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1 38 / Chapter 4

We’re given that on ]a,b[ f has a continuous second derivative, and f” > 0.
We want to show that for all z,y in ]a, b],

flz+ (1 -t)y) <tf(x) + (1 -1)f(y)

To interpret this geometrically, we want to show that if f” > 0, then the
straight line connecting any two points of the graph of f goes above the graph
itself, between these two points.

(Parabolas or exponential functions are examples.)

Since f" > 0, we know f' is increasing on ]a, b[.

Select y,x in Ja,b[. If the inequality works for y < z, then by plugging in
s = 1 —t in the place of t, we see that it will also work for y > z. So we may
assume without loss of generality that y < z.

By Mean Value Theorem, there exists a ¢ in [y,x] such that f'(c) = %i(y)

Define z := (x —y)t + vy, i.e. t = Z,z- Then the inequality to be proved

reads:
f(2) < fy) + fe)(z—y) = f(@) + f'(c)(z — )

with z in [y,x].
Suppose z € [y,c]. Then by Mean Value Theorem, there exists a k € [y, ¢]
such that f(2) = f(y) + f'(k)(z — y). But then we’re done, because we have:

) =) + (k) (z —y) < fy) + f()(z—y)

as claimed, since f'(k) < f'(c¢) (because k < ¢ and f’ is increasing,) and
z — y is non-negative.

Now suppose z € [¢,z]. Then again, by Mean Value Theorem, there exists a
k € [c,z] such that f(z) = f(z)+ f'(k)(z — z). But then again we’re done, now
with:

f(2) = (@) + f'(k)(z — 2) < f(2) + f'(c)(z — @)
)> f

as claimed, because f'(k
z — x is non-positive.
So the claim holds on all of [y, z] and the proof is complete.

"(¢) (because k > ¢ and f’ is increasing,) and



2 45 / Chapter 4

Call mingcq,5 9(z) = m and max,cpe 5 9(¢) = M. Because [a,b] is compact
and g continuous, 3t, T € [a, b] such that g(t) = m and ¢g(T) = M.

Define h(s f f(z)dz. his clearly continuous on [a, b].
fl@)m < f(:c)g(a:) < f(z)M because f > 0, so by Proposition 4.8.5.iii.

(book)
m/f d;v</f d:z:<M/f h(T)

b
Then by the Intermediate Value Theorem, 3z¢ € [a, b] such that [ f(z)g(z)dz =

, ie. ff dw—gwoff

I now show that a choice zq e (a,b) is always possible.

If g(xg) # m and g(xo) # M, then we can apply the Intermediate Value
Theorem to g confined to the interval t,T) or (T,1):

Since g(t) < g(zo) < g(T), 3z € (¢, T) C (a,b) (or zj € (T,t) C (a,b)) with

9(ch) = g(zo). Thus
/ f(@)g(e)ds = g(ah / f

and we’re done. So suppose g(zo) = m or g(zo) = M.
If g(x0) = m, then

m/bf(w)da? = /bf(w)g(w)d-’ﬂ = /bf(w)[g(w) —mldz = 0.

But because f(z) > 0 and g(x) — m > 0 by definition of m, this implies
that f(z)[g(z) — m] = 0 on a dense subset of [a,b]. Now if f(z) =0 on a dense
b

subset of [a,b], then [ f(z)g(z)dz = 0 and any zo € (a,b) works. So suppose

a
that the set {z|f(z) = 0} is not dense in [a, b]. Then the set {z|g(z) = m} must
be infinite, and so in particular it must contain a point z; other than a,b, i.e.
contained in (a,b). So again:



And identical argument works in the other case. Suppose g(zo) = M. Then:

b b b
M / f(z)dz = / f(@)g(@)de = / F@)M — g())dz = 0.

But because f(z) > 0 and M — g(z) > 0 by definition of M, this implies
that f(z)[M — g(z)] = 0 on a dense subset of [a,b]. Now if f(z) =0 on a dense

subset of [a,b], then f f(z)g(z)dz = 0 and any zo € (a,b) works. So suppose
that the set {z|f(z) = 0} is not dense in [a,b]. Then the set {z|g(z) = M}
must be infinite, and so in particular it must contain a point zj, in (a,b). Thus:
b b b
/f(m)g(m)dm=M/f(x)dm=g(m6)/f(m)dm

Now we see that a choice z € (a,b) is always possible and the proof is
complete.

A lot of you only showed that a choice zg € [a, b] is possible, or failed to take
into account that we’re given f > 0, not f > 0. Given how much effort it takes
to show that not necessarily zo = a or b, I ascribed as many as 4/10 points to
the latter parts of the problem.

3 1 / Section 5.1.

Forall 0 < z <1, f,(z) — x2. So to show that the f,, converge uniformly, it’s
enough to show that given € > 0, there exists an N such that

n>N=|fn(z) — 2| <e
for all 0 <z < 1. Set N = max{1,2}. Then
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so the convergence is uniform.

4 4 / Section 5.1.

For all 0 < z <£0.999, f.(x) — 0. So to show that the f,, converge uniformly,
it’s enough to show that given € > 0, there exists an N such that

n>N=|fa(z)] =2" <€
for all 0 <z <0.999. Set N =logg ggg €. Then:
n>N = z" <0.999" < 0.999" = 0.999'°80.000 ¢ — ¢

and again, the convergence is indeed uniform. Note the difference from
Example 5.1.8./241 from the book.



5 4 / Section 5.2.

Set gn( ) = 7215z~ Then |g,(z)| < My, = 7 for all # € R. Since ) 02| M, =

> o2 | 2= converges (p-series), by the Welerstrass M-test (5.2.2./245), > 7° | gn(z) =
En 1 nZ_lmz converges uniformly on all of R.

5.1 5 / Section 5.2.

Set gn(z) = anpsinnz. Since [sinnz| < 1, |gn(z)| < |an|. Since Yo7, |an|
converges (377, a, converges absolutely), >~ | gn(z) = Y 7- | an sinnz con-
verges uniformly by the Weierstrass M-test, as desired.



