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1 Introduction

Rational maps on the Riemann sphere occupy a distinguishedcine in the
general theory of smooth dynamical systems. First, ratiomanaps are complex-
analytic, so a broad spectrum of techniques can contributeo ttheir study
(quasiconformal mappings, potential theory, algebraic genetry, etc.) The
rational maps of a given degree form a nite dimensional mafuld, so ex-
ploration of this parameter spaces especially tractable. Finally, some of the
conjectures once proposed famoothdynamical systems (and now known to
be false), seem to have a de nite chance of holding in the awemwf rational
maps.

In this article we survey a small constellation of such congéures, cen-
tering around the density of hyperbolic rational maps | those which are
dynamically the best behaved. We discuss some of the eviderand logic
underlying these conjectures, and sketch recent progressvards their reso-
lution.

Based on a lecture presented to the AMS-CMS-MAA joint meetirg, Vancouver BC,
August 16, 1993. Supported in part by the NSF. 1991Mathematics Subjection Classi ca-
tion. Primary 30D05, 58F23.



Our presentation entails only a brief account of the basicsf @omplex
dynamics; a more systematic exposition can be found in thersay articles
[Doul], [BI], and [EL], the recent books [Bea] and [CG], and iior's lecture
notes [Mil4].

2 Hyperbolic rational maps

A rational map f : 8! Cisa holomorphic dynamical system on the Rie-
mann sphere@ = C[flg . Any such map can be written as a quotient

P(z) _ azd+::1+a
Q2 = hz9+ i+ by

of two relative prime polynomialsP and Q. The degreeof f can be de ned
topologically or algebraically; it is the number of preimags of a typical point
z, as well as the maximum of the degrees & and Q. The fundamental
problem in the dynamics of rational maps is to understand théehavior of
high iterates

f(2)

n —_ s .
f"(2) (If f 2 f;(z).
n times
Any rational map of degreed > 1 has both expanding and contracting
features. For examplef must be expanding on average, because it maps
the Riemann sphere over itselfl times. Indeed, with respect to the spherical
metric (normalized to have total area one),
z
ék(f”)‘kzz d11

so the derivative off " is very large on average. On the other hand, has
2d 2 critical points ¢ wheref {c) = 0. Near c, the behavior off is like that
of z 7! z" near the origin, for somen > 1; thusf is highly contracting near
C.

Tension between these two aspects 6f is responsible for much of the
complexity of rational maps.

To organize these features df, we introduce theJulia setJ(f) | the
locus of chaotic dynamics; and thepostcritical set P(f ) | which contains
the \attractors” of f. The Julia set can be de ned as the closure of the set



of repelling periodic pointsfor f. Here a pointz is periodic if fP(z) = z for
somep > 0; it is

repelling  ifj(f P)Y2)j > 1;
indi erent if j(fP)Y2)j=1; and
attracting if j(f P){2)j < L

The forward orbit E of a periodic point is called acycle becausef JE is a
cyclic permutation.

The derivative gives a rst approximation to the behavior off P near
the periodic point; for example, all points in a small neighbrhood of an
attracting point z tend towards z under iteration of f P. On the other hand,
a repelling point pushes away nearby points, so the behaviaf forward
iterates is di cult to predict.

The Julia set is also the smallest closed subset of the sphetgch that
jJ(f)j> 2 andf 1(J)= J. Its complement = e J(f ), sometimes called
the Fatou set is the largest open set such that the iterates f "j > form a
normal family.

The postcritical setP (f ) is the closure of the forward orbits of the critical

points of f : .

Pf)= = fn(0):

n> 0; f %(c)=0

The postcritical set plays a crucial role with respect to thattractors of
f . For example:

Theorem 2.1 Every attracting cycleA attracts a critical point.

Proof. Let U = fz : d(f"(z);A) ! 0g for the spherical metric; U is
open andf %(U) = U. If U contains no critical point, thenf jU is a covering
map; but then the Schwarz lemma implie$ is an isometry for the hyperbolic
metric, which is impossible becausA is attracting. [ |

Thus A P(f) and the number of attracting cycles is bounded by the
number of critical points, which in turn is bounded by 2ded() 2.

