122 Solution Set 6

1 5.5.8

(a) g(0) =0 for all g € G. Thus 0y = {0}. Let e; be the first vector of the standard
basis for R” and v € R™ be an arbitrary vector, not equal to zero. We may construct
an element h € G such that he; = v by simply letting the first column of the matrix
of h be v (with respect to the standard basis. Thus there are two orbits; we have
R™ = Og U O,,. As a check, note that gv = 0 implies v = 0 for g € G.

(b) Write g € G with respect to the standard basis, in terms of its column vectors
U1y eeey Uy AS

g = (v1,...,0,).

We have ge; = wv;. Thus, the stabilizer of e; is all matrices of the form ¢ =
(€1,v2,...,0,) € G.

2 5.6.1

gaH = aH <= gah = al’ (for some h,h' € H ) <= ga = ah” (for some h € H )
& g=oah"a™! < g caHa ' Thus the stabilizer is aHa ™.

3 5.64

(a) The stabilizer, by definition, is all permutations of {1,...,n} that leave 1 fixed,
that is, it is all permutations of {2, ...,n}, which is clearly isomorphic to S,_;.

(b) S, is generated by the all of the transpositions of the n elements. The only
transpositions that are not in H = Stab({1}) are (12),(13),...(In). Thus, S =
HU{Uicj<n(1))H}.

I claim that these cosets of H are distinct. By the counting formula, we have
1Sp| = n! = |Oy||H| = |0q13|(n — 1)! which implies |Op3| = n. By Lagrange,
|Sp| = |H|[G : H], so we have |Opy| = [G : H] = n. If these cosets were not
distinct, we would have less than n cosets of H in G, which contradicts the fact that
G : H] =n.

(c) We have o((1j)H) = (1) - 1 = j.

4 5.7.2

As stated in the problem (and as you can check by drawing it), there are exactly two
ways to inscribe a regular tetrahedron in a cube. If we denote one such tetrahedron
by A, we thus have |Oa| = 2. From 5.9.1, the order of rotational symmetries of a
cube is 24. By the counting formula, we have |Stab(A)| = 24/2 = 12.



5 5.7.5 (thanks to Jason Adaska)

First we assume that all indices [G : K|,[H : K],|G : H] are finite, otherwise this
equation doesn’t make sense. Consider the action of G on G/K. The stabilizer of
K for this action is K, so we have |Ok| = [G : K] by the counting formula. Now
consider the orbit of K under the action of H on G/K, denote this as |O%|. Again,
the stabilizer is K, so we have |O%| = [H : K|. Let ay,...,a, be elements of G such
that G = Uj<;<pa;H is a disjoint union. Thus we have

Ok ={a;HK : 1 <i<n}
={a{hK :hec H}:1<i<n}
={a;0% : 1 <i<n}.
Thus |O4| = |G/H||OY%|, which implies [G : K] =[G : H][H : K].

6 5.8.5

Let G be the group acting on S. There are 2! possible permutations of the elements
of the orbit with order two, and 3! possible permutations of the elements of the orbit
order three. These correspond to all of the possible actions of a group on this set;
any action just permutes the elements in some way. Because the action is faithful, no
two elements of G correspond to the same action. Thus |G| < 12.

Suppose |G| = 12. G must have elements corresponding to all of the permutations
of S, namely e, (12), (13), (23), (123), (132), (45) or any combination of these elements.
Thus G is completely defined by its action on S, and we see that G is isomorphic
to S3 x S5. Without loss of generality, let the two orbits be O3 = {1,2,3} and
O, = {4,5}. We let the nontrivial element of Sy transpose 4,5 and the elements of
Sy act as usual on {1, 2, 3}.

Suppose |G| # 12. Then, since |Os|||G]| and |Os]||G|, we have |G| = 6. From a
previous problem set, the only groups of order 6 are C and Ss.

Cs: We have that Cj is isomorphic to C5 x Cy; if < x >= C35 and < y >= (Y,
we define an action by sending x to the permutation (123) and y to the permutation
(12).

S3: We define a homomorphism S3 — S5 x Cy by 0 — o X sgn(c). Then let S;
act as usual on {1,2,3} and Cy as before on {4, 5}.

7 5.8.7
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By Prop. 5.8.2, to show that we have a homomorphism from GLy(F) — Sy, it is
enough to show that we have an action of GLs(F') on this subspace. This is trivial
(and we’re given this fact in the statement of the problem). The kernel of this map
is elements of g € GLo(F) such that g-1=1,9-2=2,¢9-3=3,9-4 = 4. But the
only such g are scalar matrices. There are 2 in G Lo(F'), namely ((1) (1)> and ((2) g) )
Now, |GLy(F)| = (3% — 1)(3% — 3) = 48, so |im(p)| = |GLy(F)|/|ker(p)| = 24. But
|S4] = 24, so im(p) = 54.

8 5.9.1

I'm just going to list some answers; most didn’t have any trouble with the explana-
tions.

Octahedron: Edge pole orbit order-6. Face pole orbit order-4. Vertex pole orbit
order-3.

Icosahedron: Edge pole orbit order-15. Face pole orbit order-10. Vertex pole orbit
order 6.

9 5.9.3

There are 4 diagonals, all of which are in the same orbit under rotations. Thus
H := |Stab(diagonal)| = 24/4 = 6 by the counting formula, which implies that
Stab(diagonal) is isomorphic to S3 or C5 x Cy. Thinking geometrically, we see that
H is generated by two rotations, each of order three, about the vertices defining
the diagonal, and a symmetry of order two which flips the two vertices defining the
diagonal. Further, if we conjugate the flip by a rotation, we get another rotation, not
a flip. Thus the subgroup of H of order two, generated by this flip, is not normal.
This rules out the possibility that H is isomorphic to C3 x Cs, for every subgroup of
order two in C3 x C5 is normal. Thus H is isomorphic to Ss.

10 5.9.5

Let S be the set of pairs of opposite vertices of the icosahedron. Then S has order 6.
Further, any pair can be taken to any other pair via some element of the icosahedral
group. Pick some pair p. The order of the icosahedral group is 60 (from Artin), so we
have 60 = |O,||Stab(p)| = 6|Stab(p)|. Thus |Stab(p)| = 6, and Stab(p) is a subgroup

of the icosahedral group.



