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1 Introduction

In this paper we show the Weil-Petersson metric on Teichmiiller space can be
reconstructed from the dimensions of dynamical artifacts, such as measures
on the circle and limit sets on the sphere. The proof reveals a connection
between Hausdorff dimension, L?-norms of holomorphic forms, and the cen-
tral limit theorem for geodesic flows, especially the variance of observables
of mean zero.

These elements are mediated by the thermodynamic formalism, which
leads to parallel results for Julia sets, polynomials and Blaschke products
f: A — A. Here the foliated unit tangent bundle T X is replaced by the
Riemann surface lamination X of f|S!. These parallels suggest a definition
of the Weil-Petersson metric for dynamical moduli spaces, and contribute
additional entries to the well-known dictionary between rational maps and
Kleinian groups, such as those summarized in Table 1.

Riemann surfaces Dynamics
Fuchsian group G C Aut(A) Blaschke product f: A — A
Quasifuchsian group I' Mating F'(z) of two Blaschke products
Unit tangent bundle Tq(X) Riemann surface lamination X
Geodesic flow Suspension of f
Closed geodesic v Periodic point p in S*
Length of v Log of the multiplier |(f™) (p)]
Length of a random geodesic | Growth of (f™) along a random orbit
Weil-Petersson metric on 7 Metric [ [v"|* on By
Table 1.

We now turn to a detailed statement of results.

1.1 Riemann surfaces and Kleinian groups

Let 7, be the Teichmiiller space of Riemann surfaces of genus g, and let
X; € 7T, be a smooth path through X = Xy € 7,. The tangent vector Xy =
dX/dt|;=p can be represented uniquely by a harmonic Beltrami differential

p=p"¢,



where p is the hyperbolic metric and ¢ € Q(X) is a holomorphic quadratic
differential. The Weil-Petersson metric on 7 is given by

e A M (1)
Xo Xo
It is naturally to scale this metric by dividing by

area(Xy) = / p? =dn(g—1).
Xo

With this normalization, the inclusions 7, — 7}, defined by taking finite

covers of X € Tg become isometries.

Dimensions. The family of Riemann surfaces X; can be described as a
family of quotients of the disk by a smoothly varying family of Fuchsian
groups,

X, = A/G,.

There is a unique isotopy h; : S — 81 transporting the action of G = Gy
to that of Gy and satisfying ho(2) = 2.

Using h; to glue A to 1/A = {2z € C : |z| > 1} along S!, we obtain a
smooth family of quasifuchsian groups

(C,Ty) = (A, Go) Up, (1/A,Gy)

which can be normalized so I'g = G. This construction is the basis of Bers’
embedding of Teichmiiller space [Bers]. The limit set A(T';) is a Jordan curve,
with A(Tg) = S*, so the Hausdorff dimension H. dim(A(T;)) is minimized at
t=0.

Similarly the dimension of the pushforward m; of Lebesgue measure on
the circle under h;, defined by

H. dim(my) = inf{H. dim(E) : my(S' — E) = 0},

achieves its maximum at ¢ = 0. Our first result shows the Weil-Petersson
metric can be expressed in terms of the second derivatives of these dimen-
sions.

Theorem 1.1 The dimension of the quasifuchsian limit set, the dimension
of the pushforward of Lebesgue measure on S*, and the Weil-Petersson met-
ric are related by

d? 1d? _ 1| Xollfe

= H.dim(A(T =~z Hdi ~ Barea(Xo)
2 H-dim(A(T)) - 1 - dim(my) o 3area(Xo)



See §2.

Bending. As an application, we have:

Corollary 1.2 The quasifuchsian groups obtained by bending Go with angle
0 along the lifts of a simple geodesic v C Xg satisfy
d? _ 4 ldl(Xo) [y

— H.dim(A(T =
db? im(A(Ty)) o—o 3 area(Xp)

Here ¢, : 7, — R denotes the corresponding geodesic length function.

Proof. Under bending, the Riemann surfaces Xy and X uniformized by
G are deformed by positive and negative grafting along . But the grafting
vector field on 7 is simply the Weil-Petersson gradient of ¢, [Mc6, Thm
3.8, so | Xollwp = ||d¢,|lwp. The factor of 1/3 in Theorem 1.1 is replaced
by a factor of 4/3 since X is changing as well. |

Vector fields. To obtain more perspective on the Weil-Petersson metric,
recall there is a unique smooth family of conformal maps

HtIA—>@

conjugating the action of I'g to I'; and satisfying Hy(z) = z. Each H; extends
to a quasiconformal map on C, sending S* to A(I';). The holomorphic vector

field
_ dH;

V= ——
dt t=0

is canonically determined by X up to the addition of an infinitesimal Mobius
transformation

0
(az? + bz + c)& € sly(C).

The derivatives v'(z), v”(z) and v"'(2) can all be used to measure the
size of [v] as a deformation of X. In particular, the quadratic differential

¢ = —20"(2) dz?

is invariant under the action of GG, and descends to the original quadratic dif-
ferential ¢ € Q(X) representing X. Thus we can regard the Weil-Petersson
metric (1.1) as a measurement of the size of v"/(z), which is itself an in-
finitesimal form of the Schwarzian derivative.

Power series. Our next result (§4) is given in terms of the first derivative
v'(2) on the unit disk.



Theorem 1.3 The Hausdorff dimension of the limit set also satisfies

=y dim(A(Ty)) !

= lm T "(2))? |dz|.
dt? =0 o drllog(1 —7)| Jiz)=r [0'(2)[° |dz]

This formula leads to several expressions for the Weil-Petersson metric in

terms of the power series for v(z) or for ¢(z) (§9); for example, we have:

Theorem 1.4 The Weil-Petersson metric is given in terms of the quadratic
differential ¢ =Y o an2™dz? by

k

1| Xoll3 1 o
L 4oflwp _ 2 i (1 — )k k4l 12 om
3area(Xy) 8 (k—1)! T,l_)ml( r) §1 n |an|"r",

for any integer k > 0.

This result can also be deduced from spectral estimates for automorphic
forms (see Corollary 8.7).

The foliated unit tangent bundle. To study v” intrinsically, we pass to
the unit tangent bundle T; X. Recall there is a unique smooth probability
measure d€ on T X that is invariant under the geodesic flow. The fluctu-
ations of a smooth function f : T1X — R along geodesics obey the central
limit theorem, with variance given by

2
Var(f) = lim d¢ (1.2)

1
S—o00 T X S

/0  Flg.6) ds

when [ fd¢=0.

The unit tangent bundle T X carries a natural foliation F whose leaves
are swept out by geodesics that are asymptotic in forward time. The uni-
versal cover of each leaf L of F can be identified with the upper halfplane

H={z : Im(z) > 0}

in such a way that the orbits of gs|L become vertical lines. These coor-
dinates are well-defined up to z — az + b, and hence they determine an
affine structure on L. The nonlinearity of v along F is then given in affine
coordinates by the holomorphic 1-form v” = v”(z) dz, and in §9 we show:

Theorem 1.5 The Weil-Petersson metric also satisfies

1 |1 Xollfyp

=2 210”12 d¢ = Var(Rev" /p).
e / T = Var(Reo! /)



1.2 Complex dynamics

We now turn to the formulation of parallel results in complex dynamics.
Given d > 1, let By denote the moduli space of degree d proper holo-
morphic maps f : A — A such that f has an attracting fixed point in A.
We identify maps that are conjugate by an automorphism of A.
Any [f] € By can be represented by a Blaschke product of the form

z — a;
2H<1—a2 >, a; € A,

and hence regarded as a rational map on the whole Riemann sphere. The
assumption that f|A has an attracting fixed point corresponds to the as-
sumption that X = A/G is compact; it insures that the Julia set J(f)
coincides with S', and that f|S! is expanding.

Now let fi(z) be a smooth family of Blaschke products representing a
path in By. In this setting, we again have a unique isotopy hy : ST — S*
transporting the action of fy to that of f; and satisfying ho(z) = 2. If we
use hy to glue (A, fo) to (1/A, f¢), we obtain a smooth family of rational
maps

Ft:(/C\—>@

which can be normalized so that Fy = fy. The Julia set J(F}) is a Jordan
curve, with J(Fy) = S!, so the Hausdorff dimension H. dim(J(F})) is mini-
mized at t = 0. As before, the dimension of the pushforward m; of Lebesgue
measure on the circle under h; also achieves its maximum at ¢ = 0. There
is a unique smooth family of conformal maps

HtIA—>(C\

conjugating the action of Fy to Fj, satisfying Hyo(z) = z, and extending
continuously to a family of maps from S* to J(F}).

We will see in §2 and §4 that the results we have formulated for Fuchsian
groups carry over to this setting as well, yielding:

Theorem 1.6 The dimension of the Julia set and the dimension of the
pushforward of Lebesque measure are related by

2 2
%H.dim(J(Ft)) = 2y dim(my)

t=0 4 dt2 t=0



Theorem 1.7 In terms of the vector field v = dHy/dt|i—o, we also have

2

Y dim(J(R))

" /(2)]? |dzl.

= lim ——
t=0 r—l 477’ log(l - T)‘ |z|=r
Example: Polynomial Julia sets. The preceding results readily imply:

Theorem 1.8 Fort near zero, the family of polynomials
Fi(z) =2+t (bgzd_2 + b33t bd>

satisfies
2

: _ Y 2 2 3
H.dim J(F,) =1+ 4d210gdk222k bk)? + O([t]?).

See §5. The case d = 2 yields Ruelle’s formula [Ru2]
H. dim(J (2% 4 ¢)) = 1+ |¢|*/(41log 2) + O(|¢|?).

(The graph of H.dim(J(22 + ¢)) for ¢ € [~1,0.5] appears in [Mc7, Fig. 8].)
The general formula was calculated by different means in [AMO, §8].
Dynamical moduli spaces. The open hyperbolic component containing
2% in the moduli space of polynomials is naturally isomorphic to By, giving
the latter space the structure of a complex orbifold. (This isomorphism,
obtained by mating z¢ with f € By, is analogous to Bers’ embedding of
Teichmiiller space.) The results above suggest defining a Hermitian metric
on By by

@ | = dim((F, 1.3
5| - S (13
It would be interesting to investigate this metric further; for example, is it
Kahler, convex and incomplete, as is the case for the Weil-Petersson metric
on 7,7 (The preceding result computes this metric on the tangent space to
f(z) = 2% € By)

The Riemann surface lamination. To form the dynamical counterpart
to the unit tangent bundle T1 X = T1A/G, let

A= {(z:) € AP f(zi) = zit1 and |z;] — 1 as i — —o0},

and define

~ ~ o~

X =A/f),

(=}



~

where f((z;)) = (f(zi)) = (zi+1). The space X is a compact Riemann
surface lamination, with the local structure of (a complex disk) x (a Cantor
set).

There is a natural geodesic flow g; : X - X ; preserving a smooth
probability measure d§. Each leaf (connected component) of X is covered by
the upper halfplane, giving it a natural affine structure and hyperbolic metric
p. Just as for the unit tangent bundle T; X, we can define the nonlinearity
v"(2) dz and the Schwarzian v"(z)dz? using affine coordinates along the
leaves of X. We can also define the variance of a function on X by (1.2),
with Ty X replaced by X; and in §11 we will show:

Theorem 1.9 The vector field v satisfies
4
Var(Reo'/p) =2 [ 7?0 Pdg =5 [ o7,
X 3J/x%

and all three quantities coincide with (d?/dt*) H. dim(J(F))|=o-

We note that the Riemann surface lamination X can be constructed for any
C'*¢ or even symmetric expanding map f : S' — S', and such maps are
classified by the Teichmiiller space of X [Sul4]. The results above also carry
over to this setting; they are formulated for Blaschke products on the unit
disk since these most closely parallel Fuchsian groups.

1.3 Random geodesics and random orbits

Assume for convenience that the family of Blaschke products f;(z) is normal-
ized so that fo(0) = 0. Then the orbit under fo of a random point on S! is
uniformly distributed with respect to the invariant measure mg = |dz|/27 on
S1. The rate of expansion of fy along a random orbit is therefore measured
by the Lyapunov exponent

L) = [ 10g145(2) dmo2)

Recalling that h; transports mg to my, we see that L(f;, m;) measures the
rate of expansion of f; along a random orbit for fj.

