of change off(x)

over the interval1 ≤ x ≤ 3
=

Change inf(x)

Change inx
=

f(3) − f(1)

3 − 1

=
32 − 12

3 − 1
=

9 − 1

2
= 4.

Betweenx = −2 andx = 1, we have

Average rate of change off(x)

over the interval−2 ≤ x ≤ 1
=

Change inf(x)

Change inx
=

f(1) − f(−2)

1 − (−2)

=
12 − (−2)2

1 − (−2)
=

1 − 4

3
= −1.

The average rate of change betweenx = 1 andx = 3 is positive becausef(x) is increasing
on this interval. See Figure 1.13. However, on the interval from x = −2 andx = 1, the function
is partly decreasing and partly increasing. The average rate of change on this interval is negative
because the decrease on the interval is larger than the increase.

(−2, 4)

(1, 1)

(3, 9)

f(x) = x2

�
Slope = −1

� Slope = 4

x

Figure 1.13: Average rate of change off(x) on an interval is slope of dashed line on that interval
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Exercises and Problems for Section 1.2

Exercises

1. If G is an increasing function, what can you say about
G(3) − G(−1)?

2. If F is a decreasing function, what can you say about
F (−2) compared toF (2)?

Exercises 3–7 use Figure 1.14.

2.2 6.15.2 6.94 8

2.9

4.9

f

g

x

y

Figure 1.14

3. Find the average rate of change off for 2.2 ≤ x ≤ 6.1.

4. Give two different intervals on which∆f(x)/∆x = 0.

5. What is the average rate of change ofg betweenx = 2.2
andx = 6.1?

6. What is the relation between the average rate of change
of f and the average rate of change ofg betweenx = 2.2
andx = 6.1?

7. Is the rate of change off positive or negative on the fol-
lowing intervals?

(a) 2.2 ≤ x ≤ 4 (b) 5 ≤ x ≤ 6

8. Table 1.11 on page 10 gives the annual sales (in millions)
of VCRs and DVD players. What was the average rate of
change of annual sales of each of them between

(a) 1998 and 2000? (b) 2000 and 2003?

(c) Interpret these results in terms of sales.

9. Table 1.11 on page 10 shows that VCR sales are a func-
tion of DVD player sales. Is it an increasing or decreasing
function?

10. Figure 1.15 shows distance traveled as a function of time.

(a) Find∆D and∆t between:

(i) t = 2 andt = 5 (ii) t = 0.5 andt = 2.5
(iii) t = 1.5 andt = 3

(b) Compute the rate of change,∆D/∆t, and interpret
its meaning.

1 2 3 4 5

15

30

45

60

75

90

105

120

135

150

t (hours)

D (miles)

Figure 1.15

11. Table 1.13 shows data for two populations (in hundreds)
for five different years. Find the average rate of change
of each population over the following intervals.

(a) 1990 to 2000 (b) 1995 to 2007

(c) 1990 to 2007

Table 1.13

Year 1990 1992 1995 2000 2007

P1 53 63 73 83 93

P2 85 80 75 70 65

12. Table 1.14 gives the populations of two cities (in thou-
sands) over a17-year period.

(a) Find the average rate of change of each population
on the following intervals:

(i) 1990 to 2000 (ii) 1990 to 2007
(iii) 1995 to 2007

(b) What do you notice about the average rate of change
of each population? Explain what the average rate of
change tells you about each population.

Table 1.14

Year 1990 1992 1995 2000 2007

P1 42 46 52 62 76

P2 82 80 77 72 65
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Problems

13. Because scientists know how much carbon-14 a living
organism should have in its tissues, they can measure the
amount of carbon-14 present in the tissue of a fossil and
then calculate how long it took for the original amount
to decay to the current level, thus determining the time
of the organism’s death. A tree fossil is found to contain
130 µg of carbon-14, and scientists determine from the
size of the tree that it would have contained 200µg of
carbon-14 at the time of its death. Using Table 1.12 on
page 12, approximately how long ago did the tree die?

14. Table 1.15 shows the number of calories used per minute
as a function of body weight for three sports.10

(a) Determine the number of calories that a 200-lb per-
son uses in one half-hour of walking.

(b) Who uses more calories, a 120-lb person swimming
for one hour or a 220-lb person bicycling for a half-
hour?

(c) Does the number of calories used by a person walk-
ing increase or decrease as weight increases?

Table 1.15

Activity 100 lb 120 lb 150 lb 170 lb 200 lb 220 lb

Walking 2.7 3.2 4.0 4.6 5.4 5.9

Bicycling 5.4 6.5 8.1 9.2 10.8 11.9

Swimming 5.8 6.9 8.7 9.8 11.6 12.7

15. (a) What is the average rate of change ofg(x) = 2x−3
between the points(−2, −7) and(3, 3)?

(b) Based on your answer to part (a), isg increasing or
decreasing on the given interval? Explain.

(c) Graph the function and determine over what inter-
valsg is increasing and over what intervalsg is de-
creasing.

16. (a) Let f(x) = 16−x2. Compute each of the following
expressions, and interpret each as an average rate of
change.

(i)
f(2) − f(0)

2 − 0
(ii)

f(4) − f(2)
4 − 2

(iii)
f(4) − f(0)

4 − 0
(b) Graph f(x). Illustrate each ratio in part (a) by

sketching the line segment with the given slope.
Over which interval is the average rate of decrease
the greatest?

17. Figure 1.16 shows the graph of the functiong(x).

(a) Estimate
g(4) − g(0)

4 − 0
.

(b) The ratio in part (a) is the slope of a line segment
joining two points on the graph. Sketch this line seg-
ment on the graph.

(c) Estimate
g(b) − g(a)

b − a
for a = −9 andb = −1.

(d) On the graph, sketch the line segment whose slope
is given by the ratio in part (c).

−9 −6 −3 3 6 9

−3

−2

−1

1

2

3

x

g(x)

Figure 1.16

For the functions in Problems 18–20:

(a) Find the average rate of change between the points

(i) (−1, f(−1)) and(3, f(3))
(ii) (a, f(a)) and(b, f(b))

(iii) (x, f(x)) and(x + h, f(x + h))
(b) What pattern do you see in the average rate of change

between the three pairs of points?

18. f(x) = 5x − 4 19. f(x) = 1

2
x + 5

2

20. f(x) = x2 + 1
21. Find the average rate of change off(x) = 3x2 + 1 be-

tween the points

(a) (1, 4) and(2, 13)
(b) (j, k) and(m, n)
(c) (x, f(x)) and(x + h, f(x + h))

22. The surface of the sun has dark areas known as sunspots,
which are cooler than the rest of the sun’s surface. The
number of sunspots fluctuates with time, as shown in Fig-
ure 1.17.

(a) Explain how you know the number of sunspots,s, in
yeart is a function oft.

10From1993 World Almanac.
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(b) Approximate the time intervals on whichs is an in-
creasing function oft.

1940 1950 1960 1970

200

160

120

80

40

t (year)

s (number of sunspots)

Figure 1.17

23. Table 1.16 gives the amount of garbage,G, in millions of
tons, produced11 in the US in yeart.

(a) What is the value of∆t for consecutive entries in
this table?

(b) Calculate the value of∆G for each pair of consecu-
tive entries in this table.

(c) Are all the values of∆G you found in part (b) the
same? What does this tell you?

Table 1.16

t 1960 1970 1980 1990 2000

G 90 120 150 205 234

24. Table 1.17 shows the times,t, in sec, achieved every 10
meters by Carl Lewis in the 100 meter final of the World
Championship in Rome in 1987.12 Distance,d, is in me-
ters.

(a) For each successive time interval, calculate the av-
erage rate of change of distance. What is a common
name for the average rate of change of distance?

(b) Where did Carl Lewis attain his maximum speed
during this race? Some runners are running their
fastest as they cross the finish line. Does that seem
to be true in this case?

Table 1.17

t 0.00 1.94 2.96 3.91 4.78 5.64

d 0 10 20 30 40 50

t 6.50 7.36 8.22 9.07 9.93

d 60 70 80 90 100

25. Table 1.18 gives the average temperature,T , at a depthd,
in a borehole in Belleterre, Quebec.13 Evaluate∆T/∆d
on the the following intervals, and explain what your an-
swers tell you about borehole temperature.

(a) 25 ≤ d ≤ 150
(b) 25 ≤ d ≤ 75
(c) 100 ≤ d ≤ 200

Table 1.18

d, depth (m) 25 50 75 100

T , temp (◦C) 5.50 5.20 5.10 5.10

d, depth (m) 125 150 175 200

T , temp (◦C) 5.30 5.50 5.75 6.00

d, depth (m) 225 250 275 300

T , temp (◦C) 6.25 6.50 6.75 7.00

1.3 LINEAR FUNCTIONS

Constant Rate of Change

In the previous section, we introduced the average rate of change of a function on an interval. For
many functions, the average rate of change is different on different intervals. For the remainder of
this chapter, we consider functions which have the same average rate of change on every interval.
Such a function has a graph which is a line and is calledlinear.

11www.epa.gov/epaoswer/hon-hw/muncpl/pubs/MSW05rpt.pdf, accessed January 15, 2006.
12W. G. Pritchard, “Mathematical Models of Running”,SIAM Review.35, 1993, pp. 359–379.
13Hugo Beltrami of St. Francis Xavier University and David Chapman of the University of Utah posted this data at

http://geophysics.stfx.ca/public/borehole/borehole.html http://geophysics.stfx.ca/public/borehole/borehole.html.
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Population Growth

Mathematical models of population growth are used by city planners to project the growth of towns
and states. Biologists model the growth of animal populations and physicians model the spread of
an infection in the bloodstream. One possible model, a linear model, assumes that the population
changes at the same average rate on every time interval.

Example 1 A town of 30,000 people grows by2000 people every year. Since the population,P , is growing at
the constant rate of 2000 people per year,P is a linear function of time,t, in years.

(a) What is the average rate of change ofP over every time interval?
(b) Make a table that gives the town’s population every five years over a20-year period. Graph the

population.
(c) Find a formula forP as a function oft.

Solution (a) The average rate of change of population with respect to time is 2000 people per year.
(b) The initial population in yeart = 0 is P = 30,000 people. Since the town grows by2000 people

every year, after five years it has grown by

2000 people
year

· 5 years= 10,000 people.

Thus, in yeart = 5 the population is given by

P = Initial population+ New population= 30,000 + 10,000 = 40,000.

In yeart = 10 the population is given by

P = 30,000 + 2000 people/year· 10 years︸ ︷︷ ︸
20,000 new people

= 50,000.

Similar calculations for yeart = 15 and yeart = 20 give the values in Table 1.19. See Fig-
ure 1.18; the dashed line shows the trend in the data.

Table 1.19 Population over 20 years

t, years P , population

0 30,000
5 40,000
10 50,000
15 60,000
20 70,000 5 10 15 20

P = 30,000 + 2000t

10,000
20,000
30,000
40,000
50,000
60,000
70,000

t, time (years)

P , population

Figure 1.18: Town’s population over 20 years

(c) From part (b), we see that the size of the population is given by

P = Initial population+ Number of new people

= 30,000 + 2000 people/year· Number of years,

so a formula forP in terms oft is

P = 30,000 + 2000t.
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The graph of the population data in Figure 1.18 is a straight line. The average rate of change
of the population over every interval is the same, namely 2000 people per year. Any linear function
has the same average rate of change over every interval. Thus, we talk abouttherate of change of a
linear function. In general:

• A linear function has a constant rate of change.

• The graph of any linear function is a straight line.

Financial Models

Economists and accountants use linear functions forstraight-line depreciation. For tax purposes,
the value of certain equipment is considered to decrease, ordepreciate, over time. For example,
computer equipment may be state-of-the-art today, but after several years it is outdated. Straight-
line depreciation assumes that the rate of change of value with respect to time is constant.

Example 2 A small business spends$20,000 on new computer equipment and, for tax purposes, chooses to
depreciate it to$0 at a constant rate over a five-year period.

(a) Make a table and a graph showing the value of the equipmentover the five-year period.
(b) Give a formula for value as a function of time.

Solution (a) After five years, the equipment is valued at $0. IfV is the value in dollars andt is the number
of years, we see that

Rate of change of value

from t = 0 to t = 5
=

Change in value
Change in time

=
∆V

∆t
=

−$20,000

5 years
= −$4000 per year.

Thus, the value drops at the constant rate of$4000 per year. (Notice that∆V is negative
because the value of the equipment decreases.) See Table 1.20 and Figure 1.19. SinceV changes
at a constant rate,V = f(t) is a linear function and its graph is a straight line. The rateof change,
−$4000 per year, is negative because the function is decreasing andthe graph slopes down.

Table 1.20 Value of equipment
depreciated over a 5-year period

t, year V , value ($)

0 20,000
1 16,000
2 12,000
3 8,000
4 4,000
5 0

1 2 3 4 5

4

8

12

16

20

t, time (years)

V , value ($1000s)

Figure 1.19: Value of equipment depreciated over a 5-year period

(b) After t years have elapsed,

Decrease in value of equipment= $4000 · Number of years= $4000t.

The initial value of the equipment is$20,000, so at timet,

V = 20,000− 4000t.
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The total cost of production is another application of linear functions in economics.

