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Abstract. In this research announcement we outline the methods used in
our recent proof that the Leech lattice is the unique densest lattice in R24.
Complete details will appear elsewhere, but here we illustr ate our techniques
by applying them to the case of lattice packings in RZ2, and we discuss the
obstacles that arise in higher dimensions.

1. Introduction

Given any lattice R" (i.e., a discrete subgroup of rankn), one can form a
sphere packing by centering congruent balls at the points of, with radius as large
as possible such that their interiors do not overlap. Which hkttice maximizes the
density of this packing, the fraction of R" covered by the balls? This question arises
naturally in geometry, number theory, and information theory (sphere packings are
error-correcting codes for a continuous channel, as oppoddo a discrete channel).

The densest lattice is known forn 8. In each of these dimensions, it is a root
lattice: A1, Az, Az, D4, Ds, Eg, E7, or Eg. Furthermore each is unique up to
scaling and isometries. The bookd [CS] and [M] are excellesburces of information
on lattice packings. (SeellBa[ BI[G[KZ1 [KZ2,[\] for the original papers.)

What may be the most interesting lattices are the Eg root lattice in R® and the
Leech lattice in R?* (see [E] for a beautiful introduction). They are connected wth
many other branches of mathematics, and are undoubtedly thelensest sphere pack-
ings in their dimensions. However, nobody has been able to pre their optimality.
The Leech lattice has not even been known to be the densest lite in its dimension,
let alone the densest sphere packing (it is possible that the are sphere packings
denser than any lattice packing). By contrast, Blichfeldt [IBI] proved in 1935 that
Eg is optimal among lattices, and in 1980 Vetinkin [V] proved its uniqueness.

In this paper we announce the following theorem:

Theorem 1.1. The Leech lattice is the unique densest lattice ifR?*, up to scaling
and isometries of R,

Our method also yields a new proof thatEg is the unique densest lattice inR8.
The proofs for R® and R?* can be found in [CK]. Here, we will apply the techniques
to the case of the hexagonal lattice inR2. That result is of no research interest,
because it is quite easy to prove using much simpler methodshan ours. Our goal
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is simply to illustrate our approach in a case involving no technical di culties. At
the end of the paper we will outline the additional obstaclesthat occur in R® and
R24,

Our principal technical tool will be the Poisson summation formula. Let f
R" ! R be a Schwartz function (i.e.,f is smooth and all its derivatives are rapidly
decreasing). We de ne the Fourierztransformib of f by

o= f(x)e’ ™ dx:
RN

If R" is a lattice, then the dual lattice is de ned by
=fy2R":hxyi2 Zforall x2 g:
(If vq;::1;vn is a basis of , then the basisv;;:::;v, of R" thatis dual to vq;:::;vp
relative to the inner product forms a basis of .) The Poisson summation formula
states that X
(0= ———— " f:
vol(R"=) '

X2 t2
For a review of the standard proof, see AppendiA.

The most e ective way to make use of a nontrivial identity such as Poisson
summation is to choosef to make the two sides as di erent as possible. We will
apply it using a function f such that f (x) 0 for jxj su ciently large, but fﬂ(t) 0
for all t. This technique was used in[[CE] to prove upper bounds on the ghere
packing density (see also[[C]). These bounds appear to be stmin R® and R?*,
which would solve the full sphere packing problem in those dnhensions, but the
apparent sharpness has not been proved. It appears that therdy dimensions in
which it is sharp are 1, 2, 8, and 24, and the one case in which thas been proved
is RY.

Our approach to proving Theorem[I1 is to combine the analytc methods from
[CE] with geometric and combinatorial arguments that are speci ¢ to lattices. As
mentioned above, we will present the details here for the twedimensional case.
We wish to show that the obvious hexagonal packing is the derest lattice packing
of disks in R%. For simplicity we will choose the following normalization of the
hexagonal lattice. Let , be the lattice with basis v;w, where

"3
0

and
we pZ2
6=2
The advantage of this normalization is that , is an even integral lattice. In other
words, all inner products of lattice points are integers, am furthermore every lattice

point has even norm. Here jvj? = jwj? =2 and hv;wi = 1.

V=

Let R? be any lattice that is at least as dense as ,. We scale so
that vol( R?=) = 1 (we refer to vol( R?=) as the covolume of ). Unfortunately,
vol(R?= ;)= " 3, so the scalings of and  are not compatible. That will cause

us no problems, and in fact each scaling will prove convenidrat a certain point in
the proof.
Our overall plan is as follows:

(1) Use Poisson summation to study the short vectors in .
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(2) Apply this information to see that is, up to scaling, a sm all perturbation
of 2.