Now it is well-known that the dimension, Lyapunov exponent and en-
tropy of an ergodic measure for a rational map are related by

H.dim(m)L(f, m) = h(f, m) (1.4)

(see [Mn, Lemma, p.426]). The entropy is invariant under topological con-
jugacy, so h(ft,m¢) is constant. Thus Theorems 1.6 and 1.9 imply:



Theorem 1.10 The expansion of fi along a random orbit for fy satisfies

2

d
W logL(ft7 mt)

1
— §6 - p_4‘?}/”‘2 d¢.
t=0 X

Similarly, Theorem 1.1 gives a new proof of:

Theorem 1.11 (Wolpert) The length on Xy of a random geodesic on X

satisfies
2

d
W log K(Xta gO)

_ 4 IXol{yp
o Sarea(Xp)

(Here the ‘random geodesic’ gy can be interpreted formally as the Liouville
current for the hyperbolic metric on Xy; cf. [Bon]. The difference in the
factors 4 and 16 stems from the relation |u|> = 4p~4}v"|2.) The new proof
replaces the quasiconformal methods of [Wol2] with arguments from the
thermodynamic formalism.

1.4 Thermodynamics

We now turn to a sketch of the proofs.

Pressure and variance. Let f(z) be an expanding rational map with
J(f) = S" and f(A) = A. Let C®(S') denote the space of functions on S*
which are Holder continuous of exponent c.

The thermodynamic formalism associates to each ¢ € C*(S') a transfer

operator Ly : C*(S) — C(S1), defined by

Lo@)y) = > e?p(a).
f(x)=y

The pressure P(¢) is the log of the spectral radius of L4. If P(¢) = 0, then
¢ also determines an ergodic, f-invariant equilibrium measure m = m(¢) on
St

The variance of a Hélder continuous function ¢ : S — R with Jdm =
0 is given by
2

dm.
n—oo n

1
) = ]“ -
Var(y, m) im /S1

n—1
> o fi(z)
0

It is known that the variance gives the second derivative of the pressure: we
have

P(¢ +t) = P(¢) + (£2/2) Var (¥, m(9)) + O(£"). (1.5)



Suspensions. In §3 we show that the variance behaves well under suspen-
sions: given a Hélder continuous roof function p : S — R with p = [pdm >
0, the variance of the suspension flow on S* x R/((z,t) ~ (f(2),t + p(z)))
satisfies

Var(v,, m,) = Var(y,m)/p. (1.6)
Here m, = (m x dt)/p and ¢,(x,t) = ¢¥(x)/p(z) for 0 <t < p(x).
Families of dynamical systems. Now consider a smooth family of ex-
panding rational maps f;(z) with fo = f. Since expanding maps are struc-
turally stable, we can view f;(z) as a family of geometric structures imposed
on the single topological dynamical system (f,S'). The changing geometry
is recorded by the family of Holder continuous functions

$1(2) = —log| fi(he(2))],

where h; : S' — J(f:) is a topological conjugacy from fqo to f;. Let m
be the unique absolutely continuous f-invariant probability measure on S*.

(If we normalize so f(0) = 0, then m = |dz|/2m, by a simple argument
with harmonic functions (see e.g. [Mar])). Let m; = (hy)«(m) and py =
H. dim(my).

In this framework, the Hausdorff dimension d; of J(f;) can be character-
ized as the unique solution to the equation

P(0;¢¢) = 0.

Using equations (1.5) and (1.4), in §2 we obtain the relation

Var(¢o, mo)/L(f,mo) = do — jio- (1.7)

For a family of Blaschke products f;(z), we have 6; = H.dim J(f;) =
H.dim(S') = 1 and thus b0 = 0. For the corresponding family of matings
F, = (A, fo) Un, (1/A, fi), m; coincides with harmonic measure on J(F})
and thus p; = 1 and jip = 0. In either case, we obtain a direct connection
between Var(¢o, mo) and the second derivative of dimension. Comparing
the values of (ﬁo in the two cases, we obtain the equation

d? , 1 & ,

pTe) H.dim(J(F})) i =12 H. dim(my) i
stated in Theorem 1.6. The factor 1/4 = (1/2)? arises because F} is ob-
tained by varying foy on only half of the Riemann sphere, and the variance
is quadratic.



Virtual coboundaries. In the case of matings, h; : S — J(F}) extends
to a conformal map H; : A — C conjugating f to F;. It follows that the
harmonic extension of ¢y to A satisfies the coboundary equation

do(2) = Relv/(2) —'(f(2))],

where v = dH;/dt. This equation only holds on A; in general v' blows up
on S'. Nevertheless, in concert with the suspension relation (1.6) it leads
to the formula

Var(¢o, mo)/L(f,mo) = (1/2)1o(v"),
where

Ih(v') = [ (2) [ |dz;

lim ————
rol 27| log(1 —7)|

|z|=r
see §4.

Power series and ergodicity. In §10 we demonstrate the equation

Io(v') = 2 Var(Rev" /p),

using the fact that the growth of |v/|? = | [v”(z) dz|? along a random ray in

the disk mimics the growth of | [ Rev”/p|? along a random geodesic on the
Riemann surface lamination X. Using orthogonality of the functions z"|A,
we also relate Ip(v') to various L?-norms of its higher derivatives v(*+1) on
A (§11). Ergodicity of the geodesic flow for X then implies these L?-norms

are proportional to
/A p—k|v(k+1)|2 df,
X

completing the proof of Theorems 1.6, 1.7 and 1.9.

Fuchsian groups. The corresponding Theorems 1.1, 1.3 and 1.5 for fami-
lies of Riemann surfaces X; = A/Gy are obtained similarly, using a Markov
partition introduced by Bowen and Series to replace the action of Gg by a
piecewise-analytic expanding map Fp : ST — S
The pressure metric. Finally we observe that the pressure itself gives
rise to a natural metric in the thermodynamic setting.

Let 0 : ¥ — X be an aperiodic subshift of finite type, and let 7 (X)
denote the space of Holder continuous functions with P(¢) = 0 modulo
coboundaries. By convexity, the second derivative

D?P() = Var(y, m(¢))

10



is non-negative on the tangent space
T,7(X) ={¢ : [¢dm(¢p) = 0}/(coboundaries).

In fact the variance vanishes if and only if ¢ is cohomologous to zero [PP,
Prop. 4.12], and thus the pressure metric on T (%), given by

o _ Var(y,m(¢))
115 = = S ame)

is nondegenerate.

Now let (X, 0) be the shift space coming from a Markov partition for a
Fuchsian group of genus g. Then each marked Riemann surface X = A/G €
7, determines a Markov map F : S' — S' and a symbolic encoding

73— St
satisfying m(o(x)) = F(m(x)). Note that the Holder continuous function

¢x () = —log|F'(r(x))]

changes by a coboundary when G changes by conjugacy, and that ¢x deter-
mines the lengths of closed geodesics on X. Thus the map X — ¢x gives a
thermodynamic embedding

Ty — T (%)

of Teichmiiller space into the space of functions modulo coboundaries. The-
orem 1.1 and equation (1.7) then imply:

Theorem 1.12 The pressure metric pulls back to a multiple of the Weil-
Petersson metric under the thermodynamic embedding. More precisely, we

have )
Iox1 = 3 2l
3 area(X)

The metric on B, given by equation (1.3) can similarly be regarded as a
pullback of the pressure metric up to scale.
Notes and references. The Weil-Petersson metric was introduced in [W1].
Theorem 1.11 appears in [Wol2]; see also [Bon] and [Bu]. (Note: 37 should
be 67 in [Wol2, eq. (0.1) and Cor 4.3], to be consistent with the definition
gwp (s 1) = 2 [y p*|pu]? used in [Wol2, p.152 and Cor. 3.5].) E. Cawley
showed that Wolpert’s theorem implies a variant of Theorem 1.12.

11



More on the theory of Riemann surface laminations for circle maps can be
found in [Sul3], [Sul4], [GS2], [GS1], and [MeSt, Ch. VIL.6]. A similar theory
for rational maps on C is developed in [LM]. For a survey of connections
between rational maps and Kleinian groups, see [Mc4].

The mating of Blaschke products to yield the rational maps Fi(z) dis-
cussed above is a special case of the gluing construction given in [Mc1, Prop.
5.5] (see also [Mc3]); the maps Fi(z) can be regarded as matings of polyno-
mials whose Julia sets are topological circles. See e.g. [Tan] and [Mil] for
more on matings.

I would like to thank M. Bridgeman for a lecture on [BT1] which moti-
vated this investigation. See also [BT2]; the results of the latter paper give
the inequality

(d?/dt*) H. dim(A(T'y))le—o > (1/3) ]| Xo|[Ryp/ area(Xo)

which is sharpened by Theorem 1.1, and include an inequality version of
Corollary 1.2 [BT2, §11]. We remark that the pseudometric on quasifuchsian
space introduced in [BT2| can also be regarded as a pullback of the pressure
metric. I would also like to thank M. Zinsmeister and the referees for many
useful comments.

Notation. The expressions A ~ B, A= O(B) and A < B mean A/B — 1,
|A] < CB and B/C < A < CB for an unspecified constant C.

2 Thermodynamic formalism

In this section we recall the thermodynamic formalism for expanding con-
formal maps, following [PP] (see also [Rul]). We then prove the dimension
relations

(d*/dt*) H. dim(A(Ty))|,_, = —(1/4) (d*/dt*) H. dim(my)|,_,

and
(d*/dt*) H. dim(J (Fy))|,_, = —(1/4) (d*/dt*) H. dim(m,)],_,

appearing in Theorems 1.1 and 1.6 of the Introduction.

Shifts. Let A(i,j) be a d x d matrix with entries 0 or 1. Assume A is
aperiodic, meaning there is an n > 0 such that A™ has only positive entries.
The associated 1-sided shift space ¥ consists of all sequences (zg, z1,Z2,. . .)

12



of integers 1 < x; < d such that A(z;,x;41) = 1 for all i. The shift map
o : Y — X is defined by o((z;)) = (x;41). We give ¥ the metric

d((xi), (yi)) = 1/d",

where n is the smallest index such that z,, # y,,. Then (X, d) is a Cantor set
of Hausdorff dimension one, and the map o : ¥ — X is locally expanding by
a factor of d.

For a > 0, let C*(X) denote the Banach space of real-valued continuous
functions f on ¥ satisfying a Holder estimate of the form

[f(x) = f(y)] < Md(z,y)".

The norm on C%(X) is given by

_ |f(z) = f(y)]
1 fllce = sup |f(z)| + iigw

The pullback operator on C“(X) is defined by (c*f)(y) = f(o(y)), and we
say fi1 and fy are cohomologous if

fi—fo=fz—0"f3

for some f3 € C*(X).

Pressure. Given ¢ € C*(X), the transfer operator (or Ruelle operator) on
f e C*(X) is defined by

Lo(F)y) = > e®@f(a).

o(z)=y

It is the composition of multiplication by e? with pushforward under o, and
satisfies:

Ly(go™(f)) = fLs(9)- (2.1)

The pressure of ¢ is defined in terms of the spectral radius of the transfer
operator by

P(9) = log p(Ls).

The pressure is a convex, real-analytic function on C%(X). By a generaliza-
tion of the Perron-Frobenius theorem there is a positive eigenfunction e?,
unique up to scale, satisfying

Ly(e¥) = p(Ly)e?;

13



and the rest of the spectrum of the transfer operator lies in a disk of radius
r < p(Ly).

Equilibrium measure. Now suppose P(¢) = 0, so Ly(e¥) = e¥. Then
there is a unique positive measure p on ¥ satisfying

[ cotpran= [ tau

for all f € C%(X) and [e¥du = 1. We define the associated equilibrium
measure on % by

m() = e’u. (2.2)

The equilibrium measure is an ergodic, o-invariant probability measure with
positive entropy.

The pressure and the equilibrium measure depend only on the cohomol-
ogy class of ¢. Moreover, we can modify ¢ by the coboundary ¥ — c* to
obtain L4(1) = 1; then m(¢) = p, and using (2.1) we have Ly(c*(f)) = f
and

[ £utrim@) = [ amo)

for all f e C(X).

Decay of correlations. Now fix an equilibrium measure m = m(¢). Con-
sider the inner product (f,g) = [y, fgdm and norm [|f||3 = (f, f) on the
Banach space C%(X). Adjusting by a coboundary, we can assume L4(1) = 1;
we then have

(Lo(f):9) = (f,07(9))- (2.3)

Because the spectrum of £, restricted to functions with [ fdm = 0 lies in
a disk of radius r < 1, we have rapid decay of correlations; that is,

[{(f;go0™)=0(")

for any f,g € C*(X) of mean zero.

Variance. Decay of correlations implies that the functions f(o‘x) behave
roughly like independent random variables. The variance of f € C*(X) of
mean zero is given by

Var(f) = lim (1/n)[|S. (f)]13,

where
n—1

Sulf,2) =) flo'x).

0

14



The variance depends only on the cohomology class of f. It is given
more explicitly by the series

Var(f) = (f, f) +22 ,fod),

which is rapidly convergent by decay of correlations. We also write Var(f) =
Var(f,m) to emphasize the dependence on m.

The central limit theorem says the oscillations of Sy, (f)/+/n are governed
by a Gaussian distribution with variance Var(f).

