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1. Ezercise 1.2.1. Define z, inductively by zo = 0, 1 = V2, 2, = V2 F 2n_1. Let X\ =

limy, o0 Ty
(a) Show that X is a root of A2 — X\ —2 = 0.

Solution. We know from example 1.2.10 that the above defined sequence converges. This
means that we are allowed to take limits on both sides of the equation 22 = 2+ z,_; to
get A2 =24 . O

(b) Find A.

Solution. The roots of A2 — X\ —2 = 0 are —1 and 2. But z,, is bounded below by 0 since
it is monotonically increasing. So A = 2. O

2. Ezercise 1.4.2. Show that the sequence z,, = €5"(5®) has a convergent subsequence.

Solution. Since |sin(5n)| < 1 and the exponential is an increasing function, we have z, €
[1/e,e]. That is, the sequence is bounded. By the Bolzano-Weierstrass theorem, it must
contain a convergent subsequence. O

3. Ezercise 1.4.5. True or False: If z, is a Cauchy sequence, then for n and m large enough,
d(Tn+1,Tm+1) < d(Tn, Tm).-

Solution. False. Many people had the right intuition for the problem, but didn’t rigrously
show that the proposition is false. All you need to do to disprove such statements is to come

up with a counter-example. Many of you used the sequence 0,1/2,0,1/4,0,1/8,0,.... In
other words
0 n odd
Ty = .
on/2 n even

One easily shows this sequence converges to zero. Indeed, given € > 0, choose N = 2log,(1/€)+
1 so that
|z, — 0] < e whenever n > N.

Since the sequence convereges, it is Cauchy. However, no matter how large IV is, one may
always find distinct odd numbers n,m > N such that

1 1

d(zp, zm) =0 < A2 w2 = d(Tnt1, Tmi1)-




O

4. End of Chapter Ezercise 1. For each of the following sets S find sup(S) and inf(S), if they
exist:

)

)
c) {1/n | n a positive integer } We have sup(S) = 1 and inf(S) = 0.

) {—1/n | n a positive integer } We have sup(S) = 0 and inf(S) = —1.
(e) {.3,.33,.333,... } We have sup(S) = 1/3 and inf(S) = .3.

5. End of Chapter Ezercise 4. Show that d = inf(S) if and only if d is a lower bound for S and
for any € > 0 there is an z € S such that d > z —e.

Solution. (=) Suppose that d = inf(S) but that for some € > 0 it is true that d < z — € for
all x € S. Then for thise, d+ ¢ < z for all x € S, i.e., d + € is a lower bound for S that is
strictly bigger than d. This is a contradiction.

(«<=) Now suppose that d is a lower bound for S and that for any ¢ > 0 there is an x € S
such that d > z —e. We must show d = inf(S). We know d is a lower bound for S by
hypothesis. Now suppose c is another lower boud for S. We want ¢ < d. Suppose ¢ > d. Now
choose € = ¢ — d. Then there is an x € S such that d > x —¢€, or d > x — (¢ — d), i.e., for this
x, ¢ > x. But this contradicts the assumption that ¢ is a lower bound for S. O

6. End of Chapter Ezercise 10. Verify that the bounded metric p(z,y) = d(z,y)/(1 +d(z,y)) is
indeed a metric.

Solution. We verify the four conditions required for p to be a metric:

(positivity) p(z,y) > 0 for all z,y since d(z,y) > 0 for all z,y.
e (non-degeneracy) p(z,y) =0 <= d(z,y) =0<=z =y.

(symmetry) For all z,y we have

_ _d(zy) _ d(y,7)
1+d(z,y) 1+d(y,z

p(z,y) 7= p(y, )

since d(z,y) = d(y,z) for all z,y.

(triangle inequality) Rewrite p(z,y) as

_d(zy 1
ply) = 1+d(z,y) 1+d(z,y)



Since d(z,y) < d(z,z) + d(z,y) for all z,y, z, it follows that

1 d(z,z) +d(z,y
play) <1- 1= d(z,2) +d(z,y) 1 -|—(d(:v,) z) +(d(z,)y)
_ d(z, z) d(z,y)
1 +d(z,2) +d(z,y)  1+d(z,2) +d(z,y)
d(z, 2) d(2,9)

~ 14d(z,z) 1+4+d(z,v)
= p(z,2) + p(z,y)-

O

7. End of Chapter Ezercise 15. Let =, be a sequence in R such that d(zp, zn+1) < d(zp_1,2,)/2.
Show that z,, is a Cauchy sequence.