This theorem is of practical as well as theoretical value. Fexample, if
f (z2) = z2 + c has an attracting cycle of period 100, this cycle can be easil
located as limf "(0); a few million iterates should yield reasonable accunac
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(Compare this to the prospect of computing the 27 10°° roots of the
equationf 1%°(z) = z.)

We can now introduce the property ohyperbolicity, which will be central
in the remaining discussion. Lef be a rational map of degrea > 1.

Theorem 2.2 The following conditions are equivalent:
1. All critical points of f tend to attracting cycles under iteration.

2. The mapf is expanding on its Julia set. That is, there exists a con-
formal metric  on the sphere such thaf z)j > 1for all z2 J(f).

3. The postcritical set and the Julia set are disjointR(f)\ J(f) = ;).

De nition.  When the above conditions holdf is hyperbolic

The Julia set of a hyperbolic rational map is thin: its area izero, and
in fact its Hausdor dimension is strictly less than two [SuR]. Every point
outside the Julia set tends towards a nite attractorA  €: that is, the
spherical distanced(f "(z);A) ! Oasn!1 . The setA consists exactly of
the union of the attracting cycles forf .

Thus for a hyperbolic rational map, we can predict the asymptic behav-
ior of all points in an open, full-measure subset of the spherthey converge
to A.

Example. Figure 1 depicts the Julia set of a rational map of degree 11.
The Julia set is in black; its complement contains 20 large wte regions, 10
of which are visible in the picture. The attractorA consists of one point in
the \center" of each large white region. Under iteration, esry point outside
the Julia set eventually lands in one of the large white regis, and is then
attracted to its center. The Julia set is the thin set of \indecisive" points,
forming the boundary between regions converging to one pbiaf A or to
another.

This rational map is especially symmetric: it commutes withthe symme-
tries of the dodecahedron, and it can be used to solve the gtimequation.
(But that is another story; see [DMc]).

We can now state one of the central open problems in the eld.
Conjecture HD. Hyperbolic maps are open and dense among all rational
maps.

It is easy to see that hyperbolicity is an open condition; buthe density
of hyperbolic dynamics has so far eluded proof.
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Figure 1. Julia set of a hyperbolic rational map with the syinies of the
icoashedron.

Given recent events in number theory, | looked into the podslity of
naming the above conjecturéatou's Last Theorem Unfortunately, the name
is unjusti ed. Speaking of hyperbolicity, Fatou writes in his 1919-20 memoir
[Fatou, p.73]:

Il est probable, mais je n'ai pas approfondi la question, queette
propree appartienta toutes les substitutions gere rales, c'esta-
dire celles dont les coe cients ne \eri ent aucune relation parti-
culere.t

There is no indication of even a marginal proof. Moreover, Fau may
have intended by his last statement that the non-hyperbolicational maps
should be contained in a countable union of proper subvaries. This is false,
by an elementary argument [Lyul, Prop. 3.4]; in fact, non-tgerbolic maps
have positive measure among all rational maps of a given degr[Rs1].

Structural stability. A pair of rational maps f and g are topologically
conjugateif there is a homeomorphism : ! &suchthat f 1= g A

1 am grateful to Eremenko, Lyubich and Milnor for providing t his reference.
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rational map f is structurally stableif f is topologically conjugate to allg in
a neighborhood off .
The following close relative of Conjecture HD is known to berte:

Theorem 2.3 (Mare, Sad, Sullivan) The set of structurally stable ratio-
nal maps is open and dense.

Sketch of the proof. Let N (f ) be the number of attracting cycles of , and
let Uy be the set of local maxima oN (f ) in the space of rational maps. Since
attracting cycles persist under small perturbations, andN (f) 2d 2, the
setUp is open and dense. AE varies inUy, its repelling cycles argersistently
repelling | they cannot become attracting without increase N (f ). Tracing
the movement of repelling periodic points, we obtain a topogical conjugacy
between any two nearbyf andgin Up, de ned on a dense subset of their Julia
sets. By the theory ofholomorphic motions this map extends continuously
to a conjugacy :J(f)! J(9g).
LetU; Ug be the set of points where any critical orbit relationsf("(c) =

f ™(cY) are locally constant. It can be shown thatU, is also open and dense,
and the conjugacy can be extended to the grand orbits of the critical points
over U;. Finally general results on holomorphic motions [ST], [BRprolong

to a conjugacy on the whole sphere. [ |

For details see [MSS], [McS].