A General Formula for the Family of Linear Functions

Example 1 involved a town whose population is growing at a constant rate with formula

Current
population=

Initial
population︸ ︷︷ ︸
30,000 people

+
Growth

rate︸ ︷︷ ︸
2000 people per year

×
Number ofyears︸ ︷︷ ︸

t

so
P = 30,000 + 2000t.

In Example 2, the value,V , as a function oft is given by

Total
cost =

Initial
value︸︷︷︸
$20,000

+
Change per

year︸ ︷︷ ︸
−$4000 per year

×
Number ofyears︸ ︷︷ ︸

t

so
V = 20,000 + (−4000)t.

Using the symbolsx, y, b, m, we see formulas for both of these linear functions follow the same
pattern:

Output︸ ︷︷ ︸
y

= Initial value︸ ︷︷ ︸
b

+ Rate of change︸ ︷︷ ︸
m

× Input︸ ︷︷ ︸
x

.

Summarizing, we get the following results:

If y = f(x) is a linear function, then for some constantsb andm:

y = b + mx.

• m is called theslope, and gives the rate of change ofy with respect tox. Thus,

m =
∆y

∆x
.

If (x0, y0) and(x1, y1) are any two distinct points on the graph off , then

m =
∆y

∆x
=

y1 − y0

x1 − x0

.

• b is called thevertical intercept, or y-intercept, and gives the value ofy for x = 0. In
mathematical models,b typically represents an initial, or starting, value of the output.

Every linear function can be written in the formy = b + mx. Different linear functions have
different values form andb. These constants are known asparameters.

Example 3 In Example 1, the population function,P = 30,000 + 2000t, has slopem = 2000 and vertical
interceptb = 30,000. In Example 2, the value of the computer equipment,V = 20,000 − 4000t,
has slopem = −4000 and vertical interceptb = 20,000.
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Tables for Linear Functions

A table of values could represent a linear function if the rate of change is constant, for all pairs of
points in the table; that is,

Rate of change of linear function=
Change in output
Change in input

= Constant.

Thus, if the value ofx goes up by equal steps in a table for a linear function, then the value ofy
goes up (or down) by equal steps as well. We say that changes inthe value ofy areproportionalto
changes in the value ofx.

Example 4 Table 1.21 gives values of two functions,p andq. Could either of these functions be linear?

Table 1.21 Values of two functionsp andq

x 50 55 60 65 70

p(x) 0.10 0.11 0.12 0.13 0.14

q(x) 0.01 0.03 0.06 0.14 0.15

Solution The value ofx goes up by equal steps of∆x = 5. The value ofp(x) also goes up by equal steps of
∆p = 0.01, so∆p/∆x is a constant. See Table 1.22. Thus,p could be a linear function.

Table 1.22 Values of∆p/∆x

x p(x) ∆p ∆p/∆x

50 0.10

0.01 0.002

55 0.11

0.01 0.002

60 0.12

0.01 0.002

65 0.13

0.01 0.002

70 0.14

Table 1.23 Values of∆q/∆x

x q(x) ∆q ∆q/∆x

50 0.01

0.02 0.004

55 0.03

0.03 0.006

60 0.06

0.08 0.016

65 0.14

0.01 0.002

70 0.15

In contrast, the value ofq(x) does not go up by equal steps. The value climbs by0.02, then by
0.03, and so on. See Table 1.23. This means that∆q/∆x is not constant. Thus,q could not be a
linear function.

It is possible to have data from a linear function in which neither thex-values nor they-values
go up by equal steps. However the rate of change must be constant, as in the following example.
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Example 5 The former Republic of Yugoslavia exported cars called Yugos to the US between 1985 and 1989.
The car is now a collector’s item.14 Table 1.24 gives the quantity of Yugos sold,Q, and the price,p,
for each year from 1985 to 1988.

(a) Using Table 1.24, explain whyQ could be a linear function ofp.
(b) What does the rate of change of this function tell you about Yugos?

Table 1.24 Price and sales of Yugos in the US

Year Price in $,p Number sold,Q

1985 3990 49,000

1986 4110 43,000

1987 4200 38,500

1988 4330 32,000

Solution (a) We are interested inQ as a function ofp, so we plotQ on the vertical axis andp on the horizontal
axis. The data points in Figure 1.20 appear to lie on a straight line, suggesting a linear function.

4000 4100 4200 4300 4400

30,000

35,000

40,000

45,000

50,000

p, price ($)

Q, number sold

Figure 1.20: Since the data from Table 1.24 falls on a straight
line, the table could represent a linear function

To provide further evidence thatQ is a linear function, we check that the rate of change of
Q with respect top is constant for the points given. When the price of a Yugo rosefrom $3990
to $4110, sales fell from49,000 to 43,000. Thus,

∆p = 4110 − 3990 = 120,

∆Q = 43,000− 49,000 = −6000.

Since the number of Yugos sold decreased,∆Q is negative. Thus, as the price increased from
$3990 to $4110,

Rate of change of quantity as price increases=
∆Q

∆p
=

−6000

120
= −50 cars per dollar.

Next, we calculate the rate of change as the price increased from$4110 to $4200 to see if
the rate remains constant:

Rate of change=
∆Q

∆p
=

38,500− 43,000

4200 − 4110
=

−4500

90
= −50 cars per dollar,

14www.inet.hr/˜pauric/epov.htm, accessed January 16, 2006.
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and as the price increased from$4200 to $4330:

Rate of change=
∆Q

∆p
=

32,000− 38,500

4330 − 4200
=

−6500

130
= −50 cars per dollar.

Since the rate of change,−50, is constant,Q could be a linear function ofp. Given addi-
tional data,∆Q/∆p might not remain constant. However, based on the table, it appears that the
function is linear.

(b) Since∆Q is the change in the number of cars sold and∆p is the change in price, the rate of
change is−50 cars per dollar. Thus the number of Yugos sold decreased by 50each time the
price increased by $1.

Warning: Not All Graphs That Look Like Lines Represent Linear Functions

The graph of any linear function is a line. However, a function’s graph can look like a line without
actually being one. Consider the following example.

Example 6 The functionP = 100(1.02)t approximates the population of Mexico in the early 2000s. Here P
is the population (in millions) andt is the number of years since 2000. Table 1.25 and Figure 1.21
show values ofP over a 5-year period. IsP a linear function oft?

Table 1.25 Population of
Mexicot years after 2000

t (years) P (millions)

0 100

1 102

2 104.04

3 106.12

4 108.24

5 110.41

1 2 3 4 5

20
40
60
80

100
120
140

I

This looks like a
straight line (but isn’t)

t, time (years
since 2000)

P , population (millions)

Figure 1.21: Graph ofP = 100(1.02)t over
5-year period: Looks linear (but is not)

Solution The formulaP = 100(1.02)t is not of the formP = b + mt, soP is not a linear function oft.
However, the graph ofP in Figure 1.21 appears to be a straight line. We checkP ’s rate of change
in Table 1.25. Whent = 0, P = 100 and whent = 1, P = 102. Thus, between 2000 and 2001,

Rate of change of population=
∆P

∆t
=

102 − 100

1 − 0
= 2.

For the interval from 2001 to 2002, we have

Rate of change=
∆P

∆t
=

104.04 − 102

2 − 1
= 2.04,

and for the interval from 2004 to 2005, we have

Rate of change=
∆P

∆t
=

110.41 − 108.24

5 − 4
= 2.17.
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Thus,P ’s rate of change is not constant. In fact,P appears to be increasing at a faster and faster rate.
Table 1.26 and Figure 1.22 show values ofP over a longer (60-year) period. On this scale, these
points do not appear to fall on a straight line. However, the graph ofP curves upward so gradually
at first that over the short interval shown in Figure 1.21, it barely curves at all. The graphs of many
nonlinear functions, when viewed on a small scale, appear tobe linear.

Table 1.26 Population over 60 years

t (years since 2000) P (millions)

0 100

10 121.90

20 148.59

30 181.14

40 220.80

50 269.16

60 328.10

5 10 20 30 40 50 60

50

100

150

200

250

300

� This region of the graph
appears in Figure 1.21

t, time (years
since 2000)

P , population (millions)

Figure 1.22: Graph ofP = 100(1.02)t over 60 years: Not linear

Exercises and Problems for Section 1.3

Exercises

Which of the tables in Exercises 1–6 could represent a linear
function?

1.
x 0 100 300 600

g(x) 50 100 150 200

2.
x 0 10 20 30

h(x) 20 40 50 55

3.
t 1 2 3 4 5

g(t) 5 4 5 4 5

4.
x 0 5 10 15

f(x) 10 20 30 40

5.
γ 9 8 7 6 5

p(γ) 42 52 62 72 82

6.
x −3 −1 0 3

j(x) 5 1 −1 −7

In Exercises 7–10, identify the vertical intercept and the slope,
and explain their meanings in practical terms.

7. The population of a town can be represented by the for-

mula P (t) = 54.25 −
2
7
t, whereP (t) represents the

population, in thousands, andt represents the time, in
years, since 1970.

8. A stalactite grows according to the formulaL(t) =

17.75 +
1

250
t, whereL(t) represents the length of the

stalactite, in inches, andt represents the time, in years,
since the stalactite was first measured.

9. The profit, in dollars, of sellingn items is given by
P (n) = 0.98n − 3000.

10. A phone company charges according to the formula:
C(n) = 29.99 + 0.05n, wheren is the number of min-
utes, andC(n) is the monthly phone charge, in dollars.



1.3 LINEAR FUNCTIONS 25

Problems

11. In 2006, the population of a town was18,310 and grow-
ing by 58 people per year. Find a formula forP , the
town’s population, in terms oft, the number of years
since 2006.

12. The population,P (t), in millions, of a country in yeart,
is given by the formulaP (t) = 22 + 0.3t.

(a) Construct a table of values fort = 0, 10, 20, . . . ,50.
(b) Plot the points you found in part (a).
(c) What is the country’s initial population?
(d) What is the average rate of change of the population,

in millions of people/year?

13. In 2003, the number,N , of cases of SARS (Severe Acute
Respiratory Syndrome) reported in Hong Kong15 was ini-
tially approximated byN = 78.9 + 30.1t, wheret is the
number of days since March 17. Interpret the constants
78.9 and30.1.

14. Table 1.27 shows the costC, in dollars, of sellingx cups
of coffee per day from a cart.

(a) Using the table, show that the relationship appears
to be linear.

(b) Plot the data in the table.
(c) Find the slope of the line. Explain what this means

in the context of the given situation.
(d) Why should it cost $50 to serve zero cups of coffee?

Table 1.27

x 0 5 10 50 100 200

C 50.00 51.25 52.50 62.50 75.00 100.00

15. A woodworker sells rocking horses. His start-up costs,
including tools, plans, and advertising, total$5000. La-
bor and materials for each horse cost$350.

(a) Calculate the woodworker’s total cost,C, to make1,
2, 5, 10, and20 rocking horses. GraphC againstn,
the number of rocking horses that he carves.

(b) Find a formula forC in terms ofn.
(c) What is the rate of change of the functionC? What

does the rate of change tell us about the wood-
worker’s expenses?

16. Table 1.28 gives the area and perimeter of a square as a
function of the length of its side.

(a) From the table, decide if either area or perimeter
could be a linear function of side length.

(b) From the data make two graphs, one showing area as
a function of side length, the other showing perime-
ter as a function of side length. Connect the points.

(c) If you find a linear relationship, give its correspond-
ing rate of change and interpret its significance.

Table 1.28

Length of side 0 1 2 3 4 5 6

Area of square 0 1 4 9 16 25 36

Perimeter of square 0 4 8 12 16 20 24

17. Make two tables, one comparing the radius of a circle to
its area, the other comparing the radius of a circle to its
circumference. Repeat parts (a), (b), and (c) from Prob-
lem 16, this time comparing radius with circumference,
and radius with area.

18. Sri Lanka is an island which experienced approximately
linear population growth from 1950 to 2000. On the other
hand, Afghanistan was torn by warfare in the 1980s and
did not experience linear nor near-linear growth.16

(a) Table 1.29 gives the population of these two coun-
tries, in millions. Which of these two countries is A
and which is B? Explain.

(b) What is the approximate rate of change of the linear
function? What does the rate of change represent in
practical terms?

(c) Estimate the population of Sri Lanka in 1988.

Table 1.29

Year 1950 1960 1970 1980 1990 2000

Population of country A 8.2 9.8 12.4 15.1 14.7 23.9

Population of country B 7.5 9.9 12.5 14.9 17.2 19.2

19. In each case, graph a linear function with the given rate
of change. Label and put scales on the axes.

(a) Increasing at2.1 inches/day
(b) Decreasing at1.3 gallons/mile

20. A new Toyota RAV4 costs$21,000. The car’s value de-
preciates linearly to$10,500 in three years time. Write a
formula which expresses its value,V , in terms of its age,
t, in years.

15World Health Organisation, www.who.int/csr/sars/country/en
16www.census.gov/ipc/www/idbsusum.html, accessed January 12, 2006.
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21. Table?? on page?? gives the temperature-depth profile,
T = f(d), in a borehole in Belleterre, Quebec, whereT
is the average temperature at a depthd.

(a) Couldf be linear?
(b) Graphf . What do you notice about the graph for

d ≥ 150?
(c) What can you say about the average rate of change

of f for d ≥ 150?

