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1 3

Given € > 0, set N = M and consider the Py = {z; = a + %52}
for0<i<N.

Then U(f, Px)—L(f, Pn) = (Z f@)— Ef(wz))— £(f(b)—f(a)) =

§ and the Riemann condition (p. 448) 1s satlsﬁed The lower and upper sums

take this form because f is increasing, so Sup,¢(y, .., f(@) = f(z;) for all i
and similarly for the inf’s.

2 5

Consider Sn = (=%,%) X (=%,%) X (—yzsaF1> 23aw71). Then zy — plane C

U Sn- Also, vol(Sy,) = 5%, s0 Z vol(S,) = €. Thus m*(zy — plane) = 0 and

=1
consequently for any subset of the x-y plane is also measure zero.

3 7

Since f is continuous and f(b) = —1, there exists a 6 such that x > b— 6 =

f(@) < —%, 50 fbf( dx < 0. Since ff Ydz + ff dw:fbf(x)dxzo,
b—4é a

b—5
[ f(z)dz > 0 so there exists a ¢ € (a,b— ) such that f(c) > 0. Then by the

a
Intermediate Value Theorem, there exists a d € (¢, b) such that f(d) = 0. Then
by Rolle’s Theorem, there exists a t € (a,d) C (a,b) such that f'(t) =

4 11.
4.1 (a)

N

I shall use the indicator function formalism of p.451. In particular, 14 < Y 14,.
=1

This is obvious for z ¢ A (then 14(z) = 0, and the RHS is non-negative), and

N
ifz € A, then z € A, for some n, s0o 14(z) =14, (z) <1a,(x)+ > 1la(z),
i=1,i#n



N
because again ). 14, is non-negative. Thus:
i=1,i#n

vol(A):/lAg/ﬁ:lAn :i/lA" =§:vol(An)

4.2 (b)
421 (i)

If A has content zero, then for all € > 0 there exists a finite covering of A with
rectangles of total volume < €, but that covering also satisfies the definition of
measure zero on p.452, so we’re done.

Say A is measure zero. Then there exists a countable covering of A with

o0
open rectangles R; such that > vol(R;) < e. Because A is compact, a finite

i=1

N 00

subcovering R;, exists, and ) vol(R;,) < Y. vol(R;) < € so A has content
n=1 =1

Zero.

422 (i)
B having volume is equivalent to m*(bd(B)) = 0, so enough to show
m*(bd(B)) =0 < vol(bd(B)) =0

Because B is bounded, bd(B) is closed and bounded, so compact (we're
implicitly in R™). Then (i) applies and the two conditions are indeed equivalent.

5 15.

1 00

For the integral to be convergent, we need both [ zPdz and [ zPdz to converge.
0 1

Consider p = 1. Then:

T—r0o0

1 oo
d d
/—mzlogl—(limlogx)%ooand/—m:(lim logz) —logl — oo
T z—0 T
0 1

oo o
so the integral diverges. But for p > —1,2” > L forz > 1,s0 [ aPdz > [ % —
1 1
00, so the integral diverges for p > —1 also. For p < —1, z? > % for z < 1,
1 1 o]
so [aPdr > [ % — o0, so the integral diverges for p < —1, too. Thus [ zPdx
0 0 0

does not converge for any p.



6 21.

o0 o0
For p > 1, we have z7P|sinz| < 277, so [z P|sinz|dz < [z Pdz = ﬁ—p -
1 1

lim,_, o, 2! 7P, which converges. For p = 1, Example 8.5.6./p.464 shows that the

integral does not converge absolutely, and because z?|sinz| > w for z > 1,
when 0 < p < 1, the same is true for all 0 < p < 1. It suffices to show that
oo

J z7Psinzdz converges conditionally for these values of p. For that, perform
1
integration by parts:

o0 o0
/:c_” sinzdr = cos1 + /x_”_l cos xdx
1 1

oo
which converges for the same reason as did [ z7|sinz|dz (here we use z~ 71| cosz| <
1

oo
z P71 and [ 2 P ldz converges for p > 0). The proof is complete.
1

7 22,

Successive applications of L’Hopital’s Rule show that lim, o, e %2Pt! = lim, ;00 %p)—_l =

e—mxp—l e
(%)

@

0, so there is a d such that z > d =

<1,ie e ®zP7l < 1.1_2, while for

z<d, e ®gP~! < P~ Then:

oo d [e'e} d [o]
—z,.p—1 —z,.p—1 —z, . p—1 p—1 dx
et dr = [ e TP N dr+ [ e 2P de < [ 2P de+ | —
x
0 0 d 0 d
oo

Both the latter integrals are p-type and converge for p > 0. Thus [ e~ 2P~ dz
1

converges for all p.

8 25.

See p.715 in the book.

9 29.

oo
With C = (] F,, where the F,,’s are defined as on p.176, we observe that each
n=1
F, is a covering of C' with rectangles of total volume (2)", which goes to zero
as n — 0o. Note that this not only shows that C' is measure zero, but also that
it has content zero. This shouldn’t be surprising, however, in light of Problem

11b (C is compact).