In smooth dynamics, the notion of structural stability goedack at least to
the work of Andronov and Pontryagin in 1937, and the problemfdhe density
of structurally stable systems was known for some time. In 68, Smale
showed that structural stability is not dense, by giving a counterexample in
the space of di eomorphisms on a 3-torus [Sm]. Eventually ivas found
that neither structural stability nor hyperbolicity is dense in the space of
di eomorphisms, even on 2-dimensional manifolds (see asies by Abrahams-
Smale, Newhouse, Smale and Williams in [CS].)

It is thus remarkable that structural stability is dense within the space
of rational maps; this fact highlights the special characteof these more
rigid dynamical systems. Given the density of structural stbility, to settle
Conjecture HD it su ces to prove that a structurally stable rational map is
hyperbolic

More recent results in smooth dynamics actuallgupport Conjecture HD;
the implication (structural stability) =) (hyperbolicity) is now known to
hold for C* di eomorphisms [Man].



3 Invariant line elds

What further evidence can be o ered for Conjecture HD?

Theoretical support is provided by a more fundamental cong¢ure, which
has its roots in the quasiconformal deformation theory of teonal maps and
relates to Mostow rigidity of hyperbolic 3-manifolds. To decribe this con-
jecture, we will rst give an example of a non-hyperbolic rabnal map |
indeed, a rational map whose Julia set is the entire Riemanmplsere.

The construction begins with a complex torusX = C=, where =
Z Z is a lattice in the complex plane. Choose > 1 and letF : X ! X
be the degreen? holomorphic endomorphism given byF (x) = nx. Since
jFq{x)j = n> 1, the mapF is uniformly expanding, and it is easy to see that
repelling periodic points ofF are dense on the torus<. (For example, all
points of ordern® 1 in the group law onX have periodk under F.) Thus
the Julia set of F, appropriately interpreted, is the whole ofX .

The quotient of X by the equivalence relationx X is the Riemann
sphere; the quotient map} : X ! € can be given by the Weierstras$§ -
function, which presentsX as a twofold cover of the sphere branched over

four points. SinceF( Xx) = F(x), the dynamical systemF descends to a
rational map f such that the diagram

X" X

2 ?

? ?

'y by

g1 " &
commutes.

The mappingf can be thought of as an analogue of the multiple angle
formulas for sine and cosine, sinde(} (z)) = } (nz).

De nition. A rational map f is double covered by an integral torus endo-
morphismif it arises by the construction above’
Here are some remarkable features bf

1. The Juliasetd(f) = 8. This follows easily from the density of repelling
periodic points forF on X.

2. The mappingf is not rigid: that is, by deforming the lattice (vary-
ing ), we obtain a family of rational maps which are topologicajl
conjugate but not conformally conjugate.

2This construction goes back to Lates [Lat].
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3. Most importantly: the Julia set J(f) carries aninvariant line eld.
To visualize this line eld, rst note the map z 7! nz preserves the
family of horizontal lines in the complex plane. Thud preserves the
images of such lines on the torus. The quotient line family tas out to
be a foliation by parallel simple closed geodesics (with pest to the
obvious Euclidean metric) on the torus. Finallyf preserves the image
of this foliation on the sphere.

Of course there is no way to comb a sphere, so the image foletihas
singularities: there are four singular points at the four dtical values of} .

More generally, aninvariant line eld for f, de ned on a measurable set
E &, is the choice of a 1-dimensional real subspake in the tangent space
Tz@ for all z 2 E, such that:

1. E has positive area;

2. f YE)= E;

3. the slope ofL, varies measurably with respect t@; and
4. the derivative f °transformsL; into L, for all z in E.

If E  J(f) we sayf admits an invariant line eld on its Julia set Thus
the Julia set must have positive measure before it can carrypanvariant line
eld.