Solution. Note that

d(mnflamn) < d($n727$n71) d(xlan)

This can also be proved using mathematical induction. We want to show {z,} is Cauchy.
Without loss of generality, assume m > n and set m = n+k. By use of the triangle inequality
for a general metric,

d(zp, Tnik) < d(Tp, Tpg1) + -+ ATpgk—1, Tntk)

d(z1,z9) d(z1,x9)
S g1 Tt arE2

= d(, 2)( :

ot )

2n—1

o
1 d(l?l,l'g
< d(z1,79) - Z 5 = %

t=n—1

Notice that d(x1,x2) is a constant, so given € > 0, it is always possible to choose N such that
d(z1,22)/2V 72 < €. For this N we obtain

d(!El,wg) d(lL‘l,l‘Q)

d($na$m) < on—2 < oN—2 <e€

whenever n,m > N, so {z,} is a Cauchy sequence. O

8. End of Chapter Ezercise 26. Assume that A = {a;,, | m=1,2,3,... andn =1,2,3,...} is
a bounded set and that a,, , > a,, whenever m > p and n > ¢. Show that

lim a,, = supA.
n—oo

Solution. We need the following lemma.



10.

Lemma 0.1. d = sup(S) if and only if d is an upper bound for S and for any € > 0 there is
anx € S such that d <z +e.

Proof. Imitate the proof of problem 5. O

Note that {ay,} is a monotone increasing sequence bounded above, so it converges to some
number which we will denote b. To show b is the supremum of A we must prove it is an upper
bound for A and that for any € > 0 there is an a, , € A such that b < a, 4 + €.

Suppose b is not an upper bound for A. Then there is an element a,, € A such that
apq > lim, 0 apy. Let N = max{p,q} + 1. We get anny > apq > lim, o0 @y n, Which is
absurd since {a,} is a monotone increasing sequence. So b is an upper boud for A.
Now we show that for e > 0 there is an a, 4 € A such that b < a, 4 + €. For this € > 0 there
is an N such that

|b—ann| =b—ann <€ whenever n > N.

Now choose p and ¢ bigger than N to get b < a4 + €. This completes the proof. O

. End of Chapter Exercise 26. Let S = {(z,y) € R? | zy > 1} and B = {d((z, ), (0,0)) | (z,y) €

S}. Find inf(B).

Solution. The answer is inf(B) = v/2. Since the question asked us to “find” this inf, I was not
looking for an ultra rigurous justification of the answer. Many of you used calculus, which
we have not formally developed yet, but this was fine.

We want to minimize the function f = /22 + 1/x2 which is equivalent to minimizing g := f2.
We compute

dg 2

% =2x — E,
Which is zero when £ = 1 or when £ = —1. Using the second derivative test we check that
these are minima of the function and we compute f(1) = f(—1) = v/2. O

End of Chapter Exercise 29. For any x € R satisfying £ > 0 prove the existence of y € R
such that y? = z.

Solution. This exercise caused a lot of trouble, mainly because the proofs people came up
with subtely assumed the existence of the square root of a number they would construct. But
we are trying to show that square roots exist! :(

Here is one way to approach the problem (See Bartle’s Elements of Real Analysis). Let
S = {u € R | u? < z}; this set is bounded above by x. Since S is not empty and is bounded
above, it has a supremum. Call this supremum y. Either y? < z, 42 = z or y? > .

Suppose y? < z. Choose a natural number n such that 1/n < (z — y?)/(2y + 1). Then
2
(y—l—l) :yz+2—y+i2
n non
2y +1
n
<y —(z-y’) =z

<y’ +



Thus (y + 1/n) € S, and this is a contradiction since y = sup(S).

Now suppose 42 > z. This time choose a natural number m such that 1/m < (v — z)/(2y).
Since y = sup(S), there exists sp € S such that z — 1/m < s9. We conclude that

2y 2y 1 1\?
$<y2—E<y2—E+W=( _E> <S%.

But then s¢ ¢ S since s3 > z and this is a contradiction.

Hence 32 = z. O

11. End of Chapter Ezxercise 32.
(a) Give a reasonable definition for what li_)m Zn, = 0o should mean.
n—oo
Solution. Given A > 0, there exists IV such that

|zn| > A whenever n > N.

(b) Let z; = 1 and define inductively z,,+1 = (z1 + - - - + z,,) /2. Prove that z,, — oc.

3 n—2
Solution. We can show, using induction, that =, = 3 (§> for n > 1.

We claim that (3/2)™ > n for n > 1. We use induction. For the base case 3/2 > 1. For
the inductive step,
3\""" _ 3n _ n

Now we show that z, — oco. Let A > 0 be given. Choose N large enough so that
(n —2)2 > A whenever n > N. Then

1/3\"%_ n-2
|wn|:§ 2 > > A whenever n > N.