Theorem 2.1 For any a < b, and f € C*(X) of mean zero and variance
V', we have

m{x:a<%<b} \/_/ e /@) gy
See [PP, Thm 4.13].

Derivatives. The following useful formulas for the derivatives of pressure
appear in [PP, Props. 4.10, 4.11].

Theorem 2.2 Let ¢; be a smooth path in C*(X), let mo = m(¢o) and let
¢o = doy/dt|i—o. We then have
= [ dudme
t=0

dP ¢t
and, if the first derivative is zero, then

d*P (o)
dt?

= Var(dﬁo,mo) +/$0 dmy.

t=0

(Note: [PP] treats the second derivative in the case where ¢; = [ ¢ dmy is
constant; to obtain the general formula above, use the fact that P(¢; —¢;) =
P(¢r) —cr.)
Markov maps. The thermodynamic formalism is well-suited to the study
of expanding conformal dynamical systems.

To treat the case of both rational maps and Kleinian groups, we will
consider the dynamics of an expanding, conformal Markov map

F:J(F) — J(F)

relative to a Markov partition J(F') = |J] J;. Here J(F') is a compact subset
of C, and we require that:
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1. As subspaces of J(F), each tile J; is the closure of its interior;
2. The interiors of different tiles are disjoint;

3. F|int J; is injective, and extends to a conformal map F; on a neigh-
borhood of J;;

4. F;(J;) is a union of tiles, and
5. The graph of F|J(F') is the union of the graphs of Fj|J;.

The map F is generally multivalued at points where two tiles meet.
We say F' is expanding if there is an n > 0 such that the spherical
derivative of every branch of F"|J(F') satisfies

((F") ()] > C > 1,

and if for every nonempty open set U C J(F') there is an m > 0 such that
F™(U) = J(F).

Let A(i,j) = 1 if F(J;) D Jj, and 0 otherwise. By the expanding
assumption, A(i,j) is aperiodic, and the associated shift space ¥ admits a
Hoélder continuous projection

% — J(F),

characterized by the property that x = (zg,x1,x2,...) gives the sequences
of tiles visited by the forward orbit (z, F(2), F?(z),...) of z = w(z). (Orbits
of F' that land on the borders between tiles have multiple encodings in X,
but these ambiguous orbits have zero mass for all equilibrium measures.)
The shift map o gives a single-valued resolution of F', satisfying

m(0(2)) = Fro(7(2)).

Example: For F(z) = 2¢ with J(F) = S', we can take Jj,...,J; C S! to
be the intervals bounded by consecutive dth roots of unity; then ¥ = (Z/d)N
is the 1-sided shift on d symbols.

Dimensions. The geometry of F' is encoded by the Hoélder continuous
function

¢(z) = —log |Fy, (n())]
on the symbolic dynamical system (X, 0). For example, the Lyapunov ex-
ponent of an equilibrium measure m is given by

L(F,m.m) = —/Eqﬁdm. (2.4)
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This perspective is especially useful for studying families of dynamical sys-
tems; cf. [Sul2, §3].

The dimensions of interest to us can be recovered from ¢ by the following
standard results.

Theorem 2.3 The Hausdorff dimension § of J(F') is the unique solution to
P(0¢) = 0; and the equilibrium measure mse is equivalent to the Hausdorff
measure of dimension § on J(F).

Theorem 2.4 Let m be an equilibrium measure on Y. Then the Hausdorff
dimension of m transported to J(F') satisfies

H. dim(rm) = h(m, o) < /E ¢ dm> o

For continuous F', these results appear in [Ru2, Prop. 4] and [Mn] respec-
tively (see also [Me]); the proofs for Markov maps follow the same lines.

Families of rational maps. For simplicity, we now focus on the case of a
rational map F'(z) with Julia set J(F) C C. Assume F' is expanding; that
is, for some n > 0 we have |(F")'| > ¢ > 1 on J(F) in the spherical metric.
Then there exists a Markov partition J(F') = |JJ; making F|J(F') into a
Markov map as above (see e.g. [Rul, §7.29]).

Now consider a smooth family of expanding rational maps F;(z). By the
theory of holomorphic motions, there is a smooth family of homeomorphisms

he = J(Fy) — J(Fy)

respecting the dynamics (see e.g. [Mc2, Ch. 4]). By smooth we mean there
is an @ > 0 such that h; varies smoothly in the Banach space C*(J(Fy)) for
small . (Indeed, h; can be extended to a smooth family of K;-quasiconformal
maps on the whole sphere, with K; — 1 as t — 0.)
Choosing a Markov partition for Fy, we obtain a continuous family of
projections
N — J(F)

satisfying m;(x) = hy(mo(x)). Then
¢1(z) = log | F{(m(z))]

varies smoothly in C*(X) for small ¢t. By Theorem 2.3, the Hausdorff di-
mension ¢&; = H.dim(J(F})) is characterized by

P(0;¢¢) =0,

and the implicit function theorem implies §; is a smooth function of ¢.
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Theorem 2.5 For any smooth family of expanding rational maps with J(Fy) =
S, we have

Var((ﬁo,mo) + 50/(]50 dmo + /(250 dmo = 0, (2.5)
where mg 1is the equilibrium measure for ¢q.

(Here bo, do and &y denote derivatives with respect to ¢ evaluated at ¢ = 0.)
Proof. Since J(F;) is homeomorphic to a circle, we have d; > dyp = 1 and
thus dp = 0. Using Theorem 2.2 to compute the quantity d>P(8y¢y)/dt? = 0,
we obtain the expression above. [ |

Remark: Lyapunov exponents. Let M; = (m).(mp). Then equa-
tion (2.5) can also be expressed in terms of the Lyapunov exponents L; =
L(F;, M;) and the dimensions u; = H. dim(M,), as follows:

Var(quO)mO)/LO = 50 + fJO/LO = 5(] — /JO

Rational maps. Returning to the setting of Theorem 1.6, we now consider
a smooth family of expanding rational maps f;(z) with J(f;) = S' and
fil(A) = A.

Let h; : S — S! be the unique isotopy transporting the action of f
to fr and satisfying hg(z) = z. Consider the smooth, 2-parameter family of
rational maps

Fgy: C—C
obtained by gluing (A, fs) to (1/A, f;) using h; o h; ! as in [Mcl, Prop. 5.5]
(see also [Mc3]).
The family F;; can be normalized so that F};(z) = fi(z) and

Fou(2) = Fin(2). (2.6)
Using a Markov partition, we obtain a smoothly varying symbolic encoding
st o — J(Fsy),
and hence smoothly varying Holder continuous functions
¢u(x) = —log|Fy y(mou(@))|

and
Dy(z) = —log |} (.4 (2))].
Let mo = m(¢o) and let m,; denote the pushforward of mg to J(Fy,).
Then my,o is equivalent to Lebesgue measure on S1 and mee = (he)«(Mmoyp)-
Thus Theorem 1.6 follows from:
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Theorem 2.6 Att =0 we have

d? . Var(q'ﬁo,mo) 1 d? .
p7e) H. dim(J(Fo,t)) = W =1z H. dim(my ). (2.7)

Proof. The key point is that Fp; is conformally conjugate on one compo-
nent U of C — J(F s.t) to fol| A. Thus mg, is equivalent to harmonic measure
on OU, and hence H. dim(mg+) = 1 for all ¢ [Mak]. This implies, by Theorem
2.4, that [ ¢y dmy is constant, and hence [ do dmg = 0. Applying Theorem
2.5 we then obtain

Var(¢o, mo) + 50/% dmg = 0,

where 0; = H.dim J(Fp¢). Rearranging terms gives the first equality in
(2.7).
For the second, we observe that

d? [ @0 dmy

— H.di =4 7 =
dt2 dlm(mt7t) f (I)() dmo

by Theorem 2.4, while
Var(®g, mg) + / dodmgy =0

by Theorem 2.5, since H. dim(J(F})) = 1 for all t. The symmetry (2.6) of
F, ; implies ®y = 2¢g, and hence

Var(@o, mo) = 4 Var(gz@o, mo).

Since ¢g = Py, these relations give the second equality in (2.7). |
Families of Fuchsian groups. Now consider a smooth family of cocom-
pact Fuchsian groups 'y with A(T;) = S*.

By Bowen and Series, the group I'g also admits a Markov partition; that
is, there is an expanding Markov map

for8t=JJi— S
1
with folint J; = 7; € T'g (see [BS]).
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Gluing (A,T') to (1/A,T}), we obtain a two-parameter family of quasi-
fuchsian groups I's ; and a corresponding family of Markov maps F§ ;. Apply-
ing the theory of holomorphic motions (as in [Sull]), this yields a smoothly
varying symbolic coding

Tst - Y — A(Fsﬂg),
allowing us to define
¢r(z) = —log [Fy (o) (2)].

Then my = m(¢g) corresponds to Lebesgue measure on S L. setting Mgyt =
(7 ,¢)«(mo), the proof just given now yields:

Theorem 2.7 Att =0 we have

d? B Var(ég,mo) 1 d?

— H.dim(A(T'oy)) = [—¢odmg ~ 4dt?

dt2 H. dim(mt,t).

In particular, we obtain the dimension relation stated in Theorem 1.1.

3 Variance and suspensions

In this section we relate the variance Var(f) for the shift map to the variance
for its suspension under a roof function. This relation will allow us to express
Var(f) for maps on the circle in terms of integrals over A, T1X and X.

Stopping times. We begin by fixing an equilibrium measure m on 3, and
a roof function p € C*(X), satisfying

Zp(aix) >0 (3.1)

for some n > 0. This implies that p = [ pdm > 0.
Recall that the variance of f € C*(X) with [ fdm =0 is given by

Var(f,m) = nlLH;O (1/n) 1S (£)3,

where

S(f,x) = Z f(o'z). (3.2)



We define the variance relative to p by

Var,(f,m) = lim (1/n) ||V, (£)]3,

where
N(n,z)—1
Valf,o)= Y flo'a),
0

and the stopping time N(n,z) > 0 is the least positive integer such that

N(n,z)—1

Z ploiz) > np.
0

Note that N(n,z) < n by (3.1), and N/n — 1 almost everywhere by the
ergodic theorem.
The main result of this section is:

Theorem 3.1 For any roof function p and equilibrium measure m, we have
Var,(f,m) = Var(f,m)

for all f € CY(X) of mean zero.

This result is an immediate consequence of:

Theorem 3.2 If f € C*(X) has mean zero, then we have

Hm(1/n) ||V (f) = Su(f)]I3 = 0.
We will also deduce:

Theorem 3.3 For any g € C(X) and f € C%(X) with [ fdm =0, we have

T (g.Va(7)?/m) = Vax(7.m) [ gdim.
Suspension. The results above can also be formulated in terms of flows,
as follows.

Let (f‘,, o) be the natural extension of ¥ to a two-sided shift. Any equi-
librium measure m on ¥ determines an invariant measure i on 3. The
variance of f € Ca(i) is defined just as for X.

Let p € C%(2) be a roof function satisfying (3.1). Then the suspension
of (f‘,, o) under p is the space

~

S = (ExR)/((,1) ~ (0(x),t + p(x)))
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equipped with the natural flow gs(z,t) = (x,t + s). The measure m|X
determines a natural gs-invariant probability measure

dm, = di dt/p.

Let F(z,t) be a bounded measurable function on ip such that

F(z) = /0 e F(x,t)dt

is Holder continuous on % and [ Fdm, = [ Fdm = 0. We can then form
the integrals

S(F, (2,1)) = /On Fla,t + 5)ds

(even for n € R), and define the variation of F' by

Var(F,m,) = lim (1/n) [ Sn(F)? dm,.

n—oo Zp
Theorem 3.4 We have Var(F,m,) = Var(F,m)/p.

Proof. By [PP, Prop 1.2], there is a Holder continuous function g such that
f=F+g—goo

depends only on the coordinates (z;) with ¢ > 0; in other words, f is essen-
tially a function on 3. It follows easily that for 0 <t < p(z) we have

Snﬁ(F7 (‘Tﬂ t)) = Vn(f7 :L') + O(l) (33)

Appealing to Theorem 3.3 and using the fact that [ p(z)/p = 1, we obtain

Var(F,m,) = lim / Son(F)? dindt/p
Zp

n—oo nﬁ

= Jim = [ ViR 0l /) di

~

= Var(f,m)/p = Var(F,m)/p.
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For use in §10 we also record:

Theorem 3.5 For any g € C(i) with [ gdm =1, we have
1
lim ;/Ag(x)Sn(F, (2,0))% dim = Var(F,m,).
n—oo b))

Proof. The set of g € C(i‘,) for which the result holds is closed under
uniform limits and composition with o*!. Thus we may assume g(z) only
depends on z; for ¢ > 0, since translates of functions of this type by o span
a dense subspace of C(i‘,) We can then apply Theorem 3.3 and equation
(3.3) again, and continue the proof above to obtain the desired result:

Var(Fomy) = St [ g0 i
1
= lim —_/ 2)Sn5(F, (z,0)) din
Jm = [ o@)Sip(F (2.0))

Local variation. To prove Theorem 3.2, we begin with a bound for the
variation of the function S, (f) (defined by equation (3.2)) on sets of small
measure.