Conjecture NILF. A rational map f carries no invariant line eld on its
Julia set, except wherf is double covered by an integral torus endomor-
phism.

This conjecture is stronger than the density of hyperbolic yhamics:

Theorem 3.1 (Mare, Sad, Sullivan) NILF =) HD.

See [MSS], [McS].

One attractive feature of Conjecture NILF is that it shifts the focus of
study from the family of all rational maps to the ergodic theory of asingle
rational map.

In support of this Conjecture, and hence of the density of hygrbolic
dynamics, we state a parallel result for degree one rationalaps. Of course
a single degree one rational map is not very complicated. Tliegree one
mappings form a group, isomorphic td® SL,(C), and the group structure
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makes it easy to iterate a single mapping. To make the dynanaicsystem
more interesting, let us consider more generally nitely gesrated subgroups

P SL,(C), and de ne the Julia setJ() as the minimal closed invariant
set with jJj > 2. We then have:

Theorem 3.2 (Sullivan) A discrete nitely generated group of degree one
rational maps carries no invariant line eld on its Julia set

This result is a (thinly disguised) version of Mostow rigidy for hyperbolic
3-manifolds and orbifolds with nitely generated fundametal group [Sull];
in more traditional terminology, is a Kleinian group and J() is its limit
set.

If we allow to be an indiscrete subgroup ofP SL,(C), the theorem fails,
but in a completely understood way. For example, the group

= <z7Nz+1:;z7'z+ :z 7! nz >;

with Im( ) > Oandn > 1, hasJ() = € and it preserves the eld of
horizontal lines in C. This example is simply the universal cover of a torus
endomorphism; in a sense, the exceptions proposed in Cotjee NILF cor-
respond to the (easily classi ed) case of indiscrete groups

With this result to guide us, why has the no-invariant-line-eld Conjecture
remained elusive? The main reason is perhaps that all ratiahmaps of
degree one lie in a nite-dimensional Lie group. This grouprpvides a good
geometric portrait of an arbitrary degree one transformatin. By contrast,
the degree of a general rational map can tend to in nity undeiteration, and
it is much more di cult to visualize and control the behavior of a rational
map of high degree.

4 Quadratic polynomials

The simplest rational maps, apart from those of degree oneagahe quadratic
polynomials. To try to gain insight into the general theory of rational mays,
much e ort has been devoted to this special case. The quadm@atpolynomi-
als are remarkably rich in structure and many fundamental dtulties are
already present in this family.

From the point of view of dynamics, every quadratic polynonal occurs
exactly once in the family

fe(z)= 22+ ¢ (c2 C);
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so the quadratic parameter space can be identi ed with the coplex plane.
Restricting attention from rational maps to quadratic polynomials, it is
natural to formulate the following conjectures.

Conjecture HD2.  Hyperbolic maps are dense among quadratic polynomials.

Conjecture NILF2. A quadratic polynomial admits no invariant line eld
on its Julia set.

It turns out that these two conjectures areequivalent This equivalence
is further evidence for the fundamental nature of the quesin of invariant
line elds.

Note that f. has only one critical point in the complex plane, namely
z = 0. Consequently:

Theorem 4.1 The mapf(z) = z2+cis hyperbolic if and only iff 7(0) ! 1,
or f. has an attracting periodic cycle in the nite planeC.

This theorem motivates the following:

De nition.  The Mandelbrot setM  C is the set ofc such that f (0) stays
bounded asn! 1

Figure 2. The boundary of the Mandelbrot set.
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The Mandelbrot set is compact, connected and full (this me&C M is
also connected). The interior oM consists of countably many components,
the bounded white regions in Figure 2. Thu$! can be thought of as a \tree
with fruit”, the fruit being the components of its interior. (Cf. [Dou2]).

Where does the fruit come from?

Conjecture HD2 0 If clies in the interior of the Mandelbrot set, therf o(2)
has an attracting cycle.

It turns out that hyperbolicity is infectious | if U is a component of the
interior of the Mandelbrot set, andf. is hyperbolic for onec 2 U, then f is
hyperbolic forall c2 U. In this case we sayJ is a hyperbolic componenbf
int(M).