22. Outside the US, temperature readings are usually given
in degrees Celsius; inside the US, they are often given in
degrees Fahrenheit. The exact conversion from Celsius,
C, to Fahrenheit,F , uses the formula

F =
9
5
C + 32.

An approximate conversion is obtained by doubling the
temperature in Celsius and adding30◦ to get the equiva-
lent Fahrenheit temperature.

(a) Write a formula usingC andF to express the ap-
proximate conversion.

(b) How far off is the approximation if the Celsius tem-
perature is−5◦, 0◦, 15◦, 30◦?

(c) For what temperature (in Celsius) does the approxi-
mation agree with the actual formula?

23. Tuition cost T (in dollars) for part-time students at
Stonewall College is given byT = 300 + 200C, where
C represents the number of credits taken.

(a) Find the tuition cost for eight credits.
(b) How many credits were taken if the tuition was

$1700?
(c) Make a table showing costs for taking from one to

twelve credits. For each value ofC, give both the tu-
ition cost,T , and the cost per credit,T/C. Round to
the nearest dollar.

(d) Which of these values ofC has the smallest cost per
credit?

(e) What does the300 represent in the formula forT?
(f) What does the200 represent in the formula forT?

24. A company finds that there is a linear relationship be-
tween the amount of money that it spends on advertising
and the number of units it sells. If it spends no money on
advertising, it sells 300 units. For each additional$5000
spent, an additional 20 units are sold.

(a) If x is the amount of money that the company spends
on advertising, find a formula fory, the number of
units sold as a function ofx.

(b) How many units does the firm sell if it spends
$25,000 on advertising? $50,000?

(c) How much advertising money must be spent to sell
700 units?

(d) What is the slope of the line you found in part (a)?
Give an interpretation of the slope that relates units
sold and advertising costs.

25. A report by the US Geological Survey17 indicates that
glaciers in Glacier National Park, Montana, are shrink-
ing. Recent estimates indicate that the area covered by
glaciers has decreased from over 25.5 km2 in 1850 to
about 16.6 km2 in 1995. LetA = f(t) give the areat
years after 2000, and assume thatf(t) = 16.2 − 0.062t.
Explain what your answers to the following questions tell
you about glaciers.

(a) Give the slope andA-intercept.
(b) Evaluatef(15).
(c) How much glacier area disappears in 15 years?
(d) Solvef(t) = 12.

26. Graph the following function in the window−10 ≤ x ≤
10, −10 ≤ y ≤ 10. Is this graph a line? Explain.

y = −x
(

x − 1000
900

)

27. Graphy = 2x + 400 using the window−10 ≤ x ≤
10, −10 ≤ y ≤ 10. Describe what happens, and how
you can fix it by using a better window.

28. Graphy = 200x + 4 using the window−10 ≤ x ≤
10, −10 ≤ y ≤ 10. Describe what happens and how you
can fix it by using a better window.

29. Figure 1.23 shows the graph ofy = x2/1000 + 5 in
the window−10 ≤ x ≤ 10, −10 ≤ y ≤ 10. Discuss
whether this is a linear function.

Figure 1.23

30. The cost of a cab ride is given by the functionC =
1.50 + 2d, whered is the number of miles traveled and
C is in dollars. Choose an appropriate window and graph
the cost of a ride for a cab that travels no farther than a
10 mile radius from the center of the city.

17Glacier Retreat in Glacier National Park, Montana, http://www.nrmsc.usgs.gov/research/glacierretreat.htm, accessed
October 15, 2003.
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31. The graph of a linear functiony = f(x) passes through
the two points(a, f(a)) and(b, f(b)), wherea < b and
f(a) < f(b).

(a) Graph the function labeling the two points.
(b) Find the slope of the line in terms off , a, andb.

32. Let f(x) = 0.003 − (1.246x + 0.37).

(a) Calculate the following average rates of change:

(i)
f(2) − f(1)

2 − 1
(ii)

f(1) − f(2)
1 − 2

(iii)
f(3) − f(4)

3 − 4
(b) Rewritef(x) in the formf(x) = b + mx.

1.4 FORMULAS FOR LINEAR FUNCTIONS

To find a formula for a linear function we find values for the slope,m, and the vertical intercept,b
in the formulay = b + mx.

Finding a Formula for a Linear Function from a Table of Data

If a table of data represents a linear function, we first calculatem and then determineb.

Example 1 A grapefruit is thrown into the air. Its velocity,v, is a linear function oft, the time since it was
thrown. A positive velocity indicates the grapefruit is rising and a negative velocity indicates it is
falling. Check that the data in Table 1.30 corresponds to a linear function. Find a formula forv in
terms oft.

Table 1.30 Velocity of a grapefruitt seconds after being
thrown into the air

t, time (sec) 1 2 3 4

v, velocity (ft/sec) 48 16 −16 −48

Solution Figure 1.24 shows the data in Table 1.30. The points appear tofall on a line. To check that the
velocity function is linear, calculate the rates of change of v and see that they are constant. From
time t = 1 to t = 2, we have

Rate of change of velocity with time=
∆v

∆t
=

16 − 48

2 − 1
= −32.

For the next second, fromt = 2 to t = 3, we have

Rate of change=
∆v

∆t
=

−16 − 16

3 − 2
= −32.

You can check that the rate of change fromt = 3 to t = 4 is also−32.

1 2 3 4

−40

−20

20

40

t, time (sec)

v, velocity (ft/sec)

Figure 1.24: Velocity of a grapefruit is a linear function of time
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A formula forv is of the formv = b + mt. Sincem is the rate of change, we havem = −32
sov = b − 32t. The initial velocity (att = 0) is represented byb. We are not given the value ofv
whent = 0, but we can use any data point to calculateb. For example,v = 48 whent = 1, so

48 = b − 32 · 1,

which gives
b = 80.

Thus, a formula for the velocity isv = 80 − 32t.

What does the rate of change,m, in Example 1 tell us about the grapefruit? Think about the
units:

m =
∆v

∆t
=

Change in velocity
Change in time

=
−32 ft/sec

1 sec
= −32 ft/sec per second.

The value ofm, −32 ft/sec per second, tells us that the grapefruit’s velocity is decreasing by
32 ft/sec for every second that goes by. We say the grapefruitis accelerating at−32 ft/sec per
second. (The units ft/sec per second are often written ft/sec2. Negative acceleration is also called
deceleration.)18

Finding a Formula for a Linear Function from a Graph

We can calculate the slope,m, of a linear function using two points on its graph. Having foundm
we can use either of the points to calculateb, the vertical intercept.

Example 2 Figure 1.25 shows oxygen consumption as a function of heart rate for two people.

(a) Assuming linearity, find formulas for these two functions.
(b) Interpret the slope of each graph in terms of oxygen consumption.

(100, 1)

(100, 0.6)

(160, 1.6)

(160, 1)

40 80 120 160 200

1

2 Person A

Person B

x, heart rate
(beats/min)

y, oxygen consumption
(liters/minute)

Figure 1.25: Oxygen consumption of two people running on treadmills

18The notation ft/sec2 is shorthand for ft/sec per second; it does not mean a “squaresecond” in the same way that areas
are measured square feet or square meters.
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Solution (a) Let x be heart rate and lety be oxygen consumption. Since we are assuming linearity,y =
b + mx. The two points on person A’s line,(100, 1) and(160, 1.6), give

Slope ofA’s line = m =
∆y

∆x
=

1.6 − 1

160 − 100
= 0.01.

Thusy = b + 0.01x. To findb, use the fact thaty = 1 whenx = 100:

1 = b + 0.01(100)

1 = b + 1

b = 0.

Alternatively,b can be found using the fact thatx = 160 if y = 1.6. Either way leads to the
formulay = 0.01x.

For person B, we again begin with the formulay = b + mx. In Figure 1.25, two points on
B’s line are(100, 0.6) and(160, 1), so

Slope ofB’s line = m =
∆y

∆x
=

1 − 0.6

160 − 100
=

0.4

60
≈ 0.0067.

To find b, use the fact thaty = 1 whenx = 160:

1 = b + (0.4/60) · 160

1 = b + 1.067

b = −0.067.

Thus, for person B, we havey = −0.067 + 0.0067x.
(b) The slope for person A ism = 0.01, so

m =
Change in oxygen consumption

Change in heart rate
=

Change in liters/min
Change in beats/min

= 0.01
liters

heart beat
.

Every additional heart beat (per minute) for person A translates to an additional 0.01 liters (per
minute) of oxygen consumed.

The slope for person B ism = 0.0067. Thus, for every additional beat (per minute), person
B consumes an additional0.0067 liter of oxygen (per minute). Since the slope for person B
is smaller than for person A, person B consumes less additional oxygen than person A for the
same increase in pulse.

What do they-intercepts of the functions in Example 2 say about oxygen consumption? Often
they-intercept of a function is a starting value. In this case, the y-intercept would be the oxygen
consumption of a person whose pulse is zero (i.e.x = 0). Since a person running on a treadmill
must have a pulse, in this case it makes no sense to interpret they-intercept this way. The formula
for oxygen consumption is useful only for realistic values of the pulse.

Finding a Formula for a Linear Function from a Verbal Description

Sometimes the verbal description of a linear function is less straightforward than those we saw in
Section 1.3. Consider the following example.
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Example 3 We have$24 to spend on soda and chips for a party. A six-pack of soda costs$3 and a bag of chips
costs$2. The number of six-packs we can afford,y, is a function of the number of bags of chips we
decide to buy,x.
(a) Find an equation relatingx andy.
(b) Graph the equation. Interpret the intercepts and the slope in the context of the party.

Solution (a) If we spend all $24 on soda and chips, then we have the following equation:

Amount spent on chips+ Amount spent on soda= $24.

If we buyx bags of chips at$2 per bag, then the amount spent on chips is$2x. Similarly, if we
buyy six-packs of soda at$3 per six-pack, then the amount spent on soda is$3y. Thus,

2x + 3y = 24.

We can solve fory, giving

3y = 24 − 2x

y = 8 −
2

3
x.

This is a linear function with slopem = −2/3 andy-interceptb = 8.
(b) The graph of this function is a discrete set of points, since the number of bags of chips and the

number of six-packs of soda must be (nonnegative) integers.
To find they-intercept, we setx = 0, giving

2 · 0 + 3y = 24.

So3y = 24, giving y = 8.
Substitutingy = 0 gives thex-intercept,

2x + 3 · 0 = 24.

So2x = 24, givingx = 12. Thus the points(0, 8) and(12, 0) are on the graph.
The point(0, 8) indicates that we can buy8 six-packs of soda if we buy no chips. The point

(12, 0) indicates that we can buy12 bags of chips if we buy no soda. The other points on the
line describe affordable options between these two extremes. For example, the point(6, 4) is on
the line, because

2 · 6 + 3 · 4 = 24.

This means that if we buy6 bags of chips, we can afford4 six-packs of soda.

6 12

4

8

x, chips (bags)

y, soda (six­packs)
� All soda and

no chips

� Some soda and
some chips

	

All chips
and no soda

Figure 1.26: Relation between the number of six-packs,y, and the number of bags of chips,x
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The points marked in Figure 1.26 represent affordable options. All affordable options lie on
or below the line2x + 3y = 24. Not all points on the line are affordable options. For example,
suppose we purchase one six-pack of soda for$3.00. That leaves$21.00 to spend on chips,
meaning we would have to buy 10.5 bags of chips, which is not possible. Therefore, the point
(10.5, 1) is not an option, although it is a point on the line2x + 3y = 24.

To interpret the slope, notice that

m =
∆y

∆x
=

Change in number of six-packs
Change in number of bags of chips

,

so the units ofm are six-packs of soda per bags of chips. The fact thatm = −2/3 means that
for each additional3 bags of chips purchased, we can purchase2 fewer six-packs of soda. This
occurs because2 six-packs cost$6, the same as3 bags of chips. Thus,m = −2/3 is the rate at
which the amount of soda we can buy decreases as we buy more chips.

Alternative Forms for the Equation of a Line

In Example 3, the equation2x + 3y = 24 represents a linear relationship betweenx andy even
though the equation is not in the formy = b + mx. The following equations represent lines.

• Theslope-intercept formis
y = b + mx wherem is the slope andb is they-intercept.

• Thepoint-slope formis
y − y0 = m(x − x0) wherem is the slope and(x0, y0) is a point on the line.

• Thestandard formis
Ax + By + C = 0 whereA, B, andC are constants.

If we know the slope of a line and the coordinates of a point on the line, it is often convenient
to use the point-slope form of the equation.

Example 4 Use the point-slope form to find the equation of the line for the oxygen consumption of Person A in
Example 2.

Solution In Example 2, we found the slope of personA’s line to bem = 0.01. Since the point(100, 1) lies
on the line, the point-slope form gives the equation

y − 1 = 0.01(x − 100).

To check that this gives the same equation we got in Example 2,we multiply out and simplify:

y − 1 = 0.01x− 1

y = 0.01x.

Alternatively, we could have used the point(160, 1.6) instead of(100, 1), giving

y − 1.6 = 0.01(x − 160).

Multiplying out again givesy = 0.01x.
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Exercises and Problems for Section 1.4

Exercises

If possible, rewrite the equations in Exercises 1–9 in slope-
intercept form,y = b + mx.