Theorem 3.6 Given f € C*(X) of mean zero and measurable sets E,,, we
have

limsup/ Snlf)” dm < V3 Var(f,m)(limsupm(E,))"?.

n—00 n

Proof. It suffices to treat the case where the limits superior above are
actually limits.

Let py,, be the probability measure on R obtained as the pushforward of
m under the function ¢ = S, (f,z)/y/n, and let

p= 2rV) Y2 exp(—t2/(2V)?) dt

be the Gaussian measure on R of mean zero and variance V' = Var(f,m).
By the central limit theorem (§2) we have p, — p as distributions, and
hence t2u,, — t2u as well. By the definition of u, these limit satisfy

1:lim/d,un:/d,u
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and
Var(f,m) = lim/t2 dpy, = /t2 du;

that is, in both cases no mass is lost in the limit (the convergence of measures
is tight).

Now the pushforward of m|E, can be expressed as v, = ¢ iy, where
¢r, is a Borel function with 0 < ¢, < 1. Passing to a further subsequence,
we can assume ¢p i, — ¢u as distributions, where again 0 < ¢ < 1. Since
0 < Pppin < iy, these limits are also tight: we have

/gbd,u = lim/qﬁn dy, = limm(E,)

and

1
/t%du = 1im/t2<;5n dpin, = hmE S, (f)? dm.

Ey
Applying the Cauchy-Schwarz inequality, we obtain

2
(/tqudu) < /t4 d,u/gb2 dp < 3V2/¢du = 3V3(limm(E,)),
and the stated bound follows. [ ]

Control of the stopping time. Applying the preceding result to f(z) =
p(x) — P, we obtain:

Theorem 3.7 For any sequence of measurable sets satisfying m(E,) < e,
we have

lim sup 1 / In — N(z,n)|>dm = O(/e). (3.4)

n—oo N n

Proof. Equation (3.1) implies that |j — k| < 14 C(p)] Zf p(coiz)| for some
C(p) > 0. By considering the sum from j = n to k = N(n,x), we obtain

In— N(n,z)| <1+ C(p) |Sn(p;x) — npl;

and since Sy, (p,x) —np = Sp(p — P, z), Theorem 3.6 implies that

nmsupl/ 1S (p) — 032 dm = O(/3).

n—oo M n
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Cancellation. Now fix an f € C%(X) of mean zero, whose stopping-time
averages V,,(f) are to be studied. We will use the ergodic theorem to show
there is usually abundant cancellation in these sums.

Theorem 3.8 For any € > 0, there exists an M > 0 and a sequence of sets
with m(Ey,) > 1 — € such that

k—1
D fo'x)| <elk—jl+M (3.5)
J

whenever x € E; U E,.

Proof. It is useful to pass to the natural extension (3,5, m). Since (X, 0,m)
is ergodic, so is (X,5,m). By the ergodic theorem, as N — oo we have

1L
Nzo:f(gl’)

0

1 ~i
NZJC(U%)

-N

— 0

+

for almost every z € 3. Thus for each e > 0, there exists a set with
m(Fy) > 1 —€eand an M > 0 such that

k—1
> @) <elk—jl+M (3.6)
J

for all x € Fy and all j < k, provided that j = 0 or kK = 0. Setting
F,, =67 "(Fp), we have (3.6) whenever z € F; U F},.

Let E, be the projection of F;, from S to ¥. Then we have m(E,) >
m(F,) = m(Fy) = 1 — €, and (3.6) implies (3.5) for all £ > j > 0 and all
S Ej U Ey. |

Proof of Theorem 3.2. We begin by noting that if N = N(n,z), then

k—1
Vil f,2) = Su(f,2)] = | Y flo')
J

where (j,k) = (n,N) or (N,n) (ordered so j < k). Thus by Theorem 3.8,
for each € > 0 there is an M > 0 and a sequence of sets with m(E,) > 1—e€
such that

[Va(fs2) = Su(f;2)| < €|N(n,2) —n| + M
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provided x € F,,. This implies

lim sup l/ Vo (f) — Sn(f)|2dm < ¢ limsup(1/n)||N(n,z) — n||§ = 0(62)
En

n—oo N

by Theorem 3.7. Letting En =Y — FE,, Theorem 3.7 also implies

1 1

timsup > [ V() = Su(HPdm < |ftimsup [ [N(n.2) ~ nf dm
= O(\/E)7

since mEn < e. Combining these results, we obtain

limsup(1/n)[[Va(f) = Su(f)II5 = O(® + Ve);

since € > 0 is arbitrary, the limit superior is actually zero. [ |

Proof of Theorem 3.3. By Theorem 3.2, it suffices to prove

Jm (g, S,(£)2/n) = Vax(f.m) [ gam;

and since this equation is immediate for ¢ = 1, we may assume that g has
mean zero. Since sequence S, (f)%/n is bounded in L'(X,dm), the set of
g for which the theorem holds is closed under uniform limits, so we may
also assume g belongs to the dense subspace of Hélder continuous functions
cHx) Cc CX).

Since m is an equilibrium measure we can write m = m(¢), where ¢ is
normalized so that L4(1) = 1. Let

P(h) = h(z) — /hdm

be the projection onto the functions of mean zero, and let T'= L, 0 P. Then
the spectral radius of T is less than some r < 1, and hence

17"l = O(r)
as an operator on C*(X). Moreover we have
(h1,hg 0 0) = (T'(h1), h2)

whenever h; or hg has mean zero, by equation (2.3).
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Now observe that

(9: 5.1 =Y {9, fi ),

0<j,k<n

where f;(z) = f(o'z). To bound the terms in this sum, we note that if j < k
then

(9, fifr) = (T(g), fofu—j) = (T* 7 (foT7(g)), fo) = O(").

Consequently
S (9. fife) =0 (Z kr’f) —0(1),
0<j,k<n 0
and hence
(9. Su(f)?/n) = O(1/n) — 0
as desired. n

Notes. The study of variance and the central limit theorem for geodesic
flows and other dynamical systems has a long history, going back to [Si]. For
recent work on the central limit theorem for suspensions, see [DP] and [MT].
(Note that the central limit theorem for S, (f) does not formally imply the
existence of Var(f), since an interchange of limits is required.)

4 Virtual coboundaries

Let f:S' — 8! be an expanding conformal Markov map. In this section
we study the variance of a function h : S — R in terms of a solution to the
‘virtual coboundary equation’

h(z) = g(z) — g(f(2))

on the unit disk A (for a suitable extension of h). To measure the asymptotic
growth of g : A — C, we define

In(g) =1 l9(2) [ |dz]. (4.1)

im ———
r—1 27T| log(l — T‘)| |z|=r

We will establish:
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Theorem 4.1 If h is the virtual coboundary of g, then Iy(g) exists and we

have:
Var(h o m,m)

[—¢dm

Using Theorem 2.6, we will then deduce the formulas

= Io(9)- (4.2)

(d?/dt?) H. dim (A (T, ‘t _o = (1/2)[h(V'(2))

and
(d*/dt*) H.dim(J(Fy))|,_, = (1/2)Io(v'(2))

stated as Theorems 1.3 and 1.7 in the Introduction.

Virtual coboundaries. For simplicity of notation, we will treat the case
where f(z) is an expanding rational map with J(f) = S and f(A) = A.
The extension to general conformal expanding Markov maps is straightfor-
ward.

Let 7 : ¥ — S! express f as a quotient of the shift as usual, and let m
be the equilibrium measure for ¢(x) = —log|f'(7(z))|. Note that m.m is
equivalent to Lebesgue measure on S', and that the Lyapunov exponent of
f is given by

L(f, mam / vy

Let h: S' — C be a Holder continuous function. We say h is the virtual
coboundary of a continuous function g : A — C if

h(z) = g(z) — g(f(2))

defines an extension of h|S! to a Hélder continuous function on the closed
disk A. Intuitively this means h|S? is the coboundary of g|S!, although the
limiting values of g(z) on S! need not exist. We remark that the expansion
of f implies ¢g(z) is uniformly continuous in the hyperbolic metric on A.
Roof function. Now assume h and g are real-valued. To prove Theorem
4.1, we will show the variance of h along an orbit in S* can be approximated
by the variance along an orbit in A.

By §3, it suffices to compute the variance of h relative to the roof function

p(x) = —¢(x) = log | f'(m(x))|.

Note that 07! p(o?z) > 0 for some n > 0, since f is expanding; and
p = L(f7 7T*Tn)'
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Escape times. Since f|S! is expanding, we can choose small annular
neighborhoods A and B of S' C C such that

f:A— B

is a proper covering map of degree d > 1, A C B, and h(z) is Holder
continuous on B. Under iteration, every point of A eventually lands in
B — A.

Let R, =1 —exp(—np). Given z € X, let Z(n,z) = R,n(x) € A, and
let the escape time E(n,z) > 0 be the smallest integer such that

FE(Z(n,2)) & A,

Theorem 4.2 The escape time satisfies E(n,z) = N(n,z) 4+ O(1), where
N(n,x) is the stopping time for p.

Proof. Let £ = E(n,z), let 2 = n(x) and let Z = Z(n, ). Since f¥(2) €
A — A, we have 1 — |[fF(Z)| < 1. Applying the distortion theorems for
univalent functions to f~, we also have

L= P = (5 (DI = 12]) = [(£7) (2)] exp(~np).

Taking logarithms, we obtain

E— E-1
log |(f7)' (= Zlog\f =Y plo'z) =np+0(1),
0

0

which implies the Theorem. [ |

Theorem 4.3 We have V,(hom,z) = g(Z(n,x)) + O(1).

Proof. Continuing with the notation above, we have

N(n,z)—1 E-1

Vahomx)= > h(f(2)) = Y_ h(f'(2)) +0(1)
0 0

since E = E(n,z) = N(n,z) + O(1). Since f is expanding, there is a A > 1
such that any branch of f~% contracts by a factor of O(A™%), and thus

[f(2) = f1(2)] = ON™F) (4.3)
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because |fE(2) — f¥(2)| = O(1).
By assumption, the extension of h to A defined by

h(z) = g(z) — g(f(2))

is Holder continuous of some exponent o > 0. Thus the bound (4.3) allows
us to replace z € S with Z € A at the cost of an exponentially small error,
to obtain:

E-1 ' E-1 ' )
SRR = 3 hF(2) + o)
- ’ E-1 . ]
= o)+ g(f(2) - g(f*(2))
0

= O(1) +g(2) — g(f*(2)).

Moreover g(f¥(z)) = O(1) because f¥(z) belongs to the compact set A— A,
and the Theorem follows. |

Proof of Theorem 4.1. Recall from §2 that there is a unique probability
measure f on X such that [ Ly(¢)dp = [+ dp for all p € C*(X). Since
e=® = |f'(x(x))|, p is simply Lebesgue measure on S'; that is, m,(u) =
|dz|/27. By (2.2) we can write u = e~¥m, where ) € C%(X) and [ e ¥ dm =
1.

By Theorem 3.3, the variance of h o w satisfies

1

Var(hom,m) = lim (e™%,V,,(hom)?/n) = lim E/ Viu(hom)? dp.
n—oo n—oo b))

Using Theorem 4.3, we can replace V,,(h o 7) with g and move the integral

over to S', to obtain

1 1
Var(hom,m) = lim —/g(Z(n,x))2 du(z) = lim —/ g(R,2)?|dz|.
> n—oo 21N Jq1
The last integral is over a circle of radius r = R,, satisfying |log(l — r)| =
np =n [ —¢dm, and we obtain equation (4.2). |

Families of rational maps. We now return to the setting of Theorem 1.7.
Let Fi(z) be a smooth family of expanding rational maps with Fy(z) = f(2).
Assume there is a smooth family of conformal maps H; : A — C such that
Hy(z) = z and

F(Hy(2)) = Hy(Fo(2)). (4.4)
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Let v denote the holomorphic vector field
v(2) = Hy(z) = dH(2) /dt|i—o,

and let

h(z) = ilog Fl(Hy(2)| = Fi(2) + Fy (2)v(2)

dt t=0 a Fy(2) (4.5)

where [, = dF] /dt|—. Using the fact that H; transports the critical points
of Fy|A to those of F, one can check that (4.5) defines h(z) as a holomorphic
function on A.

Theorem 4.4 The function h(z) has a continuous extension to A which is
(1 — €)-Holder continuous for every e > 0.

