SCALAR LINE INTEGRALS.

R
If f(r(t)) is a function dened on a curve :t 7! £(t), then :f (=(1))jr(t)j dt | is called the scalar line
integral of f along the curve

n

NOTATION. The short-hand notation  f ds is also used.
RITTEN (BUT If f(x;y) is the function and #(t) = (x(t);y(t)), we can write
f(X(t) y(1)  xqt)% + yqt)? dt.

In three dimensions,wherer(t) = (x(t);y(t); z(t)), we canwrite R;f (x(t); y(1); z(t))p Xq(t)2 + yY(t)2 + zq(t)2 dt.

EXAMPLES Integraje f (x;y;2) = x? +py + 72 over the path r(t) = (cog(t);sin(t);t) romt=0tot= . The
answeris , (1L+t?) 2dt= =2+ 3 2=3.

EXAMPLE: Let r(t) = fcogt);sin(t); t?=2g be the path of a model plane. What is the averageheight of the
plane?

This is not a very clearly formulated question. We want to know
z 2 z 2 Zp
o t
z(t)jrH(t)j dt = 5 1+ t2dt
0

if we want to know the averageheight of the path and
z 2 z 2

z(t) dt = t2=2 dt
0 0

if we want to know the averageheight per_ti_mge.

EXAMPLE. A wire r(t) = (coqt);0;sin(t)) has thicknessf (r(t)) =
sin?(t) and t 2 [0;2 ] What is the mass of this wire? The massis,
becauser qt) = 1: 7

2

M = sin?(t) dt =
0




rode with her Kawasaki motorcycle and a camerathrough the désertedchernokyl areaand left an impressive
documert on the web. The URL is http://www.angel re.com/extreme4/kiddofsp eed/
. ———

Assume Elena picks up radioactive radiation
proportional to the radioactivity level f (x;y)
and the amourt of path coveredwith the bike,
then the total radiation obtained during the
time [0; T] is
Z
f(r(t)jrt)j dt:

This is not realistic. If Elena stops, shewould
get no radiation increase. The correct integral
would rather be

Zq
f(r(t)) dt:

big egg

REMARK.

Scalar line integrals should be thought as a generalization of the length integral.

Do not mix it up with the line integral de ned by a vector eld which we cover next and which is in nitely
more important.

The examplesabove shawv that dealing with scalarline integrals can be confusing. You are measuringquantities
with it which are given "p er distance" and not quartities "p er time" . Scalar integrals hardly appear in
applications. (They do for examplein tomography where the problem is to reconctruct f (x; y; z) from knowing
all line integrals along all lines. But alsothere, it is possibleand simpler to avoid them.)

the application of computing massis very arti cial becausemassis a triple integral. All solid bodies, even
wires have three dimension.

In general,for onedimensionalsituations, the density is constart sothat the scalarline integral is actually
a usual length integral. Nobody questionsthe importance of the length integral.

For "center of mass" or momert of inertia”" computations, one better usestriple integrals. Arcs or wires
have a nonzero radius and the "simpli cation” done by computing it with one dimensional integrals
pro duces an error . For masscomputations, the error is zero by the Pappus Centroid theorem .
Introducing arti cial scalarline integrals is not only confusing, it is also not precise.

The topic has beenintroduced into calculus text books as a "bridge" to easethe transition from 1D integrals
to line integrals but experienceshaws that this "bridge" unnecessarilycomplicatesthings becauseit introduces
a new concept.

Just treat the topic asa "footnote" to the length integral.