1. 5(x + y) = 4 2. 3x + 5y = 20

3. 0.1y + x = 18 4. 5x − 3y + 2 = 0

5. y − 0.7 = 5(x − 0.2) 6. y = 5

7. 3x + 2y + 40 = x − y 8. x = 4

9.
x + y

7
= 3

Is each function in Exercises 10–15 linear? If so, rewrite itthe
form y = b + mx.

10. g(w) = −
1 − 12w

3
11. F (P ) = 13 −

2−1

4
P

12. j(s) = 3s−1 + 7 13. C(r) = 2πr

14. h(x) = 3x + 12 15. f(x) = m2x + n2

Find formulas for the linear functions in Exercises 16–23.

16. Slope−4 andx-intercept7
17. Slope3 andy-intercept8
18. Passes through the points(−1, 5) and(2, −1)
19. Slope2/3 and passes through the point(5, 7)
20. Hasx-intercept3 andy-intercept−5
21. Slope0.1, passes through(−0.1, 0.02)
22. Functionf hasf(0.3) = 0.8 andf(0.8) = −0.4
23. Functionf hasf(−2) = 7 andf(3) = −3.

Exercises 24–30 give data from a linear function. Find a for-
mula for the function.

24.
Year,t 0 1 2

Value of computer,$V = f(t) 2000 1500 1000

25.
Price per bottle,p ($) 0.50 0.75 1.00

Number of bottles sold,q = f(p) 1500 1000 500

26.
Temperature,y = f(x) (◦C) 0 5 20

Temperature,x (◦F) 32 41 68

27.
Temperature,y = f(x), (◦R) 459.7 469.7 489.7

Temperature,x (◦F) 0 10 30

28.

5 10 20

150000
175000

225000

h, height of
apartment (m)

p, price of apartment ($)

29.

60 120144

5

10

12

n, number of different
medicines stocked

u, meters of shelf space used

30.

4 12 17

0.5

3

7

q, cups of tea drunk

s, hours of sleep obtained
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Problems

31. Find the equation of the linel, shown in Figure 1.27, if
its slope ism = 4.

2

P

l

y = x2

x

y

Figure 1.27

32. Find a formula for the line intersecting the graph off(x)
atx = 1 andx = 3, where

f(x) =
10

x2 + 1
.

33. Find a formula for the linear functionh(t) whose graph
intersects the graph ofj(t) = 30(0.2)t at t = −2 and
t = 1.

34. Find the equation of the linel in Figure 1.28. The shapes
under the line are squares.

l

y

x

Area= 13
Area= 8

Figure 1.28

35. Find the equation of linel in Figure 1.29.

2

8

x

y

l
y = x2 + 1

P

Q

Figure 1.29

36. Find an equation for the linel in Figure 1.30 in terms of
the constantA and values of the functionf .

A

l

(A, f(A))

y = f(x)

x

y

Figure 1.30

37. A bullet is shot straight up into the air from ground level.
After t seconds, the velocity of the bullet, in meters per
second, is approximated by the formula

v = f(t) = 1000 − 9.8t.

(a) Evaluate the following:f(0), f(1), f(2), f(3),
f(4). Compile your results in a table.

(b) Describe in words what is happening to the speed of
the bullet. Discuss why you think this is happening.

(c) Evaluate and interpret the slope and both intercepts
of f(t).

(d) The gravitational field near the surface of Jupiter
is stronger than that near the surface of the earth,
which, in turn, is stronger than the field near the sur-
face of the moon. How is the formula forf(t) dif-
ferent for a bullet shot from Jupiter’s surface? From
the moon?

38. In a college meal plan you pay a membership fee; then
all your meals are at a fixed price per meal.

(a) If 30 meals cost$152.50 and 60 meals cost$250,
find the membership fee and the price per meal.

(b) Write a formula for the cost of a meal plan,C, in
terms of the number of meals,n.

(c) Find the cost for 50 meals.
(d) Findn in terms ofC.
(e) Use part (d) to determine the maximum number of

meals you can buy on a budget of$300.

39. John wants to buy a dozen rolls. The local bakery sells
sesame and poppy seed rolls for the same price.

(a) Make a table of all the possible combinations of rolls
if he buys a dozen, wheres is the number of sesame
seed rolls andp is the number of poppy seed rolls.

(b) Find a formula forp as a function ofs.
(c) Graph this function.
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40. A theater manager graphed weekly profits as a function
of the number of patrons and found that the relationship
was linear. One week the profit was$11,328 when 1324
patrons attended. Another week 1529 patrons produced a
profit of $13,275.50.

(a) Find a formula for weekly profit,y, as a function of
the number of patrons,x.

(b) Interpret the slope and they-intercept.
(c) What is the break-even point (the number of patrons

for which there is zero profit)?
(d) Find a formula for the number of patrons as a func-

tion of profit.
(e) If the weekly profit was$17,759.50, how many pa-

trons attended the theater?

41. The demand for gasoline can be modeled as a linear func-
tion of price. If the price of gasoline isp = $2.10 per gal-
lon, the quantity demanded in a fixed period isq = 65
gallons. If the price rises to$2.50 per gallon, the quantity
demanded falls to45 gallons in that period.

(a) Find a formula forq in terms ofp.
(b) Explain the economic significance of the slope of

your formula.
(c) Explain the economic significance of theq-axis and

p-axis intercepts.

42. An empty champagne bottle is tossed from a hot-air bal-
loon. Its upward velocity is measured every second and
recorded in Table 1.31.

(a) Describe the motion of the bottle in words. What do
negative values ofv represent?

(b) Find a formula forv in terms oft.
(c) Explain the physical significance of the slope of your

formula.
(d) Explain the physical significance of thet-axis and

v-axis intercepts.

Table 1.31

t (sec) 0 1 2 3 4 5

v (ft/sec) 40 8 −24 −56 −88 −120

43. A business consultant works 10 hours a day, 6 days a
week. She divides her time between meetings with clients
and meetings with co-workers. A client meeting requires
3 hours while a co-worker meeting requires 2 hours. Let
x be the number of co-worker meetings the consultant
holds during a given week. Ify is the number of client
meetings for which she has time remaining, theny is a

function ofx. Assume this relationship is linear and that
meetings can be split up and continued on different days.

(a) Graph the relationship betweeny andx. [Hint: Con-
sider the maximum number of client and co-worker
meetings that can be held.]

(b) Find a formula fory as a function ofx.
(c) Explain what the slope and thex- andy-intercepts

represent in the context of the consultant’s meeting
schedule.

(d) A change is made so that co-worker meetings take
90 minutes instead of 2 hours. Graph this situa-
tion. Describe those features of this graph that have
changed from the one sketched in part (a) and those
that have remained the same.

44. The development time,t, of an organism is the number
of days required for the organism to mature, and the de-
velopment rate is defined asr = 1/t. In cold-blooded
organisms such as insects, the development rate depends
on temperature: the colder it is, the longer the organ-
ism takes to develop. For such organisms, the degree-day
model19 assumes that the development rater is a linear
function of temperatureH (in ◦C):

r = b + kH.

(a) According to the degree-day model, there is a min-
imum temperatureHmin below which an organism
never matures. Find a formula forHmin in terms of
the constantsb andk.

(b) DefineS asS = (H − Hmin)t, whereS is the num-
ber of degree-days. That is,S is the number of days
t times the number of degrees betweenH andHmin.
Use the formula forr to show thatS is a constant.
In other words, find a formula forS that does not
involveH . Your formula will involvek.

(c) A certain organism requirest = 25 days to develop
at a constant temperature ofH = 20◦C and has
Hmin = 15◦C. Using the fact thatS is a constant,
how many days does it take for this organism to de-
velop at a temperature of 25◦C?

(d) In part (c) we assumed that the temperatureH is
constant throughout development. If the tempera-
ture varies from day to day, the number of degree-
days can be accumulated until they totalS, at which
point the organism completes development. For in-
stance, suppose on the first day the temperature is
H = 20◦C and that on the next day it isH = 22◦C.
Then for these first two days

Total number of degree days

= (20 − 15) · 1 + (22 − 15) · 1 = 12.

19Information drawn from a web site created by Dr. Alexei A. Sharov at the Virginia Polytechnic Institute,
http://www.ento.vt.edu/ sharov/PopEcol/popecol.html.
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Based on Table 1.32, on what day does the organism
reach maturity?

Table 1.32

Day 1 2 3 4 5 6 7 8 9 10 11 12

H (◦C) 20 22 27 28 27 31 29 30 28 25 24 26

45. (Continuation of Problem 44.) Table 1.33 gives the de-
velopment timet (in days) for an insect as a function of
temperatureH (in ◦C).

(a) Find a linear formula forr, the development rate, in
terms ofH .

(b) Find the value ofS, the number of degree-days re-
quired for the organism to mature.

Table 1.33

H, ◦C 20 22 24 26 28 30

t, days 14.3 12.5 11.1 10.0 9.1 8.3

46. Describe a linear (or nearly linear) relationship that you
have encountered outside the classroom. Determine the
rate of change and interpret it in practical terms.

1.5 GEOMETRIC PROPERTIES OF LINEAR FUNCTIONS

Interpreting the Parameters of a Linear Function

The slope-intercept form for a linear function isy = b + mx, whereb is they-intercept andm is
the slope. The parametersb andm can be used to compare linear functions.

Example 1 With time,t, in years, the populations of four towns,PA, PB, PC andPD, are given by the following
formulas:

PA = 20,000 + 1600t, PB = 50,000− 300t, PC = 650t + 45,000, PD = 15,000(1.07)t.

(a) Which populations are represented by linear functions?
(b) Describe in words what each linear model tells you about that town’s population. Which town

starts out with the most people? Which town is growing fastest?

Solution (a) The populations of townsA, B, andC are represented by linear functions because they are
written in the formP = b + mt. TownD’s population does not grow linearly since its formula,
PD = 15,000(1.07)t, cannot be expressed in the formPD = b + mt.

(b) For townA, we have
PA = 20,000︸ ︷︷ ︸

b

+ 1600︸︷︷︸
m

·t,

so b = 20,000 andm = 1600. This means that in yeart = 0, town A has20,000 people. It
grows by 1600 people per year.

For townB, we have
PB = 50,000︸ ︷︷ ︸

b

+ (−300)
︸ ︷︷ ︸

m

·t,

sob = 50,000 andm = −300. This means that townB starts with50,000 people. The negative
slope indicates that the population is decreasing at the rate of 300 people per year.

For townC, we have
PC = 45,000︸ ︷︷ ︸

b

+ 650︸︷︷︸
m

·t,

sob = 45,000 andm = 650. This means that townC begins with45,000 people and grows by
650 people per year.

TownB starts out with the most people,50,000, but townA, with a rate of change of 1600
people per year, grows the fastest of the three towns that grow linearly.
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The Effect of the Parameters on the Graph of a Linear Function

The graph of a linear function is a line. Changing the values of b andm gives different members of
the family of linear functions. In summary:

Let y = b + mx. Then the graph ofy againstx is a line.
• They-intercept,b, tells us where the line crosses they-axis.

• If the slope,m, is positive, the line climbs from left to right. If the slope, m, is negative,
the line falls from left to right.

• The slope,m, tells us how fast the line is climbing or falling.

• The larger the magnitude ofm (either positive or negative), the steeper the graph off .

Example 2 (a) Graph the three linear functionsPA, PB, PC from Example 1 and show how to identify the
values ofb andm from the graph.

(b) GraphPD from Example 1 and explain how the graph showsPD is not a linear function.

Solution (a) Figure 1.31 gives graphs of the three functions:

PA = 20,000 + 1600t, PB = 50,000− 300t, and PC = 45,000 + 650t.

5 10 15 20

10,000

20,000

30,000

40,000

50,000

60,000 }
Graph of PA (m = 1600)
climbs faster than the
graph of PC (m = 650)

PA

PB

PC

I
Graph of PB (m = −300)
falls

t, time (years)

P , population

Figure 1.31: Graphs of three linear functions,PA, PB , andPC ,
showing starting values and rates of climb

5 10 15 20

10,000

20,000

30,000

40,000

50,000

60,000
PD = 15,000(1.07)t

t, time (years)

P , population

Figure 1.32: Graph ofPD = 15,000(1.07)t is not a line

The values ofb identified in Example 1 tell us the vertical intercepts. Figure 1.31 shows
that the graph ofPA crosses theP -axis atP = 20,000, the graph ofPB crosses atP = 50,000,
and the graph ofPC crosses atP = 45,000.

Notice that the graphs ofPA andPC are both climbing and thatPA climbs faster thanPC .
This corresponds to the fact that the slopes of these two functions are positive (m = 1600 for
PA andm = 650 for PC ) and the slope ofPA is larger than the slope ofPC .

The graph ofPB falls when read from left to right, indicating that population decreases
over time. This corresponds to the fact that the slope ofPC is negative (m = −300).

(b) Figure 1.32 gives a graph ofPD. Since it is not a line,PD is not a linear function.

Intersection of Two Lines

To find the point at which two lines intersect, notice that the(x, y)-coordinates of such a point must
satisfy the equations for both lines. Thus, in order to find the point of intersection algebraically,
solve the equations simultaneously.20

20If you have questions about the algebra in this section, see the Tools Section on page 55.
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If linear functions are modeling real quantities, their points of intersection often have practical
significance. Consider the next example.