It follows that Conjecture HD2° is also equivalent to Conjecture HD2.
So several natural conjectures concur in the setting of comep quadratic
polynomials.

Real quadratic polynomials. The Mandelbrot set meets in the real axis
(the horizontal line of symmetry in Figure 2) in the interval[ 2;1=4]. We
can further specialize the conjectures above to real quadics, obtaining:

Conjecture HD2 R. Hyperbolicity is dense among real quadratic polynomi-
als.

Conjecture NILF2 R. A real quadratic polynomial admits no invariant line
eld on its Julia set.

The real quadratic polynomials are of special interest foeseral reasons.

First, there are many dynamical systems which can be roughiypodeled
on such a polynomial: the economy, animal populations, cetie enroliment,
etc. To explain this, it is convenient to conjugate a real pghomial in M to
the formg(x) = x (1 x), where 0< 4,s0g:[0;1]! [0;1]. Thengis a
\unimodal map": for x > 0 small, g(x) grows asx grows, but after x passes
a critical point (x = 1=2), g decreases as increases. Thugy might describe
the boom and bust of economic cycles, or the behavior of poptibn from
one year to the next when faced with limited resources. Seegkre 3, which
plots g together with the diagonaly = x, and shows an example where the
critical point has period 8.

One can imagine that real numbers correspond to real life, drone goal
of the complex theory is ultimately to contribute to the undestanding of
dynamics over the reals.

Second, some of the combinatorial and geometric analysiseofuadratic
polynomial becomes especially tractable over the real numts, because of
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Figure 3. Real quadratic with periodic critical point.

the order structure on the real line. For example, the forwakorbit <f ['(0) >
of the critical point is real whenc 2 R, so the postcritical setP (f.) is thin
and cannot double back on itself.

Finally, if we considerz? + c with both z and c real, we can conveniently
draw two-dimensional pictures displaying dynamical feates on thez line as
the parameterc varies.

One such classic computer experiment is the following. For2 R, let

A;. = flimit points of f0(0) asn!1g R

denote the \attractor" of f.. If f, has an attracting cycle, thenA; will be
equal to that nite set. On the other hand, if A is a in nite, then f. cannot
be hyperbolic.

Now draw the setf(x;c) : x 2 A.g as c varies along the real axis in
the Mandelbrot set in the negative direction, starting justwithin the main
cardioid; the result appears in Figure 4. In the main cardidiof M, f . has an
attracting xed point, so at the bottom of the gure A, consists of a single
point. As c decreases, this point bifurcates to a cycle of period 2, whic
in turn bifurcates to period 4, 8, and so on. Above this \casake of period
doublings" the structure becomes very complicated and theigiure is much
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darker; there are large sets of such that A is an entire interval and the
corresponding map is far from hyperbolic. The top of the gue corresponds
toc= 2.

|

Figure 4. Bifurcation diagram.

A blowup of the region nearc= 2 appears in Figure 5. (The prominent
smooth curves in this picture come from the forward orbit of e critical
point.) This picture makes apparent the ubiquity of chaoticdynamics. In
fact we have the following result:

Theorem 4.2 (Jakobson)  The set of non-hyperbolic maps has positive mea-
sure in the space of real quadratic polynomials.

See [Jak], [Y1]. Jakobson also shows that= 2 is a one-sided point of
density of the set of non-hyperbolic maps.

On the other hand, some narrow horizontal windows of white aralso
visible in Figure 5; these \eyes in the storm" correspond toyperbolic maps,
and successive blowups support Conjecture HB2 the hyperbolic windows
are apparently dense.

The coexistence of these phenomena leads us to propose thieviing:
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Figure 5. Blowup neax= 2.

Challenge Question. Doesf (z) = z2 1:99999have an attracting periodic
point?

It is unlikely this question will ever be rigorously settledl For by Jakob-
son's theorem, the answer is almost certainly \no"; on the bier hand, if
hyperbolicity is indeed dense among real quadratics, therevean change the
constant 199999 somewhere past its trillionth decimal place to obtaia new
conjecture where the answer is \yes". It is hard to imagine arpof that
would distinguish between these two cases.