Proof. By the theory of holomorphic motions, we can extend v(z) to a
quasiconformal vector field on the whole sphere. Such a vector field is (1—¢)-
Hoélder continuous for every € > 0 (see e.g. [Mc5, Cor. A.12]). Since Fi(z)
is a smooth function of (¢,2) near 0 x S!, the desired extension of h is given
by (4.5). ]

Theorem 4.5 The function h(z) is the virtual coboundary of g(z) = —v'(2).

Proof. The functional equation (4.4) yields
Fy(Hy(2)) = H{()""H{(Fo(2))Fy(2)

upon differentiation with respect to z. Taking logs and differentiating with
respect to t, we obtain the coboundary equation

h(z) = %log F{(Hy(2)) T —Hg(z) + Hy(Fo(2)) = —'(2) +0'(f(2)).

Proof of Theorems 1.3 and 1.7. Choose a Markov partition for Fj and
let
X — J(F)

be the corresponding symbolic encoding for points in the Julia set of Fj.
Then 7(z) = Hy(mo(x)), so ¢¢(x) = —log | Ff (m(x)| satisfies

do(x) = = Reh(n(z)).
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Consequently ¢ is the virtual coboundary of Re v/ (z). Combining Theorems
2.6 and 4.1, we obtain
d? Var (o)
— H.dim(J(F; =
Since v'(z) is holomorphic, it satisfies In(Rev") = (1/2)Iy(v"), which yields
Theorem 1.7.
Theorem 1.3 follows similarly, by applying Theorem 4.1 to the expanding
conformal Markov map f : S' — S! associated to a cocompact Fuchsian
group. |

= Iy(Re?/(2)).

Question. Under what general circumstances does a smooth family of
conformal maps H; : A — C satisfy

2

it dim(H,(SY)) =

lim s [ |Hg(2)[? |dz]?
M axlog (1)l Jyo, O

A survey of results on H.dim H(S!) for conformal maps can be found in
[Pom, Ch. 10].

5 Dimension of Julia sets

In this section we apply Theorem 1.7 to deduce Theorem 1.8, which states
that for small ¢ € R the family of monic, centered polynomials

Fi(z) = 2%+t <b2zd_2 + b3z 4t bd>
satisfies

. _ |t 20 12
H.dlmJ(E)—1+4d210gde bk [* + O(|t]).-

Similarly we obtain:
Theorem 5.1 The family of Blaschke products

204t (boz® % + b3z 4 -+ bg)
141t (bo2? + bgz® + -+ + bgz?)

fi(z) =

satisfies

t2
L(fr,my) = 1ogd+u2k:2|b 1>+ Oo(tP).
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Here L( f;, m;) is the Lyapunov exponent of the measure of maximal entropy.

Proof of Theorem 1.8. For ¢t small, there is a smooth family of conformal
conjugacies H; between Fjy and F; on their basins of infinity, which is unique
if we normalize so that Hy(z) = z. The holomorphic vector field V = dH; /dt
then vanishes at infinity, and the functional equation H;Fy = FyH; implies
that V' =V (z)(d/dz) satisfies

V(z4) = dz71V (2) + (bgzd_2 + b3 bd> .

It is readily verified that this equation has a unique holomorphic solution
on |z| > 1, namely

z d = bz
V(z) = EE_:E_:O

Z d —3d

Changing variables by z +— 1/z, the vector field V on 1/A becomes the
vector field v = v(2)(d/dz) on A, where

By Theorem 1.7, we have
(d?/dt*) H. dim J(F})|—o = (1/2)I (V' (2)).

It is easy to see that

o0
kd™ | _ 2kd™ __
To (;Z:OZ ) ll—d | log( 1 ) Z logd

since the terms out to n ~ |log(l — r)|/logd are all nearly one, and the
remaining terms are all nearly zero. Using orthogonality we obtain

d
n 1
k n k=2

which gives the desired formula. [ |
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Proof of Theorem 5.1. Using the fact that fi(z) = Fy(2) + O(tz%+1), it
is easy to see that the family of polynomials obtained by gluing (1/A, fo)
to (A, fi) is tangent to the family Fy(z) at t = 0. Moreover the measure
of maximal entropy for fo(z) = 2% is simply Lebesgue measure on the unit
circle, with entropy h(fo, mg) = logd. Thus H.dim(m¢)L(f;, m;) = logd as
well, so Theorem 1.6 implies at ¢ = 0 we have

d? d? i d? i
WL(ft’ my) = —(log d)ﬁ H.dim(m;) = 4(log d)ﬁ H.dim(J(F})).
The last quantity is computed in Theorem 1.8. [ |

Resultants and escape rates. An alternative proof of Theorem 5.1 can
be given using polynomial maps on C? and the fact that Lebesgue measure
on S! is also the measure of maximal entropy for f(z) = z?. The algebra
and estimates needed are rather intricate, so we only outline the calculation.

Let F : C?> — C? be a homogeneous polynomial map of degree d, covering
a rational map f : P! — P! Let C; € C? be lifts of the (2d — 2) critical
points of f, normalized so that

|det(DF(2))| = d* [ |z A Cil, (5.1)

where |z A w| = |z1we — zow1|. Let Res(F') € C denote the resultant of the
polynomials F} and F5 giving the coordinates of F', and define the escape

rate G : C* — {0} — R by
G(z) =limd "log [|[F"(2)|| (5.2)

(using any norm on C2). Then by a result of DeMarco [D, Cor. 1.6], we
have:

Theorem 5.2 The Lyapunov exponent of f : P — P! with respect to its
measure of maximal entropy is given by

2

pi log | Res(F)|. (5.3)

L(f,m) =logd + Y _G(C;)
Now let P be the polynomial
P(2) = 2% 4+ bo2%2 - 4 by,

let P(z1,22) = 23 P(21/22) be its homogenization, and let

Q(z) = 2P(1/2) = 1+ bpz? + -+ + bg2?
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be its reciprocal polynomial. Assume for simplicity that the coefficients b;
are real, and define

F(Zl, Zg) = (P(Zl, Zg),P(ZQ, Zl)).

Then F' covers the Blaschke product f(z) = P(z)/Q(z) corresponding to
P(z).

Our goal is to use (5.3) to compute L(f,m) to second order in the coeffi-
cients b;. Thus we will assume the coefficients b; are small, and the product
of three or more coeflicients is negligible.

Let ¢; € C denote the (d — 1) critical points of f(z) in the unit disk A.
Since f(z) =~ 2%, the points ¢; are close to the origin. The remaining critical
points of f are given by 1/¢;, so the vectors

{CZ} = {(Cl, 1), (62, 1), cey (Cd—17 1), (1, Cl), (1,62), ey (1, Cd—l)}

in C? are lifts of the 2d — 2 critical points of f on P
Using the norm
1(21, 22)[| = max(|z1], |22),

(whose unit ball coincides with the region G < 0 for (2%, w?)), we will ap-
proximate G(z) by setting n = 1in (5.2). For this norm we have || F(¢;, 1)]| =
IP(1, )] = |Q(e:)], and thus

S G(C) = 2o [ Qe

The C;’s we have chosen need not satisfy (5.1), so we must also compensate
by the ratio between |det(DF(1,1))| and

EI[IC ) AC =] 11—l
The result is the formula
2 2
L(f,m) =~ logd— ~log|Res(F)| + ElogH 1Q(cs)|
+log | det(DF(1,1))/d*| — 2log [ 11 — il,

which is accurate to order two.
The matrix for Res(F') is a perturbation of the identity matrix, allowing
one to easily calculate

d
2 2
—Elog]Res(F)] ~ (1/d)z2:/<;]bk\ .
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Observing that the points (c;)¢~! are close to the zeros of P'(z), we also

have
10gH |Q(ci)| =~ ZR(CZ') = Res.— (%) ,

where R(z) = Q(z) —1. Applying the residue calculus and combining terms,
we obtain

2 211 |2
—Elog]Res( )+ = logH]Qc, dZZk’bk‘

The calculation of [] |1 —¢;| is more delicate, because approximating (c;)
by the zeros of P’(z) is not accurate enough. Instead we observe that (¢;)
are the zeros of S(z) = Q(z)P'(z) — P'(2)Q(z) inside the unit circle, and
write S(2)/(dz%"1) = 1+ T(2) to obtain

log [ ] 11 — cil = Res.— (log(1 — 2)T"(2)(1 — T(2))) .
The complicated resulting expression cancels nicely with det(DF(1,1)), yield-
ing

d
1
log | det(DF(1,1))/d*| - 2log [ 11 - cil ~ - > kbl
2

Collecting terms, we obtain

L(f,m) =logd + — Zkﬂbkﬁ

to order two, consistent with Theorem 5.1.

Notes and references. Related calculations for H.dim .J(2? + ¢) appear
in [Ru2], [Z] and [Mc7]. (Note that 22" should be 22" in equation (5) for
ai(z) on [Z, p.80].)

6 Norms and forms on the disk

In this section we introduce a sequence of norms I(f) that measure the
growth of a holomorphic function f(z) on the unit disk. The quantity Io(f)
introduced in §4 is included as a special case. We then establish:

Theorem 6.1 The deformation of Xg = A/Tg represented by the vector
field v on A satisfies
(. L(v)) _4L() _ | Xolke

— H. AT = = =
dt? dim(A(T's)) =0 2 3 3area(Xy)
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This result, together with Theorem 2.7, completes the proof of Theorem 1.1.
We also discuss norms Ji(f) for use with the Riemann surface lamination
X.
Holomorphic forms on A. Let QF(A) denote the space of (symmetric)
holomorphic k-forms a = a(z)dz* on the unit disk, ¥ > 0. We define an
operator
D : QF(A) = QFFL(A)

by Da = o/(2) dzF*1.

Given a € Q7(A) and 8 € QF(A), we measure the asymptotic growth of
rate of a8 by the pairing

1 o
(o, B)jk = lim — / p IR ZR 0B |dz|
|z|=r

r—1 271

when 5 + k > 0, and by

(@, B)o0 af|dz|

1
1 27T| log(l — T‘)| |z|=r

when (4, k) = (0,0). Here p = 2|dz|/(1—|z|?) denotes the hyperbolic metric.
These limits need not exist, but when they do, they obey the usual properties
of inner products. Note that we can also write

. 4 1 —
(@800 = im0, 8' )7 [ ol

so when this limit exists, the average of a3 over S'(r) grows linearly with
respect to the hyperbolic distance d,(0, S*(r)).

Power series. To make these pairings more concrete, let f(z) = > " anz"
be a holomorphic function on the unit disk, and define

Lii(f) = (D7 £, D¥ £

It is easy to see that this definition depends only on the sum ¢ = j + k, and
satisfies

Ii(f) = lim(1 —r) ana 22"

r—>1

when ¢ > 0, and

Io(f) = lim Z anl?r",

7"—>1|10g (1—r)]

consistent with equation (4.1).
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Theorem 6.2 If I;,(f) exists, then so does I;(f) for all j < k, and

Proof. If I;(f) exists, k > 0, then as r — 1 we have

Z‘X’ Ii(f)
k 2 2n k .
n:On |a”| ' (1 - T)k’

multiplying by 2 and integrating with respect to r, we obtain

oo r ds
k—=1{, (2,.2n

> 0 Hag P~ 2Ik(f)/ -

=0 o (1—s)*

For k = 1 the integral on the left grows like |log(1 — r)| and we obtain
2Io(f) = I (f); while for k > 1 it grows like 1/((k — 1)(1 — r)*~1), which
shows that Ix_1(f) exists and agrees with 2I(f)/(k — 1). By induction, we
obtain In(f) = 28I (f)/(k — 1) [

Proof of Theorem 6.1. The first equality is a restatement of Theorem
1.3, and the second is immediate from Theorem 6.2.

For the final equality, let m : A — Xo = A/I'g be the natural covering
map, and recall that ¢ = —2v"(2) dz? € Q?(A) satisfies ¢ = 7*(¢) where

IXollfve _

—4) 412 2 2
area(Xy) area(Xjy) /Xop |p|” p™(2)|dz|”.

By mixing of the geodesic flow, the projected circle (S (1)) becomes equidis-
tributed on Xg as r — 1 (see e.g. [EsM]). Thus the average of |¢|?/p* over
|z| = r converges to the average of |¢|?/p* over Xg, and we obtain

I XollRve

area(Xo) (6, @)2.2 = HD(v)), D*(v)))2,2 = 414 (V).

Césaro norms. A central difference between the geodesic flows on T X
and X is that, while both are ergodic, the geodesic flow on the Riemann
surface lamination X need not be mixing (§10). Because of this, we will need
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to replace the norms I (f) with norms Ji(f) that involve iterated averages.
These are defined for f(z) = > anz" by Jo(f) = Io(f) and

1 r >
Ji(f zlimi/ 1—s)kt n"la,|?s* ds
k( ) r—1 | log(l — 7")| 0 ( ) TLZ:;) | |

for k£ > 0. It is easy to see that

—2k| 0k
R el ARl I L B Y

for k > 0. Thus Jox(f) is obtained by first averaging S'(s), then averaging
over s € [0,7] C A with respect to the hyperbolic metric, and finally taking
the limit as r — 1.