Example 3 The cost in dollars of renting a car for a day from three different rental agencies and driving itd
miles is given by the following functions:

C1 = 50 + 0.10d, C2 = 30 + 0.20d, C3 = 0.50d.

(a) Describe in words the daily rental arrangements made by each of these three agencies.
(b) Which agency is cheapest?

Solution (a) Agency1 charges$50 plus$0.10 per mile driven. Agency2 charges$30 plus$0.20 per mile.
Agency3 charges$0.50 per mile driven.

(b) The answer depends on how far we want to drive. If we are notdriving far, agency3 may be
cheapest because it only charges for miles driven and has no other fees. If we want to drive a
long way, agency1 may be cheapest (even though it charges$50 up front) because it has the
lowest per-mile rate.

The three functions are graphed in Figure 1.33. The graph shows that ford up to100 miles,
the value ofC3 is less thanC1 andC2 because its graph is below the other two. Ford between
100 and200 miles, the value ofC2 is less thanC1 andC3. Ford more than200 miles, the value
of C1 is less thanC2 andC3.

By graphing these three functions on a calculator, we can estimate the coordinates of the
points of intersection by tracing. To find the exact coordinates, we solve simultaneous equations.
Starting with the intersection of linesC1 andC2, we set the costs equal,C1 = C2, and solve
for d:

50 + 0.10d = 30 + 0.20d

20 = 0.10d

d = 200.

Thus, the cost of driving200 miles is the same for agencies 1 and 2. SolvingC2 = C3 gives

30 + 0.20d = 0.50d

0.30d = 30

d = 100,

which means the cost of driving100 miles is the same for agencies 2 and 3.
Thus, agency3 is cheapest up to100 miles. Agency1 is cheapest for more than200 miles.

Agency 2 is cheapest between 100 and 200 miles. See Figure 1.33. Notice that the point of
intersection ofC1 andC3, (125, 62.5), does not influence our decision as to which agency is
the cheapest.
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100 125 200

50

100

C3

C1

C2

d (miles driven)

C , cost ($)

Figure 1.33: Cost of driving a card miles when renting from three
different agencies. Cheapest agency corresponds to the lowest

graph for a givend value

Equations of Horizontal and Vertical Lines

An increasing linear function has positive slope and a decreasing linear function has negative slope.
What about a line with slopem = 0? If the rate of change of a quantity is zero, then the quantity
does not change. Thus, if the slope of a line is zero, the valueof y must be constant. Such a line is
horizontal.

Example 4 Explain why the equationy = 4 represents a horizontal line and the equationx = 4 represents a
vertical line.

Solution The equationy = 4 represents a linear function with slopem = 0. To see this, notice that this
equation can be rewritten asy = 4 + 0 · x. Thus, the value ofy is 4 no matter what the value ofx
is. See Figure 1.34. Similarly, the equationx = 4 means thatx is 4 no matter what the value ofy is.
Every point on the line in Figure 1.35 hasx equal to4, so this line is the graph ofx = 4.

−2 −1 1 2

1
2
3

5
6
7
8

(−2, 4) (−1, 4) (1, 4) (2, 4)

x

y

	

Value of y is 4
no matter what
the value of x is

? ?

Figure 1.34: The horizontal liney = 4 has slope0

1 2 3 4 5 6 7 8

1
2
3

x

y

(4, 3) � Value of x is 4
no matter what
the value of y is

(4, 1) �

	

(4, −1)

Figure 1.35: The vertical linex = 4 has an undefined slope

What is the slope of a vertical line? Figure 1.35 shows three points,(4,−1), (4, 1), and(4, 3)
on a vertical line. Calculating the slope, gives

m =
∆y

∆x
=

3 − 1

4 − 4
=

2

0
.
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The slope is undefined because the denominator,∆x, is 0. The slope of every vertical line is unde-
fined for the same reason. All thex-values on such a line are equal, so∆x is 0, and the denominator
of the expression for the slope is0. A vertical line is not the graph of a function, since it failsthe
vertical line test. It does not have an equation of the formy = b + mx.

In summary,

For any constantk:
• The graph of the equationy = k is a horizontal line and its slope is zero.

• The graph of the equationx = k is a vertical line and its slope is undefined.

Slopes of Parallel and Perpendicular Lines

Figure 1.36 shows two parallel lines. These lines are parallel because they have equal slopes.

l1
l2

Figure 1.36: Parallel lines:
l1 andl2 have equal slopes

l1

l2

Figure 1.37: Perpendicular lines:l1 has a positive slope and
l2 has a negative slope

What about perpendicular lines? Two perpendicular lines are graphed in Figure 1.37. We can
see that if one line has a positive slope, then any perpendicular line must have a negative slope.
Perpendicular lines have slopes with opposite signs.

We show that ifl1 andl2 are two perpendicular lines with slopes,m1 andm2, thenm1 is the
negative reciprocal ofm2. If m1 andm2 are not zero, we have the following result:

Let l1 andl2 be two lines having slopesm1 andm2, respectively. Then:
• These lines are parallel if and only ifm1 = m2.

• These lines are perpendicular if and only ifm1 = −
1

m2

.

In addition, any two horizontal lines are parallel andm1 = m2 = 0. Any two vertical lines
are parallel andm1 andm2 are undefined. A horizontal line is perpendicular to a vertical line. See
Figures 1.38–1.40.

l1 : y = 5

l2 : y = −3

x

y

Figure 1.38: Any two horizontal
lines are parallel

l3 : x = −3 l4 : x = 2

x

y

Figure 1.39: Any two vertical lines
are parallel

l5 : x = −2

l6 : y = 4

x

y

Figure 1.40: A horizontal line and a
vertical line are perpendicular
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Justification of Formula for Slopes of Perpendicular Lines

Figure 1.41 showsl1 andl2, two perpendicular lines with slopem1 andm2. Neither line is horizontal
or vertical, som1 andm2 are both defined and nonzero. We will show that

m1 = −
1

m2

,

We use the two triangles,∆PQR and∆SPR. We show that∆PQR and∆SPR are similar by
showing that corresponding angles have equal measure. The line PR is horizontal, so6 QRP =
6 SRP since both are right angles. Since∆QPS is a right triangle,6 S is complementary to6 Q
(that is, 6 S and 6 Q add to90◦). Since∆QRP is a right triangle,6 QPR is complementary to6 Q.
Therefore6 S = 6 QPR. Since two pairs of angles in∆PQR and∆SPR have equal measure, the
third must be equal also; the triangles are similar.

Corresponding sides of similar triangles are proportional. (See Figure 1.42.) Therefore,

‖RS‖

‖RP‖
=

‖RP‖

‖RQ‖
,

where‖RS‖ means the length of sideRS.
Next, we calculatem1 using pointsS andP , and we calculatem2 using pointsQ andP . In

Figure 1.41, we see that

∆x = ‖RP‖, ∆y1 = ‖RS‖, and ∆y2 = −‖RQ‖,

where∆y2 is negative becausey-values of points onl2 decrease asx increases. Thus,

m1 =
∆y1

∆x
=

‖RS‖

‖RP‖
and m2 =

∆y2

∆x
= −

‖RQ‖

‖RP‖
.

Therefore, using the result obtained from the similar triangles, we have

m1 =
‖RS‖

‖RP‖
=

‖RP‖

‖RQ‖
= −

1

m2

.

Thus,m1 = −1/m2.

S

R

Q

P

y

x

l1

l2

6

?

∆y1

6
?

∆y2

-�∆x

Figure 1.41

R P

Q

R

P

S

Figure 1.42
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Exercises and Problems for Section 1.5

Exercises

1. Without a calculator, match the functions (a)–(c) to the
graphs (i)–(iii).

(a) f(x) = 3x + 1 (b) g(x) = −2x + 1
(c) h(x) = 1

−2 2

−2

2

x

(i)

−2 2

−2

2

x

(ii)

−2 2

−2

2

x

(iii)

2. Without a calculator, match the equations (a)–(g) to the
graphs (I)–(VII).

(a) y = x − 5 (b) −3x + 4 = y

(c) 5 = y (d) y = −4x − 5
(e) y = x + 6 (f) y = x/2
(g) 5 = x

x

y

(I)

x

y

(II)

x

y

(III)

x

y

(IV)

x

y

(V)

x

y

(VI)

x

y

(VII)

In Exercises 3–5, which line has the greater

(a) Slope? (b) y-intercept?

3. y = −1 + 2x, y = −2 + 3x

4. y = 3 + 4x, y = 5 − 2x

5. y = 1

4
x, y = 1 − 6x

6. Figure 1.43 gives lines,A, B, C, D, andE. Without a
calculator, match each line tof, g, h, u or v:

f(x) = 20 + 2x

g(x) = 20 + 4x

h(x) = 2x − 30
u(x) = 60 − x

v(x) = 60 − 2x

BA

C

D

E

x

y

Figure 1.43

7. Without a calculator, match the following functions to the
lines in Figure 1.44:

f(x) = 5 + 2x

g(x) = −5 + 2x

h(x) = 5 + 3x

j(x) = 5 − 2x

k(x) = 5 − 3x

A

B

C

D
E

x

Figure 1.44

8. (a) By hand, graphy = 3 andx = 3.
(b) Can the equations in part (a) be written in slope-

intercept form?

Are the lines in Exercises 9–14 perpendicular? Parallel? Nei-
ther?

9. y = 5x − 7; y = 5x + 8

10. y = 4x + 3; y = 13 − 1

4
x

11. y = 2x + 3 y = 2x − 7

12. y = 4x + 7 y = 1

4
x − 2

13. f(q) = 12q + 7; g(q) = 1

12
q + 96

14. 2y = 16 − x; 4y = −8 − 2x

Problems

15. Find a formula for the line parallel to the liney = 20−4x
and containing the point(3, 12).

16. Find the equation of the linear functiong whose graph
is perpendicular to the line5x − 3y = 6; the two lines
intersect atx = 15.

17. Line l is given byy = 3 − 2

3
x and pointP has coordi-

nates(6, 5).

(a) Find the equation of the line containingP and par-
allel to l.

(b) Find the equation of the line containingP and per-
pendicular tol.

(c) Graph the equations in parts (a) and (b).



42 Chapter One LINEAR FUNCTIONS AND CHANGE

18. Fill in the missing coordinates for the points in the fol-
lowing figures.

(a) The triangle in Figure 1.45.
(b) The parallelogram in Figure 1.46.

x

y

( , ) (c, 0)

(a, b)

P

Figure 1.45

(−c, )

B

( , b)
A

( , )
C

(a, )

D
x

y

Figure 1.46

19. Using the window−10 ≤ x ≤ 10, −10 ≤ y ≤ 10,
graphy = x, y = 10x, y = 100x, andy = 1000x.

(a) Explain what happens to the graphs of the lines as
the slopes become large.

(b) Write an equation of a line that passes through the
origin and is horizontal.

20. Graphy = x + 1, y = x + 10, andy = x + 100 in the
window −10 ≤ x ≤ 10, −10 ≤ y ≤ 10.

(a) Explain what happens to the graph of a line,y =
b + mx, asb becomes large.

(b) Write a linear equation whose graph cannot be seen
in the window−10 ≤ x ≤ 10, −10 ≤ y ≤ 10
because all itsy-values are less than they-values
shown.

21. The graphical interpretation of the slope is that it shows
steepness. Using a calculator or a computer, graph the
functiony = 2x − 3 in the following windows:

(a) −10 ≤ x ≤ 10 by −10 ≤ y ≤ 10
(b) −10 ≤ x ≤ 10 by −100 ≤ y ≤ 100
(c) −10 ≤ x ≤ 10 by −1000 ≤ y ≤ 1000
(d) Write a sentence about how steepness is related to

the window being used.

22. Find the coordinates of pointP in Figure 1.47.

1−1

3
P

x

y

Figure 1.47

23. Estimate the slope of the line in Figure 1.48 and find an
approximate equation for the line.

5 10

2

4

x

y

Figure 1.48

24. Line l in Figure 1.49 is parallel to the liney = 2x + 1.
Find the coordinates of the pointP .

(0, −2)

P

y = 2x + 1

l

x

y

Figure 1.49

25. Find the equation of the linel2 in Figure 1.50.

x

y

2

3
l1

l2

Figure 1.50

In Problems 26–27, what is true about the constantβ in the
following linear equation if its graph has the given property?

y =
x

β − 3
+

1
6 − β

.

26. Positive slope, positivey-intercept.

27. Perpendicular to the liney = (β − 7)x − 3.
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28. A circle of radius 2 is centered at the origin and goes
through the point(−1,

√
3).

(a) Find an equation for the line through the origin and
the point(−1,

√
3).

(b) Find an equation for the tangent line to the circle at
(−1,

√
3). [Hint: A tangent line is perpendicular to

the radius at the point of tangency.]

29. Find an equation for the altitude through pointA of the
triangleABC, whereA is (−4, 5), B is (−3, 2), andC
is (9, 8). [Hint: The altitude of a triangle is perpendicular
to the base.]

30. The cost of a Frigbox refrigerator is$950, and it depreci-
ates$50 each year. The cost of an Arctic Air refrigerator
is $1200, and it depreciates$100 per year.