(3) Prove that  is a strict local optimum for the packing density.

(4) Conclude that either is the same as , (up to scaling and isometries) or
it is strictly less dense, which would contradict our assumpions.

Before beginning, it is worth noting that the density of sim ply depends on
its minimal vector length (i.e., the length of the shortest nonzero vectors in ).
Because VoIR?=) = 1, there is one sphere per unit volume in space, and the
density of the packing equals the volume of such a sphere. Mergenerally, the
density of any lattice L R" equals

vol(B;) .
vol(R"=L)’
wherer denotes the packing radius andB, denotes a ball of radiusr. The packing
radius is half of the minimal vector length, because that is he radius at which
adjacent spheres are tangent. Thus, our goal becomes undémsding the minimal
vector length of .

Because is at least as dense as », its minia@l vectors have length at least
(4=3)'*%. To see why, recall that vol(R?= ,) = = 3 and its minimal vectors have
length = 2. Rescaling » by a factor of 3 ** makes the covolume 1 and yields
minimal vector length (4=3)4.

2. Applications of Poisson summation
Dene f :R2! Rbyf(x)= pr(2 jxj2)e XI*, where
pr (u) = 20812 + 756u + 1107u®  216u°:
Then one can calculate thatf(t) = py(2 jtj?)e it where
pp(U) = 20812 +5940u  2781° +216u° = (43 + 24 u)( 22 +3u)*

We havef (0) = 1b(0), f(x) < Oforjxj 1:084, andib(t) 0 for all t. (Terminating
decimal expansions such as:084 represent exact rational numbers, not oating
point approximations.) Up to scaling, pr is the unique polynomial of degree 3

such that f (0) = fb(O) and pyp has a double root at 223, and that is how it was
constructed.
Lemma 2.1. contains a nonzero vector of length at mosfl.:084.

Note that our lower bound (4=3)** for the minimal vector length is between
1:074 and 1075.

Proof. By Poisson summation,

X
fx)= My o),

X2 t2

becauseib(t) 0 for all t. On the other hand, f (0) = 1b(0) and f (x) < O for
jXj 1:084, so it follows that
f(x)> 0
x2 ; 0<jxj<1:084
Therefore the minimal vector length of is at most 1 :084.



THE DENSEST LATTICE IN TWENTY-FOUR DIMENSIONS 61

Call a vector in \nearly minimal" if it has length in [(4 =3)%;1:114) (the
reason for the upper bound of 1.114 will become clear below).

Lemma 2.2. There are at most six nearly minimal vectors in

Proof. If x andy are nearly minimal and 2 [0; ] is the angle between them, then

_ixiPHgyit ioxyi®? o 2 1114 (4=3)'?
2jxjjyi 2 (4=3)1=2

Thus, > cos '0:575> 2 0:152. There is no room for seven vectors to be

separated by such an angle: if we assign to each nearly minirhaector the arc on

the unit circle consisting of all points within angle 2 0:076 of it, then these arcs

do not overlap. Because each arc has length 2 0:152, if there were seven of them
then the arc length of the unit circle would be at least 2  1:064.

cos < 0:575

In the other direction, we can use Poisson summation to see tit there are more
than ve nearly minimal vectors in (so there must be exactly six). First we need
one more lemma:

Lemma 2.3. Every nonzero vector in is either nearly minimal or else has length
at least 1:62.

Proof. First, note that f (x) is a decreasing function ofjxj for jxj 2 [0;1:084]. In
the inequality

te) M)
X2
LemmalZ2 implies that there are at most six positive terms onthe left hand side
other than x = 0. Each of them is at most f (4=3)'** , where forr 2 [0;1 ) we
write f (r) to indicate the common valuef)((x) with jxj = r. Thus,

(2.1) 6f (4=8)"** + f(x) O
x2 ; f(x)<0

One can check thatf (x) < 3f (4=3)'"* < 0 for jxj 2 [1:114 1:62], and hence
there is nox 2 satisfying jxj2 [1:114; 1:62] (because thex and x terms in (1)
would combine to make the left hand side negative).