We can sum up the Conjectures put forth so far, and known impations
between them, in the following table.

Hyperbolic No invariant
maps are dense line elds
Rational maps HD ( = NILF
+
Quadratic polynomials HD2 () NILF2
+
Real quadratic polynomials|| HD2R =) NILF2R
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Remarkably, the fundamental conjectures concerning quaatic polyno-
mials (real or complex) can be subsumed into the following pological state-
ment:

Conjecture MLC. The Mandelbrot set is locally connected.

Theorem 4.3 (Douady-Hubbard) MLC =) HD2, HD2R, NILF2 and
NILF2R.

Why is locally connectivity such a powerful property? One aswer is
comes from a theorem of Caratteodory, which states that thRiemann map-
ping

(C ) ! (C M)
extends to a continuous magg! !  @Mif and only if @ Mis locally connected.
(Here is the unit disk and S! = @ The Riemann mapping is normalized
so (z)=z! lasz!l )

If M is locally connected, then each point exp(® ) 2 S* corresponds to
a unique pointcin @M The external anglet is a sort of generalized rotation
number, and indeed the mappings corresponding to rationahles oft are
well-understood. On the other hand, the combinatorics df. determines the
(one or more) external angles to which it corresponds.

If M is locally connected, then a quadratic polynomial. with ¢ 2 @M
is determinedby its combinatorics, even for irrational external anglesUsing
this information, one can build an abstract model foM which is topologically
correct; since the density of hyperbolicity is a topologidanotion, it su ces
to check it in the abstract model and Conjectures HD2 and HOR follow.

5 Renormalization

We next present some recent breakthroughs in the directiori the conjectures
above. To explain these results, we will need the conceptrehormalization.
The local behavior of a rational map can sometimes be given adar
model. For example, near a repelling xed poinp with f {p) = , one can
choose a complex coordinate so the dynamics takes the formi : z 7! z.
Renormalization is simplynonlinear linearization. That is, one looks for
a local model of the dynamics which is a polynomial of degrggeater than
one. We will make this precise in the context of quadratic pghomials.
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Let f (z) = z2+ cwith cin the Mandelbrot set. An iteratef " is renormal-
izableif there exist disksU and V containing the origin, with U a compact
subset ofV, such that (a) f" : U ! V is a proper map of degree two; and
(b) f"™(0) 2 U for all k > 0. This means that, althoughf " is a polynomial
of degree 2, it behaves like a polynomial of degree two on a suitable néig
borhood of the critical point z = 0. The restriction f" : U ! V is called a
guadratic-like map A fundamental theorem of Douady and Hubbard asserts
that any quadratic-like map is topologically conjugate to aquadratic poly-
nomial g(z) = z2+ ¢ condition (b) implies °lies in the Mandelbrot set, and
with suitable normalizations c®is unique [DH].

The concept of renormalization explains much of the selfrsilarity in the
Mandelbrot set and in the bifurcation diagram for real quadatic polynomials.
For example, there is a prominent window of white in the midsbf the chaotic
regime of Figure 4; a blow up of this region appears in Figure ®emarkably,
three small copies of the entire bifurcation diagram appeaif his is explained
by the fact that f * is renormalizable for all values ot in this window. As ¢
traverses the window, the quadratic-like mapsﬁf U !V, recapitulate the
full family of bifurcations of a quadratic polynomial. (In the Mandelbrot set,
one nds a small homeomorphic copy o1 framing this window on the real
axis.)

In nite renormalization. A quadratic polynomial f is in nitely renor-
malizableif f " is renormalizable for in nitely many n > 1.

The prime example of an in nitely renormalizable mapping ighe Feigen-
baum polynomiaf (z) = z2 1:401155::. For this map, a suitable restriction
of f 2 is a quadratic-like map topologically conjugate td itself. It follows
that f2" is renormalizable for everyn 1. Its attractor A. is a Cantor
set representing the limit of the cascade of period doubliagvisible in Fig-
ure 4. This Cantor set, the mapf and the cascade of period doublings all
exhibit remarkable universal scaling features that physists associate with
phase transitions and have studied for many years (see, ee collection
[Cvi].)