(a) If a Frigbox and an Arctic Air are bought at the
same time, when do the two refrigerators have equal
value?

(b) If both refrigerators continue to depreciate at the
same rates, what happens to the values of the refrig-
erators in 20 years time? What does this mean?

31. You need to rent a car and compare the charges of three
different companies. Company A charges 20 cents per
mile plus $20 per day. Company B charges 10 cents per
mile plus $35 per day. Company C charges $70 per day
with no mileage charge.

(a) Find formulas for the cost of driving cars rented
from companies A, B, and C, in terms ofx, the dis-
tance driven in miles in one day.

(b) Graph the costs for each company for0 ≤ x ≤ 500.
Put all three graphs on the same set of axes.

(c) What do the slope and the vertical intercept tell you
in this situation?

(d) Use the graph in part (b) to find under what cir-
cumstances company A is the cheapest? What about
Company B? Company C? Explain why your results
make sense.

32. You want to choose one long-distance telephone com-
pany from the following options.

• Company A charges$0.37 per minute.
• Company B charges$13.95 per month plus$0.22

per minute.
• Company C charges a fixed rate of$50 per month.

Let YA, YB, YC represent the monthly charges using
Company A, B, and C, respectively. Letx be the num-
ber of minutes per month spent on long distance calls.

(a) Find formulas forYA, YB , YC as functions ofx.
(b) Figure 1.51 gives the graphs of the functions in part

(a). Which function corresponds to which graph?

(c) Find thex-values for which Company B is cheapest.

50 100 150 200

15

30

45

60

75

x

Figure 1.51

33. The solid waste generated each year in the cities of the
US is increasing.21 The solid waste generated, in millions
of tons, was 88.1 in 1960 and 234 in 2000. The trend ap-
pears linear during this time.

(a) Construct a formula for the amount of municipal
solid waste generated in the US by finding the equa-
tion of the line through these two points.

(b) Use this formula to predict the amount of municipal
solid waste generated in the US, in millions of tons,
in the year 2020.

34. Fill in the missing coordinates in Figure 1.52. Write an
equation for the line connecting the two points. Check
your answer by solving the system of two equations.

1 4

( , )

( , )
y =

√
x

x

y

Figure 1.52

35. Two lines are given byy = b1 +m1x andy = b2 +m2x,
whereb1, b2, m1, andm2 are constants.

(a) What conditions are imposed onb1, b2, m1, andm2

if the two lines have no points in common?
(b) What conditions are imposed onb1, b2, m1, andm2

if the two lines have all points in common?
(c) What conditions are imposed onb1, b2, m1, andm2

if the two lines have exactly one point in common?
(d) What conditions are imposed onb1, b2, m1, andm2

if the two lines have exactly two points in common?

21www.epa.gov/aeposwer/non-hw/muncpl/pubs/MSW05rpt.pdf, accessed January 10, 2006.
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36. A commission is a payment made to an employee based
on a percentage of sales made. For example, car sales-
people earn commission on the selling price of a car. In
parts (a)–(d), explain how to choose between the options
for different levels of sales.

(a) A weekly salary of$100 or a weekly salary of$50
plus10% commission.

(b) A weekly salary of$175 plus 7% commission or a
weekly salary of$175 plus8% commission.

(c) A weekly salary of$145 plus 7% commission or a
weekly salary of$165 plus7% commission.

(d) A weekly salary of$225 plus 3% commission or a
weekly salary of$180 plus6% commission.

1.6 FITTING LINEAR FUNCTIONS TO DATA

When real data are collected in the laboratory or the field, they are often subject to experimental
error. Even if there is an underlying linear relationship between two quantities, real data may not
fit this relationship perfectly. However, even if a data set does not perfectly conform to a linear
function, we may still be able to use a linear function to helpus analyze the data.

Laboratory Data: The Viscosity of Motor Oil

The viscosity of a liquid, or its resistance to flow, depends on the liquid’s temperature. Pancake
syrup is a familiar example: straight from the refrigerator, it pours very slowly. When warmed on
the stove, its viscosity decreases and it becomes quite runny.

The viscosity of motor oil is a measure of its effectiveness as a lubricant in the engine of a
car. Thus, the effect of engine temperature is an important determinant of motor-oil performance.
Table 1.34 gives the viscosity,v, of motor oil as measured in the lab at different temperatures,T .

Table 1.34 The measured viscosity,v, of motor oil
as a function of the temperature,T

T , temperature (◦F) v, viscosity (lbs·sec/in2)

160 28

170 26

180 24

190 21

200 16

210 13

220 11

230 9

160 200 230

10

20

30

T , temperature (◦F)

v, viscosity
(lbs·sec/in2)

Figure 1.53: The viscosity data from Table 1.34

The scatter plotof the data in Figure 1.53 shows that the viscosity of motor oil decreases,
approximately linearly, as its temperature rises. To find a formula relating viscosity and temperature,
we fit a line to these data points.

Fitting the best line to a set of data is calledlinear regression. One way to fit a line is to draw
a line “by eye.” Alternatively, many computer programs and calculators compute regression lines.
Figure 1.54 shows the data from Table 1.34 together with the computed regression line,

v = 75.6 − 0.293T.

Notice that none of the data points lie exactly on the regression line, although it fits the data well.
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160 200 230
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30

T , temperature (◦F)

v, viscosity (lbs·sec/in2)

	

Regression line
v = 75.6 − 0.293T

Figure 1.54: A graph of the viscosity data from Table 1.34, together
with a regression line (provided by a calculator)

The Assumptions Involved In Finding a Regression Line

When we find a regression line for the data in Table 1.34, we areassuming that the value ofv is
related to the value ofT . However, there may be experimental errors in our measurements. For
example, if we measure viscosity twice at the same temperature, we may get two slightly different
values. Alternatively, something besides engine temperature could be affecting the oil’s viscosity
(the oil pressure, for example). Thus, even if we assume thatthe temperature readings are exact, the
viscosity readings include some degree of uncertainty.

Interpolation and Extrapolation

The formula for viscosity can be used to make predictions. Suppose we want to know the viscosity
of motor oil atT = 196◦F. The formula gives

v = 75.6 − 0.293 · 196 ≈ 18.2 lb · sec/in2.

To see that this is a reasonable estimate, compare it to the entries in Table 1.34. At190◦F, the
measured viscosity was 21, and at200◦F, it was 16; the predicted viscosity of18.2 is between 16
and 21. See Figure 1.55. Of course, if we measured the viscosity atT = 196◦F in the lab, we might
not get exactly18.2.

160 200 230

10

20

30

(196, 18.2)

T , temperature
(◦F)

v, viscosity
(lbs·sec/in2)

Figure 1.55: Regression line used to predict the
viscosity at196◦

200 240 300

−10
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5
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15
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25
30

	

Interpolated viscosity at 196◦F is 18.2

	

Extrapolated viscosity

at 240◦F is 5.3

-Extrapolation
not meaningful here

T , temperature (◦F)

v, viscosity
(lbs·sec/in2)

Figure 1.56: The data from Table 1.34 together with the
predicted viscosity atT = 196◦, T = 240◦, andT = 300◦
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Since the temperatureT = 196◦ is between two temperatures for whichv is known (190◦ and
200◦), the estimate of18.2 is said to be aninterpolation. If instead we estimate the value ofv at a
temperature outside the values forT in Table 1.34, our estimate is called anextrapolation.

Example 1 Predict the viscosity of motor oil at240◦F and at300◦F.

Solution At T = 240◦F, the formula for the regression line predicts that the viscosity of motor oil is

v = 75.6 − 0.293 · 240 = 5.3 lb · sec/in2.

This is reasonable. Figure 1.56 shows that the predicted point—represented by an open circle on the
graph—is consistent with the trend in the data points from Table 1.34.

On the other hand, atT = 300◦F the regression-line formula gives

v = 75.6 − 0.293 · 300 = −12.3 lb · sec/in2.

This is unreasonable because viscosity cannot be negative.To understand what went wrong,
notice that in Figure 1.56, the open circle representing thepoint (300,−12.3) is far from the plot-
ted data points. By making a prediction at300◦F, we have assumed—incorrectly—that the trend
observed in laboratory data extended as far as300◦F.

In general, interpolation tends to be more reliable than extrapolation because we are making a
prediction on an interval we already know something about instead of making a prediction beyond
the limits of our knowledge.

How Regression Works

How does a calculator or computer decide which line fits the data best? We assume that the value
of y is related to the value ofx, although other factors could influencey as well. Thus, we assume
that we can pick the value ofx exactly but that the value ofy may be only partially determined by
thisx-value.

6
?

6
? 6

?

�
Least­squares line
minimizes sum
of the squares of
these distances

	

x

y

Figure 1.57: A given set of data and the corresponding least-squares regression line

One way to fit a line to the data is shown in Figure 1.57. The lineshown was chosen to minimize
the sum of the squares of the vertical distances between the data points and the line. Such a line is
called aleast-squares line. There are formulas which a calculator or computer uses to calculate the
slope,m, and they-intercept,b, of the least-squares line.
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Correlation

When a computer or calculator calculates a regression line,it also gives acorrelation coefficient,
r. This number lies between−1 and+1 and measures how well a particular regression line fits the
data. Ifr = 1, the data lie exactly on a line of positive slope. Ifr = −1, the data lie exactly on
a line of negative slope. Ifr is close to0, the data may be completely scattered, or there may be a
non-linear relationship between the variables. (See Figure 1.58.)

r = −1

(a)

r ≈ −0.3

(b)

r ≈ 0

(c)

r ≈ 0

(d)

r ≈ 0.2

(e)

r = 1

(f)

Figure 1.58: Various data sets and correlation coefficients

Example 2 The correlation coefficient for the viscosity data in Table 1.34 on page 44 isr ≈ −0.99. The fact
thatr is negative tells us that the regression line has negative slope. The fact thatr is close to−1
tells us that the regression line fits the data well.

The Difference between Relation, Correlation, and Causation

It is important to understand that a high correlation (either positive or negative) between two quan-
tities doesnot imply causation. For example, there is a high correlation between children’s reading
level and shoe size.22 However, large feet do not cause a child to read better (or vice versa). Larger
feet and improved reading ability are both a consequence of growing older.

Notice also that a correlation of 0 does not imply that there is no relationship betweenx andy.
For example, in Figure 1.58(d) there is a relationship betweenx andy-values, while Figure 1.58(c)
exhibits no apparent relationship. Both data sets have a correlation coefficient ofr ≈ 0. Thus a
correlation ofr = 0 usually implies there is no linear relationship betweenx andy, but this does
not mean there is no relationship at all.

22FromStatistics, 2ed, by David Freedman. Robert Pisani, Roger Purves, Ani Adhikari, p. 142 (New York: W.W.Norton,
1991).
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Exercises and Problems for Section 1.6

1. Match ther values with scatter plots in Figure 1.59.

r = −0.98, r = −0.5, r = −0.25,

r = 0, r = 0.7, r = 1.
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Figure 1.59

2. Table 1.35 shows the number of calories burned per
minute by a person walking at 3 mph.

(a) Make a scatter plot of this data.
(b) Draw a regression line by eye.
(c) Roughly estimate the correlation coefficient by eye.

Table 1.35

Body weight (lb) 100 120 150 170 200 220

Calories 2.7 3.2 4.0 4.6 5.4 5.9

3. The rate of oxygen consumption for Colorado beetles in-
creases with temperature. See Table 1.36.

(a) Make a scatter plot of this data.
(b) Draw an estimated regression line by eye.
(c) Use a calculator or computer to find the equation of

the regression line. (Alternatively, find the equation
of your line in part (b).) Round constants in the equa-
tion to the nearest integer.

(d) Interpret the slope and each intercept of the regres-
sion equation.

(e) Interpret the correlation between temperature and
oxygen rate.

Table 1.36

◦C 10 15 20 25 30

Oxygen consumption rate 90 125 200 300 375

4. Table 1.37 shows the IQ of ten students and the number
of hours of TV each watches per week.

(a) Make a scatter plot of the data.
(b) By eye, make a rough estimate of the correlation co-

efficient.
(c) Use a calculator or computer to find the least squares

regression line and the correlation coefficient. Your
values should be correct to four decimal places.

Table 1.37

IQ 110 105 120 140 100 125 130 105 115 110

TV 10 12 8 2 12 10 5 6 13 3

5. An ecologist tracked 145 deer that were born in 1997.
The number of deer,d, living each subsequent year is
recorded in Table 1.38.

(a) Make a scatter plot of this data. Lett = 0 represent
1997.

(b) Draw by eye a good fitting line and estimate its equa-
tion. (Round the coefficients to integers.)

(c) Use a calculator or computer to find the equation of
the least squares line. (Round the coefficients to in-
tegers.)

(d) Interpret the slope and each intercept of the line.
(e) Interpret the correlation between the year and the

number of deer born in 1997 that are still alive.

Table 1.38

Year 1997 1998 1999 2000 2001 2002 2003 2004 2005

Deer 145 144 134 103 70 45 32 22 4
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6. Table 1.39 gives the data on hand strength collected from
college freshman using a grip meter.

(a) Make a scatter plot of these data treating the strength
of the preferred hand as the independent variable.

(b) Draw a line on your scatter plot that is a good fit for
these data and use it to find an approximate equation
for the regression line.