Lemma 2.4. There are more than ve nearly minimal vectors in
Proof. Dene g:R2! R by g(x) = py(2 jxj2)e XI*, where
pg(u) = (13 u)(1075 +220u + 69u?):
Then b(t) = py(2 jtj?)e 1U°, where
pp(u) = (401 +69 u)(u 7)%

We haveg(x) O forjxj 1:62,andp(t) O for all t.
It follows from Poisson summation that if M denotes the set of nearly minimal
vectors in , then

X
9(0) + a(x)  B(0):

xX2M
On the other hand, g(x) is a decreasing function ofixj for jxj 2 [(4=3)7%; 1:114), so

9(0)+ jMj g (4=3)""*  B(0):



62 HENRY COHN AND ABHINAV KUMAR

Thus,
. B8(0) g(0)
M = = > 589
Mg e=p 7

as desired.

3. Arrangement of the nearly minimal vectors

There are two distinct nearly minimal vectors x;y 2 within angle 2 =6 of each
other, because that is the average angle between them as oneomes around the
circle. Then x vy must be nearly minimal as well: if is the angle between them,
then

X yi?=xi?+gyi? o 2ixiiyicos j xj?+ jyi? j xiiyj
because 2=6, so
ix yji? 2 1114 (4=83)""?< 1:33

It follows that x, y, x vy, and their negatives form the full list of nearly minimal
vectors.

Lemma 3.1. The vectorsx andy form a basis of

Proof. The nearly minimal vectors are all in the span ofx and y, so we need only
prove that the nearly minimal vectors span . Suppose not, and that z 2 is the
smallest vector not in their span. There cannot exist a neary minimal vector u
such that ju  zj < jzj. For every nearly minimal u, the angle betweenu and z
satis es

juP+ijzi® ju z®  jui _ 1 2
= < — = R
cos 2iUjiZ] Jd7 -2 %%
becauseju zj | zj and juj < jzj. In other words, no nearly minimal vector

is within angle 2=6 of z. That is impossible, because thenz together with the
nearly minimal vectors would form seven vectors separated Y angles of at least
2 0:152.

Thus, we have shown that has a basisx;y such that jxj;jyj 2 [(4=3)*%; 1:114)
and the angle betweenx andy isin [2 0:152 2 = 6].

Consider the lattice 3*4 , which we have rescaled so that its covolume is 372,
the same as that of ,. The rescaled basis vectors B4x; 317y have lengths in
[ 2,1:467) and therefore norms in [22:16). If denotes the angle between them
then

mB4x; 3%%yi = 31%2jxjjyjcos 2 [2cos(2=6); 1:467cos(2 0:152)] [1;1:243]
Therefore the Gram matrix of 317 with respect to the basis 317*x; 31™%y has

entries within 0:243 of those of the Gram matrix of , with respect to v;w. It is
in this sense that is a perturbation of .

4. Local optimality

In this section, we prove that » is a strict local optimum for density. It is more
convenient to deal with quadratic forms than with lattices. Let Q be the quadratic
form corresponding to , and its basisv;w (i.e., Q(s;t) = jsv + twj? for s;t 2 R).
The Gram matrix of , with respect to the basisv;w is

2 1 .
1 2
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and we have
2 1 s

Q(s;t)= st 1 2 1
Note that the Gram matrix of a lattice basis determines the lattice up to isometries,
so we lose no information by focusing on it.
The minimal norm M of Q is the minimum of Q(s;t) over (s;t) 2 Z2 nf(0;0)g
(i.e., M =2), and the determinant D is de ned by

2 1
D =det 1 2 = 3:
In these terms, the density of , equals (=4)D 1M, becauseD ' is the covol-
ume vol(R?= ,) and M is the square of the minimal vector length of ».
We will show that if Q is slightly perturbed, then either the perturbation is itse If
proportional to Q (which corresponds to rescaling ») or else the density strictly
decreases. We use symmetric perturbations because Gram nmaes are symmetric.

Let maxfj aj;jh;jcjg= > 0, and let Q be the perturbation of Q with matrix

2+a 1+b
1+b 2+c

Let

_ 2+a 1+b _ )
D =det 7, 5,. =3*2(atc b+(ac b);

and let M be the minimal norm of Q .

Lemma 4.1. If < 12=47, then eitherD ™

to Q.

Proof. We begin by assuming thata+ ¢ = b. In other words, the linear terms in
the expansion ofD cancel. The minimal norm of Q occurs at (1, 0), (0;1), (1; 1),
and their negatives, and at these pointsQ takes on the values 2 +a, 2 + ¢, and
2+a 2b+ c, respectively. Consider the perturbationsa, ¢, anda 2b+ c of these
values away from 2. It follows froma+ c= bthat a 2b+ c= band that these
three perturbations sum to 0. Thus, at least one of them must ke negative (if all
three vanished then would too). In fact, one of them is at most =2: if a, ¢, or

bequals then that is trivial, and otherwise one of them equals and then one
of the other two is at most =2 because they sum to 0.