Techniques from complex analysis and Teichmuller theory dve been
brought to bear by Sullivan to provide a conceptual understading of this
universality [Sul3]. At the moment the theory applies only b real quadratics
that is z+ cwith ¢ 2 R; however there is little doubt that universality exists
over C [Mill].

In nitely renormalizable mappings are very special. Reméably, great
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Figure 6. Recapitulation of bifurcation.

progress has been made towards understanding all other quaiic polyno-
mials, and settling for them the conjectures discussed in ihpaper. The
central result is:

Theorem 5.1 (Yoccoz) If ¢ belongs to the Mandelbrot set, then either:

f.(z) = z? + cis in nitely renormalizable, or

J(f) admits no invariant line eld and M s locally connected at
C.

Yoccoz's theorem was anticipated by a breakthrough in cubjgolynomi-
als, due to Branner and Hubbard [BH2], and we will use their tguage of
tableaux to describe Yoccoz's proof. (See also [Mil5], [Huand [Y2].)

Sketch of the proof. Supposec 2 M. Let K (f.) denote the lled Julia
set that is the set of z 2 C which remain bounded under iteration off ;; its
boundary is the Julia set, andK (f.) is connected.

Let

ci(C ) ! (C K(fd)
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be the Riemann mapping, normalized so?(z) = 1 at in nity. It is easy to
see that

o(z%) = fo( (2);
in other words . conjugates thez? to f..

An external ray R; is the image of the ray (11 )exp(2it ) under the
mapping .; similar, an external circle C, (also called an equipotential) is
the image off z : jzj = rg. Note that f.(R;) = Ry and f;(C,) = C,2 by the
functional equation for ..

The main case of the proof arises when all periodic cyclesfgfare re-
pelling; let us assume this. The rst step is to try to show thathe Julia set
J(f.) is locally connected. To this end, Yoccoz constructs a sesnce< Py >
of successively ner tilings of neighborhoods ak(f ).

To illustrate the method, consider the special case= i. For this map,
the external raysR;-7, R,-7 and R4=; converge to a repelling xed point of
f.. These rays cut the disk bounded by the external circl€, into three tiles
(see Figure 7), called thepuzzle piece®, at level 0. The pieces at leveti + 1
are de ned inductively as the components of the preimages tife piecesPqy
at level d. The new pieces t neatly inside those already de ned, becae
the external rays converging to are forward-invariant.

The puzzle pieces provide connected neighborhoods of pseiit the Julia
set. To showd (f.) is locally connected, it su ces to show that diam@Py) ! 0
for any nested sequence of piecBg P; Py::..

Now diam(P;) ! 0 will follow if we can establish

X
mod(Pi Pi+1) =1:

here each regiof®; P;j.; is a (possibly degenerate) annulus, and theodulus
mod(A) = m if the annulus A is conformally isomorphic to the standard
round annulusfz : 1< jzj < exp(2m )g.

The modulus is especially useful in holomorphic dynamics ¢euse it is
invariant under conformal mappings; more generally, mo&® = mod(A)=d
if A%is ad-fold covering of an annulusA.

Since the image of a puzzle piece of depth > 0 under f. is again a
puzzle piece, the moduli of the various annuli that can be fored satisfy
many relations. Roughly speaking, the tableau method all@one to organize
these relations and test for divergence of sums of moduli.

For degree two polynomials, the method succeedmlesscertain annuli
are repeatedly covered by degree two. Unfortunately, thisxeeptional case
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Figure 7. The Yoccoz puzzle.

leads to the convergent sum 1+32+1=4+::: and so it does not prove local
connectivity. However one nds this caseonly occurs when the polynomial
is renormalizable.

The case of a nitely renormalizable mapf . can be handled by respeci-
fying the initial tiling Po. Thus the method establishes locally connectivity
of J(f.) unlessthe mapping is in nitely renormalizable.