Theorem 6.3 If Ji(f) ewxists for some k > 0 and sup p~t|Df| < oo, then
Ji(f) exists for all k and satisfies

Proof. It suffices to show that Jx1(f) = (k/2)Ji(f) whenever one or the
other exists. Note that Ji(f) = lim,_1 Ji(f,r) where

R(F-1) = Ty 2 lanr™

and
T41) = o=y Z|an|2 s

for k > 0; thus it suffices to show

T (f,7) ~ (k/2)Je(f,7) (6.2)

as v — 1, provided one side or the other has a nonzero limit.
The proof of (6.2) is by induction on k. For k = 0 we have

2n+1

o nr 1
Jl(f7r) |10g |Z‘ 7L’ om+ 1 2J0(f,7‘),

o (6.2) certainly holds. For the inductive step we integrate by parts to
obtain

Jk—i—l(f?r) = Bk(fvr) + Ck(fvr)7
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(1 _ T‘)k o0 nk+1|an|27‘2n+l 1 _ 7, k| |2 on
= ~ E n"la
|log(1—7‘)|n:0 2n+1 2|log (1—r) | "

1 T nk+l|a |282n+1 k
Ck(f,?") |10g(1—7")| /0 ( S) om + 1 ds 2Jk(f,?")

Now the assumption sup p~'|Df| < oo implies (by Cauchy’s integral for-
mula) that sup p~2/|D7 f|? < oo for all j > 0, and hence

(=) 3 nlan o = /| _ P IOER = o)
n=0 Z=r

when ¢ = 2j is even. Integrating with respect to r shows the same O(1)
bound holds when ¢ > 0 is odd. The case ¢ = k implies that By(f,r) — 0
as v — 1, and thus

i1 (for) ~ (k/2) T (f,7)

as desired. [ |

Example. The function f(z) = Y ¢°2%" satisfies Io(f) = 4.J2(f) = log2,
but (1 —7)%> n2|a,|*r?" oscillates as 7 — 1, so Iy(f) does not exist. This
function f(z) arises in the study H. dim(J(2? + ¢)) for small ¢ (§5).

7 The foliated unit tangent bundle

In this section we develop the theory of holomorphic forms on the foliated

unit tangent bundle T1X. In particular we introduce an inner product on

forms and a differential operator D, and establish:

Theorem 7.1 Any holomorphic 1-form o along the leaves of F satisfies
22k—1

k=1 k-1
o = 1)!(D a, D" a)

2o, ) =

for all k > 0.
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Parallel results for the Riemann surface lamination X will be presented in
§10.

The unit disk. Let A be the unit disk in the hyperbolic metric. By
identifying each unit tangent vector ¢ € T,A with the endpoint p € S of
the geodesic ray in the direction &, we obtain an isomorphism

TlAgAXSI.

We denote the geodesic flow by gs : T1A — T1A.

There is a natural foliation F of T} A whose leaves L, = A x {p} consist
of all the geodesics converging to a given point p € S'. Each leaf admits a
natural affine coordinate

zp: Ly — H={z : Im(z) > 0},

unique up to automorphisms of H fixing oo, such that z, sends the geodesics
in L, to vertical lines in H. In terms of z, = x + iy, the geodesic flow on L,
is given by gs(z + iy) = x + ie’y.

These affine coordinates can be assembled to obtain an isomorphism

Z:T{AXHx S

Z(z,p) = <z <z - z> ,p> . (7.1)

Here we have normalized so that the unit tangent circle over z = 0 maps to
{i} x S*.

Passage to the quotient surface. Now let X = A/G be a compact
quotient of the disk. Then F descends to a foliation F of T; X inheriting
the structure above. In particular, in local affine coordinates z = x 4 iy on
any leaf of F, we have the hyperbolic metric p = |dz|/y and the hyperbolic
area element dA = dxdy/y?. Since X is compact, T1X carries a unique
smooth probability measure d§ invariant under the geodesic flow.

given by

The harmonic current. Next we describe a natural harmonic current T'
adapted to F. This current takes the role of the fundamental class of F.

Choose local coordinates (z,p) on T1X such that z is affine along each
leaf of F and p ranges in a transversal to F. Then the invariant 3-form for
the geodesic flow is given locally by

_ dzdy
Yy

_ dxzdy

dé dr(p) " ydr(p),
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where dr is a 1-form satisfying TF = Kerdr. Since the hyperbolic area
element dz dy/y? is globally well-defined, so is the 1-form

T = ydr(p).

Note that
dy dx dy

dI'=— AT and d§=—75—ANT.
Yy Yy

Geometrically, T represents the (non-closed) current of integration along
the leaves of F given locally by y[L,]dr(p); in other words, a compactly
supported 2-form [ satisfies

/p(/[Lp]yﬂ) dT(p)Z/BAT.

The current 1" is harmonic since y is a harmonic function on each complex
leaf L,. Harmonic current arise frequently for foliations like 7 which admit
no transverse invariant measure; see e.g. [Gal, [FS].
Holomorphic forms on F. A (symmetric) holomorphic k-form on F is
a continuous section of the bundle (T*F)* — T;X given locally in affine
coordinates by
o= al(zp)dz”,

where a(z,p) is holomorphic in z. We denote the space of all such forms by
Qk(F).
Example: Any holomorphic k-form £(z)dz* on X pulls back, under the
projection T1X — X, to a holomorphic k-form on F.

Note that every a € QF(F) is bounded in the hyperbolic metric, since
p~*|a| is continuous and T1X is compact. In particular, we have

la(2)] = O(y™) (7.2)

in affine coordinates on any leaf of F.

Differentiation of k-forms. Let D : QF(F) — QF1(F) denote the natu-
ral differential operator given in affine coordinates by

Do = (da/dz) dzF1.

(This operator is well-defined since any two affine coordinates are related by
z1 = aze + b). We define the inner product between a j-form and a k-form
by

(0, B)j = /T v Ha()Be) de
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so in particular
@ahn= [ Plaa)? g
ThX

—2k|a|2

gives the average value of p . We suppress the subscripts (j, k) when

they are clear from the context.

Theorem 7.2 The holomorphic forms on F satisfy
(9
(Da, B)j1k = 57+ k){a, Bk (7.3)

Proof. Let ¢ = j + k, and consider the (0,1)-form along the leaves of F
given by _
7=y a(2)B(2) dz.

By Stokes’ theorem we have [y AdT = [dy AT. Since dT = (dy/y)T, we
have

[nar - / Y 2a(2)B(z) dzdy AT = / s o(2)B(z) LY

y2

NT = <a7/8>j,k7

while differentiation of v yields

/d’y AT = / ((6 — 1)y 2a(2)B(2) dy dz + y* 1o/ (2)B(2) dz dE) AT
= (1 =0, B)jk — 2i(Da, B) 11,k

Equating these expressions gives the Theorem. [ |

Theorem 7.3 The map D : QF(F) — QFY(F) is an isomorphism for all
k > 0, and satisfies

(Do, Do) = wm, Q).

Proof. First note that if 3(z) is a holomorphic function on H satisfying

B(=)| = O(y~"), (7.4)

then there is a unique holomorphic function o on H satisfying o/ (z) = (3(2)
and |a(z)] = O(y~*) (as required by (7.2)). Indeed, we can simply take
a(z) = — [I*° B(w) dw, using the fact that [ dy/y"™ < oo (since k > 0).
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Next observe that any 8 € QFF1(F) satisfies (7.4) in affine coordinates,
since it is bounded in the hyperbolic metric. Thus 3 has a canonical prim-
itive on each leaf of F, and these fit together to give the unique form
o € QF(F) satistying Do = 3. Therefore D is an isomorphism, and equation
(7.3) implies

(Da, Da) = %(% +1)(a, Da) = %(% + 1) (Daya) = w«y,ay

Corollary 7.4 The space QF(F) is infinite-dimensional for all k > 0.

Proof. The dimension of Q¥(F) is independent of k& and bounded below by
dim QF(X), which tends to infinity as k — oo by Riemann-Roch. |

Proof of Theorem 7.1. Apply induction, using Theorem 7.3. [ |

8 Growth along leaves

In this section we study holomorphic forms on the foliated unit tangent
bundle by passing to the universal cover L = A of an individual leaf. In
particular, we use the relation Iy(f) = 4I5(f) on the unit disk to establish:

Theorem 8.1 If a € Q' (F) is Hélder continuous, then we have
Var(Re a/p) = 2{a, a).

We also derive consequences for the power series of automorphic forms.

Uniformization of leaves. We begin by relating the L?-norm of a holo-
morphic form a € QF(F) to its growth along leaves. To study this growth,
choose a holomorphic covering map

m:A—LcCcT X
from the unit disk to a leaf L of F.

Theorem 8.2 Let f(z) be a holomorphic function on the unit disk such that
f®)(2)dz* = 7" (). Then I,(f) exists for all £, and we have

L(f) = /T ool .
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Proof. Note there is a p € S! such that the map 2, : A — H given by
zp =i(p+2)/(p — z) corresponds to an affine coordinate on L (cf. equation

(7.1)).

By mixing of the geodesic flow, the normal vectors of the projection of
S1(r) to X become uniformly distributed in T;X as r — 1 [EsM]. On the
other hand, most hyperbolic geodesics from p to S*(r) are nearly normal
to the circle. Thus 7(S'(r)) also becomes equidistributed in T;X, which
implies

[ oaPds=tim o [ g O el = L)
X |z|=r

—1 27

To see that Ipuio(f) also exists, consider a solution to gtV (z) =
m*(Da). Then as we have just shown, Iox2(g) exists. On the other hand,
we have

(D) = dzfd(x*(a)/dz) = (f(“l( )+ anl 2 o (p)> 4+

= DMIf 4 okwDFY,

where w = dz/(z — p). Since a is bounded, so is p~2¥|f*)|2. Consequently

(D" f,wDkf) = O <hm O |dz|> -
|z|=r

r—1

since (1—|z])/(|z—p|) — O a.e. as|z| — 1. It follows that (DFtlg, DF*t1g) =
(DF+1f DEFLFY and hence Iopqo(f) also exists.
By similar reasoning, I,(f) exists for all £. |

Corollary 8.3 We have Iyjor(f) = (D7a, DVax) for all j > 0.

Proof. We have just seen this equality for j = 0, and by Theorems 6.2 and
7.3 both sides multiply by (2k + 2j)(2k + 2j + 1)/4 when we replace j by
j+1 n

Variance under the geodesic flow. We now turn to the proof of Theorem
8.1. Recall that Iy(f) = lim,—; Ip(f,r) where

_ ; 2 2 2n
10(7:7) = Seriagtr =y 0 = gy ,Z|an|

We begin by showing there is some uniformity in the calculation of Io(f).
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Theorem 8.4 If f(0) =0 and 1/2 < r < 1, then we have
n(f.r) =0 (supp™ 1011

Proof. If M = supp p~!|Df| is finite, then |f'(2)|> = O(M(1 —r)~2) on
the circle |z| = r, and thus we have

[e.e]

1

o 2 ()P |dz] = ) lan[n®r?" = O(M(1 = 7)72).
2 |z|:r 0
Integrating twice gives 3 |a,|?r®® = O(M|log(1 —7))|). |

Lifts of 1-forms. Now let a = a(z) dz € Q'(F) be a holomorphic 1-form,
and let h : T1 X — R denote the function given by

h=Rea/p =Rea(z) - Im(z)

in local affine coordinates on F. We then have

Var(h) = lim Var,(h, S) dA, (8.1)

area(X) S—oo Jx

where dA is hyperbolic area on X, where

1 2
Varx(h, S) = ﬁ/o

and where £(z,0) € T X parameterizes the unit tangent circle over z € X.
To study Var,(h,S) more explicitly, let us normalize the covering map
A — X = A/G so that 0 € A lies over x € X. For each p € S! let

2

S
/0 hget(z,0)) ds| do),

A =T X

be the natural map sending A to the leaf of F consisting of geodesics that
converge to p in forward time. Let o), = (), and let f, : A — C be the
unique holomorphic function satisfying f,(0) = 0 and o, = df,.

Choose r = r(S) so |z| = r is a circle of hyperbolic radius S. Then for
q = ¢ we have

S ~ [MRea;
| Hantaonas = [T EE0) e fyiro)
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Consequently we have

Var(Rea/p.$) = = [ [ Re fy(r)dal. (.2)
Similarly, we can write
S0(0r) = g [ |Resyra) P ldg (.3)
2 27| log(1 —7)| Js1

(using the fact that (1/2) [ |f|*> = [ |Re f|?). To compare these expressions,
we observe:

Theorem 8.5 If « is Holder continuous, then we have

[fo(ra) + fo(rq)| < M(1+[log |p —ql])
for allp #q € S' and z € A, where M is independent of x.