(c) Using a graphing calculator or computer, find the
equation of the least squares line.

(d) What would the predicted grip strength in the non-
preferred hand be for a student with a preferred hand
strength of 37?

(e) Discuss interpolation and extrapolation using spe-
cific examples in relation to this regression line.

(f) Discuss whyr, the correlation coefficient, is both
positive and close to 1.

(g) Why do the points tend to cluster into two groups on
your scatter plot?

Table 1.39 Hand strength for 20 students in kilograms

Preferred 28 27 45 20 40 47 28 54 52 21

Nonpreferred 24 26 43 22 40 45 26 46 46 22

Preferred 53 52 49 45 39 26 25 32 30 32

Nonpreferred 47 47 41 44 33 20 27 30 29 29

7. Table 1.40 shows men’s and women’s world records for
swimming distances from50 meters to1500 meters.23

(a) What values would you add to Table 1.40 to repre-
sent the time taken by both men and women to swim
0 meters?

(b) Plot men’s time against distance, with timet in sec-
onds on the vertical axis and distanced in meters
on the horizontal axis. It is claimed that a straight
line models this behavior well. What is the equation
for that line? What does its slope represent? On the
same graph, plot women’s time against distance and
find the equation of the straight line that models this
behavior well. Is this line steeper or flatter than the
men’s line? What does that mean in terms of swim-
ming? What are the values of the vertical intercepts?
Do these values have a practical interpretation?

(c) On another graph plot the women’s times against the
men’s times, with women’s times,w, on the vertical
axis and men’s times,m, on the horizontal axis. It

should look linear. How could you have predicted
this linearity from the equations you found in part
(b)? What is the slope of this line and how can
it be interpreted? A newspaper reporter claims that
the women’s records are about8% slower than the
men’s. Do the facts support this statement? What is
the value of the vertical intercept? Does this value
have a practical interpretation?

Table 1.40 Men’s and women’s world swimming records

Distance (m) 50 100 200 400 800 1500

Men (sec) 21.64 47.84 104.06 220.08 458.65 874.56

Women (sec) 24.13 53.62 116.64 243.85 496.22 952.10

8. In baseball, Henry Aaron holds the record for the greatest
number of home-runs hit in the major leagues. Table 1.41
shows his cumulative yearly record24 from the start of his
career,1954, until 1973.

(a) Plot Aaron’s cumulative number of home runsH on
the vertical axis, and the timet in years along the
horizontal axis, wheret = 1 corresponds to1954.

(b) By eye draw a straight line that fits these data well
and find its equation.

(c) Use a calculator or computer to find the equation of
the regression line for these data. What is the corre-
lation coefficient,r, to 4 decimal places? To3 deci-
mal places? What does this tell you?

(d) What does the slope of the regression line mean in
terms of Henry Aaron’s home-run record?

(e) From your answer to part (d), how many home-runs
do you estimate Henry Aaron hit in each of the years
1974, 1975, 1976, and1977? If you were told that
Henry Aaron retired at the end of the1976 season,
would this affect your answers?

Table 1.41 Henry Aaron’s cumulative home-run record,H ,
from1954 to 1973, with t in years since 1953

t 1 2 3 4 5 6 7 8 9 10

H 13 40 66 110 140 179 219 253 298 342

t 11 12 13 14 15 16 17 18 19 20

H 366 398 442 481 510 554 592 639 673 713

23Data from “The World Almanac and Book of Facts: 2006,” World Almanac Education Group, Inc., New York, 2006.
24Adapted from “Graphing Henry Aaron’s home-run output” by H.Ringel, The Physics Teacher, January 1974, page 43.
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CHAPTER SUMMARY

• Functions
Definition: a rule which takes certain numbers as inputs
and assigns to each input exactly one output number.
Function notation,y = f(x).
Use of vertical line test.

• Average rate of change
Average rate of change ofQ = f(t) on [a, b] is

∆Q

∆t
=

f(b) − f(a)
b − a

.

Increasing, decreasing functions; identifying from aver-
age rate of change.

• Linear Functions
Value ofy changes at constant rate.

• Formulas for Linear Functions
Slope-intercept form:y = b + mx.
Point-slope form:y − y0 = m(x − x0).
Standard form:Ax + By + C = 0.

• Properties of Linear Functions
Interpretation of slope, vertical and horizontal intercepts.
Intersection of lines: Solution of equations.
Parallel lines:m1 = m2.

Perpendicular lines:m1 = −
1

m2

.

• Fitting Lines to Data
Linear regression; correlation. Interpolation, extrapola-
tion; dangers of extrapolation.

REVIEW EXERCISES AND PROBLEMS FOR CHAPTER ONE

Exercises

In Exercises 1–5 a relationship is given between two quanti-
ties. Are both quantities functions of the other one, or is one
or neither a function of the other? Explain.

1. 7w2 + 5 = z2 2. y = x4 − 1 3. m =
√

t

4.

x

y

Figure 1.60

5. The number of gallons of gas,g, at $2 per gallon and the
number of pounds of coffee,c, at $10 per pound that can
be bought for a total of $100.

6. In 2005, you have 40 CDs in your collection. In 2008,
you have 120 CDs. In 2012, you have 40. What is the
average rate of change in the size of your CD collection
between

(a) 2005 and 2008? (b) 2008 and 2012?

(c) 2005 and 2012?

7. Find the average rate of change off(x) = 3x2 + 1 be-
tween the points

(a) (1, 4) and(2, 13) (b) (j, k) and(m, n)
(c) (x, f(x)) and(x+h, f(x+h))

In Exercises 8–9, could the table represent a linear function?

8.
λ 1 2 3 4 5

q(λ) 2 4 8 16 32

9.
t 3 6 9 12 15

a(t) 2 4 6 8 10

Problems 10–12 give data from a linear function. Find a for-
mula for the function.

10.
x 200 230 300 320 400

g(x) 70 68.5 65 64 60

11.
t 1.2 1.3 1.4 1.5

f(t) 0.736 0.614 0.492 0.37

12.
t 5.2 5.3 5.4 5.5

f(t) 73.6 61.4 49.2 37

In Exercises 13–14, which line has the greater

(a) Slope? (b) y-intercept?

13. y = 7 + 2x, y = 8 − 15x

14. y = 5 − 2x, y = 7 − 3x
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Are the lines in Exercises 15–18 perpendicular? Parallel? Nei-
ther?

15. y = 5x + 2 y = 2x + 5

16. y = 14x − 2 y = − 1

14
x + 2

17. y = 3x + 3 y = − 1

3
x + 3

18. 7y = 8 + 21x; 9y = 77 − 3x

Problems

Find formulas for the linear functions in Problems 19–22.

19. The graph off contains(−3, −8) and(5, −20).
20. g(100) = 2000 andg(400) = 3800
21. P = h(t) gives the size of a population that begins with

12,000 members and grows by 225 members each year.

22. The graph ofh intersects the graph ofy = x2 atx = −2
andx = 3.

23. Find the equation of the line parallel to3x + 5y = 6 and
passing through the point(0, 6).

24. Find the equation of the line passing through the point
(2, 1) and perpendicular to the liney = 5x − 3.

25. Find the equations of the lines parallel to and perpendic-
ular to the liney + 4x = 7, and through the point(1, 5).

26. You have zero dollars now and the average rate of change
in your net worth is $5000 per year. How much money
will you have in forty years?

27. A flight costs$10,000 to operate, regardless of the num-
ber of passengers. Each ticket costs $127. Express profit,
π, as a linear function of the number of passengers,n, on
the flight.

28. Table 1.42 gives the rankingr for three different names—
Hannah, Alexis, and Madison. Of the three names, which
was most popular and which was least popular in

(a) 1995? (b) 2004?

Table 1.42 Ranking of names—Hannah (rh),
Alexis (ra), and Madison (rm)—for girls born
between 1995 (t = 0) and2004 (t = 9)25

t 0 1 2 3 4 5 6 7 8 9

rh 7 7 5 2 2 2 3 3 4 5

ra 14 8 8 6 3 6 5 5 7 11

rm 29 15 10 9 7 3 2 2 3 3

29. Table 1.42 gives information about the popularity of the
names Hannah, Madison, and Alexis. Describe in words
what your answers to parts (a)–(c) tell you about these
names.

(a) Evaluaterm(0) − rh(0).

(b) Evaluaterm(9) − rh(9).
(c) Solverm(t) < ra(t).

30. Figure 1.61 gives the depth of the water at Montauk
Point, New York, for a day in November.

(a) How many high tides took place on this day?
(b) How many low tides took place on this day?
(c) How much time elapsed in between high tides?

4 8 12 16 20 24
time (hours)

depth of water (feet)

Figure 1.61

31. (a) Is the area,A, of a square a function of the length of
one of its sides,s?

(b) Is the area,A, of a rectangle a function of the length
of one of its sides,s?

32. A person’s blood sugar level at a particular time of the
day is partially determined by the time of the most recent
meal. After a meal, blood sugar level increases rapidly,
then slowly comes back down to a normal level. Sketch a
person’s blood sugar level as a function of time over the
course of a day. Label the axes to indicate normal blood
sugar level and the time of each meal.

25Data from the SSA website at www.ssa.gov, accessed January 12, 2006.
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33. Many people think that hair growth is stimulated by hair-
cuts. In fact, there is no difference in the rate hair grows
after a haircut, but thereisa difference in the rate at which
hair’s ends break off. A haircut eliminates dead and split
ends, thereby slowing the rate at which hair breaks. How-
ever, even with regular haircuts, hair will not grow to an
indefinite length. The average life cycle of human scalp
hair is 3-5 years, after which the hair is shed.26

Judy trims her hair once a year, when its growth is
slowed by split ends. She cuts off just enough to elim-
inate dead and split ends, and then lets it grow another
year. After 5 years, she realizes her hair won’t grow any
longer. Graph the length of her hair as a function of time.
Indicate when she receives her haircuts.

34. At the end of a semester, students’ math grades are listed
in a table which gives each student’s ID number in the
left column and the student’s grade in the right column.
Let N represent the ID number and theG represent the
grade. Which quantity,N or G, must necessarily be a
function of the other?

35. A price increases5% due to inflation and is then reduced
10% for a sale. Express the final price as a function of
the original price,P .

36. An 8-foot tall cylindrical water tank has a base of diam-
eter 6 feet.

(a) How much water can the tank hold?
(b) How much water is in the tank if the water is 5 feet

deep?
(c) Write a formula for the volume of water as a func-

tion of its depth in the tank.

37. Figure 1.62 shows the fuel consumption (in miles per gal-
lon, mpg) of a car traveling at various speeds.

(a) How much gas is used on a 300 mile trip at 40 mph?
(b) How much gas is saved by traveling 60 mph instead

of 70 mph on a 200 mile trip?
(c) According to this graph, what is the most fuel-

efficient speed to travel? Explain.
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0
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40

v (mph)

g (mpg)

Figure 1.62

38. Academics have suggested that loss of worker productiv-
ity can result from sleep deprivation. An article in the
Sunday, September 26, 1993,New York Timesquotes
David Poltrack, the senior vice president for planning and
research at CBS, as saying that seven million Americans
are staying up an hour later than usual to watch talk show
host David Letterman. The article goes on to quote Tim-
othy Monk, a professor at the University of Pittsburgh
School of Medicine, as saying “. . . my hunch is that the
effect [on productivity due to sleep deprivation among
this group] would be in the area of a 10 percent decre-
ment.” The article next quotes Robert Solow, a Nobel
prize-winning professor of economics at MIT, who sug-
gests the following procedure to estimate the impact that
this loss in productivity will have on the US economy—
an impact he dubbed “the Letterman loss.” First, Solow
says, we find the percentage of the work force who watch
the program. Next, we determine this group’s contribu-
tion to the gross domestic product (GDP). Then we re-
duce the group’s contribution by 10% to account for the
loss in productivity due to sleep deprivation. The amount
of this reduction is “the Letterman loss.”

(a) The article estimated that the GDP is$6.325 tril-
lion, and that 7 million Americans watch the show.
Assume that the nation’s work force is 118 million
people and that75% of David Letterman’s audience
belongs to this group. What percentage of the work
force is in Dave’s audience?

(b) What percent of the GDP would be expected to
come from David Letterman’s audience? How much
money would they have contributed if they had not
watched the show?

(c) How big is “the Letterman Loss”?

39. There arex male job-applicants at a certain company and
y female applicants. Suppose that15% of the men are
accepted and18% of the women are accepted. Write an
expression in terms ofx andy representing each of the
following quantities:

(a) The total number of applicants to the company.
(b) The total number of applicants accepted.
(c) The percentage of all applicants accepted.

40. You start60 miles east of Pittsburgh and drive east at a
constant speed of50 miles per hour. (Assume that the
road is straight and permits you to do this.) Find a for-
mula for d, your distance from Pittsburgh as a function
of t, the number of hours of travel.

26Britannica Micropaediavol. 5. (Chicago: Encyclopaedia Britannica, Inc., 1989).
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Table 1.43 gives the cost,C(n), of producing a certain good
as a linear function ofn, the number of units produced. Use
the table to answer Problems 41–43.

