Complex Analysis Homework 13
Math 213 — Harvard University
Due 19 December 2000

. Prove that g3(i) = 0 and ¢g2(w) = 0, where w = exp(27¢/3). (Recall gi(7) is propor-
tional to Y, 4. A72F, with A = Z @ 7Z.)

. Prove that J(z) = g2(2)3/(g2(2) — 27g3(2)?). (Recall

4 (A2-x+1)3
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and \(z) is the cross-ratio of the roots of the cubic equation 43 — go(2)x — g3(2) = 0,
together with co.)

. Prove that \(i/2) = 12v/2 — 16.

(Hint: Letting X, = C/Z & 7Z, X\(7) is the cross-ratio of the critical values (suitably
ordered) of any degree two map fr : X; — C. For the square torus, 7 = 4, choose
fi so its critical values are the roots of 24 + 1 = 0. Then one can choose fipa(z) =

(fi(z) + fi(2)71)/2, and find that its critical values are {—1, —+/1/2,1/1/2,1}.)

. Forany A #0,1,00 let S) = ((/i—{(), 1,00, A}. Let Aut(S)) be the group of holomorphic
bijections f : Sy — S).

(a) Prove that every f € Aut(S)) is a Mobius transformation.

(b) Prove that for all A, Aut(S)) contains a subgroup isomorphic to Z/2 x Z/2. How
does this group permute the points {0, 1, 0o, A}?

(¢) Find all values of A such that | Aut(Sy)| > 4 and identify the group in each case.

. Let p(z) |dz| be the hyperbolic metric on X = C-— {0, 1, 00}; that is, the unique metric
such that A : H — X is a local isometry. Show there are constants A, B > 0 such that
for small values of z,

p(z) <

L - -
|z log |z|] |2 log |z]]

(Hint. Recall |dz|/|zlog |z|| is the hyperbolic metric on A* — A — {0}. Using the fact

that A(z + 2) = A(z), write A(z) = f(exp(miz)) where f: A* — X is a covering map.
Observe that f(0) =0 and f/(0) # 0 to complete the proof.)

. Let L be length in the hyperbolic metric of the closed geodesic v on X that makes a
figure 8 around 0 and 1. Show that L = log(17 + 12v/2).