Figure 2. Convergent geodesics.

Proof. Let [a,b] denote the hyperbolic geodesic between two points in A,
and let 6(z) denote the angle between [z,0] and [z,p] for z = rq € [0, q].
Assume « is Holder continuous of exponent J. Recalling that «,, and «a are
the values of o along geodesics tending to p and g respectively, we find

Pt ap + agl(2) = O(16(2)°)).

(The + sign comes from the fact that the geodesics [z, p] and [z, g] make an
angle of m —0(z2).)

It is easy to see that 6(z) — 0 exponentially fast with respect to arclength
on [0, ¢], and indeed 6(z) = O(d(z, [p, q])) where d(-) is the hyperbolic metric.
Integrating along [0, z], we obtain

| fo(1q) + fo(rq)] < O(d(0,[p,q])) = O(1 + |log |p — ql|).
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Theorem 8.6 If « is Hélder continuous then Vary(Rea/p,S) is bounded
uniformly in x, and we have

Slim Varz(Rea/p, S) = 2(a, a)
forallz e X.

Proof. Fix any p € S'. In light of the preceding theorem, equations (8.2)
and (8.3) imply

Var,(Rea/p, §) = %Io(f,r) +031/8). (8.4)

Here we have used the elementary fact that S = d(0,r) = |log(1—r)|+0O(1)
and that [ (1 + [log|p — q|[)? |dg| = O(1). Since

sup p | D f,| = sup ptay| = suppa| < oo,
A A X

Theorem 8.4 provides a bound for Iy(fp,r) depending only on a. Conse-
quently Vary(Rea/p, S) also has such a bound. Finally (8.4) implies

Jim Var,(Rea/p, 5) =  1m o(fy, ) = 5 Tolfy)
and (1/2)1o(fp) = 2L2(fp) = 2(a, @) by Theorems 6.2 and 8.2. |

Proof of Theorem 8.1. Since Var,(Rea/p,S) is bounded, by the dom-
inated convergence theorem we can interchange limits in equation (8.1) to
obtain

Var(Rea/p) = / Slim Vargy(Rea/p, S) dA = 2(a, o).
X §—00

area(X)

|
Remark: Rankin-Selberg. For the special case of forms coming from the
inclusion QF(X) «— QF(F), Theorems 6.2 and 8.2 yield:

Corollary 8.7 Let a(z) = 3. an,2"dzF be an automorphic form for a co-
compact Fuchsian group G C Aut(A). Then the limits

o0
Ay = liml(l — T)é Z né_2k]an]2r2"
r—
1

exist for all £ > 0, and satisfy Apy1 = (€/2)Ay.
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One can compare this Corollary to a classical result of Rankin and Selberg
[Sel, (2.16)], which states that any cusp form

[e.e]
o =az)dzF = Z ane?™ dzF
n=0
for a lattice G C Aut(H) containing g(z) = z + 1 satisfies

anp, 2
> 7|12k|_1 = AN + o(N) (8.5)

n<N

for some A € R. (It is not required that G is arithmetic.) Wolpert showed
that (8.5) also holds for the power series & = > a,,2" dz* of an automorphic
form for a cocompact Fuchsian group G C Aut(A); the equivalent statement
S enlanl?/n ~ AN~ appears in [Woll, Thm. 3]. This result implies
Corollary 8.7 by summation by parts.

9 Deformations of Fuchsian groups

In this section we show that the derivatives v*)(z) dz of a deformation of a
Fuchsian group G determine holomorphic forms on the foliated unit tangent
bundle T1 X, X = A/G. We then prove the formulas for the Weil-Petersson
metric stated as Theorems 1.5 and 1.4 in the Introduction.

Forms from vector fields. Let v be a holomorphic vector field on the
unit disk, representing a deformation of G as in the Introduction. Then
the quadratic differential v"”(z) dz? on the disk descends to give a form in
O?(X) — Q*F), which we also denote by v"". Let v € Q'(F) be the
unique solution to Dv” = v"" guaranteed by Theorem 7.3, and let v(*+1)
DF=1y" € QF1(F). Then Theorems 7.1 and 8.1 immediately imply:

Theorem 9.1 For any k > 0, the vector field v satisfies
22k—1

m@(k*”,v(k*% = Var(Rev"/p).

Proof of Theorem 1.5. Since = p~2¢ = —2v"”, we have

”XOH%VP . ”N”%VP :4<v/// ///>
area(Xy) area(Xy) o
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The preceding result gives 2(v”,v") = (4/3)(v",v"") = Var(Rev"/p), and
the equation

1 HXOH%VP / —21.112 "

——— 9 —9 V"% d¢é = Var(Rev 9.1

Saes(ey =2 [ R = VarRed ) (0)
stated as Theorem 1.5 then follows. [ ]

Proof of Theorem 1.4. By Theorem 8.2, I}(v') exists for all & > 0.
Since ¢(2) = >_ a2 = —20"(2), we have I3(>" a,2"/n?) = 41,(v'). Thus
Theorems 6.1 and 6.2 yield

1 Xollye Do)  12°L(v) 127 (¥ anz"/n?)
3area(Xo) 2 2(k—1)! 8 (k—1)!
— EL llHl kznk—4|an|2r2n
8 (/ﬁ - 1)! T—>1 T ’
as stated in Theorem 1.4. [ |

Remark: Unitary representations. One can regard Theorem 9.1 as
an instance (for & = 1) of the general principle that any two inner prod-
ucts on QF(X) constructed naturally from hyperbolic geometry must be
proportional. To justify this principle, recall that QF(X) is associated to
the irreducible discrete-series representation Vi of SLa(R) (see e.g. [Kn,
Prop. 2.7]); by Schur’s lemma, any two invariant inner products on Vs are
proportional, so the same is true of the induced inner products on Qk(X ).

10 The Riemann surface lamination

In this section we recall the Riemann surface lamination X associated to
a Blaschke product f : A — A. We define the geodesic flow on X , and
prove it is ergodic (but generally not mixing). We then develop the theory
of holomorphic forms on X , parallel to the theory of holomorphic forms on
the foliated unit tangent bundle T1.X. In particular we establish:

Theorem 10.1 Any holomorphic 1-form o along the leaves of)? satisfies
22k—1

2{a, ) = m

(Dk_lOé, Dk—1a>
for all k > 0.
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We also show Var(Re a/p) = 2(a, a) for suitable a € Q1(X).

The solenoid. Let f : C — C be an expanding rational map of degree d
with J(f) = S! and f(A) = A. The associated solenoid is the space

St = lim (f: 8 — §1) = {(w) € (S : flw) = uir}.

A point in St s given by a point ug € S together with a consistent choice
of preimages u_, € f~"(uo).

Each connected component or leaf of the solenoid has a natural affine
coordinate chart = : L = R, well-defined up to  +— ax + b, inherited from
the smooth structure on S'. Topologically we have

S'~ (Zy x R)/Z,

where Zy = lim Z/d™ is the group of dyadic integers and Z C Zg x R is
embedded diagonally.

The Riemann surface lamination. We can also form the space of back-
wards orbits of f on the unit disk,

A = lim(f:A—A)
= {(z) € A : f(z) =241 and |z] — 1 as i — oo}

(The condition |z;| — 1 excludes the orbit (...,p,p,p,...), where p is the
attracting fixed point of f|A.) The expanding property of f|S! implies that
every leaf L of A has a natural affine coordinate chart z : L & H, well-defined
up to z +— az + b. R

The action of f determines a homeomorphism f on Sty 3, given by

~

f((z1) = (f(2:)) = (zi41)-

The map ﬂﬁ is properly discontinuous, yielding as quotient space the Rie-
mann surface lamination L

X =A/(f)
associated to f. See [Sul3], [MeSt, Ch. VI.6] for more details.

Geodesic flow. The hyperbolic metric p = |dz|/y is well-defined in affine
coordinates z = = + iy along each leaf of A and X, and varies continuously
in the transverse direction. The geodesic flow gs : A — A, given by

gs(x +iy) = v +ie’y
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in affine coordinates, is also transversally continuous. It commutes with f
and hence descends to a flow on X.
To see this flow more readily, we observe there is an isomorphism

E:S'xR, ~A

given by the exponential map

B((w), ) = () = ((Him f"(in +vin)) (10.1)
where vg = —tug = (f" ) (ui_n)vi_p for n > i. The expansion of f|S*

yields the useful estimate
20 = (1 —t)ug + O(t?). (10.2)

In exponential coordinates, the geodesic flow and the action of ftake the
simple form

9s((ui), t) = ((uq), €t)

and

~

F((wi),t) = ((wia), [ (uo)[t).
This shows:

Theorem 10.2 The geodesic flow on X is isomorphic to the suspension of
f: St — St under the roof function r((u;)) = log |f(uo)|-

Ergodicity. Let m denote the unique absolutely continuous f-invariant
probability measure on St. (If we normalize so that f(0) = 0, then m =
|dz|/2m; cf. [Mar].) The corresponding f-invariant probability measure m
on S! is characterized by the property that it pushes forward to m under
each coordinate function z; : St gt

Since m is a continuous multiple of |dz|, m conditions to a constant
multiple of dz in affine coordinates on each leaf of S1. Thus we can locally
write

m = dz dr, (10.3)

where dr is a measure on the transverse Cantor set of S' and z is affine on
each leaf.
From m we obtain an invariant measure d¢ for the geodesic flow on X,
given upstairs on A 2 St x R, by
m x (dy/y)

€= "Tm)

The denominator is chosen so that [ 5 d§=1.
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Theorem 10.3 The geodesic flow on (X',df) is ergodic.
Proof. Since f|(S',m) is ergodic, so is f|(S, ) and its suspension. W

Failure of mixing. The geodesic flow on X need not be mixing; for exam-
ple, when f(z) = 2%, the flow factors over a rotation of the circle because the
roof function log |f/(up)| = log d is constant. See [Ru3] and [Po] for more on
the behavior of mixing under suspension.

The harmonic current. We now define a harmonic current 7 on X that
plays the role of the fundamental class of X (although it is not closed).

By (10.3) the invariant measure for the geodesic flow can be written
locally as

where z = x + iy is an affine coordinate on each leaf, dA = dx dy/y? is the
hyperbolic area form, d7 is a measure on the transverse Cantor set and

T = ydr.

The current T" pairs naturally with a continuous 2-form « along the leaves

of X to give
/A QAT = /A(oz/dA) de
X X

Now let v be a transversally continuous smooth 1-form on X. Stokes’
theorem implies that fU dydr = 0 if v is supported in a coordinate chart U.
Using a partition of unity, we obtain

J @t = [ ynymnr
b'e X
for any v, and hence formally
dT = (dy/y) NT. (10.4)

Holomorphic forms on X. Let T*X — X denote the complex cotan-
gent bundle determined by the complex structure along the leaves of X. A
holomorphic k-form on X is a continuous section a : X — (T*X )k that is
holomorphic along leaves. We denote the space of all such forms by QF(X )
Since X is compact, every o € Qk(X ) satisfies

sup p~*lal < 0.
X
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We define the differential operator D : Qk()? ) — Qk“()? ) in affine
coordinates by
Da = (do/dz) dz" !,

and the inner product between a j-form and a k-form by

w@M:AMWWWM%

where z = x +4y. The proofs in §7 for T1X then carry over to yield the
following corresponding results for X.

Theorem 10.4 The holomorphic forms on X satisfy

(Do, B)j 1k = 55 + ), B)

Theorem 10.5 The map D : Qk()z) — Qkﬂ()?) is an isomorphism for all
k > 0, and satisfies

(Da, Do) = wm, Q).

It is known that QF ()/(: ) is infinite-dimensional when k& = 2 [GS2, §7],
and thus the same is true for all k£ > 0.

Proof of Theorem 10.1. This follows by induction from Theorem 10.5.
|

Almost invariant functions. A continuous function h : A — C is almost
invariant under f if

lim sup {[h(f*(2)) = h(2)] : [f'(2)] > r} =0. (10.5)

When this holds, h determines a continuous function h:A—C by

1((z)) = lm h(z_;).

1— 00

An almost invariant function behaves like the lift of a continuous function
on a compact quotient of A; in particular h is bounded and uniformly con-
tinuous in the hyperbolic metric on A.
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Theorem 10.6 If h: A — C is almost invariant under f, then we have

lim 1 / h(sz)ds :/ B de
r—1|log(l1—7)| Jo 1-—s %

for almost every z € S*.