Table 1.43

n (units) 100 125 150 175

C(n) (dollars) 11000 11125 11250 11375

41. Evaluate the following expressions. Give economic inter-
pretations for each.

(a) C(175) (b) C(175) − C(150)

(c)
C(175) − C(150)

175 − 150
42. EstimateC(0). What is the economic significance of this

value?

43. The fixed costof production is the cost incurred before
any goods are produced. Theunit costis the cost of pro-
ducing an additional unit. Find a formula forC(n) in

terms ofn, given that

Total cost = Fixed cost+ Unit cost · Number of units

44. Sketch a family of functionsy = −2 − ax for five dif-
ferent values ofx with a < 0.

45. AssumeA, B, C are constants withA 6= 0, B 6= 0.
Consider the equation

Ax + By = C.

(a) Show thaty = f(x) is linear. State the slope and the
x- andy-intercepts off(x).

(b) Graphy = f(x), labeling thex- andy-intercepts in
terms ofA, B, andC, assuming

(i) A > 0, B > 0, C > 0
(ii) A > 0, B > 0, C < 0

(iii) A > 0, B < 0, C > 0

CHECK YOUR UNDERSTANDING

Are the statements in Problems 1–54 true or false? Give an
explanation for your answer.

1. Q = f(t) meansQ is equal tof timest.

2. A function must be defined by a formula.

3. If P = f(x) thenP is called the dependent variable.

4. Independent variables are always denoted by the letterx
or t.

5. It is possible for two quantities to be related and yet nei-
ther be a function of the other.

6. A function is a rule that takes certain values as inputs and
assigns to each input value exactly one output value.

7. It is possible for a table of values to represent a function.

8. If Q is a function ofP , thenP is a function ofQ.

9. The graph of a circle is not the graph of a function.

10. If n = f(A) is the number of angels that can dance on
the head of a pin whose area isA square millimeters,
thenf(10) = 100 tells us that 10 angels can dance on
the head of a pin whose area is 100 square millimeters.

11. Average speed can be computed by dividing the distance
traveled by the time elapsed.

12. The average rate of change of a functionQ with respect
to t over an interval can be symbolically represented as
∆t

∆Q
.

13. If y = f(x) and asx increases,y increases, thenf is an
increasing function.

14. If f is a decreasing function, then the average rate of
change off on any interval is negative.

15. The average rate of change of a function over an interval
is the slope of a line connecting two points of the graph
of the function.

16. The average rate of change ofy = 3x−4 betweenx = 2
andx = 6 is 7.

17. The average rate of change off(x) = 10 − x2 between

x = 1 andx = 2 is the ratio
10 − 22 − 10 − 12

2 − 1
.

18. If y = x2 then the slope of the line connecting the point
(2, 4) to the point(3, 9) is the same as the slope of the
line connecting the point(−2, 4) to the point(−3, 9).

19. A linear function can have different rates of change over
different intervals.

20. The graph of a linear function is a straight line.

21. If a line has the equation3x + 2y = 7, then the slope of
the line is 3.

22. A table of values represents a linear function if
Change in output
Change in input= constant.

23. If a linear function is decreasing, then its slope is nega-
tive.
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24. If y = f(x) is linear and its slope is negative, then in

the expression
∆y

∆x
either∆x or ∆y is negative, but not

both.

25. A linear function can have a slope that is zero.

26. If a line has slope 2 andy-intercept−3, then its equation
may be writteny = −3x + 2.

27. The line3x + 5y = 7 has slope3/5.

28. A line that goes through the point(−2, 3) and whose
slope is 4 has the equationy = 4x + 5.

29. The line4x + 3y = 52 intersects thex-axis atx = 13.

30. If f(x) = −2x + 7 thenf(2) = 3.

31. The line that passes through the points(1, 2) and
(4, −10) has slope 4.

32. The linear equationy − 5 = 4(x + 1) is equivalent to the
equationy = 4x + 6.

33. The line y − 4 = −2(x + 3) goes through the point
(4, −3).

34. The line whose equation isy = 3 − 7x has slope−7.

35. The liney = −5x + 8 intersects they-axis aty = 8.

36. The equationy = −2 − 2

3
x represents a linear function.

37. The linesy = 8 − 3x and−2x + 16y = 8 both cross the
y-axis aty = 8.

38. The graph off(x) = 6 is a line whose slope is six.

39. The linesy = − 4

5
x + 7 and4x − 5y = 8 are parallel.

40. The linesy = 7 + 9x and y − 4 = − 1

9
(x + 5) are

perpendicular.

41. The linesy = −2x + 5 andy = 6x − 3 intersect at the
point (1, 3).

42. If two lines never intersect then their slopes are equal.

43. The equation of a line parallel to they-axis could be
y = − 3

4
.

44. A line parallel to thex-axis has slope zero.

45. The slope of a vertical line is undefined.

46. Fitting the best line to a set of data is called linear regres-
sion.

47. The process of estimating a value within the range for
which we have data is called interpolation.

48. Extrapolation tends to be more reliable than interpola-
tion.

49. If two quantities have a high correlation then one quantity
causes the other.

50. If the correlation coefficient is zero, there is not a rela-
tionship between the two quantities.

51. A correlation coefficient can have a value of− 3

7
.

52. A value of a correlation coefficient is always between
negative and positive one.

53. A correlation coefficient of one indicates that all the data
points lie on a straight line.

54. A regression line is also referred to as a least squares
line.
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TOOLS FOR CHAPTER ONE: LINEAR EQUATIONS AND THE
COORDINATE PLANE

Solving Linear Equations

To solve a linear equation, we isolate the variable.

Example 1 Solve22 + 1.3t = 31.1 for t.

Solution We subtract 22 from both sides. Since31.1 − 22 = 9.1, we have

1.3t = 9.1.

We divide both sides by1.3, so

t =
9.1

1.3
= 7.

Example 2 Solve3 − [5.4 + 2(4.3 − x)] = 2 − (0.3x − 0.8) for x.

Solution We begin by clearing the innermost parentheses on each side.Using the distributive law, this gives

3 − [5.4 + 8.6 − 2x] = 2 − 0.3x + 0.8.

Then

3 − 14 + 2x = 2 − 0.3x + 0.8

2.3x = 13.8,

x = 6.

Example 3 Solveax = c + bx for x. Assumea 6= b.

Solution To solve forx, we first get all the terms involvingx on the left side by subtractingbx from both
sides

ax − bx = c.

Factoring on the left,ax−bx = (a−b)x, enables us to solve forx by dividing both sides by(a−b):

x(a − b) = c

x =
c

(a − b)
.

Sincea 6= b, division by(a − b) is possible.
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Example 4 Solve forq if p2q + r(−q − 1) = 4(p + r).

Solution We first collect all the terms containingq on the left side of the equation.

p2q − rq − r = 4p + 4r

p2q − rq = 4p + 5r.

To solve forq, we factor and then divide by the coefficient ofq.

q(p2 − r) = 4p + 5r

q =
4p + 5r

p2 − r
.

Solving Exactly Versus Solving Approximately

Some equations can be solved exactly, often by using algebra. For example, the equation7x−1 = 0
has the exact solutionx = 1/7. Other equations can be hard or even impossible to solve exactly.
However, it is often possible, and sometimes easier, to find an approximate solution to an equation
by using a graph or a numerical method on a calculator. The equation7x−1 = 0 has the approximate
solutionx ≈ 0.14 (since1/7 = 0.142857 . . .). We use the sign≈, meaning approximately equal,
when we want to emphasize that we are making an approximation.

Systems of Linear Equations

To solve for two unknowns, we must have two equations—that is, two relationships between the un-
knowns. Similarly, three unknowns require three equations, andn unknowns (n an integer) require
n equations. The group of equations is known as asystemof equations. To solve the system, we find
thesimultaneoussolutions to all equations in the system.

We can solve these equations either bysubstitution(see Example 5) or byelimination (see
Example 6).

Example 5 Solve forx andy in the following system of equations using substitution.
{

y +
x

2
= 3

2(x + y) = 1 − y

Solution Solving the first equation fory, we writey = 3 − x/2. Substituting fory in the second equation
gives

2
(
x +

(
3 −

x

2

))
= 1 −

(
3 −

x

2

)
.

Then

2x + 6 − x = −2 +
x

2

x + 6 = −2 +
x

2
2x + 12 = −4 + x

x = −16.



Chapter One LINEAR FUNCTIONS AND CHANGE 57

Usingx = −16 in the first equation to find the correspondingy, we have

y −
16

2
= 3

y = 3 + 8 = 11.

Thus, the solution that simultaneously solves both equations isx = −16, y = 11.

Example 6 Solve forx andy in the following system of equations using elimination.

{
8x − 5y = 11

−2x + 10y = −1.

Solution To eliminatey, we observe that if we multiply the first equation by 2, the coefficients ofy are−10
and 10: {

16x − 10y = 22

−2x + 10y = −1.

Adding these two equations gives

14x = 21

x = 3/2.

We can substitute this value forx in either of the original equations to findy. For example

8

(
3

2

)
− 5y = 11

12 − 5y = 11

−5y = −1

y = 1/5

Thus, the solution isx = 3/2, y = 1/5,

Intersection of Two Lines

The coordinates of the point of intersection of two lines satisfies the equations of both lines. Thus,
the point can be found by solving the equations simultaneously.

Example 7 Find the point of intersection of the linesy = 3 −
2

3
x andy = −4 +

3

2
x.
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Solution Since they-values of the two lines are equal at the point of intersection, we have

−4 +
3

2
x = 3 −

2

3
x.

Notice that we have converted a pair of equations into a single equation by eliminating one of the
two variables. This equation can be simplified by multiplying both sides by6:

6

(
−4 +

3

2
x

)
= 6

(
3 −

2

3
x

)

−24 + 9x = 18 − 4x

13x = 42

x =
42

13
.

We can evaluate either of the original equations atx =
42

13
to find y. For example,y = −4 +

3

2
x

gives

y = −4 +
3

2

(
42

13

)
=

11

13
.

Therefore, the point of intersection is

(
42

13
,
11

13

)
. You can check that this point also satisfies the

other equation. The lines and their point of intersection are shown in Figure 1.63.

1 2 3 4 5

1

2

3

y = −4 + 3

2
x

y = 3 − 2

3
x

( 42

13
, 11

13
)

x

y

Figure 1.63: Intersection of lines is solution to simultaneous equations

Exercises on Tools for Chapter 1

Solve the equations in Exercises 1–17.

1. 3x = 15 2. −2y = 12

3. 4z = 22 4. x + 3 = 10

5. y − 5 = 21 6. w − 23 = −34

7. 2x − 5 = 13 8. 7 − 3y = −14

9. 13t + 2 = 47 10. 2x − 5 = 4x − 9

11. 0.5x − 3 = 7 12. 17 − 28y = 13y + 24

13.
5
3

(y + 2) =
1
2

− y 14. 3t −
2(t − 1)

3
= 4
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15. 2(r + 5) − 3 = 3(r − 8) + 21
16. B − 4[B − 3(1 − B)] = 42
17. 1.06s − 0.01(248.4 − s) = 22.67s

In Exercises 18–32, solve for the indicated variable.

18. A = l · w, for l. 19. C = 2πr, for r.

20. I = Prt, for P . 21. C =
5
9

(F −32), for F .

22. l = l0 +
k

2
w, for w.

23. h = v0t +
1
2
at2, for a.

24. by − d = ay + c, for y.

25. ab + ax = c − ax, for x.

26. 3xy + 1 = 2y − 5x, for y.

27. u(v + 2) + w(v − 3) = z(v − 1), for v.

28. S =
rL − a

r − 1
, for r.

29.
a − cx

b + dx
+ a = 0, for x.

30.
At − B

C − B(1 − 2t)
= 3, for t.

31. y′y2 + 2xyy′ = 4y, for y′.

32. 2x − (xy′ + yy′) + 2yy′ = 0, for y′.

Solve the systems of equations in Exercises 33–40.

33.
{

x + y = 3
x − y = 5 34.

{ 2x − y = 10
x + 2y = 15

35.
{ 3x − 2y = 6

y = 2x − 5 36.
{

x = 7y − 9
4x − 15y = 26

37.
{ 2x + 3y = 7

y = − 3

5
x + 6 38.

{ 3x − y = 17
−2x − 3y = −4

39.

{
2(x + y) = 3
x = y + 3(x − 5) 40.

{
ax + y = 2a
x + ay = 1 + a2

Determine the points of intersection for Exercises 41–44.

41.
y = x

y = 3 − x

x

y

42.
y = x + 1

2x + 3y = 12

x

y

43.
y = 2x

2x + y = 12

x

y

44.
y = 2x − 3.5

y = − 1

2
x + 4

x

y

The figures in Problems 45–48 are parallelograms. Find the
coordinates of the labeled point(s).

45.

17

(0, 6)

A

B

C

x

y
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46.

7

A (5, 8)

x

y

47.

1

15

A

(3, 7)

x

y

48.

4
−3

10

A

x

y

The figures in Problems 49–52 contain a semicircle with the
center marked. Find the coordinates of A, a point on the di-
ameter, and B, an extreme point (highest, lowest, or farthest
to the right).

49.

3 7 A

B

x

y

50.

A

B

(10, 9)
(18, 9)

x

y

51.

A

B

(8, 5)

2
x

y

52.

−7

8A

B

x

y