It is a metatheorem that the structure of the Mandelbrot set & c re ects
properties of the Julia set] (f ). In this case the proof of locally connectivity
of J(f .) can be adapted, with some di culty, to establish locally conectivity
of M at c. A variant of Theorem 4.3 then shows] (f ;) admits no invariant
line eld as an added bonus. [ |

Our own work addresses the in nitely renormalizable case. he main
result of [Mc] is:

Theorem 5.2 If f(z) = z?+ cis an in nitely renormalizable real quadratic
polynomial, thenJ (f ) carries no invariant line eld.

When combined with Yoccoz's result, this theorem implies agsitive
resolution to Conjecture NILFZ2R, which we restate as follows:
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Corollary 5.3 Every componentU of the interior of the Mandelbrot set that
meets the real axis is hyperbolic.

In other words, if one runs the real axis throughM, then all the fruit
which is skewered is good.

Sketch of the proof of Theorem 5.2. By techniques of Sullivan [Sul3], the
postcritical setP (f ) of an in nitely renormalizable real quadratic polynomial
is a Cantor set with gaps of de nite proportion at in nitely many scales.
Using this information, and abandoningthe notion of a quadratic-like map,
we construct instead in nitely many proper degree two map$" : X, ! Y,
(where we donot require that X, Y,.) These maps range in a compact
family up to rescaling. By the Lebesgue density theorem, anyeasurable
line eld L, looks nearly parallel on a small enough scale; using the dynis,
we transport this nearly parallel structure toY,, and pass to the limit. The
result is a mapping with a critical point which neverthelespreserves a family
of parallel lines, a contradiction. Thus the original map caies no invariant
line eld on its Julia set. [ |

Remarks. In part, the structure of the argument parallels Sullivan'sproof
of Theorem 3.2; compactness of the mapping§ : X, ! Y, is a replacement
for the nite-dimensionality of the group of Mebius transformations.

The proof also applies to certain complex quadratic polynoials, those
which we callrobust For these maps, the notion of \de nite gaps” in the
postcritical Cantor set is replaced by a condition on the hygrbolic lengths
of certain simple closed curves on the Riemann surfae P(f).

Unfortunately, it is likely that robustness can fail for z> + ¢ when c is
allowed to be complex. Counterexamples can probably be faliusing a
construction of Douady and Hubbard, which also produces imitely renor-
malizable quadratic polynomials whose Julia sets amot locally connected
[Mil5].

6 Further developments

To conclude, we mention three of the many other recent develments in

complex dynamics which are most closely connected to the pest discussion.
First, Swatek has announced a proof of Conjecture H®, the density

of hyperbolic maps in the real quadratic family [Sw]. This rault will settle
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the topological structure of bifurcations of real quadrat polynomials. Note
that Conjecture HD2R implies Theorem 5.2.

Second, Lyubich has announced a proof of the local connedivof the
Mandelbrot set at a large class of in nitely renormalizablepoints [Lyu2].
Thus it seems likely that Conjecture MLC itself is not too farout of reach.
This Conjecture, once settled, will complete our topologat picture of the
space ofcomplexquadratic polynomials.

Figure 8. Log of the Mandelbrot set.

Finally, Shishikura has solved a long-standing problem abibthe geom-
etry of the Mandelbrot set by proving that @M (although it is topologically
one-dimensional) has Hausdor dimension two [Shi]. To illstrate the com-
plexity of the boundary of the Mandelbrot set, Figure 8 rendes the image
of @Munder the transformation logg c¢) for a certain c2 @M?3 Note the
cusp on the main cardoid in the upper right; looking to the lefin the gure
corresponds to zooming in towards the point. (It is unknown at this time if
@Mbhas positive area; although the gure looks quite black in sone regions,
upon magni cation these features resolve into ne laments apparently of
area zero. Cf. [Mill].)

SNamely c= 0:39054087:: 0:58678790:::, the point on the boundary of the main
cardioid corresponding to the golden mean Siegel disk.
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In spite of these results and many others, the main conjectes in complex
dynamics remain open. Our understanding of parameter spackecreases
precipitously beyond the setting of quadratic polynomialsand the realm of
general rational maps contains much uncharted territory. & approaches
to cubic polynomials and degree two rational maps, see [MjJgMil3] [Rs2],
[Rs3], [BH1], and [BH2].
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