Thus, if a+ ¢c= b, then M 2 =2. When we combine that with

D =3+(ac W) 3 22

M <D %2M or Q is proportional

we nd that
D ¥M @B 2?% 22 =2
When 0< < 24=35,
B 2% 2 =2)<3 ' 2=D wMm;

so the density of the perturbed lattice is strictly less than that of .

In general we cannot assumea + ¢ = h. However, Q is proportional to a
perturbation of Q in which that equation holds. SetA = (a 2c+2hb)=(3+a+c b),
B=(4b a c¢=B8+a+c b,andC=(2b+c 2a)=3+a+c b. Then

2+a 1+b _ . 2+A 1+B
1+b 2+c =@+(atc D=3) 1+B 2+C
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and A+ C = B. Clearly, jAj] 5=(3 3),jBj 2=(1 ),andjCj 5=(3 3).
If < 12=47,thenjAj;jBj;jCj < 24=35, and so the perturbed lattice is either itself
hexagonal or else strictly less dense than ».

Theorem 4.2. The hexagonal lattice » is the unique densest lattice inR?, up to
scaling and isometries ofR?.

Proof. We have seen that if the Gram matrix of , is perturbed by at most 12=47,
then either the density strictly decreases or the lattice remains the same (up to
a similarity). On the other hand, the Gram matrix of 3 1** with respect to
3%4x; 374y has entries within 0:243 of those of the Gram matrix of ,. Observing
that 0:243< 12=47 completes the proof.

5. Relationship with the higher-dimensional cases

The techniques we apply in [CK] are completely analogous to iose we have
used here, and each of the lemmas from this paper has a counpart there. How-
ever, there are a couple of key steps ir _[CK] that are not appant from the two-
dimensional case, as well as some technical obstacles thatust be overcome.

5.1. Spherical codes. The biggest conceptual di erence between this proof and
the one in [CK] is in how the arrangement of nearly minimal vedors is studied.

In each case, when rescaled to the unit sphere they form a sptieal code, i.e., a
subset of the sphere that contains no pair of points closer tan some given angle.
In R? the unit sphere is a circle, and distributing points on a cirde with at least

a given angle between them is trivial. In higher dimensions his problem is much
more subtle.

Independently, Levenshtein [LeV] and Odlyzko and Sloane [E] used linear pro-
gramming bounds for spherical codes to solve the kissing pbdem in R® and R?*:
how many unit balls can be placed tangent to a given one, if thg may not over-
lap except tangentially? The answers are 240 and 196560, mesctively, and the
arrangements come from theEg and Leech lattice packings.

In [CK] we use linear programming bounds in a similar way to baind the number
of nearly minimal vectors and the angles between them.

5.2. Spherical designs and association schemes. It is not enough in higher

dimensions simply to compute the number of nearly minimal vetors. To deter-

mine the con guration more precisely, we apply techniques @rived from [DGS]. In

particular, we formulate a notion of an approximate spherical design, and prove
that the nearly minimal vectors form one. We then show that if they are grouped
according to the (approximate) angles between them, then tley form an associa-
tion scheme. Finally, we prove that the association scheme ith these parameters is
unique, which lets us conclude that the nearly minimal vectas form a perturbation

of the desired con guration. In principle all these results have analogues inR?,

with similar proofs, but we did not require them for Theorem B3, and including

them would have substantially lengthened this article.

5.3. Local optimality and angle bounds. The proof of strict local optimality
is analogous to that given here. We use Voronoi's theorem chacterizing locally
optimal lattices (as proved in [GL] x39]). However, it is more di cult to supply

numerical bounds on how large the perturbations can be withat letting the density
increase. Section 10 of [CK] is devoted to computing such a hmd.
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In the other direction, it is also more di cult to prove bound s on how close the
unknown lattice is to Eg or the Leech lattice. Section 7 applies the uniqueness of
the association scheme to this problem, in a way that has no amogue inR? because
fewer possible angles occur between minimal vectors in, than in the Leech lattice.