Proof. Ergodicity of the geodesic flow implies
1 T dt ~
li h(E((u;),t))— = [ hd
Jim oo [ B 0) § = [ T

for almost every (u;) € S'. Let (z(t)) = E((u;),t). Then as t — 0, we have
|20(t)] — 1 and thus

[((ui), ) = h(zo(8))] — 0
by equation (10.5), and
[h(20(t)) — h((1 = t)uo)| — 0O

by uniform continuity of h in the hyperbolic metric and equation (10.2).
Consequently we have

/ﬁdg—r #/1/1((1—15) )&
P ~ 120 [log T Jyp w3

for almost every (u;) € S, or equivalently for almost every ug € S* (since m
is absolutely continuous). The proof is completed by the change of variables
(I—thug=szand T =1-—r. |

Almost invariant forms. A holomorphic form a € Q¥(A) is almost in-
variant under f if

tim sup {p¥(F)'a— al(2) ¢ 7{2)| > r} =0.
I/]\a this case we can use ﬁhe coordinate functions z; : A — A to define an
f-invariant form a € Q(A) by

a= lim (z_;)*a.
71— 00

Theorem 10.7 Let g(z) be a holomorphic function on the disk such that
a = g®)(2)dz* is almost invariant. Then we have

(@,a) = Jar(g)-
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Proof. Since the hyperbolic metric on the disk is almost invariant, so is the
function

h(z) = p~Maf’ = p~* )| ()P,
and we have h = p~2*|al?, so

/Xﬁdg:@,ay

By Theorem 10.6, we also have

1 " ds ~
hr(z) = Toa(1 = 7)) /0 T Sh(sz) ds — (@, a)

as r — 1 for almost every z € S'. Since h is bounded, so is h,, and thus
dominated convergence implies

lim [ h.(2)]|dz| = (@,q).

r—1 Jg1
Reversing the order of integration over z and r, we obtain

PO 1 "ods —2k, (k) _
(Oﬁ,Oé>—Tl,l_)Hll 27T|10g(1—7")|/0 1_8/|Z|:sp ’g (Z)HdZ’ _J2k(g)

Almost invariance with Hélder bounds. Given § > 0, we say a contin-
uous function h : A — R is §-almost invariant if

sup |h(f(2)) = h(z)] = O((L —1)°).

|z|=r

This condition implies h is almost invariant. Using the expansion property
of f, it also implies the comparison

[h((2:)) — h(z0)| = O((1 — |20])%), (10.6)

which shows that % is Hélder continuous on X. For k-forms, the condition
of J-almost invariance becomes

sup p~*|f*a — ol = O((1 - r)?).

|z[=r
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Theorem 10.8 Let a = ¢'(2)dz € QY(A) be a §-almost invariant form on
the disk. Then we have

Var(Rea/p) = 2(a, @) = (1/2)Io(g)-

Proof. First note that p~!|a| = p~!|Dg| is bounded by almost invariance
of a; thus Jy(g) = Ip(g) exists and satisfies

(1/2)Jo(g) = 2J2(g) = 2(a, @)

by Theorems 6.3 and 10.7.

Let h(2) = Rea/p. Since a is d-almost invariant, so is h. We will regard
& and h as f invariant forms and functions on A in exponential coordinates
((w ),)651XR+. R

Given 0 < t < 1 and (u;) € St, let () = E((u;),t). We then have
1 —|zp| < t, and thus

R((u;),t) = h(z) + O(t)

by (10.6). Since p~!|a| is bounded, h is Lipschitz in the hyperbolic metric
on the disk, so the estimate 2o = (1 — t)ug + O(t?) given in equation (10.2)
implies

R((us),t) = h((1 = t)ug) + O(t%). (10.7)
Thus if we deﬁneST:§1—>]Rf0r0<T< 1 by
LN dt
Sr((w) = [ A0 T
the estimate (10.7) gives
1
Se((w) = [ (1= ) +0(0). (103)

Now recall that the f-invariant measure m|S' has a smooth density, i.e.
we can write
|dz|/(2m) = §(z) dm(z)
for a suitable smooth function 6(z) satisfying [ 6 dm = 1. Since the geodesic
flow on X can be presented as a suspension of f : S* — S!, Theorem 3.5
implies
~ 1
Var(h) = lim ——— [ § )2 din.
() = Jim e [ Bun)Sr((wi)* i
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Together with (10.8), this yields

Var(h) = lim —— (/l B((1 — £)ug) @>2 dug).
T7—0 27| log T'| Js1 \Jr t
Since p((1 — t)ug) ~ 1/t, we have
h((1 —t)ug)dt/t = (Rea/p)dt/t ~ Rea
exponentially fast, and thus

1 dt
/T H((1~ tyuo) % = Reg((1 — T)ug) +O(1).

A change of variables then gives

~

Var(Rea/p) = Var(h) = Ih(Reg) = (1/2)1y(9g),

completing the proof. [ |

11 Deformations of Blaschke products

In this section we return to the setting of the Introduction, and consider
a deformation v of an expanding Blaschke product f(z) with J(f) = S*.
We show that v determines holomorphic forms v*) on the Riemann surface
lamination X determined by f, and then establish:

Theorem 11.1 Any deformation v of a Blaschke product f € By satisfies

d? . " 221 —2k |, (k+1y|2
R dim(J(F}))|¢=0 = Var(Rev"/p) = k1) /)?P ()7 dg
for all k > 0.

The cases k = 1,2 yield Theorem 1.9 of the Introduction.

Virtual cocycles and holomorphic forms. Let f € B; be an expanding
Blaschke product with J(f) = S! and f(A) = A. Let Fy(z) be a family of
rational maps such that f(z) = Fy(z), and such that there exists a smooth
family of conformal maps H; : A — C satisfying Hy(z) = z and FiHy(z) =
H,f(z). The holomorphic vector field v = dH;/dt|;—o records the associated
deformation of f.

We begin by constructing the forms v#+1) ¢ Qk()/f)
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Theorem 11.2 The 1-form o = v"(z) dz on the unit disk is (1 — €)-almost
mwvariant for every € > 0.

Proof. By Theorems 4.4 and 4.5, the holomorphic function

) = g o FIH ()|

extends to C'~¢(A) and satisfies

h(z) =v'(f(2)) —'(2)
for z € A. Consequently we have

fra—a="(f(2)f(2) = v'(2)) dz = I/ (2) dz.

By Hoélder continuity of h and Cauchy’s integral formula, we have the esti-
mate

|1 (2)] = O((1 = |2])™);
and since 1/p(z) ~ 1 — |z|, this implies

sup p~ ' [fa —a = O((1 — |2)' ™)

|2|=r

as desired. [ |

Since o = v"(z) dz is almost invariant, it determines a form @ € Ql()? )
which we also denote by v”. Let v*t1) = DF=1(»") € QF(X). With this
notation in place, we can now give the:

Proof of Theorem 11.1. We have

2
§%§Ii.djnagf(f1))h:0 (12D

by the results of §4,
(1/2)Io(v") = Var(Rev"/p) = (v",v"),

by Theorem 10.8, and
22k—1
"o
)= e it
by Theorem 10.1 . [ ]

(k1) (k+1))

(W v o
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12 Random geodesics
We conclude by presenting a new proof of:

Theorem 12.1 (Wolpert) The length on X; of a random geodesic on X
satisfies ‘
d? _ 4 I Xollve

—_log (X =
s og (X¢, go) —o  3area(Xo)

Random geodesics. Let X; = A/G; be a smooth family of compact Rie-
mann surfaces of genus g. Any closed, oriented geodesic v C Xy determines
a unique probability measure m(+y) supported on its lift to T; X and invari-
ant under the geodesic flow. It also determines a smooth function £(Y, ) on
Teichmiiller space, giving the hyperbolic length on Y of the unique geodesic
in the same homotopy class as v on X.

The smooth invariant probability measure d¢ on T1 X can be regarded as
the lift of a ‘random geodesic’ gg on Xy. To make this more precise, choose
a sequence of closed geodesics 7, such that

m(yn) — d§

in the weak topology on measures. (Such a sequence exists by the ergodic
theorem and the closing lemma.) We can then define the length on Y of a
random geodesic on Xy by

(Y, )
E(XOfYn)

The limit ¢(Y,go) is independent of the choice of the sequence (7,), and
convergence to the limit is uniform on compact subsets of 7;. Indeed, one
can formalize the statement ~/¢(y, Xg) — go using the space of geodesic
currents Cq4, and interpret ¢(Y,-) in terms of the continuous intersection
pairing i : C4 x C; — R [Bon].

(Y, gp) = lim (12.1)

Random orbits. Now let fy : S' — S be an expanding Markov map
associated to the action of Go|S! as in §2. Let h; : S1 — S' be the unique
isotopy conjugating G to G; and satisfying ho(z) = z, and let f; = hy foh; !
be the corresponding Markov map for G;. Let mg be the unique absolutely
continuous invariant probability measure for fo|S!, and let m; = (h¢)s(mo)-

Let (v,) be a sequence of oriented closed geodesics on X satisfying
(12.1). We will construct a corresponding sequence of periodic cycles for fj
that become equidistributed for the invariant measure my.
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Let [a,b] C A denote the hyperbolic geodesic joining a,b € S'. Choose
a compact convex fundamental domain D C A for the action of Gy, and
choose lifts
Yn = |an, bn]

of v, meeting D. Excluding finitely many n if necessary, we can assume
that Gy - a,, avoids the endpoints of the tiles defining fo|S!, and hence

an(i) = fé(an)

is well-defined for all ¢ > 0.

There are unique points by, (i) € S* such that [a, (i), b,(i)] is also a lift
of v,. By the expanding property of fy and compactness of D, there is an
€ > 0 such that

lan (i) — bp(i)] > € (12.2)
for all 4 and n. But the orbit of Gg - (an,b,) C S* x S! accumulates only
on the diagonal, so the sequence [ay(i),b,(7)], i = 1,2,3,..., takes on only

finitely many distinct values. Consequently there is an integer p, > 0 such
that

[an (i + Pn), bn (i 4+ pn)] = [an(i), bn(7)]

for all 7> 0.

Replacing 7,, with [ay,(7), by (7)] for i > 0, we can assume a,, is actually
a periodic point for fy, and p, is its period. Let u, be the measure with a
S-mass on each point of the periodic cycle {a,(1),...,a,(p,)} C S

Theorem 12.2 The probability measures pi,/p, on S' converge to the ab-
solutely continuous measure mg as n — 0o, and satisfy

L(fo, pm) _ U(Xt,7n) (12.3)

L(fo,pn) 4 Xo,Vn)

Proof. By the definition of fy, for every n thereis a g, € Gy such that f{" =
gn on a neighborhood of a,,. Since g,(a,) = a,, the Mébius transformation
gn stabilizes [ay, b,] = 7,. Hence there is an integer C,, such that

L(fo, n) = log |(f§")'(an)| = log |g;,(an)| = Cnl(Xo,n)- (12.4)

Letting the parameter ¢ vary, we obtain (12.3).

We claim the period p, of a, is comparable to length ¢, = £(Xg,vy).
Indeed, since |f{| is bounded and C,, > 1, (12.4) implies £, = O(p,,). On the
other hand, the length of , is comparable to the number of its intersections
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with the image of 9D on X, which in turn bounds the number of distinct lifts
meeting D and hence the number of distinct lifts whose endpoints satisfy
(12.2). The latter quantity is an upper bound for the period of a,, and
hence p, = O(¢,).

To see that j, /p, — my, consider the lift of z1,, to a measure v, on S'x S*
with d-masses on the pairs (ay(i),b,(7)), ¢ = 1,...,p,. Similarly, let &, be
the measure with a d-mass at every point in the orbit G- (an, b,) C S* x S*.

The assumption 7, /¢, — go implies the measures &, /¢, converge to an
absolutely continuous measure on S' x S'. Since v, < &, and p, =< £,
any accumulation point of the probability measures v, /p, is also absolutely
continuous. Consequently the same is true for ju,,. But fy|S! admits a unique
absolutely continuous invariant probability measure, and hence u, — mg.
|

Taking the limit as n — oo in (12.3), we obtain:

Theorem 12.3 The Lyapunov exponent of f: and the length of a random
geodesic on X; are related by

L(ftamt)

L(fo,mo) X, 90).

Proof of Theorem 12.1. At t =0 we have

d? d?
7ol log £(X¢, g0) = 72 108 L(ft,m¢)
by the preceding result,

d? d?
p7e] log L(fy,m:) = e log H. dim(my)
by the entropy relation H.dim(my)L(fy, m¢) = h(fe,me) = h(fo, mo), and
&? 4 || XolRyp

—— log H.dim(my) =

= 12.
dt? 3 area(Xy) (125)

by Theorem 1.1. [ |

Remark. Conversely, one can use Theorem 12.3 and the entropy relation
to deduce equation (12.5) from Wolpert’s theorem.
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