5.4. Computer calculations.  Completing the proofs in R® and R?* requires much
sharper estimates than inR?. For example, along the way we prove that no sphere
packing in R?* can exceed the Leech lattice's density by a factor of 1+ %65 10 3°,
Proving such bounds using these techniques requires apphg Poisson summation
to much more complicated functions. For example, the analoge in [CK] of the
polynomial pr from this paper has degree 803 and rational coe cients with k-
nominator 10%°%°, Checking the desired properties clearly requires a compet. We
have arranged the calculations so as to run in one hour on an dmary personal
computer, and we have made our code available (see Appendix & [CK]). All of
our calculations use exact rational arithmetic and are comfetely rigorous.

In addition to the di culty of checking the assertions about f, there is the issue
of how to construct this function. We used a computer to searb for polynomials
with the desired properties, and optimized them using a highdimensional version of
Newton's method. The whole process took our computers appsamately a month,
but fortunately one can check the proof simply by verifying the nal answer, with
no need to reconstruct it from scratch.

6. Future prospects

There is no likelihood that our techniques will work in any dimension except 1,
2, 8, or 24. They depend on using the methods of [QE] to prove raly sharp upper
bounds for the packing density, and that does not seem to hapgn in any other
dimension. It seems counterintuitive that determining the densest lattice in R®
appears much more dicult than in R® or R?*, but that simply seems to be the
case.

One might hope to solve the full sphere packing problem usingur techniques.
We cannot absolutely rule that out, but we do not consider it feasible. There are
at least two substantial obstacles:

(1) Itis not known whether Eg or the Leech lattice is even locally optimal when
the perturbations leave the space of lattices.

(2) In a general sphere packing, di erent spheres can be targnt to di erent
numbers of other spheres (unlike the case of lattices). Our ethod of prov-
ing lower bounds for the number of nearly minimal vectors canbe used to
bound the averagenumber of near neighbors of a sphere in a dense packing.
However, we cannot rule out the possibility of a small minorty of spheres
with few neighbors.

We do not know how to deal with the rst problem, but perhaps it could be
done. The second problem appears quite fundamental, and weauspect that dealing
with it would require a major advance in the theory of sphere macking.

Instead, we are convinced that the right way to solve the sphee packing problem
in R® and R?* is to prove the following conjecture from [CH]. Call a continuous
function f : R" I R admissible if there is a constant > 0 such that both jf (x)j
and jfb(x)j are bounded above by a constant times (1 4xj) " . (Note that the
bound onf implies that the integral de ning P converges.)
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Conjecture 6.1. For (n;r) =(8; pi) or (24;2), there is an admissible function
f :R"! Rsuchthatf(0)= ©0)=1,f(x) Oforjxj r,andfXt) O forallt.

If Conjecture B holds, then Theorem 3.2 of([CE] implies th& Eg and the Leech
lattice are the densest sphere packings irR® and R?*, respectively. In [CK] we
achiever 2 1+6:851 10 %2 when n = 24, which is numerical evidence that
r = 2 could be achieved.
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Appendix A. Poisson summation

To make this paper self-contained, we provide here the starard proof of the
Poisson summation formula:

Theorem A.1 (Poisson summation) Let f : R" ! R be a Schwartz function and
R" a lattice. Then

1 X
1002 sy, O
X2 t2
Proof. It is easier to prove a more ger;?ral formula. De neF : R" ! R by
F(z)= f(x+ 2):
X2

In other words, F is f made periodic modulo , and we wish to compute F (0).
Becausef is a Schwartz function, the sum de ning F converges and de nes aC*
function. It follows that we can expand F as a Fourier series, in particular as a
linear combination of the exponential functions that are peiodic modulo . The
function
z7l e 2i htzi
is periodic modulo i t2 . Thus,x
F(Z): ce 2i htzi
t2
for some coe cients ¢;. We can computec; using orthogonality: if D is a funda-
mental domain for , then 7
1 I
6= ——  F(2)e¥ "2 dz:
= WDy o7 @ z
When we substitute vol(D) = vol( R"=) and the de nition of F (z) into this equa-
tion, we nd that

. Z
— f + 2i htzi d
“ Vol(R"=) fx+2)e z
X2
) Z
— f 2i htzi d
VORTZ) | pa, BE 70 d2
1

— 2i htzi
= RS . f(2)e dz

= #ﬁ)(t):

vol(R"=)
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HereD + x = fd+ x : d 2 Dg, and these sets tileR" asx ranges over .
It follows that

1 X i bt
+ - i ht;zi :
f(x+2)= s ) (t)e
X2 t2
Setting z = 0 yields the desired result.
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